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Mal’cev algebras with supernilpotent centralizers

PETER MAYR

ABSTRACT. Let A be a finite algebra in a congruence permutable variety. We assume
that for every subdirectly irreducible homomorphic image of A the centralizer of
the monolith is n-supernilpotent. Then the clone of polynomial functions on A is
determined by relations of arity |A|"*1. As consequences we obtain finite implicit
descriptions of the polynomial functions on finite local rings with 1 and on finite
groups G such that in every subdirectly irreducible quotient of G the centralizer of
the monolith is a p-group.

1. Introduction

Let R := (R, +,—, -) be a finite ring, and let f: R¥ — R be a function.
How can we decide whether f is polynomial over R?

A straightforward approach is to check whether f can be interpolated by
a polynomial function in arbitrarily many places. If R is a finite field, then
every f is polynomial by Lagrange interpolation. For finite local rings with 1
we will determine a number m that is independent of the arity of f such that
f is polynomial whenever it can be interpolated by some polynomial function
in every set of at most m points. In particular we obtain the following.

Theorem 1.1. Let R be a finite local ring with 1, and let n € Ny be such that
the Jacobson radical J of R satisfies J*1 = 0. Then a function f: R*¥ — R
is polynomial on R if and only if for all S C R* with |S| < |R|" there exists a
polynomial function p on R such that f|s = pls.

Since every finite commutative ring with 1 is a direct product of local rings,
we may also replace “local” with “commutative” in the assumptions of the
previous result (see Corollary 6.2).

We will prove Theorem 1.1 in Section 6. In fact our techniques yield a
similar finite implicit description of polynomial functions on other algebraic
structures, like the finite groups all of whose Sylow subgroups are abelian
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(Corollary 2.6) or, more generally, the Mal’cev algebras all of whose subdi-
rectly irreducible factors have a monolith with a so-called supernilpotent cen-
tralizer (Theorem 2.1). We will define these notions and develop the necessary
machinery in the next section.

2. Polynomial functions on Mal’cev algebras

The set of polynomial functions Pol(A) on an algebraic structure A :=
(A, F) is formed by the fundamental operations F, the constant functions
on A, the projections from A to A for k € N, and all compositions thereof
(see [18, Definition 4.4]). Such a set of finitary functions is called a clone.
For A = Z and F = {4+, —, -} this defines exactly the classical polynomial
functions on the ring (Z,+, —, -). As an example of a polynomial clone on a
group, Pol({(Z, +, —)) is the set of affine functions on Z (corresponding to the
ring polynomials of degree at most 1). The clone of term functions Clo(A) on
A is generated by the fundamental operations F' of A [18, Definition 4.2].

We study clones in order to classify algebras with respect to their structure
and independent of their specific fundamental operations. Algebras that have
the same polynomial functions, like a Boolean algebra and the corresponding
Boolean ring, are said to be polynomially equivalent [18, Definition 4.139].

On a finite set A a clone can be described explicitly by its generating func-
tions or implicitly by its invariant relations. For every finite algebra in a
congruence permutable variety considered so far, the polynomial clone is al-
ready characterized by a finite number of finitary relations. We then say that
Pol(A) is finitely related. A ternary function f on a set A is said to be a
Mal’cev function if f(z,y,y) = f(y,y,x) = = for all x,y € A. Recall that an
algebra A generates a congruence permutable variety if and only if it has a
term function that is a Mal’cev function. In that case we call A a Mal’cev alge-
bra. For every group (G, -,~!) we have a polynomial Mal’cev function defined
by f(z,y,2) := vy~ 'z. If every finite Mal’cev algebra were finitely related, this
would yield an affirmative answer to the following question of Idziak [10, Ques-
tion 13]: Is the number of finite Mal’cev algebras up to polynomial equivalence
countable?

Apart from [16], all descriptions of polynomial functions on Mal’cev algebras
that we know of rely on commutator theory to some extent. In particular, alge-
bras whose subdirectly irreducible quotients have monoliths with well-behaved
centralizers were studied successfully: if every such centralizer is trivial, the
algebra is affine complete (every congruence preserving function is polyno-
mial) [9]; if every such centralizer is contained in the monolith, the algebra is
weakly polynomial rich (every congruence preserving and extended type pre-
serving function is polynomial) [11]. In this paper we will extend these kind
of results by describing polynomial functions on algebras whose subdirectly
irreducible quotients have monoliths with abelian (more general, supernilpo-
tent) centralizers. For that we will need the notion of higher commutators
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as suggested by Bulatov in [6]. This generalizes the binary commutator for
congruences on algebraic structures as developed in [8] or [18, Section 4.13].
Let A be an algebra, let Con(A) denote the set of congruences of A. For
neN, ay,...,a, € Con(A), we let Ma(ay,...,qa,) denote the subalgebra of
A2 %2 that is generated by all the elements

a Q
a1 a1 2 G2 An-1 Gn-1 an b
bnfl bnfl
An—1 an—1
bnfl bnfl
a a2
ba b2
air ai b b2 . . AQ"*1><2
by by s as  as sy s . . (S
a a2
ba b2
‘ : . . an—1 an—1 ' b
a
b1 bl b2 b2 bnfl bnfl " "

(2.1)
such that (a;,b;) € ; foralli € {1,...,n}. The n-ary commutator [aq, ..., ap]
is defined as the smallest n € Con(A) such that for every x € Ma (aq,...,ap):

if (241, 2:0) €nforallic{1,...,2"71 =1}, then (zon-11,Ton-15) €7. (2.2)

This definition is equivalent to the one given in [3, Definition 3.2] and in [6,
Definition 3]. We use the notation Ma(aq,...,a,) as employed by Shaw
in [20]. Note that Ma (1) = «a; for all ay € Con(A). For n = 2 the binary
commutator defined above is precisely the term condition commutator from [8,
Definition 3.2].

