Algebra Univers. 63 (2010) 367-403
DOIT 10.1007/s00012-010-0084-1
Published online October 9, 2010 ; ;
© Springer Basel AG 2010 I Algebra Universalis

Some applications of higher commutators in Mal’cev
algebras

ERHARD AICHINGER AND NEBOJSA MUDRINSKI

ABSTRACT. We establish several properties of Bulatov’s higher commutator opera-
tions in congruence permutable varieties. We use higher commutators to prove that
for a finite nilpotent algebra of finite type that is a product of algebras of prime power
order and generates a congruence modular variety, affine completeness is a decidable
property. Moreover, we show that in such algebras, we can check in polynomial time
whether two given polynomial terms induce the same function.

1. Introduction

Many properties of a universal algebra can be seen from its congruence
lattice and the binary commutator operation on this lattice. The binary com-
mutator operation for arbitrary universal algebras was introduced in [19] and
studied further in [8] and [15]. However, even in a congruence permutable va-
riety, an algebra need not be determined up to polynomial equivalence by its
unary polynomial functions, its congruences, and the commutator operation
on these congruences. In [4], A. Bulatov generalized the binary commuta-
tor operation by introducing n-ary commutator operations for all n € N and
thereby provided a finer tool to distinguish between polynomially inequivalent
algebras.

In this paper, we use these n-ary commutator operations to give a common
generalization of the theorems in [9, 6] that on finite nilpotent groups and finite
nilpotent rings, it can be checked in polynomial time whether two given terms
induce the same function (Theorem 2.2). In [2], it was proved that there is
an algorithm that decides whether a given finite nilpotent group is affine com-
plete. Using higher commutators, we can generalize this result to certain finite
nilpotent Mal’cev algebras (Theorem 2.1). However, the main contribution of
the present paper is to prove several properties of Bulatov’s higher commutator
operations in congruence permutable varieties. While these properties seem
quite natural, our proofs require a rather technical tool that we develop here,
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namely the difference operator on polynomial functions. In Corollary 6.12, we
give a description of the higher commutator operations for expanded groups
that resembles the description of the binary commutator operation stated in
[3, p. 273].

2. Notation and results

A Mal’cev term (polynomial) on an algebra A is a ternary term (polynomial)
function m on A that satisfies m(x, z,y) = m(y,x,x) = y for every z,y € A.
A Mal’cev algebra is an algebra that has a Mal’cev term. An algebra A is k-
affine complete if every k-ary congruence preserving function is a polynomial
function. An algebra A is affine complete if it is k-affine complete for every
k > 1. We recall that an algebra A from a congruence modular variety is
nilpotent if there exists an n € N such that [1,...,[1,1]] = 0 (see [8, p. 58]),

———

where [+, -] denotes the usual (binary) commutator operation (see [15, p. 252]),
[1,...,[1,1]]=[1,1] forn=1and [1,...,[1,1]] =1, [1,...,[L,1]]] for n > 2.
N—— SN—— ——
n n n—1
We say that an algebra A from a congruence modular variety is nilpotent of
class n if n € N is the smallest number such that [1,...,[1,1]] = 0. In Section 7
——

n
we prove the following theorem.

Theorem 2.1. There is an algorithm that decides whether a finite nilpotent
algebra of finite type that is a product of algebras of prime power order and
generates a congruence modular variety is affine complete.

The polynomial equivalence problem, also called the identity checking prob-
lem, for a Mal’cev algebra A is the problem of deciding whether the identity
s ~ t is satisfied by A for given polynomial terms s and ¢t of A. Here, a
polynomial term is a term that is built from variables and the elements of A
using the operation symbols of A. We have the following theorem, which is
proved in Section 7.

Theorem 2.2. The polynomial equivalence problem for a finite nilpotent al-
gebra A of finite type that is a product of algebras of prime power order and
generates a congruence modular variety has polynomial time complexity in the
length of the input terms.

For proving these results, we use the higher commutator operations as they
were introduced by A. Bulatov in [4]. We will usually denote a tuple (vector)
(zo,...,2x) by x and its ith component by z; or x( . For arbitrary tuples
x,y € A¥ and a congruence « on an algebra A we write x =, y if x( =, y(®
for every i € {0,...,k — 1}. Also, for f: A¥*™+7 — A and tuples x =
(zo, ... xp-1) € AF )y = (Yo, ., Ym—1) € A™ and z = (20,...,2n,_1) € A",
we write f(x,y,z) instead of f(Zo,...,Zk—1,Y0s-«-sYm—1s20;---s2n—1). FOr
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k > 0, we denote the set of all k-ary polynomials on an algebra A by Poly A,
and Pol A := | J; 5, Poly, A.

