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Abstract. Câmpeanu and Ho (2004) determined the maximum finite state
complexity of finite languages, building on work of Champarnaud and Pin
(1989). They stated that it is very difficult to determine the number of
maximum-complexity languages. Here we give a formula for this number.
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1. Introduction

At some point in the 1980s, Howard Straubing posed a problem that was
subsequently solved in Champarnaud and Pin [2]. They showed that the min-
imal incomplete deterministic finite automaton of a language L ⊆ Σn, where
Σ = {0, 1}, has at most

n∑

i=0

min(2i, 22
n−i − 1)
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states. Moreover, for each n there exists an L attaining this bound. Câmpeanu
and Ho [1] showed more generally that the tight upper bound for Σ of cardi-
nality k and for complete automata is

kr − 1
k − 1

+
n−r∑

j=0

(2kj − 1) + 1

where r = min{m : km ≥ 2kn−m − 1}. (In these results, requiring totality of
the transition function adds 1 to the state count.) Câmpeanu and Ho’s result
can be viewed as concerning functions f : [k]n → [2] where [k] = {0, . . . , k −1}
is a set of cardinality k. We generalize their result to arbitrary functions f :
[k]n → [c] where c is a positive integer. Equivalently, we consider functions
f : [k]∗ → [c], where {x : f(x) > 0} ⊆ [k]n for some n, and where automata
have c − 1 accept states corresponding to nonzero values of f .

The function + on Z/5Z may seem rather complicated as functions on
that set go. On the other hand, f(x, y, z) = x + y + z mod 5 is less so, in
that we can decompose it as (x + y) + z, so that after seeing x and y, we
need not remember the pair (x, y), but only their sum. Out of the 55

3
ternary

functions on a 5-element set, at most 52·52 can be decomposed as (x ∗1 y) ∗2 z
for some binary functions ∗1, ∗2. This idea of the state complexity of functions
has been applied in bioinformatics [5]. In Section 2 we make precise a sense in
which such functions are not the most complex ternary functions. We do this
by extending a result of Câmpeanu and Ho [1] to functions taking values in a
set of size larger than two. Rising to an implicit challenge posed by Câmpeanu
and Ho, we give a formula for the number of maximally complex languages.

The structure of the paper is as follows. In Section 2 we obtain an upper
bound in Theorem 2.14 for the complexity of a function f : [b]n → [c], and a
matching lower bound in Theorem 2.18. In Section 3 we obtain the number of
maximal complexity functions in Theorem 3.10. Then we look at asymptotics
in Section 4, culminating in Theorem 4.12.

2. Complexity of languages and operations

Let λ denote the empty word. Let the cardinality of a finite set A be denoted
by #(A), and the length of a finite word w by |w|. We define a function
IA : B → A ∪ {0} for any sets A ⊆ B with 0 �∈ A by

IA(x) =

{
x if x ∈ A,

0 if x �∈ A.

Definition 2.1. Let b and c be positive integers and let Σ be an alphabet with
# (Σ) = b. An incomplete deterministic finite automaton (IDFA) M is a 5-
tuple (Q,Σ, δ, q0, F ), where Q is a finite set of states, Σ is a finite alphabet,
q0 ∈ Q is the start state, F ⊆ Q is the set of accept states, and δ : D → Q,
where D ⊆ Q × Σ, is the transition function.
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W also require F = {1, . . . , c − 1} = [c] \ {0}, where c − 1 = #(F ). If
D = Q×Σ, i.e., δ is total, then M is moreover a deterministic finite automaton
(DFA).

We define δ : D → Q, where D ⊆ Q × Σ∗, by δ(q, λ) = q, and recursively
δ(q, xu) = δ(δ(q, x), u) for x ∈ Σ∗ and u ∈ Σ. We say that states q1, q2 are M -
distinguishable if there is a z with δ(q1, z) �= δ(q2, z) and {δ(q1, z), δ(q2, z)} ∩
F �= ∅.

The function accepted by M is the function f : Σ∗ → [c] defined by

f(x) = IF (δ(q0, x)), if δ(q0, x) is defined ,

and f(x) = 0 otherwise. Thus f(x) = 0 if δ(q0, x) �∈ F , and f(x) = δ(q0, x) if
δ(q0, x) ∈ F . The language accepted by M is

L(M) = {x ∈ Σ∗ : f(x) > 0} = {x ∈ Σ∗ : δ(q0, x) ∈ F}.

Note that in the case c = 2, accepting a language is equivalent to accept-
ing its indicator (characteristic) function.

Definition 2.2 (State complexity). We call an IDFA M = (Q,Σ, δ, q0, F ) min-
imal (for L(M)) if # (Q) ≤ #(Q′) for all IDFAs M ′ = (Q′,Σ, δ′, q′

0, F
′)

with L(M ′) = L(M). Moreover, M is minimal for f if M accepts f and
# (Q) ≤ #(Q′) for all M ′ accepting f . In this case we define the state com-
plexity sc(f) by sc(f) = # (Q).

Champarnaud and Pin [2] obtained the following result.

Theorem 2.3 [2, Theorem 4]. A minimal IDFA for a language L ⊆ {0, 1}n has
at most

n∑

i=0

min(2i, 22
n−i − 1)

states, and for each n there exists a language L attaining this bound.