It is straightforward that the n-ary commutator is monotone in each argu-
ment and that it satisfies

[a1,...,an] <ag A ANay, and o, ... ap] < ag, ..., ap).

We will collect some more properties in Section 3 (see also [3]). In particu-
lar; for a group G with normal subgroups Ny, ..., N, the n-ary commutator
corresponds to the product of the iterated binary commutators from classi-
cal group theory (Lemma 3.6). For a ring R with ideals Iy, ..., I, the n-ary
commutator corresponds to the ideal generated by all products (Lemma 3.5).
Explicit descriptions of the higher commutators in larger classes of expanded
groups are given in [4].
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Let A be an algebra in a congruence modular variety. Given «, 5 € Con(A)
with o < 8, the centralizer (o : ) of § modulo « is the largest congruence o €
Con(A) such that [3,0] < a. A congruence v of A is called abelian if [y,v] =
04, the equality relation on A; it is nilpotent of class n [8, Definition 6.1] if

[ bl 7] = 0a.
—_—

n times

We say v € Con(A) is n-supernilpotent [3, cf. Definition 7.1] if
[V,...,v] =04.
————

n—+1 times
We note that an n-supernilpotent congruence is nilpotent of class n by property
(HCS8) in [3]. In rings and groups the converse holds as well by Lemmas 3.5
and 3.6.
Following [8, p. 60] we say that A satisfies the congruence identity (C1) if
for all a, 8 € Con(A)
aN[B,f] =[anB,pB]

This condition characterizes finitely generated residually small, congruence
modular varieties [8, Theorem 10.15]. An algebra A in a congruence modular
variety satisfies (C1) if and only if for every subdirectly irreducible homomor-
phic image B of A the centralizer of the monolith of B is abelian [7, p. 422].
In particular, finite groups with all Sylow subgroups abelian satisfy (C1) [7,
p. 427].

Using higher commutators we can relax the condition (C1). An algebra A
satisfies n-(WC1), that is, the n-th weak version of (C1), if for every subdirectly
irreducible homomorphic image B of A with monolith x4 the centralizer (05 : u)
is m-supernilpotent. Note that A satisfies 0-(WC1) if the monolith of every
subdirectly irreducible homomorphic image of A is non-abelian. Furthermore,
1-(WC1) is just (C1), and m-(WC1) implies n-(WC1) for m < n.

For , 3 € Con(A) we write « < S if @« < f and {7y € Con(A) : a < v < 3}
is empty. We are now able to state our main theorem.

Theorem 2.1. Let A be a finite Mal’cev algebra that satisfies n-(WC1) for

some n € Ng. For a finitary function f on A the following are equivalent:

(1) f is polynomial on A;

(2) f preserves Pol,,11(A);

(3) f preserves Pol, (A) and Ma(~,...,7) for alla, 8 € Con(A) with « < 3
———

n+1 times
and v := (a: f3).
Here we consider the set of (n 4 1)-ary polynomial functions Pol,1(A) as
a subalgebra of AA™™" | In other words, f: A¥ — A preserves Pol,,,1(A) if for
all p1,...,pr € Pol,y1(A) the function

A Az f(p(), - oe()),

is in Pol,,11(A) again.
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By Theorem 2.1 Pol(A) is the largest clone C' on A such that the (n + 1)-
ary part of C is equal to Pol,,11(A). In particular Pol(A) is determined by
relations of arity |A|"*1. The proof is given in Section 6. There we will also
obtain the following result of Hagemann and Herrmann as a consequence.

Corollary 2.2 ([1, cf. Theorem 5.1], [9, cf. Theorem 3.4]). Let A be a finite
Mal’cev algebra all of whose subdirectly irreducible homomorphic images have
non-abelian monolith. Then a finitary function f on A is polynomial if and
only if f preserves all congruences of A.

Specializing Theorem 2.1 to n = 1 immediately yields the following result
for algebras with (C1).

Corollary 2.3. Let A be a finite Mal’cev algebra that satisfies (C1). Then a
finitary function f on A is polynomial if and only if f preserves Poly(A) and
Ma(7,75) for all a, 8 € Con(A) with a < 8 and v := (a: ).

In [11] the following stronger version of (C1) is considered. An algebra A
satisfies (SC1) if for every subdirectly irreducible homomorphic image B of A
the centralizer v of the monolith p is contained in . Hence Corollary 2.3 is
an alternative to the description of polynomial functions on Mal’cev algebras
with (SC1) given in [11, Theorem 31].

If the total congruence 14 of A is supernilpotent, then so are all congruences
of A by the monotonicity of the commutator. Hence Theorem 2.1 implies the
following.

Corollary 2.4 ([5, cf. Proposition 5.7]). Let A be a finite Mal’cev algebra
such that 14 is n-supernilpotent for some n € Nog. Then Pol(A) is the set of
finitary functions on A that preserve Pol,,11(A).

Let A be a finite nilpotent algebra of finite type that generates a congruence
modular variety and factors into a direct product of algebras of prime power
size. Then 14 is supernilpotent by [3, Lemma 7.6] (see also [13]). Hence
Pol(A) is finitely related by Corollary 2.4.