3. Higher commutators

In this section, we investigate the higher commutators that were introduced
by A. Bulatov in [4]. These higher commutators are a generalization of the
term condition commutator widely used in universal algebra [15].

Definition 3.1 (cf. [4]). Let A be an algebra, let n € N, and let a1, ..., @, 5,0

be congruences of A. Then we say that aq,...,«a, centralize 3 modulo § if
for all polynomials f(xy,...,X,,y) and vectors a;, by,...,a,,b,,c,d from A
satisfying

(1) a; =4, b; forall i € {1,2,...,n},

(2) c=5d, and

(3) f(x1,...,Xn,¢) =5 f(x1,...,Xp,d) for all (x1,...,%x,) € {ag,b1} x -+ x
{a,, b, }\{(b1,...,b,)}

we have
f(by,....by,c) =5 f(by,...,b,,d).
We abbreviate this property by C(aq,...,an, 3;0).

It follows immediately from the definition that for congruences aq, ..., a,, 3,
{0; | i € I}, we have: if C(ay,...,ay, 5;0;) for each i € I, then

C(Oél, N '7an76; /\ 51)
el

This justifies the following definition.
Definition 3.2 (cf. [4]). Let A be an algebra, let n > 2, and let o, ..., «, be

congruences of A. The smallest congruence ¢ such that C(aq, ..., an—1,ay;0)
holds is called the (n-ary) commutator of aq,...,a,. We abbreviate it by
[Oél, ey an].

Notice that for n = 1 in Definition 3.1 we obtain the definition of the
(binary) centralizing relation that is used in [8]. In [1, Proposition 2.1] a
proof is stated that the centralizing relation defined in [8] is the same as the
centralizing relation of [15]. For n = 2, Definition 3.2 yields the binary term-
condition commutator ([15, Definition 4.150]).

Let kK > 1 and let «y, ..., ag,n be congruences of an algebra A. The follow-
ing properties can be shown directly from the definition of higher commutators
and are stated in [4, Proposition 1]:

(HC1) [ag, .- ar] < Ngeicp @is
(HC2) for all Gy, ..., 0k € Con A such that ag < By, ..., ar < Bk, we have

[ao, .-y o] < [Bos-- -, Brl;
(HC3) [agy ..., an] < [ag,y..., o]
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Furthermore, we will show that if A generates a congruence permutable variety,
we have:

(HC4) [, ..., ] = [ar),- -, Q@] for each permutation 7 of {0,...,k};
(HC5) [, ..., ak]) <nif and only if C(ao, ..., ak;n);
(HC6) if n < g, ..., ag, then in A/n, we have

[a0/na"'7ak)/7ﬂ = ([a07"'7a/€] \/77)/77’
(HCT7) if I is a nonempty set, j € {0,...,k}, and {p; | ¢ € I} C Con A, then

\/[QOa sy O 1, P Oy ey Oék] = [0407 cee O, \/ Pis Cjtiy ey Oék],
iel i€l
(HC8) [ao, [a1,-- ., ak]] < [ag,a1,...,ar], and more generally
[0, .y, [y a]] < o, ..

foralli e {1,...,k}.

The proofs of properties (HC4)-(HCS8) are given in Section 6. Actually,
for k = 1, we obtain as a special case several properties of the binary com-
mutator operation on Mal’cev algebras that have been listed in [15, Exercises
4.156(1), (11), (13)] and [3, Proposition 2.3].

We notice that the higher commutator operations of an algebra are not
determined by its binary commutator operation. As examples, we consider
the expansions of the cyclic group (Z4, +) that were studied in [5]. For n > 2,
let A, be the algebra (Z4,+, f,), where f,, is the n-ary operation defined by
folz1, ... xpn) == 221 z,. A, has exactly three congruences; we denote
them by 0, «, and 1. Then from Lemma 2.4 of [3], one can easily infer that
for n > 2, A,, satisfies [1,1] = @ and [1,«] = 0. Furthermore, in Ay we have
[1,1,1] = 0, but in Aj, we have [1,1,1] = a. The property [1,1,1]a, = 0
can be proved by observing that all ternary polynomial functions of A, are
of the form (x,y,2) — ag + a1 + a2y + a3z + 2a42y + 2a522 + 2a6yz with
ag, . ..,a¢ € Zs. Now one can use Corollary 6.12 to show that [1,1,1]a, = 0.
The property [1,1,1]a, = « is easier to show: Since [1,1,1]a, < [1,1]a,
by (HC3), we have [1,1,1]a, # 1. Now we show [1,1,1]a, # 0. Seeking a
contradiction, we assume C(1,1,1;0). Since f3(apg,a1,0) = f3(ag,a1,3) for
all (ap, 1) € {(0,0),(0,3),(3,0)}, C(1,1,1;0) yields f5(3,3,0) = f5(3,3,3), a
contradiction. Thus [1,1,1]a, = a.