Theorem 2.3 was generalized by Câmpeanu and Ho [1]:

Theorem 2.4 [1, Corollary 10]. Let k ≥ 1 and l ≥ 0 be integers, and let M be
a minimal DFA for a language L ⊆ [k]l. Let Q be the set of states of M . Then
we have:
(1) # (Q) ≤ kr−1

k−1 +
∑l−r

j=0(2
kj − 1) + 1, where r = min{m | km ≥ 2kl−m − 1}.

(2) There is an M such that the upper bound given by item 1 is attained.

Both of these results involve an upper bound which can be viewed as a
special case of Theorem 2.14 below.

We now develop a function version of the Myhill–Nerode theorem, by
following and generalizing the presentation in Shallit’s textbook [6].

Definition 2.5. Let Σ be an alphabet and let c ∈ N. A relation R ⊆ Σ∗ ×Σ∗ is
right invariant if for all x, y, z ∈ Σ∗, we have xRy =⇒ xzRyz. An equivalence
relation E on Σ∗ is a congruence relation for f : Σ∗ → [c] if for all x, y ∈ Σ∗,
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xEy =⇒ f(x) = f(y). For an equivalence relation E, the index of E, denoted
index(E), is the number of equivalence classes of E. An equivalence relation
has finite index if index(E) < ∞. The Myhill–Nerode equivalence relation for
f : Σ∗ → [c] is the relation Rf defined by

xRfy ⇐⇒ for all z ∈ Σ∗, f(xz) = f(yz).

Let [x]f denote the Rf -equivalence class of x.

Lemma 2.6. Let f : Σ∗ → [c].
(1) Rf is an equivalence relation.
(2) Rf right invariant.

Proof. item 1 is a standard observation. For item 2: If we extend xz and yz
by the same string w, then we have also extended x and y by the same string
zw, and hence f(xzw) = f(yzw). �

Lemma 2.7. Let f : Σ∗ → [c]. Suppose that E is a right invariant equivalence
relation on Σ∗ which is a congruence relation for f . Then E is a refinement
of Rf .

Proof. We must show that xEy =⇒ xRfy. Suppose xEy and let z ∈ Σ∗.
Since E is right invariant, xzEyz. Since E is a congruence relation for f ,
f(xz) = f(yz). Thus we have shown that xRfy. �

Every function is onto its range, and when the range is a finite subset
of N, when studying complexity under our definitions we assume the range
is an initial segment of N. Thus we restrict attention to onto functions in
Theorem 2.8.

Theorem 2.8. Let f : Σ∗ → [c] be onto. The following are equivalent:
(1) f is accepted by some IDFA.
(2) There exists a right invariant congruence relation for f of finite index.
(3) Rf has finite index.
(4) f is accepted by some DFA.

Proof. We prove this in the usual round-robin fashion.
(1) =⇒ (2): Let M be an IDFA that accepts f . Define a relation RM by
xRMy iff δ(q0, x) = δ(q0, y), or both are undefined. Since M has finitely many
states, RM has finite index. From the definition of δ it follows that RM is right
invariant. Finally, since f(x) = IF (δ(q0, x)) if defined, and 0 otherwise, f(x)
is determined by δ(q0, x). Thus RM is a congruence relation for f .
(2) =⇒ (3): Let R be a right invariant congruence relation for f , of finite
index. By Theorem 2.7, R is a refinement of Rf . Then index(Rf ) ≤ index(R) <
∞, as desired.
(3) =⇒ (4): Suppose Rf has finite index. Define Q′ = {[x]f : x ∈ Σ∗},
q′
0 = [λ]f , F ′ = {[x]f : f(x) > 0}, and δ′([x]f , a) = [xa]f . Then #(Q′) =

index(Rf ) < ∞. Since Rf is right invariant, δ′ is well-defined. Thus M ′ =
(Q′,Σ, δ′, q′

0, F
′) is an IDFA. We must show that f(x) = IF ′(δ′(q′

0, x)) for each
x. Case 1: f(x) = 0. Since Rf is a congruence relation for f , [x]f �∈ F ′ and
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hence δ′(q′
0, x) = [λx]f = [x]f �∈ F ′ which means that IF ′(δ′(q′

0, x)) = 0. Case
2: f(x) > 0. Then by definition [x]f ∈ F ′ and so δ′(q′

0, x) = [λx]f = [x]f ∈ F ′

which means that IF ′(δ′(q′
0, x)) = δ′(q′

0, x). Finally, let π : F ′ → [c] \ {0} be a
bijection and formally replace each q ∈ F ′ by π(q) ∈ [c].
(4) =⇒ (1): This is immediate since each DFA is an IDFA. �

Theorem 2.9. Let f : Σ∗ → [c]. Let M be an IDFA accepting f . Let q be the
number of states of M . Suppose that all states of M are reachable and that
any two states of M are M -distinguishable. Then sc(f) = q.

Proof. Let M ′ be the automaton in Theorem 2.8 for f and let Q′ be its
set of states. We claim that M ′ is minimal. Note that #(Q′) = index(Rf ).
Let N be any automaton accepting f , let Q be its set of states and δ its
transition function. Since N accepts f , for all x, y, z, if f(xz) �= f(yz) then
δ(q0, x) �= δ(q0, y). Thus [x]f �→ δ(q0, x) is injective, and we have established
that index(Rf ) ≤ #(Q), and hence that M ′ is minimal.