Since finite p-groups are supernilpotent by Lemma 3.6, Theorem 2.1 yields
the following.

Theorem 2.5. Let G be a finite group. Assume for every subdirectly irre-
ducible homomorphic image B of G with minimal normal subgroup M that
the centralizer Cg(M) is a p-group of class n. Then a finitary function f on
G is polynomial if and only if f preserves all subgroups of G@™&xIGI") that
contain {(g,...,g) € GxLICI") . g € G}.

Theorem 2.5 will be proved in Section 6.

A finite group G with abelian Sylow subgroups satisfies (C1) [7, p. 427],
and the term functions of G are exactly those that preserve all subgroups
of G3 by [14, Theorem 2.1]. By Theorem 2.5 the polynomial functions are
determined by the subgroups of G™ax(%IG1)
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Corollary 2.6. Let G be a finite group with all Sylow subgroups abelian. Then
a finitary function f on G is polynomial if and only if f preserves all subgroups
of Gmax(LIG) that contain {(g,...,g) € GP*WIGD . g € G},

3. Some properties of the higher commutator

We collect the properties of the commutator that we will need for proving
Theorem 2.1.

Lemma 3.1. Let A be a Mal’cev algebra with congruences o, ..., oy, 3 for
n>2,letk €N, andlet f: A¥ — A. Assume that f preserves Ma(aq, ..., o)
and f preserves Ma(aq, ..., i1, 8, Qit1,...,0p) fori € {1,...,n}. Then f
preserves Ma(aq, ... qi_1,0; V B, i1, ...y Q).

Proof. For any g € S, the elements of Ma (1), ..., qn)) can be obtained
from those of Ma (a1, ..., a,) by permuting the coordinates. Hence it suffices
to prove the assertion for i = 1.

We claim that

Ma(or V B az,...,ay)

— { (X> € A2 X2, 37 ¢ AV TX2 (X) € Ma(a1,ag,...,ap),

Y Z (3.1)
Z € Ma (B, « )} |
v A\P, A2, ..., Qn ) ¢
For proving C, let s € Ma (a1 V3, aa,...,a,). Then s can be written as a term

in generators as given in (2.1). In particular we have o,p € Ny, t € Clo,4,(A),
(a1,b1),...,(ao,by) € a1 V B with
al ... ao bl PR bo
A= |, B:==|: S| ima e
a’l DR ao bl DR bO
and L, R € A2 **P guch that
t(A, L) (A R)
5= .
t(B,L) t(B,R)
Here we abuse notation for the sake of readability. The function ¢ of arity o+p

is applied to a block matrix in A2 x(o4p) by applying it to each row of that

matrix. The result is then a vector in A%2" . We identify the quadruple of
four such vectors with an element in A2" ' *2.
Further we have ¢1,...,¢, € A such that (a;,¢;) € a and (¢, b;) € 3 for all

le{l,...,0}. Let
Cl e CO

C:=1": be in A2""xo,
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Then we have

C%L)KAR§EMMmﬂ%”@J

(C,L) t(C,R)
t(C,L) t(C,R)
Q@J)ﬁ&RQEMﬂ@%ww%)

Hence s is contained in the set on the right hand side of (3.1).
For the converse inclusion in (3.1) let m € Pols(A) be a Mal’cev function,
and let (§) € Ma(an,0,...,0a4), (£) € Ma(B,az,...,a,). Then (), (%),

and (Z) are all in Ma (o1 V B, aa,...,a,). Hence m((%), (%), (%)) = () is in
Ma (a1 V B,ag,...,a,). This proves (3.1). The assertion of the lemma is now
straightforward. O

Lemma 3.2. Let A be a finite Mal’cev algebra, let n,k € N, and let f: A¥ —
A. Assume that f preserves Pol,(A). Then [ preserves Ma(aq,...,ap) for
all aq,...,a, € Con(A).

Proof. First assume that a,...,a, are principal congruences of A that are
generated by pairs (a1, b1), ..., (an,b,) € A%, respectively. We recall that in a
Mal’cev algebra

a; = {(p(a:),p(bi)) : p € Poli(A)}

for all i € {1,...,n} [18, Theorem 4.70 (ii)]. Then each generator of the
subalgebra Ma (a1, ..., a;,) from (2.1) can be rewritten as the image of some
matrix in a; and b; under some unary polynomial function. Moreover every

element in Ma (aq,...,q,) is of the form
az a2 Gn—1 Gn—
a1 a1 n—1 n—1 an bn
bn—l bn—l
an—1 an—1
bn—l bn—l
a2z a2z N .
by b2
al al bz bQ
p b1 b1 ) as  as 5 ) )
az a2
by b2
: : . . (n—1 an—1 b
a
by b by by bn—1  bn—1 o
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for some p € Pol,,(A). Now f preserves Ma (a1, ..., q,) since by assumption
the function

A" — Az f(p1($), e 7Pk($))7
is in Pol,(A) for all py,...,px € Pol,(A). Finally Lemma 3.1 implies the
assertion for arbitrary congruences. O

As a consequence the n-ary commutators are determined by the n-ary poly-
nomial functions.

Corollary 3.3 ([3, cf. Corollary 6.10]). Let Ay := (A, F1), Ag := (A, F3) be
finite Mal’cev algebras such that Pol, (A1) = Pol,,(Ag) for some n € N. Then
Con(A;) = Con(Az) and, for all aq,...,a, € Con(Ay),

Ma, (a1, ... an) = Ma,(ag, ..., ),
and [y, ..., ay] is the same in Ay and A,.