Similarly, if £ > 2 and n > 2, then one obtains

[1,[1,1]]a, =0, [1,...,1]a, =aifk<n, and [1,...,1]a, =0if k> n.
——

——
k k

The higher commutator operation is particularly interesting for algebras
that have a group reduct; we call an algebra V an expanded group iff it has
the operation symbols + (binary), — (unary) and 0 (nullary) and its reduct
(V,+,—,0) is a group. When we speak about the Mal’cev term of V, we mean
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the operation m(z,y, z) :==  — y + z, despite the fact that other ternary term
functions satisfying m(x, z,y) = m(y, z,x) = y may exist.

In order to keep the paper self-contained, we shall now list a few additional
properties of the binary commutator that are proved in [1]. The following
lemma is a special case of [14, Theorem 3.8 (iii)].

Lemma 3.3. Let k € N, let A be an algebra with a Mal’cev term m, let
a,B € ConA and let p € Poly A. If [, 5] = 0 and a,b,c € A* such that
a =, b =3c, then we have

m(p(a), p(b),p(c)) = p(m(a®,b® M), ... m@® bk c*y),
Proof. The statement can be obtained directly from [1, Proposition 2.6]. O

Lemma 3.4. Let A be an algebra with a Mal’cev term m, let o, 3 € Con A
and let 0,a,b € A. If [, 8] =0 and a =, b =g o, then we have

m(m(a,b,0),0,b) = a.
Proof. Using Lemma 3.3 we obtain

m(m(a,b,0),0,b) = m(m(a,b,o0),m(b,b,0),m(b,o,0))

= m(m(a,b,b),m(b,b,0), m(0,0,0)) = m(a,0,0) =a. O

Lemma 3.5. Let A be an algebra with a Mal’cev term m, let a, 3 € Con A
and let 0,a,b € A. If [, 8] =0 and a =, b =g o, then we have

m(a,b,0) = m(a,0,m(o,b,0)).
Proof. Using Lemma 3.3 we obtain

m(a,b,0) = m(m(a,o,0),m(o,0,b),m(o,0,0))

= m(m(a,o,0),m(o,0,0),m(o,b,0)) = m(a,o,m(o,b,0)). O

4. The difference operator

The main tool for proving the properties of higher commutators will be the
difference operator D defined in this section.

Definition 4.1. Let A be an algebra. Then for each k € Ny, i € {0,1,...,k},
and y € A, we define a mapping Eg(f) : Polg11 A — Poli A by

Ez(f)(p) (T o+ oy Tim 1, T 1y e s k) = D(TOy e ey Tie 1, Yy Tt 1y -+ Th)
for all p € Polgy1 A and zq,...,2i—1,Zi41,...,2T € A.

Example 4.2. Let p(xg,71,72) = wor3ws be a polynomial of the ring Zs.
Then Eél)(p)(ﬂco,xg) = 205219 = Toxa.
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Definition 4.3. For a Mal’cev algebra A with a Mal’cev term m, for o €
A, for k € N and for a vector (ag,...,ar) € A*T! we define a mapping
D) . Poly A — Polj, A by

0,(ag,...,ax—1)
D, () (o) := m(f(x0), f(ac), 0)
for every f € Poly A, 2y € A and

k 2
e Do) (B () (- )
+ L k k
Dy (agar) ) @0,y wx) i=m | DY) (EL) () (o, )
0]
for every p € Polx41 A, g, ..., 2 € A.