Now let M = (Q,Σ, δ, q0, F ) be any IDFA accepting f for which any two
states are reachable and M -distinguishable. It suffices to show that # (Q) ≤
#(Q′), and for this it suffices to give an injective map ϕ : Q → Q′. For each
q ∈ Q we let

ϕ(q) = [x]f where x is such that δ(q0, x) = q. (2.1)

Such an x must exist, or else q is not reachable.

Claim. ϕ is well-defined by (2.1).

Proof of Claim. Suppose that δ(q0, y) = q and let us show [x]f = [y]f . Let
z ∈ Σ∗. Since M accepts f ,

• for i > 0, f(xz) = i iff δ(q0, xz) = i and f(yz) = i iff δ(q0, yz) = i; and
• for i = 0, f(xz) = 0 iff δ(q0, xz) is undefined or is not in F , and f(yz) = 0

iff δ(q0, yz) is undefined or is not in F.

We have

δ(q0, xz) = δ(δ(q0, x), z) = δ(q, z) = δ(δ(q0, y), z) = δ(q0, yz)

in the sense that δ(q0, xz) and δ(q0, yz) are both definitionally equal to δ(q, z),
which may or may not be defined or in F . So in all cases f(xz) = f(yz). �

Finally, let us show that ϕ is one-to-one. If ϕ(q1) = ϕ(q2) then [x1]f =
[x2]f where δ(q0, xi) = qi. We will show, using M -distinguishability, that q1 =
q2.

Suppose q1 �= q2. Then there is some z with

δ(q0, x1z) = δ(q1, z) �= δ(q2, z) = δ(q0, x2z)

and {δ(q0, x1z), δ(q0, x2z)}∩F �= ∅. Hence since M accepts f , f(x1z) �= f(x2z),
which contradicts [x1]f = [x2]f . �

We write AB for the set of all functions from B to A.
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Definition 2.10. Let b and c be positive integers and let [c][b]
n

be the set of
n-ary functions f : [b]n → [c]. Let C ⊆ [c][b]

n

. The Champarnaud–Pin family of
C is the family of sets {Ck}0≤k≤n, where Ck ⊆ [c][b]

n−k

, 0 ≤ k ≤ n, given by

Ck = {g ∈ [c][b]
n−k

: ∃f ∈ C, w ∈ [b]k ∀x g(x) = f(wx)}.

In terms of the function τw(x) = wx, this can be restated as

Ck = {f ◦ τw ∈ [c][b]
n−k

: f ∈ C, w ∈ [b]k}.

So C0 = C, C1 is obtained from C0 by plugging in constants for the first
input, and so forth. We write C−

n = {f ∈ Cn : f(x) > 0 for some x}. Note that
# (C−

n ) ≥ #(Cn) − 1.

Definition 2.11. Let us say that an IDFA M accepts f : [b]n → [c] if M accepts
the function f+ : Σ∗ → [c] with f+(x) = f(x) if x ∈ [b]n, and f+(x) = 0
otherwise. The state complexity of f : [b]n → [c] is the minimum number of
states of an IDFA accepting f : [b]n → [c], and is denoted sc(f).

Note that Theorem 2.11 says that sc(f) = sc(f+). For c > b = 2, sc(f)
corresponds to automatic complexity of equivalence relations on binary strings
as studied in [3]. The case b = c is that of n-ary operations on a given finite
set, which is of interest in universal algebra.

We also define maxscb,c,n =
∑n

i=0 min(bi, cbn−i − 1), which shall turn out
to be the maximum of sc(f) over all f .

Definition 2.12. We define a crossover function χ(b, c, n) = max{i ∈ [0, n] |
bi ≤ cbn−i − 1}.

Definition 2.13. Let f ∈ [c][b]
n

and 0 ≤ j ≤ n. We define an IDFA Mf,j . Its
set of states is the disjoint union

Q = {qw : w ∈ [b]i, i ≤ j} ∪ {rg : g ∈ C−
i , i > j}.

where all qw, rg are distinct. The transition function δ of Mf,j is given by

δ(qw, a) =

{
qwa |w| < j, a ∈ [b],
rf◦τwa

|w| = j, f ◦ τwa �≡ 0,

δ(rg, a) = rg◦τa
, g ◦ τa �≡ 0.

Theorem 2.14. Let b and c be positive integers. Let f ∈ [c][b]
n

. Then sc(f) ≤
maxscb,c,n.

Proof. Let f ∈ C. We must show that there is an IDFA Mf accepting f with
at most the given number of states. Let i0 = χ(b, c, n) and let Mf = Mf,i0

(Theorem 2.13). Then min(bi,#
(
C−

i

)
) = bi for i ≤ i0 and min(bi,#

(
C−

i

)
) =

#
(
C−

i

)
for i > i0. Note that for each q ∈ Q there is an integer i(q) such that

i(q) ≤ i0 =⇒ q = qw for some w and i(q) > i0 =⇒ q = rg for some g. The
transition function δ is given by Theorem 2.13 and also described in Figure 1.
Note that if bn + 1 < c, we may not have i0 ≤ n, but this is ruled out because
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Cases bi < cbn−i − 1
bi < cbn−i − 1 and
bi+1 ≥ cbn−(i+1) − 1

bi ≥ cbn−i − 1

i < n − 1
append letter:
q = qw,
δ(qw, a) = qwa

plug in vector:
q = qw,
δ(qw, a) = rf◦τwa

plug in letter:
q = rg,
δ(rg, a) = rg◦τa

Figure 1. Defining δ(q, a) in terms of i = i(q) for Theo-
rem 2.14

then no f : [b]n → [c] can be onto (Theorem 2.12). (We may assume that f is
onto, since otherwise a smaller IDFA can be found.)