Proof. Since the congruences are determined by unary polynomial functions,
we have Con(A;) = Con(Az). Let ay,...,a, € Con(A;). The functions
in Fy preserve Pol, (A1) and hence Ma, (a1,...,a,) by Lemma 3.2. Then
Ma, (a1, ..., ap) € Ma, (a1, .., ). The converse inclusion follows similarly.

O

For algebras that have a group reduct (A, +, —,0) Aichinger and Mudrin-
ski give an explicit description of commutators by 0-absorbing polynomial
functions in [3]. Note that every congruence on such an algebra is already
determined by a single congruence class. For 0 € A a function f: A™ — Ais
0-absorbing if f(as,...,a,) = 0 whenever one of the arguments a1,...,a, € 4
is 0. We restate the result of Aichinger and Mudrinski for easier reference.

Lemma 3.4 ([3, Corollary 6.11]). Let A be an algebra that has a group reduct
(A,+,—,0), let n € N, and let aq,...,a, € Con(A). Then 0/[aq,...,q,] is
equal to the subgroup of (A,+,—,0) that is generated by

U{p(O/al, ...,0/ay,) : p € Pol,,(A) and p is 0-absorbing}.

We give a further specialization of the commutator to rings and groups in
terms of ideals and normal subgroups, respectively.

Lemma 3.5. Let R := (R,+,—,0, ) be a ring with congruences ay,...,a,
modulo ideals I, . . ., I, respectively. Then [aq, ..., qy,] is the congruence mod-
ulo the ideal generated by

Ci= U Lol T
fESn
Proof. For a polynomial p € R[z1,...,z,], we denote the induced polynomial
function by p: R™ — R. For proving C C 0/[a1,...,a,] we let f € S,. The
polynomial ¢ := xyq)Zf() - Tf(n) induces a 0-absorbing function ¢ on R.
Hence t(Iy,...,I,) = Ifaylf(2) - If(n) is contained in the class of 0 modulo
[a1,...,ap] by Lemma 3.4. Thus C C 0/[aq, ..., .
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Next we show that every element in 0/[aq,...,a,] is in the subgroup of
(R,4+,—,0) that is generated by C. Let p be a polynomial in R[zy,...,z,]
that induces a 0-absorbing function p. There exist [ € N and monomials
mi,...,m; € Rlxy,...,x,] such that p = Zézl m;. Since

l
Zmi(()vTQ)' . '7Tn) =0
i=1

for all r9,...,7, € R, we may assume that z; is a factor in every mq, ..., m;.
Likewise every zo, ..., 2, occurs as factor (at least once) in every myq,...,my.
Hence, for i € {1,...,1}, we have m;(I1,...,In) C Irylf(2) - If(n) for some
f € 8S,. Thus p(Iy,...,I,) is in the subgroup generated by C. The result

follows from Lemma 3.4. |
Lemma 3.6. Let G := (G,-,7',1) be a group with congruences ay, ...,y
modulo normal subgroups Nu, ..., N,, respectively. Then [aq,..., ] is the

congruence modulo

C .= ng [ .. [[Nf(1)7Nf(2)]7Nf(3)]7 e '7Nf(n)]'
€5n

Here [A,B] := (a='b~lab : a € A, b € B) denotes the classical commutator of
normal subgroups A, B of G from group theory.

Proof. See [15, Chapter 1] for a definition of polynomials over arbitrary alge-
braic structures. For a polynomial p in X := {z1,...,z,} over G, we denote
the induced polynomial function by p: G" — G.

For proving C' C 1/[aq, ..., o] we let f € S,,. The term

t=[.llzray.zre)) 2@ )]

induces a 1-absorbing function ¢ on G. Hence

t(N1, ..., Np) = [ [Ny, Neoyls Nyl - Ny
is contained in the class of 1 modulo [ay,...,a,] by Lemma 3.4. Thus C' C
/], ..., o).

Next we show the converse inclusion. As for rings, we want some appropriate
representation of polynomials. We use the approach developed in [2]. As in
Definition 6.1 of [2], we let C(G, X) denote the smallest set of expressions
such that G U X U {z7',...,2;'} € C(G,X) and [u,v] € C(G,X) for all
u,v € C(G,X). For ¢ € C(G,X) we define the set of arguments, Arg(c),
recursively:

e If c € G, then Arg(c) := 0.

e If c=ux; or c=ux;" for some i € {1,...,n}, then Arg(c) := {i}.

o If ¢ = [u,v] for some u,v € C(G, X), then Arg(c) := Arg(u) U Arg(v).
Let p € Pol,,(G) be 1-absorbing but not constant. We claim that there exist
m € Nand q1,...,qm € C(G,X) with Arg(q1) = -+ = Arg(gm) = {1,...,n}
such that

p is induced by q1 - - - G- (3.2)
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Let < be a linear order on the power set of {1,...,n} which refines C,
the subset relation. By the appropriate version of commutator collection [2,
Lemma 6.5 (2)] we find k,mq,...,my; € Nand f11,..., fk.m, € C(G,X) such
that p is induced by the polynomial

k
[ fim)
i=1
and
Arg(fi1) =+ = Arg(fim,) < Arg(fa1) = -+ = Arg(fa,m,) < -

s < Arg(fra) = = Arg(fr,my)-

That is, p can be represented by a product of commutator polynomials whose
sets of arguments are ordered with respect to <.