Note that the definition of D depends on the Mal’cev term m, which will
a

always be clear from the context. Also, we use m( b) instead of m(a,b,c) if
(&

this improves readability.
Example 4.4. Let p be a ternary polynomial of an expanded group (V, +, —,
0,F). For o =0 and ag,a;,as € V we obtain:

3
Dé7()a07a17(12) (p)(l’o, 1, 51:2)

= Dfifug ) (S (0) (20, 21) = DY, o, (EX) (1) (0, 71)
= D, (EL(EZ () (20) — DG, (EL (EZ (0))) (20)
~ (DfL2, (EDED 1)) (o) — DL, (B (ED () (o) )
~ (EWED @) (o) — (EL EL (1)) (a0))
— ((EDER ))(w0) — (BN (ES (9))(a) )
+ (B ED (1)) (o) — (ED(ED () (a0) )

~ ((EDERD ) (o) — (EXES (1)) a) )
= (p(z0, 71, 22) — pao, z1,22)) — (P(T0, a1, 2) — p(ag, a1, r2))
+ (p(w0, a1, a2) — p(ao, ar, az)) — (p(zo, x1, a2) — plao, r1,az))
= p(xo, x1,22) — plaog, r1,x2) + plaog, a1, x2) — p(xo, a1, v2)
+ p(zo, a1, a2) — plao, a1, az) + plao, z1, az) — p(xo, 1, az).

Lemma 4.5. Let A be a Mal’cev algebra with a Mal’cev termm, o € A, k € N,

and let o be a congruence of A. Let q € Poly A such that q(A¥) C o/a. Then
for every (xo,...,x1_1) € AF, we have ng()o O)(q)(xo, ce,Tk—1) € O] av.

Proof. We show the statement by induction on k. For k =1 and xy € A, we
have ¢(z¢) € o/a and ¢(0) € o/, and thus Dgg(q)(mo) = m(q(zo),q(0),0) =a
m(0,0,0) = 0 € o/a. Now let k > 2 and wg, ..., 751 € A. Since q(A¥) C o/a,

we clearly have ngcj)(q)(Ak_l) C o/a and Egkil)(q)(Ak_l) C o/a. Thus,
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by the induction hypothesis, both a := D~ (Egc]zj)(q))(xo, ., Tp—2) and

0,(0,...,0)
b= D(Ok(zl) O)(Et()k*l)(q))(aco7 ..., xp—2) lie in o/a. Hence we have m(a,b,0) €
o/a. This completes the proof. O

Definition 4.6. Let A be an algebra with a Mal’cev term m and let k € N.
Then we define a mapping F,,: Poly A — Pol, A by

Fo,u(p)(x07 e 7xk71) = m(p(m(% e 7xk727xk71)7p(1.07 e 7xk727u)7 O)

for all p € Poly A and zq,...,Tx_1,0,u € A.

Example 4.7. Let p be a ternary polynomial of an expanded group (V, +, —,
0, F). For o =0 and u € V' we obtain:

Fo,u(p)(z0, 21, 22) = p(w0, 71, 72) — P(T0, T1, 1)
We need the following technical lemma.

Lemma 4.8. Let A be an algebra with a Mal’cev term m and k € N. Then
for all g € Polgy1 A and xg,...,xp—2,0,t,u,v € A, we have

E TV (EP (Fou()) (@0, - -, 2r—2) = EF D (Fou (B (@) (o, ., 2r2).
Proof. Let q € Poli41 A. We calculate the left-hand side:

EX Y ER (Fou(@) (@0, - k2)
= EX (Fou(@) (@0, s Th_2,t) = Fou(q) (20, Th_2,t,0)
=m(q(zo,...,Tp—2,t,v),q(To,...,Tr_2,t,u),0).
Now, we compute the right-hand side:
ES ) (Fou(EF (@) (0, -, 21-2) = Fou (B (@) (20, - - 202, )
= m(Eikil)(q)(xo, cey Tp—2,0), Eikil)(q)(aco7 ey Tp—2,1),0)

= m(q(gj()? ceey fEk_Q,t,'U), Q(‘TOa s 7:Ck—27ta ’U,)7O). U

Definition 4.9. Let A be an algebra. Now let k € N, let p: A¥ — A, let

(ag,...,ar_1) € A¥ and let o € A. Then p is absorbing at (ag,...,ax_1) with
value o if for all (zq,...,z,_1) € A* we have: if thereisan i € {0,1,..., k—1}
with z; = a;, then p(xo,...,zx—1) = p(ao,...,ar-1), and p(agp,...,ax—1) = 0.

Example 4.10. In a ring R, for a,b,¢,d € R, the function f(z,y,z) =
(x —a)(y — b)(z — ¢) + d is absorbing at (a, b, ¢) with value d.

Lemma 4.11. Let A be a Mal’cev algebra with a Mal’cev term m, let k > 1,
let (ag,...,ar_1) € A¥ and let o € A. If ¢ € Pol, A, then D(()’f()aoﬁ_“ ak,l)(Q) is
absorbing at (ag, . ..,ax—1) with value o.