Since f ∈ C, we have

#
({f ◦ τw : w ∈ [b]j}) ≤ #

({h ◦ τw : w ∈ [b]j , h ∈ C})

although this need not be strict (for instance, when j = n, we are comparing
the range of f to the union of ranges of h, h ∈ C, which may both equal
[c]). By construction, Mf accepts f ; see also Example 2.15, Example 2.16, and
Example 2.17. �

Example 2.15. The following example shows the case b = c = 2 and n = 3,
with f the majority function. It has χ(b, c, n) = 1:

�������	q1
1 ��

0 ���
��

��
��

�

��
����r�1

0,1

���
��

��
��

�

�������	qλ

0 ���
��

��
��

�

1

����������
��������r11

1
�� r�0

�������	q0

1

����������

The states rg for g ∈ C−
n ⊆ [c]\{0} serve as our final states and are indicated by

a rectangular box. Here �k is the constant 1 function of k variables, whereas
1j is defined by 1j(x) = 1 if j = x, 0 otherwise. There is no arrow labeled
0 between the states q0 and r10 . This is because after seeing x = y = 0 we
already know the majority of x, y, z is 0, so we “reject by missing transition”.

Example 2.16. A slightly larger example: the case b = c = 2 and n = 4, with
f the majority function. It has χ(b, c, n) = 2:
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�������	q1
1 ��

0 ���
��

��
��

�
��������q11

0,1 ��
��
����r�1

0,1

���
��
��
��
��
��
��
��

��������q10

1

										

0





�������	qλ

0

��






















1

����������������
r�0

��������q01

1





0
�� ��������r11

1

		��������

�������	q0

1

��









0
�� ��������q00

1

										

In this case, the upper bound is strict: q01 and q10 are equivalent. Thus a
smaller automaton suffices:

�������	q1
1 ��

0 ���
��

��
��

�
��������q11

0,1
��
��
����r�1

0,1

���
��

��
��

�

�������	qλ

0 ���
��

��
��

�

1

����������
��������q01

0
��

1

										
��������r11

1
�� r�0

�������	q0

1

��









0
�� ��������q00

1

										

Example 2.17. As an example for the case c > 2, let b = 2, c = 3, n = 2, and
let f(x, y) = x + y. Then our automaton Mf is:

�������	q1
1 ��

0 ���
��

��
��

� r2

�������	qλ

0 ���
��

��
��

�

1

����������
r1

�������	q0

1

����������

Theorem 2.18 is a generalization of Câmpeanu and Ho’s theorem. The
construction is similar to that of [1, Figure 1 and Theorem 8].

Theorem 2.18. Let b, c ≥ 2 and n ≥ 1 be integers. There exists a function
f : [b]n → [c] such that sc(f) = maxscb,c,n.

Proof. Let C = [c][b]
n

To define f ∈ C, we first note that it suffices to fix an
i with 0 ≤ i ≤ n and define f ◦ τw for each w ∈ [b]i. To that end, we fix
i0 = χ(b, c, n). Since

#
(
[b]i0

)
= bi0 ≥ cbn−i0 − 1 = #

(
C−

i0

)
,
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1

0,1

XOR
0

1

p
1 0

¬p

0

Figure 2. An unreachable state �1 in the automaton
MXOR,1 (Theorem 3.6)

there exists a surjective function φ : [b]i0 → C−
i0

. Define f by f ◦ τw = φ(w)
for each w ∈ [b]i0 . We claim that f attains the bound, i.e., there is no smaller
automaton than that given in Theorem 2.14. By Theorem 2.9, an IDFA to
accept f is minimal if all states are reachable (from the start state) and any
two states are M -distinguishable.

Thus, it remains to show that the states for f as given in the proof of
Theorem 2.14 are reachable and M -distinguishable.

By choice of i0 it is easy to see that each state is reachable. For an example
of what can go wrong with a different choice of i0, see Figure 2.

As for distinguishability, all states have a path to an accepting state, so
it suffices to show that states that are the same distance from the start state
are M -distinguishable. Recall that the set of states of Mf is

Q = {qw : w ∈ [b]i, i ≤ i0} ∪ {rg : g ∈ C−
i , i > i0}.

For two states qv, qw where |v| = |w|, it suffices to consider the case |w| = i0.
Then qv and qw are M -distinguishable precisely because we chose i0 and f so
that each extension by adding one more symbol to v, w does not give the same
set of possible extensions, i.e., precisely to distinguish v and w. Similarly rg

and rh for g, h ∈ C−
i , i > i0 have the sets of possible extensions given by g, h

and therefore are M -distinguishable. �

3. The number of maximally complex languages

A k-set is a set of cardinality k. For a function f : A → B we denote the range
and domain by ran(f) = {f(x) | x ∈ A} and dom(f) = A, respectively. The
collection of all subsets of A of cardinality k is denoted

(
A
k

)
.