Let A := Arg(fi1,1) = -+ = Arg(fi,m,) and suppose A # {1,...,n}. For
(g1,--+,9n) € G™ with g; = 1 whenever i ¢ A, we have

1=p(g1,--.,9n) = f1,1(917~-79n)"'J?l,ml(917~~79n)~

Since f1,1,..., fi,m; do not depend on arguments with index outside of A, we
obtain
fia(g) - fim,(g) =1 forall g e G™.

Now p is induced by
k

LIFin fimo)-
i=2
By repeated use of this argument we finally obtain (3.2).
For normal subgroups Hy, ..., H,, of G we write

Z(Hh PN 7Hm) = [ .. [[Hl,HQ],Hg], .. .,Hm].

We will show that for all ¢ € C(G, X) with Arg(q) = {1,...,n} and for all
Ni,...,N, <G
q(Ni,...,N,) C H I(Nyays - Niy) (3.3)
fE‘S’VL

by induction on the weight of ¢. As in Definition 6.1 of [2], we define the
weight of some ¢ € C(G, X), wt(c), recursively:

o If c € G, then wt(c) := 1.

e Ifc=ux; or c=ux; " for some i € {1,...,n}, then wt(c) := 1.

o If ¢ = [u,v] for some u,v € C(G, X), then wt(c) := wt(u) + wt(v).
If wt(q) = 1, then n = 1 and the assertion is immediate. So assume that
q = [u,v] for some u,v € C(G,X). Let Arg(u) = {a1,...,as}, Arg(v) =
{b1,...,b:}. By the induction hypothesis and the distributivity of the com-
mutator we have

N1, N S T T 0 WNayys -3 Nayo) ) o,y -+ Nowe) )l (3.4)
gESs he€Sy
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We now use a second induction on ¢t. If ¢ = 1, then (3.3) is immediate
from (3.4). So assume t > 1. For fixed g € S5, h € Sy we write H :=
I(N, Nayoy)s K = U(Noy(yy,- 5 Nbyoyy ), and L := Ny, . By the

Ag(1)7 """ 7 Ag(s)

Three-Subgroup-Lemma [19, 5.1.10] we have
[H,[K, L] < [[H, L], K] - [[H, K], L].

By the assumption of the second induction both [[H, L], K] and [[H, K], L] are
contained in [[rcq UNfq), ..., Nn)). Consequently

H, K, L] <[] 1Ny Ny
fES,

and (3.3) follows from (3.4). Together with (3.2) and Lemma 3.4 this completes
the proof of the lemma. O

4. Adding and multiplying by using the commutator

In our proof of Theorem 2.1 we will adapt the idea of Lagrange interpola-
tion from fields to Mal’cev algebras. In this section we show how to emulate
addition and multiplication of functions.

Let A be a Mal’cev algebra with Mal’cev function m € Pols(A). For
0,x,y € A we write

x+oy:=m(x,0,y) and xz—,y:=m(z,y,o0). (4.1)
The following easy observation that these operations allow us to mimic addi-
tion and subtraction of a group will often be useful.

Lemma 4.1. Let A be an algebra with congruences «,~ such that [c,y] = 04.
Let m be a Mal’cev polynomial on A, and let x,y,z € A be such that x =,
y =~ z. Then

m(m(z,y,z2),2,y) = .
Proof. For u,v € A we define a binary polynomial function by

flu,v) := m(m(z,u,v),v,u).

0§ 5)-0 e (55 56 <o

Since f(x,y) =z = f(z,2) and [«, ] = 04, the term condition (2.2) for n = 2
implies that f(y,y) = f(y, z). Now the assertion follows from f(y,y) = x and
fy, 2) = m(m(z,y, 2), 2,y). 0

Next we state a well-known local description of polynomial functions on a
single class of an abelian congruence.

Lemma 4.2. Let A be a finite Mal’cev algebra with abelian minimal congru-
ence a, and let o € A. Then

V = (o/a, {40, 0,0} U{floja : f € Poli(A), f(0)=o0})

1s a module over a full matrix ring over some field F'.
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Proof. Since « is abelian, V is a faithful ring module by [18, Theorem 4.155].
Since « is a minimal congruence, V is simple. Hence, by Jacobson’s density

theorem and by finiteness, V is a module over some matrix ring F7' for a
field F. O

The following lemma guarantees the existence of a binary polynomial func-
tion t that locally plays the role of a ring multiplication.

Lemma 4.3. Let A be a finite Mal’cev algebra with abelian, minimal congru-
ence a, let v := (04 : @) with v # 14, let 0 € A, and let ¢,d € A such that
(c,d) & ~v. Then we have t € Pola(A) such that t(o,y) = t(y,c) = o for all
y € A and t(x,d) = x for all z € o/a.

Proof. First we show that
Vb € o/a Fwy, € Poly(A)Vy € A wy(o,y) = wp(y,c) = o, wy(b,d) =b. (4.2)

Let b € o/a, b # o. Since the congruence 5 := Cgy (¢, d) that is generated by
(¢, d) is not below «, we have [, 5] # 04. In a Mal’cev algebra A the principal
congruence generated by (i, j) € A? is given as

Cga (i) = {(p(i), p(5)) : p € Poli(A)}
[18, Theorem 4.70 (ii)]. Since a = Cgp (0,b), we then obtain

Ma (e, 8) = { (2%2: 3 ZEZ: g) : s € Polp(A)}.