Proof. We prove the statement by induction on k. Using Definition 4.3, we see
that DE,})IO (¢)(ap) = m(q(ao),q(ap),0) = o. For the induction step, let k > 2,
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(7g,...,2x_1) € A¥ such that there is an i € {0,1,...,k — 1} with 2; = ay,
and let g € Pol, A. We want to prove
(k)

Do,(ao,“.,ak,l)(q)(l‘(h'"’mk_l) =o. (4.1)
If 241 = ap—1, then we obtain (4.1) directly from Definition 4.3. If there
exists an i € {0,...,k — 2} such that x; = a;, then we reason as follows: Since

ES (), EX D (q) € Poly_1 A, we have

k—1 _
Dg,(ao,)...,ak,z)<Ea(ti,1l) (Q))(xm oo 7xk—2)

bl EED) (o, ara) =0

by the induction hypothesis. Now, by Definition 4.3 we obtain (4.1). O

Example 4.12. Let p be a ternary polynomial of an expanded group (V, +, —,
0, F). We already calculated in Example 4.4:

Db gty ) (P) (@0, 71, 72)
= p(x0, 21, 72) — plao, 1, 72) + plag, a1, z2) — p(zo, a1, z2)
+ p(x0, a1, az) — plao, ai, az) + plao, x1, az) — p(wo, 1, az)
and hence,

3 3
DY oy o1y (P) (@0, 21, 22) = DYl (p) (0, a1, 72)

3
= Dé,gao,a1,a2)<p)(xo7x17a2) = 0.

Definition 4.13. Let A be an algebra and let o € A. For each n € N and
IC{0,...,n— 1}, we define a function S§n0): A" — A" by

Sl("’fo)(xo’ ce 7',17’”/*1) = (y07 v 7yn71)
for all zg,...,zp—1 € A, where y; :=z;if j€ I, and y; :=0if j & I.

In the previous definition, all entries whose indices are not listed in I are
replaced with o.

Definition 4.14. Let A be an algebra and let 0 € A. For each n € N and
I C{0,...,n—1}, we define a function H;"O) Pol,, A — Pol,, A by

(H1) (0) (@0, - 2n-1) = D(SYy (20, - #n-))
for all (xg,...,Tp_1) € A™.

Example 4.15. For ag,a1,a2 € A we have Sgé})o(ao,ahag) = (ao,0,a2)

and H{y, ,(p)(ao, a1,a2) = p(ag, 0, az).

Proposition 4.16. Let A be an algebra, let o € A, let « € Con A and let
k> 1. If p € Poly A such that p(A*) C o/a, then Hl(ko)(p)(Ak) C o/a for
every I C {0,...,k—1}.

Proof. Obviously, we have H}ko) (p)(AF) = p(S}kg (Ak)) C p(AF). O
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In a Mal’cev algebra A with a Mal’cev term m and o € A we define a binary
polynomial 4, and a unary polynomial —, by

a+,b:=m(a,0,b) and —,(a):=m(o,a,o)

for all a,b € A. We abbreviate ((a1 +o a2) +o -+ +o An-1) +o an DY o) iy Q-
By (—1)* - a, we mean —, (a) if k is odd, and a if k is even.

Lemma 4.17. Let A be a Mal’cev algebra with a Mal’cev term m, let o € A,
k€N, a € ConA and p € Poly A such that [a,a] = 0 and p(A*) C o/a.
Then
(1) (o/a,+0,—0,0) is an abelian group and m(a,b,0) = a+, (—, (b)) for all
a,b € ofa;
(2) there exists a bijective mapping o, {1,...,28} — P({0,...,k —1}) such
that v (1) ={0,...,k — 1} and
2k
(k) _ k— (k)
D07(07___70) (p) = Z( 1) lex (0. H%(z) o(p)
i=1

Proof. (1) Since a+,b € o/a and —, (a) € o/« for all a,b € o/, we know that
(o/a, 4o, —0,0) is an abelian group by Lemma 3.3 and the calculations in [15,
p. 256]. By Lemma 3.5 we obtain m(a, b, 0) = m(a, 0, m(0,b,0)) = a+,(—0 (b))
for all a,b € o/a.