Lemma 3.1. Let k, b, v, i be positive integers with i < v. Let Z : b → v be the
constant function defined by Z(b′) = v−1 for all b′ ∈ [b]. The number of k-sets
X ⊆ [v][b] \ {Z} such that

⋃
f∈X ran(f) ⊇ [i] is

(
vb − 1

k

)
−

i∑

j=1

(−1)j+1

(
i

j

)(
(v − j)b − 1

k

)
. (3.1)
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Proof. There are vb − 1 elements of [v][b] \ {Z} and hence
(
vb−1

k

)
total k-sets.

Since i < v, v − 1 �∈ [i] = {0, . . . , i − 1}. Thus the range of Z is disjoint
from [i].

Given J ⊆ [i], # (J) = j, it follows that Z ∈ ([v] \ J)[b] and so there are
(v − j)b − 1 functions in [v][b] \ {Z} whose range is disjoint from J , i.e.,

#
((

[v][b] \ {Z}
)

∩ ([v] \ J)[b]
)

= #
(
([v] \ J)[b] \ {Z}

)
= (v − j)b − 1.

Here ([v] \ J)[b] ⊆ [v][b].
For the union of ranges to not contain [i] means that there is some i′ ∈

[i] that is missed. The number of k-sets that miss some i′ is then given by
inclusion-exclusion in terms of j, the cardinality of a set J ⊆ [i] that is disjoint
from

⋃
f∈X ran(f). Thus the number of k-sets with

⋃
f∈X ran(f) �⊇ [i] is

i∑

j=1

(−1)j+1

(
i

j

)(
(v − j)b − 1

k

)
. �

For fixed b and c, let Bd (B+
d ) be the set of all (not constant zero) functions

from [b]d to [c].

Definition 3.2. For a function f : [b]n → [c] and 0 ≤ j ≤ n, define a function
ϕf,j : [b]j → [c][b]

n−j

by ϕf,j(w) = f ◦ τw for all w.

Note that ϕf,j is the function φ in the proof of Theorem 2.18.

Definition 3.3. For each 0 ≤ j ≤ n, let Zj : [b]n−j → [c] be the constant zero
function. A set X ⊆ [c][b]

n−j \ {Zj} is j-adequate if

{f ◦ τa | f ∈ X, a ∈ [b]} ⊇ [c][b]
n−(j+1) \ {Zj+1}.

A function ϕ : [b]j → [c][b]
n−j

is called j-adequate if its range is a j-adequate
bj-set, i.e.:
(1) ϕ(w) �= Zj for each w,
(2) ϕ is injective, and
(3) {(ϕ(w)) ◦ τa | w ∈ [b]j , a ∈ [b]} ⊇ [c][b]

n−(j+1) \ {Zj+1}.

We say that ϕ is adequate if it is j-adequate for j = χ(b, c, n).

Proposition 3.4. If ϕ is j-adequate then bj ≤ cbn−j −1 and bj+1 ≥ cbn−(j+1) −1.

The proof of Theorem 3.4 is immediate. It follows that ϕ can only be
j-adequate if j = χ(b, c, n), unless we happen to have bj+1 = cbn−(j+1) − 1.

Proposition 3.5. For all j, we have f = g ⇐⇒ ϕf,j = ϕg,j.

Proof. =⇒ is immediate. Conversely, suppose ϕf,j = ϕg,j . Fix x and write
x = x1x2, |x1| = j. Then

f(x) = ϕf,j(x1)(x2) = ϕg,j(x1)(x2) = g(x). �
Definition 3.6. For each f and j we defined the associated automaton Mf,j in
Theorem 2.13. Let M−

f,j be Mf,j with unreachable states removed and indis-
tinguishable states merged. Let Q−

f,j be the set of states of M−
f,j .
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Theorem 3.7. The following are equivalent:

(1) ϕf,χ(b,c,n) is adequate.
(2) #(Q−

f,χ(b,c,n)) = maxscb,c,n; all states of Q−
f,χ(b,c,n) are reachable and

distinguishable; and M−
f,χ(b,c,n) accepts f .

(3) It is not the case that: #(Q−
f,χ(b,c,n)) < maxscb,c,n, and M−

f,χ(b,c,n) accepts
f .

Proof. (2) =⇒ (1): If ϕf is not adequate then by definition some states of
Mf,χ(b,c,n) are not reachable.

(1) =⇒ (2): Theorem 2.18.
(2) =⇒ (3) is immediate.
(3) =⇒ (2): Assume (3). Since M−

f,χ(b,c,n) always accept f , it follows
that it has ≥ maxscb,c,n states. By Theorem 2.14 it has exactly maxscb,c,n

states. �

Theorem 3.8. The following are equivalent:

(1) ϕf,χ(b,c,n) is adequate.
(2) sc(f) = maxscb,c,n.

Proof. (1) =⇒ (2): by (1) =⇒ (2) of Theorem 3.7 and then by Theorem 2.9.
(2) =⇒ (1): Suppose ¬(1). Then ¬(1) in Theorem 3.7. Therefore ¬(3)

in Theorem 3.7, and so sc(f) < maxscb,c,n. �

Proposition 3.9. Let b, c, n be given, i0 = χ(b, c, n), i = cbn−(i0+1) − 1, and
k = bi0 . The number of adequate functions ϕ : [b]i0 → [c][b]

n−i0 is

k!