By the term condition (2.2) and by [, 3] # 04, we have s € Poly(A) such
that

s(o,¢) = s(o,d) and s(b,c) # s(b,d).
We define

u(z,y) = m(m(s(z,y), s(0,y), s(0,c)), s(x, c), (b, c)).
Then
u(o,y) = s(b,c) forallye A,

b,c) forall z € A,
u(b,d) = m(s(b,d), s(o,d), s(o,c)) = s(b,d).
Note that (s(b,c), s(b,d)) € [a, ] and [a, ] = « since « is a minimal congru-
ence. So Cga (s(b, ), s(b,d)) = a. In particular there exists v € Poly (A) such
that v(s(b,¢)) = 0 and v(s(b,d)) = b. Thus wy(z,y) := v(u(z,y)) satisfies the
assertions of (4.2).

By Lemma 4.2 o/« forms a vector space V over some field F. Let B be a

basis for V. For b € B we have e, € Pol;(A) such that ey(0) = 0,ep(b) = b
and e(B\ {b}) = o. Let wy as in (4.2). We claim that

t(z,y) = Z ep(wy (7, y))

beB

QoW
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satisfies the assertions of the lemma. Certainly t(o,y) = t(y,c¢) = o for all
y € A. Since x — t(z,d) is an F-linear function on V that acts as identity on
a basis B, we obtain ¢(x,d) = x for all x € o/a. O

5. Functions on centralizer classes

In this section we characterize polynomial functions on an algebra A by
their behaviour on quotients and on certain congruence classes. This will
allow us to reduce the study of Pol(A) to the study of polynomial functions
on smaller algebras.

A function f: A¥ — A preserves a congruence o of A if f(xq,...,2) =q
fyi,. .. yg) for all zq,..., 2k, y1,...,yx € A with 1 =4 y1,.--, Tk =a Yk-
Then f induces the function

fa: (AJ)F = AJa, (z1/a,...,z1/a) — f(z1,...,21)/c,
on the quotient A/c.
The next three reduction results from [12] will be needed for the proof of
Theorem 2.1 in the next section. First we observe when a function that induces
polynomials on proper quotients is in fact polynomial.

Lemma 5.1 ([12, Theorem 1]). Let A be a finite Mal’cev algebra, and let
a, B € Con(A) be such that a N3 =04 and that v = (y ANa) V (y A B) for all
~v € Con(A) withy < aV (. Let f be a function on A that preserves a and 3.
Then f € Pol(A) if and only if fo € Pol(A/a) and fg € Pol(A/5).

The next one characterizes polynomial functions by their behaviour on a
quotient modulo some congruence « and by the polynomial functions into
single a-classes.

Lemma 5.2 ([12, Lemma 6]). Let A be a finite Mal’cev algebra, let o €
Con(A), and let R be a set of relations on A which are invariant under Pol(A).
Let k € N, and let f: A¥ — A. We assume that, for all o € f(A*), all k-ary
R-preserving functions into o/a are polynomial. We assume that f is R-
preserving, that f preserves o, and that f, € Poly(A/a). Then f € Poli(A).

For algebras with non-abelian minimal congruence we have an easy reduc-
tion.

Lemma 5.3 ([12, Corollary 14]). Let A be a finite Mal’cev algebra with non-
abelian minimal congruence . Let f be a congruence preserving function on
A such that f, € Pol(A/a). Then f € Pol(A).

It remains to investigate algebras with abelian minimal congruences.

Lemma 5.4. Let A be a finite Mal’cev algebra with abelian minimal congru-
ence a, let v:= (04 : ), and let o € A. Let k € N, and let f: A¥ — o/a. We
assume that for every a € A* there exists g € Poly(A) such that fla/y = gla/--
Then f € Pol(A).
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Proof. Let a € A*, and let p € Poli(A) be such that p(a/vy) C o/a. First we
show that

VZ C AR\ (a/v) 3h € Polg(A) : hlasy = plajy and h(Z) C {o}. (5.1)

To this end, we will adapt the idea of Lagrange interpolation from rings and
use induction on the size of Z. The base case for Z = () holds by choosing
h := p. For the following we assume that we have z € Z. Then we have some
i €{1,...,k} such that z; € a;/v. By Lemma 4.3 we have t € Pola(A) such
that t(o,y) = t(y,2;) = o for all y € A and t(z,a;) = x for all z € o/a. By
the induction hypothesis we have I € Pol(A) such that I[,/, = pls/, and
W(Z\ {z}) C {o}. We define
h(zq,...,zK) = t(l(z1,...,2k), T;).

Then h(z) = ¢(I(2),2;) = o and h(y) = t(o,y;) = o for all y € Z \ {z}. Let
x € a/v. Then t(o,z;) = 0 = t(0,a;) yields t(I(x),z;) = t(I(x),a;) mod [c,~]
by (2.2) since I(z) € o/a. Hence t(l(x),z;) = t(l(x),a;) = l(x) = p(x). This
proves (5.1). The result follows by adding functions that interpolate on every
class of v using Lemma 4.2. g

Lemma 5.4 together with Lemma 5.2 immediately yields the following.

Lemma 5.5. Let A be a finite Mal’cev algebra with abelian minimal congru-
ence a and v := (04 : @). Let k € N, and let f: A*¥ — A. We assume that
f preserves a, that f, € Poly(A/a), and that for every a € AF there exists
g € Poly(A) such that fl,/y = glajy. Then f € Polp(A).

Proof. Consider the graphs of k-ary functions whose restriction to every ~-class
is polynomial,

C:={he A" :Va e A* 3g € Poly(A) hlay = glaj }-

Note that p: A¥ — A preserves C if and only if p is in C. Clearly every
polynomial function on A preserves C.