(2) We proceed by induction on k. For k = 1 we define 1(1) := {0} and
©1(2) := 0. Then, by Definition 4.3 and (1), for zy € A, we have

D{L (p) (20) = m(p(2o), p(0), 0) = p(x0) +o (—o(p(0)))

2

OZ )= le1(i)] . ;1)(1) () (o).

i=1

For k > 1 we define ¢, {1,...,28} — P({0,...,k—1}) by ¢x(i) := @r_1(i) U
{k — 1} and @p(2F + 1 — i) := @pp_1(i) for i € {1,...,2"1}. Now, let
(wg,...,w5_1) € A*. Using item (1) we compute

k k—1 —
Do,()o,...,o) (p)(x07 e >mk71) = Dg,(o,‘?.,o) (EZSL’]Z_}) (p))(.’L'm . 7:17]9,2)

to (=0 (DY ) B D@) (w0, ax2) ). (42)

Since ES ™D (p)(4F—1) C o/ and ESF ™V (p)(AF~1) C o/ar, we may use the
induction hypothesis and obtain that the last expression is equal to

2k—1

—1— i k— —
oy (1)F e Ol (g0 (EED ) (wo, o w2)
=1

2k—1

+o(=0 (OZ (—1)k=1=leer (D] (Héijzi)’o(Egk—l)(p))) (o, ... ,xk2)> ).

i=1
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The last expression is equal to

-
OQZ (~1)F e @O (EED () (SET1,) (@0, Tko2))
=1 -
- (OZ(—I)k—sakl(i) (ESI (@) (SUTH, (o ,xkg))>
- i=1
=3 (~1)E il ) 'p(S;ij%i),o(xO’ e The2), Tho1)
=1 -
4, <OZ(1)kw—1(z‘) ‘p(S;ijzn,o(xO’ .. .,:Ek_g),O))
- i=1
= "Z (—1)k=ler (@] .p(‘gg(;’z)(i)A’O(%O7 e ho1))
=1 .
-, ( o (=Rl s (o ,x“)))
i=2k—141
o
— OZ(_I)k—\sak(i)l . ng)(i),o(p)(%v e Thlt). 0
=1

In an algebra A we say that a function p: A" — A depends on its ith
argument if there are a,b € A and (x4, ...,2,) € A™ such that

P(T1, e i1, X1y ) ED(X1, e i1, by Ty X))

The number of arguments on which p depends is called the essential arity of p.

Definition 4.18. Let A be an algebra. For n € N and 0 € A we call a
polynomial p € Pol,, A an o-polynomial if for each i € {1,...,n} at least one
of the following two conditions holds:

(1) p does not depend on its ith argument;
(2) p(x1y.. oy Tim1,0,Tig1y .-y Tn) = D(0,...,0) for all (z1,...,2,) € A™.

Let A be a Mal’cev algebra with a Mal’cev term m and let o € A. Then,
for every k > 0, P(A, k,m,0) := (Pol; A, m,0) is an algebra of type (3,0) with
Mal’cev operation m and a constant polynomial o € Pol; A. For a nonempty
set P of polynomials of A, we denote the subuniverse of P(A4, k, m, 0) generated
by P by SgPAkmo)(p),

Proposition 4.19. Let A be a Mal'cev algebra with a Mal’cev term m, let
oeA,neN, aeConA andp € Pol, A. If [a,a] =0 and p(A™) C o/a, then
p € SgPAmmO)(P) where P := {f € Pol, A | f is an o-polynomial and the
essential arity of f is at most the essential arity of p}.

Proof. Let k € N be the essential arity of the polynomial p. Then there
exists a polynomial ¢ € Pol; A such that the essential arity of ¢ is k& and



Higher commutators 377

p(zoy .- s n—1) = (X4, ..., 24,_,) for all (xg,...,zn_1) € A". To simplify
the notation let us denote the arguments of ¢ by xg,...,zx—_1. We prove the
statement of the proposition by induction on k. For k = 1 the statement is
obvious because every unary polynomial function is an o-polynomial function
of essential arity at most 1. Now let k > 2. Since [a, a] = 0 and ¢(AF) C o/a,
Lemma 4.17 yields a bijective mapping ¢y: {1,...,28} — P({0,...,k — 1})
such that pr(1) ={0,...,k — 1} and
2k

k —low (i k
D((),()o7...,o)(q) - OZ(il)k e (1. H;k)(l)p(q) (43)

i=1
We observe that

(1L BB () (o, anmt) = g T

and hence we obtain

2k~
k — i k
g=D) (@) + <O(OZ<1>k @k<>'~H;k’(i>,o<q>)>

""" i=2
from (4.3). Therefore

q€Sg"EmOUDL,  @YU{HS), (0 [2<i <25,

0,(0y-s
(k)