⎛

⎝
(

cbd+1 − 1
k

)
−

i∑

j=1

(−1)j+1

(
i

j

)(
(cbd − j)b − 1

k

)⎞

⎠. (3.2)

Proof. If αi is the number of adequate sets then the number of adequate func-
tions ϕ is k!αi.

The map ϕ maps to functions whose union of ranges covers the next set
of functions as in Theorem 3.1, k-sets X = {f1, . . . , fk} ⊆ [v][b] \{Z} such that⋃

f∈X ran(f) ⊇ [i] where i = cbn−(i0+1) − 1.
Let Z0 : [b]n−i0 → [c] be the constant zero function. Let Z(a) =

cbn−(i0+1) − 1 for all a. Let

β : [c][b]
n−i0 → [cbn−(i0+1)

]
[b]

be an arbitrary bijection for which β(Z0) = Z. By Theorem 3.1, applying β,
and with v = cbd

,

αi =
(

cbd+1 − 1
k

)
−

i∑

j=1

(−1)j+1

(
i

j

)(
(cbd − j)b − 1

k

)
.

Thus, the number of maps ϕ is
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k!

⎛

⎝
(

cbd+1 − 1
k

)
−

i∑

j=1

(−1)j+1

(
i

j

)(
(cbd − j)b − 1

k

)⎞

⎠.

�

Theorem 3.10. Let integers b, c ≥ 2 and n ≥ 1 be given. Let k = bj0 where j0 =
χ(b, c, n). Let d+1 = n− j0 and i = cbd −1. Then #({f | sc(f) = maxscb,c,n})
is given by (3.2) and equals

k!

⎛

⎝
(

cbd+1 − 1
k

)
−

i∑

j=1

(−1)j+1

(
i

j

)(
(cbd − j)b − 1

k

)⎞

⎠.

Proof. By Theorem 3.5,

#{f : sc(f) = maxscb,c,n} = #{ϕf : sc(f) = maxscb,c,n}.

By Theorem 3.8 this equals #{ϕf : f is adequate}, which by Theorem 3.9
equals (3.2). �

Example 3.11. For n = 4 and b = c = 2, we have χ(b, c, n) = 2, as illustrated
in the following table:

i 0 1 2 3 4
2i 1 2 4 8 16

#
(B+

n−i

)
= 22

n−i − 1 65535 255 15 3 1
min(2i, 22

n−i − 1) 1 2 4 3 1

determined by an injective function φ from [2]2 to B+
2 , such that

⋃{ran
φ(w) | w ∈ [2]2} ⊇ B+

1 . Associating each φ with the set Xφ = {φ(w) | w ∈
[2]2} ∈ (B+

2
4

)
, we see that the number of functions φ is 4! times the number

of four-element subsets X of B+
2 for which

⋃{ran f | f ∈ X} ⊇ B+
1 . By

Theorem 3.1 that number is 1155: let b = 2, k = 4, i = 3, and v = 22 = 4 and
calculate that (3.1) is

(
15
4

) − 3
(
8
4

)
= 1155. Thus the total number of maximum

complexity functions is 1155 · 24 = 27720.

4. Asymptotics

In this section we demonstrate (Theorem 4.3) that while most functions do
not have maximum complexity, the growth rate of the number of maximally
complex functions is similar to that of the total number of function f : [b]n →
[c] for b = c = 2.

Proposition 4.1. Suppose i ≤ v and k are positive integers, and A is a set.
Suppose (k − 1)# (A) < i. Then we have

#

⎛

⎝{ϕ : [k] → [v]A |
⋃

t∈[k]

ran(ϕ(t)) ⊇ [i]}
⎞

⎠ (4.1)
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= k! · #

⎛

⎝{X ∈
(

[v]A

k

)
|

⋃

f∈X

ran(f) ⊇ [i]}
⎞

⎠ . (4.2)

Suppose that additionally i < v, and Z : A → [v] is a constant function with
Z(a) = z �∈ [i] for all a ∈ A. Then (4.1) also equals

k! · #

⎛

⎝

⎧
⎨

⎩X ∈
(

[v]A

k

)
| Z �∈ X,

⋃

f∈X

ran(f) ⊇ [i]

⎫
⎬

⎭

⎞

⎠ . (4.3)

Proof. (4.1) = (4.2): Let ϕ be given and let X = ran(ϕ). It suffices to show
that # (X) = k. Since

# (ran(f)) ≤ #(dom(f)) = # (A)

for each f ∈ X, we have

i ≤ #

⎛

⎝
⋃

t∈[k]

ran(ϕ(t))

⎞

⎠ = #
(⋃

{ran(f) | f ∈ X}
)

≤ #(X) # (A) .

If # (X) �= k then # (X) ≤ k − 1, and we have the contradiction

i ≤ #(X) # (A) ≤ (k − 1)# (A) < i. (4.4)

(4.1) = (4.3): When Z is constant equal to a value not in [i], Z �∈ ran(ϕ)
follows from the other condition: if Z ∈ ran(ϕ) then let X = ran(ϕ) \ {Z}.
Then # (X) = k − 1 and we get a contradiction as in (4.4). �

Definition 4.2. Let b and c be positive integers and let 0 ≤ t ≤ n. Let Ot =
O

(b,c,n)
t be the number of functions from [bt] to [cbn−t

] that are onto [cbn−t −1]:

∀y ∈ [cbn−t − 1] ∃x ∈ [bt] f(x) = y.