For every o € A, every function p: A* — 0/~ that preserves C'is polynomial
by Lemma 5.4. Hence by Lemma 5.2 every f: A¥ — A that preserves C' and
a and that satisfies f, € Poli(A/«a) is polynomial. O

6. Algebras satisfying (WCI)

For proving the main result of this article, Theorem 2.1, we need one more
lemma.

Lemma 6.1. Let A be a finite Mal’cev algebra with abelian minimal congru-
ence «. We assume that v := (04 : «) is n-supernilpotent for somen € N. Let
k€N, letoc A, and let f: A¥ — o/a be such that f preserves Pol,(A) and
C:=Ma(~,...,7v). Then f € Polp(A).

——

n+1 times
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Proof. We will show the assertion by induction on the arity k of f. For k <n

the assumption that f preserves the set of all graphs of n-ary polynomial

functions yields f € Polg(A). We assume k > n in the following. Since

f preserves C, we have that C' is a subalgebra of the expansion A + f :=

(A, Pol(A)U{f}). Hence ~ is n-supernilpotent in A + f as well. Since C

has a natural embedding into Ma(7,...,7) by repeating coordinates, it is
———

k+1 times
straightforward from the definition of the higher commutator that

v is k-supernilpotent in A + f (6.1)
(cf. property (HC3) in [3]). Let aq,...,ax € A. For S C {1,...,k} we define
fles — as]: A¥ — Aby flzs — as)(z1,...,x) = fur,...,ug) where u; =

a; if i € S and u; = x; else. Clearly flzs — ag] preserves Pol,(A) and
Ma(7,...,7). Hence, if S # 0, then flzs — ag] depends on less than k
————

n+1 times
arguments and is polynomial by the induction assumption.

Since the image of f is contained in a module by Lemma 4.2, we may define
gi= Y (=1)¥lfles — as).
SC{1,....k}

Here addition and subtraction are as in (4.1). Note that g is polynomial on
A + f. Since f = flzg — ag], we have
f=a— 3> (-1)F¥fles — as). (6.2)

SC{L,... k},50
Note that g(z1,...,2r) = o whenever x; = a; for some index 7 € {1,...,k}.
We claim that

g9(ar/v,...,an/7) = o. (6.3)
Let b; € a;/ fori € {1,...,k}. Then

g(x1,...,wp) =0 forall (w1,...,2x) € ([T {ai,b:i}) \ {(b1,. ... bx)}.
Together with (6.1) and the term condition (2.2) this yields g(b1,...,b;) = o.
Hence (6.3) is proved. In particular, by (6.2), there exists p € Poli(A) such
that flq/y = pla/y- Now Lemma 5.4 yields f € Polg(A). a

Proof of Theorem 2.1. The implication (1)=-(2) is immediate and (2)=-(3)

follows from Lemma 3.2. It only remains to show (3) = (1). Assume that A is

a finite Mal’cev algebra that satisfies n-(WC1), and let f be a finitary function

on A such that f preserves Pol,,(A) and Ma(~,...,7v) for all p,o € Con(A)
——

n+1 times

with p < o and v := (p : o). First we claim that
f preserves all congruences of A. (6.4)

If n > 1, this follows from the fact that f preserves Pol;(A). Assume n = 0.
Let p,o € Con(A) such that p is meet irreducible and ¢ is the unique cover
of p. Then (p: o) = p by 0-(WC1). By assumption f preserves Ma (p), which
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is equal to p. Hence f preserves all meet irreducible congruences of A. Since
every congruence of A is the intersection of meet irreducibles, (6.4) follows.
Now we are ready to prove that f is polynomial by induction on |A|. Let
a be a minimal congruence of A. Clearly A/« satisfies n-(WC1), and f, pre-
serves Pol,,(A/a) and ]\/.I'J,&/,Jé('y7 ...,) for all centralizers v of prime intervals
——

n+1 times

in Con(A/«a). Hence

fa € Pol(A/«) (6.5)
by the induction assumption. If v is non-abelian, this suffices for f € Pol(A) by
Lemma 5.3. In the following we assume that « is abelian. Suppose there exists
another minimal congruence o’ of A such that 04, ,a’,a V o are the only
congruences of A that are contained in oV o’. By Lemma 5.1 f, € Pol(A/«)
and fo € Pol(A/a/) implies f € Pol(A). Hence we may assume that for
every minimal congruence o’ of A with o’ # « there exists o' € Con(A) with
anNd”" = Na" =04 and aVa’ =o' Va” = aVa'. So the intervals 1[04, o]
and I[04,«’] are projective (see [18, Definition 2.26]). Then the centralizers
v:= (04 : @) and (04 : o) are equal by [8, Chapter 9, Exercise 4].

Let § € Con(A) be maximal such that « Ad = 04. Then B := A/§ is
subdirectly irreducible with monolith (« V §)/§. Since the intervals 04, o]
and I[d, « V §] are projective, we have v = (6 : a V §) again. Clearly 6 < 7.
By the assumption «/§ is n-supernilpotent in B. Hence € := [~,...,7v] is

n+1 times
contained in §. In particular e Ao = 04. Since v and hence € are injiependent
of the choice of the minimal congruence «, we obtain that e intersects every
minimal congruence of A trivially. Thus € = 04 and < is n-supernilpotent
in A.

Then every function into a single class modulo « that preserves Pol, (A)
and Ma(7,...,7) is polynomial by Lemma 6.1. Hence f is in Pol(A) by

———

n+1 times

Lemma 5.2. O

Proof of Corollary 2.2. The statement is straightforward from Theorem 2.1
(1) < (3). Because of its shortness we give a direct proof using only Lemma 5.3
in the following.