Now, by Lemma 4.11, we know that D 0) (q) is a k-ary o-polynomial. Ob-

viously, its essential arity is at most k. Furthermore, for alli € {2,3,... 21}

the polynomials ng)(i) ,(q) depend on at most £ — 1 arguments and, by

Proposition 4.16, g® (q)(A*¥) C o/a. Hence by the induction hypothe-

Sok(i)vo
sis H;i)(i) L) € SgPAk=1tmo)(p) for i € {2,3,...,251}, where P is the set

of o-polynomials of essential arities at most & — 1. Therefore,
g e sgPtEmaDt) - (a)}up).
This completes the induction step. O

Lemma 4.20. Let A be a Mal'cev algebra with a Mal'cev term m and let
k> 1. Let g € Polyy1 A, (ag,...,ax_1) € A*, o,u € A. Let f € Poly, 1 A be
defined by

k
f(l‘o, ey (Ek) = D(()’()aoﬁw’ak_l)(Eggi)(Fo,u(q)))(x07 ey xszl)

for all xg,...,xr € A. Then [ is absorbing at (ag,...,ar—1,u) with value o.

Example 4.21. Let k > 1 and g € Polgy1 A with (yo,...,y%) — ¢(yo, - -, Yx)
for all (yo,...,yx) € A¥L If 0,u, 2, € A, then we have F, ,(q): A1 — A,

(y07 cee ,yk) = m(q(yOa v 7yk)7Q(y07 s 7yk—1au)7 0)’
and E5Y) (Fo,u(q)): A* — 4,

(yOa SRR 7yk?—l) = m(q(yOa cee 7yk?—17$k7)7 Q(y07 e Yk—1, U),O),
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for (yo,...,yx_1) € A*. To obtain f(xg,...,rs_1,xs) for given xq, ..., 251 €
A, the operator D)

0,(ag,.,ak—1)
and the resulting function is evaluated at (zg,...,zg_1).

is applied to the k-ary function Eg(c]i)(Fo’u(q)),

Proof of Lemma 4.20. Let (xq,...,zx) € A¥T1 such that x; = a; for an i €
{0,1,...,k—1} or x = u. We first consider the case x; = u. By the definitions
of the operators E and F we know that E&k)(Foyu(q))(yo, ey Yk—1) = o for all
(Yo, ---,yr_1) € AF. Then, f(zo,...,2x) = o because the operator D, acting
on a constant function, produces the constant function with value o. In the
case that there is an ¢ with a; = x;, the assertion follows from Lemma 4.11. [

Example 4.22. In this example we start with a ternary polynomial p of an
expanded group (V,+,—,0,F). Since we have already computed F¢,(p) in
Example 4.7, we have

Dl sy (E2) (Fo.u(P))) (o, 21)
= D), (EW(ER (Fou(p)))) (o) — DL, (B (ES) (Fo,u(p))) ) (o)
= (EW(ER (Fo.u®)))) (o) — (EL(ER (Fo.u(p))) (a0)
- ((Eg?(E;?(Fo,u(p))))(wo> - (Egﬁ><E;i><Fo,u<p>>>)<ao>)

= (p(w0, 71, 72) — p(z0,1,u)) — (P(ag, z1,72) — p(ag, T1,u))

- ((p($0,a1,$2) — p(wo, ar,u)) — (p(ao, a1, x2) — plao, a1, u)))
= p(wo, 1, 72) — p(x0, T1,u) + p(ag, z1,u) — p(aog, T1,T2)

+ p(ag, ar, x2) — plag, a1, u) + p(xo, ar,u) — p(xo, a1, x2).

Clearly,

Dé?gaoym) (ESJQ) (Fov“(p))) (l’o, xl) = DE)?()ao,al) (Eg) (FO,u(p))) (QOv 1’1)
= D) (B2 (Fou (1)) (@0, 1) = 0.

Lemma 4.23. Let A be a Mal’cev algebra with a Mal’cev term m, let o € A,
and let n € ConA. If k> 1, (ag,...,ap_1), (bo,...,bp_1) € A*, u,v € A and
q € Poli+1 A such that

q(o, ..., ap—1,u) = q(ag, ..., ap_1,v)
for every (ag,...,ax—1) € {ag,bo} x -+ x {ak_1,bp—1}, then
k
D4 a0 (B (P (@) (o, - by1) =5 0
Proof. We prove the statement by induction on k. For k = 1, we have