Theorem 4.3. Let b and c be positive integers and let n ≥ 0. Let j0 = χ(b, c, n).
If the condition

b · (bj0 − 1) < cbn−(j0+1) − 1 (4.5)

holds, then #({f : [b]n → [c] | sc(f) = maxscb,c,n}) = Ot, where 0 ≤ t ≤ n is
minimal such that Ot > 0.

Proof. By Theorem 3.8,

# ({f | sc(f) = maxscb,c,n}) = #
({f | ϕf,χ(b,c,n) is adequate}) .

Let Z0 : [b]n−j0 → [c] be the constant zero function. Let Z(a) = cbn−(j0+1) − 1
for all a. Let

β : [c][b]
n−j0 → [cbn−(j0+1)

]
[b]

be an arbitrary bijection for which β(Z0) = Z.
Given ϕ define ψ by ψ(x, b′) = ϕ(x) ◦ τb′ . The following are equivalent:

• ⋃
x∈[k] ran(ϕ(x)) ⊇ [i];

• ψ is onto [i].
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Thus Ot is equal to (4.1), where t = χ(b, c, n) + 1. By Theorem 4.1 under the
bijection β, with k = bj0 , A = [b], i = cbn−j0 −1, and v = cbn−j0 , Ot is moreover
equal to (4.3), as desired. �
Remark 4.4. The authors regret that in [4], the condition (4.5) in Theorem 4.3
was erroneously omitted. By definition bj0+1 > cbn−(j0+1) − 1, so bj0+1 ≥
cbn−(j0+1)

, but the condition fails when bj0+1 ≥ cbn−(j0+1)
+ b − 1.

Example 4.5. Consider the case n = 1, b = c = 2 of Theorem 4.3. Then i0 = 1,
where i0 is the least i such that Oi > 0. O

(2,2,1)
i is the number of functions from

[2i] to [22
1−i

] that are onto [22
1−i − 1]. For i = 0, there are no such functions.

For i = 1, there are three such functions. And indeed, this is the number of
maximal complexity functions in this case: the functions f : {0, 1} → {0, 1}
that are onto {1}.

Definition 4.6. Let Om,n be the number of onto functions from [m] to [n].
Stirling numbers of the second kind are denoted

{
m
n

}
and equal the number

of equivalence relations on [m] with n equivalence classes.

The following result is well known.

Lemma 4.7. Let m,n be positive integers. Then Om,n = n!
{

m
n

}
.

Lemma 4.8. Let u and v be positive integers. The number of functions from
[u] to [v] that are onto the first v − 1 elements of [v] is

(v − 1)!
u−(v−1)∑

m=0

(
u

m

){
u − m

v − 1

}
.

The number of functions from [u] to [v] that are onto [i] is

i!
u−i∑

m=0

(
u

m

){
u − m

i

}
(v − i)m.

Proof. Let m be the number of elements going to [v] \ [i]. Then we see that
the number of such functions is

u−i∑

m=0

(
u

m

)
Ou−m,i(v − i)m =

u−i∑

m=0

(
u

m

)
i!
{

u − m

i

}
(v − i)m

by Theorem 4.7. �
Lemma 4.9. Let u be a positive integer. The number of functions from [u] to
[u] that are onto [u − 1] is (u + 1)!/2.

Proof. Note that for any m,
{

m
m

}
= 1 and

{
m

m−1

}
=

(
m
2

)
. By Theorem 4.8, the

number of such functions is

(u − 1)!
1∑

m=0

(
u

m

){
u − m

u − 1

}

= (u − 1)!
((

u

0

){
u

u − 1

}
+

(
u

1

){
u − 1
u − 1

})
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= (u − 1)!
({

u

u − 1

}
+ u

{
u − 1
u − 1

})

= (u − 1)!
((

u

2

)
+ u

)
=

(u + 1)!
2

.

�
The following Theorem 4.10 will only be applied in the case γ = 0.

Lemma 4.10. Let j be a nonnegative integer, let p ≥ 2, and let 0 ≤ γ ≤ j be
an integer. Let n = pj + j − γ and b = p, c = ppγ

. Oi := Ob,c,n
i , where i is

minimal such that Oi > 0, equals

(ppj

+ 1)!
2

.

Proof. The condition that O
(b,c,n)
i > 0 for some i, i.e., bi ≥ cbn−i − 1 for some

0 ≤ i ≤ n, i.e., pi ≥ ppγpn−i − 1, i.e., pn ≥ ppγ − 1, i.e., either n ≥ pγ (i.e.,
γ ≤ j) or n = γ = 0, p = 2, follows from γ ≤ j.

By Theorem 4.8, with u = bi, v = cbn−i

,

O
(b,c,n)
i = (v − 1)!

u−(v−1)∑

m=0

(
u

m

){
u − m

v − 1

}
.

The condition Oi > 0 is equivalent to bi ≥ cbn−i − 1. When b = c = p
and i > 0, this is equivalent to

i ≥ pγpn−i (4.6)

Let k = pj . Since by assumption n = k + j − γ, (4.6) becomes

ipi ≥ pγpn = kpk

Since the map i �→ ipi is increasing, the requirement for i is that i ≥ k.
Note that setting i = k now makes u = v. Therefore by Theorem 4.9, Oi is
(u + 1)!/2 = (pi + 1)!/2 as desired. �
Lemma 4.11. Let j be a nonnegative integer. Let n = pj +j and b = c = p ≥ 2.
Then

#({f : [b]n → [c] | sc(f) = maxscb,c,n}) =
(ppj

+ 1)!
2

.