Let A be a finite Mal'cev algebra that satisfies 0-(WC1). Certainly every
polynomial function is congruence preserving. We will prove the converse
by induction on |A|. Let f be a congruence preserving function on A, let
a € Con(A) be minimal, and let 6 € Con(A) be maximal such that aAd = 04.
Then A /¢ is subdirectly irreducible with monolith (a V §)/6. By 0-(WC1) we
have (6 : @V §) = 6. Then also (04 : o) = J by the projectivity of the intervals
I[04,a] and I[0, V 0]. In particular « is not abelian. Since the induced
function f, is in Pol(A/«) by the induction assumption, Lemma 5.3 yields
f € Pol(A). O

We will now prove the specialization of Theorem 2.1 to groups.
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Proof of Theorem 2.5. Let G be a finite group. Assume that every subdi-
rectly irreducible homomorphic image B of G has a minimal normal sub-
group M whose centralizer Cg(M) is some p-group of class n € Ny. Let
m := max(4, |G|").

Clearly every polynomial function of G preserves all subgroups of G™ that
contain D :={(g,...,g9) € G™ : g € G}. For the converse we observe that the
congruence =cy () is the centralizer of =y, and =¢g(ar) is n-supernilpotent
by Lemma 3.6. Thus G satisfies n-(WC1). By Theorem 2.1 a finitary func-
tion f is polynomial on G if f preserves Pol,(G) and Mg(~,...,7v) for all

——

n+1 times
congruences vy of G. We will encode these groups as subgroups of G™ that
contain D. Let v1,...,vg» be the elements of G", and let

P = {(p(v1),...,p(v)qn), p(vjgn);s - -, p(vjgn)) € G™ : p € Pol, (G)}.

m—|G|™ times

Then P is a subgroup of G™ that contains D. Clearly f preserves Pol, (G) if
and only if f preserves P.

Next let aq,...,a,41 € Con(G). Then Mg(aq,...,ay11) is a subgroup
of G2 that contains {(g,...,9) € G g€ G}. Note that 2"+ < |G|"
except if n =0 or if n =1 and |G| < 3. In any case 2! < m. We define

M(aq, ..., nt1)
={(v1,. .., Vgnt1,Vgnt1,...,09n1) €E G™ : v € Mg(ay,...,an41)}
m—2n+1 times
Then M(aq,...,Qn+1) is a subgroup of G™ that contains D. Moreover f
preserves Mg (aq, ..., an4+1) if and only if f preserves M(ayq,...,ap+1). Thus
Pol(G) is determined by subgroups of G™ that contain D. a

Finally we obtain some consequences of Theorem 2.1 for rings.

Proof of Theorem 1.1. Let R be a finite local ring with 1, and let n € Ny be
such that the Jacobson radical J of R satisfies J"™t = 0. If n =0 or |R| < 3,
then J = 0 and R is a simple ring with 1. Since R? = R, Lemma 3.5 implies
that 1g is non-abelian. Hence every finitary function on R is polynomial by
Lemma 5.3. Then the assertion is trivially true. We assume n > 1 and |R| > 4
in the following.

Clearly every polynomial function on R can be interpolated by a polynomial
in every |R|™ places. For the converse, we first show that R satisfies n-(WC1).
Let B be a subdirectly irreducible homomorphic image of R. Then B is local
with greatest ideal .J, the image of J, and a smallest ideal M. Let C be the
maximal ideal in B such that C- M =0 and M - C' = 0. By Lemma 3.5 the
induced congruence =¢ is the centralizer of the monolith =,; of B. Since B
contains an identity, we have C' C J. By assumption C"*t! C J7+! = 0. Hence
C' is nilpotent and =¢ is an n-supernilpotent congruence of B by Lemma 3.5.
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Thus R satisfies n-(WC1). By Theorem 2.1 the polynomial functions on R
are determined by subrings of RIE" and R2"™. Since n > 1 and |R| > 4,
we have that m := |R|" is greater than 2"T!. As in the proof of Theorem 2.5
we obtain that a finitary function f is polynomial over R if f preserves all
subrings of R™ that contain D := {(r,...,r) € R™ : r € R}.

Let f: R¥* — R be such that for all S C RF with |S| < m there exists a
polynomial function p on R such that f|g = p|s. Let U be a subring of R™

U1 Uk
that contains D. We claim that f preserves U. Let : sy : elU.
Uim Ukm
Then
U1l Uk1 f(U117~-~,Uk1)
sl 2 P=
Ul Uk f Wiy ey Upm)
By assumption we have p € Poli(R) such that
flurg, ..o ugr) p(uir, .., ug1) Uil Uk1
: = : =p(| ¢+ |l 2]
FWimy o Ugm) P(Uimy - -+ s Ukrn) U Uk

The last element is in U because every polynomial function preserves U. Hence
f preserves U, and f is polynomial. |

Corollary 6.2. Let R be a finite commutative ring with 1, and let n € Ny be
such that the Jacobson radical J of R satisfies J*1 = 0. Then a congruence
preserving function f: RF — R is polynomial on R if and only if for all S C R*
with | S| < |R|™ there exists a polynomial function p on R such that f|s = p|s.

Proof. By [17, Theorem VI.2| every finite commutative ring R with 1 is a

direct product of some local rings Ry,...,R,,. Note that a congruence pre-
serving function f on Ry x --- X R,, is polynomial if and only if f induces
polynomial functions on every factor Ri,...,R,,. Hence the result follows
from Theorem 1.1. O
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