Proof. We have pn−j = ppj

and hence pm = ppn−m

for m = n − j, so that
pm > ppn−m − 1 but p(pm−1 − 1) < ppn−m − 1. Thus Theorem 4.3 applies and
the number of such functions is Oi := Ob,c,n

i , where i is minimal such that
Oi > 0. By Theorem 4.10 with γ = 0 we are done. �

Using Theorem 3.10 for b = c = 2 we calculate some values for

nmcf(n) = #{f : [2]n → [2] | sc(f) = maxsc2,2,n},

the number of maximally complex functions from [2]n to [2], in Table 1. (See
also Figure 3) In Theorem 4.12 we shall study the limiting behavior suggested
by Table 1.
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Table 1. The number of maximally complex functions from
[2]n to [2] for n ≤ 6

n nmcf(n) 1
n log2 log2(nmcf(n))

0 1
1 3 0.664
2 6 0.685
3 60 0.854
4 27720 0.971
5 259338240 0.961
6 177843714048000 0.927

Theorem 4.12. The number of maximal complexity functions satisfies

lim sup
n→∞

1
n

log2 log2(nmcf(n)) = 1.

Proof. It is immediate that lim supn→∞
1
n log2 log2(nmcf(n)) ≤ 1. For the

other direction, consider the case where n = 2j + j for some j. By Stirling’s
approximation,

log2(2
2j

!) = 22
j

log2 22
j − 22

j

log2 e + O(log2 22
j

)

= 22
j

2j − 22
j

log2 e + O(2j)

= 2n − 2n−j log2 e + O(2j)

and hence limn→∞ 1
n log2 log2(22

j

!) = 1. By Theorem 4.11,

lim sup
n→∞

1
n

log2 log2(nmcf(n)) ≥ 1.

�

In Theorem 4.11, (ppj

+ 1)!/2 may seem like a large number but it is
relatively small: in terms of w := pk,

(ppj

+ 1)!/2
cbn =

(ppj

+ 1)!/2
ppγpn

=
(ppj

+ 1)!/2

pppj+j
=

(pk + 1)!/2
ppk+j =

(pk + 1)!/2
pkpk =

(w + 1)!/2
ww

→ 0.

Example 4.13. For n = 6 and b = c = 2, then, we get i = k = 2j = 4, and

O2,2,6
4 =

17!
2

So there are more than 177 trillion maximum-complexity 6-ary Boolean func-
tions, which is however a small fraction of the total number of such functions,

22
6

= 18, 446, 744, 073, 709, 551, 616

or over 18 quintillion.
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{000, 001, 010, 101}, {000, 001, 010, 111}, {000, 001, 011, 100},

{000, 001, 100, 111}, {000, 001, 011, 110}, {000, 001, 101, 110},

{000, 010, 011, 101}, {000, 010, 011, 111}, {001, 010, 011, 100},

{010, 011, 100, 111}, {001, 010, 011, 110}, {010, 011, 101, 110},

{000, 011, 100, 101}, {000, 100, 101, 111}, {001, 010, 100, 101},

{010, 100, 101, 111}, {001, 100, 101, 110}, {011, 100, 101, 110},

{000, 011, 110, 111}, {000, 101, 110, 111}, {001, 010, 110, 111},

{010, 101, 110, 111}, {001, 100, 110, 111}, {011, 100, 110, 111},

{000, 001, 010, 100, 111}, {000, 001, 010, 101, 110}, {000, 001, 011, 100, 110},

{000, 001, 011, 101, 110}, {000, 001, 011, 100, 111}, {000, 001, 010, 101, 111},

{000, 010, 011, 100, 111}, {000, 010, 011, 101, 110}, {001, 010, 011, 100, 110},

{001, 010, 011, 101, 110}, {001, 010, 011, 100, 111}, {000, 010, 011, 101, 111},

{000, 010, 100, 101, 111}, {000, 011, 100, 101, 110}, {001, 010, 100, 101, 110},

{001, 011, 100, 101, 110}, {001, 010, 100, 101, 111}, {000, 011, 100, 101, 111},

{000, 010, 101, 110, 111}, {000, 011, 100, 110, 111}, {001, 010, 100, 110, 111},

{001, 011, 100, 110, 111}, {001, 010, 101, 110, 111}, {000, 011, 101, 110, 111},

{000, 001, 010, 011, 100, 111}, {000, 001, 010, 011, 101, 110},

{000, 001, 010, 100, 101, 111}, {000, 001, 011, 100, 101, 110},

{000, 001, 010, 101, 110, 111}, {000, 001, 011, 100, 110, 111},

{000, 010, 011, 100, 101, 111}, {001, 010, 011, 100, 101, 110},

{000, 010, 011, 101, 110, 111}, {001, 010, 011, 100, 110, 111},

{000, 011, 100, 101, 110, 111}, {001, 010, 100, 101, 110, 111}.

Figure 3. The (22
1

+ 1)!/2 = 60 languages Z = {x | f(x) =
1} with maximal complexity, 7, for n = 3 = 21 + 1 and b =
c = 2

Note. For future work, it would be interesting (but difficult) to determine the
distribution of sc(f) over f ∈ [c][b]

n

.
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