DS, (ESV(Fou(g)) (bo)
= m(m(q(b07 U)a Q(bﬂa u)a 0)7 m(q(a07 U)v Q(U‘Oa U), O)a 0) =y O,
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using the assumptions on g. For k£ > 2 let ¢ € Poli 2 A such that

q(ag, ..., ap,u) =, ¢(ag, ..., ap,v)

for every (ao,...,ar) € {ag,bo} X -+ x {ag,br}. Now we divide all possible
choices of (ayg, ..., ax) in two groups: {(ag,...,ax) € {ag,bo} X x {ar, b} |
ar = ai} and {(ag,...,ax) € {ag,bo} x -+ x {ak,br} | ar = br}. Hence we
have

Et(zi)(Q)(O‘Oa C Qe u) =y Eg,?(Q)(Oém c, Qp1, V)
and

E;S]:)(Q)(Oéo, e 1, ) =y Ez(,],:)((I)(Oém Qg 1, V)
for every (ao,...,ar-1) € {aop,bo} X -+ X {ax—1,bx—1}. By the induction
hypothesis we obtain

k . )
Doy (EL (Fon(ER (@) (Bos - bi1) =y 0,

and then by Lemma 4.8 we have

p®) (EDES D (Fou@)) bor- - b1) =g0. (44)

0,(ag,---sak—1)

and in the same way we have

D*) (Eg’:)(Eg’”l)(Fo’u(q)))) (bos - - br—1) = 0. (4.5)

0,(ao,...,ak—1)

Now, using equations (4.4) and (4.5) and the definition of the operator D for
= E,(kJrl)(Foyu(q))7 we obtain

k
DD (ESHD(Fo(@)) (bo. - i)
D"

o,(ag,..
k
o, ao,...,ak,l)( b )(E(k+l)(F0,u(p)))) (bOa R bk—l)
— 1 —
=m DE,,EaO,...,ak,leéﬂ F FoP) (bos - brr) | =noe O
o

Example 4.24. Let V = (V,4+,—,0, F) be an expanded group and choose
ag, a1,u,bp,b1,v € V, o = 0. The relation 7 is the equality relation on
V. Now, let p be a polynomial of V such that p(ag,ai,u) = p(ag,ar,v),
p(ao, b1, u) = plaog,b1,v), p(bo,ar,u) = p(boﬂlu ), p(bo, b1, u) = p(bo, b1,v).
In Example 4.22, we have already calculated D0 a0,a1) (Eg)(Fo,u(p)))(xo, x1),

and thus Dy, (ES (Fo.u(p))) (bo, b1) = 0.

Lemma 4.25. Let A be a Mal’cev algebra with a Mal’cev term m, let n €
Con A and letk > 1. If (ag,...,ax—1), (bo,...,bxk—1) are vectors in A, u,v € A
and q € Poli41 A such that

q(Olo, R ak—lau) = q(Olo, R ak—lav)

for every (avo,...,ax—1) € {ag,bo} x -+ x {ag—1,bp—1}\{(bo, ..., bk—1)}, then
for o =q(bo,...,bx_1,u) we have

DY ey EP(Fou(9)) (bos - br1) = qlbos - b1, 0).



380 E. Aichinger and N. Mudrinski Algebra Univers.

Proof. By induction on k. For k = 1, by the assumption ¢(ao, u) =, q(ao,v),
we have

Df]tl)m,u),ao (Egl) (Fq(bo,u),u(Q)) (bO)
= m(m(q(bo,v),q(bo, ), q(bo,w)), m(q(ao, v), q(ao, u), q(bo,w)), q(bo, w))
=m(q(bo,v),m(q(ao,v), q(ao, u), q(bo,u)), q(bo,u)) =, q(bo,v).

For the induction step we let & > 2. We will now compute

(k+1) k
Dobo, . bwu)(a0sennsan) (EE, U (Fy(oo..., bk,u),u(Q))) (bo, ..., by).

According to Definition 4.3 we have to compute

k
Dy aorn ) (B EE D Fory by (@) (bos - br)

and

k k
D ) (El()k)(Eg)kJrl)(Fq(bo,m’bk,u)’u(q))) (bos -+, br_1)-

We assume that
Q(Oma sy O, ’LL) =n q(OZO, ) aalmv)v

for every (ag,...,ar) € {ao,bo} X -+ x {ar, b }\{(bo,...,br)}. Using Def-
inition 4.1 we obtain E((l]z,)(q)(ao, Ce O, U) =y EX (¢)(ao, ... ,ar_1,v) for
all (ag,...,ap_1) € {ag,bo} X -+ x {ag_1,bp—1}. Thus, by Lemma 4.8 and
Lemma 4.23 (for o := q(bo, ..., bk, u) and E((ll,i) (q)), we have

k k k
D,(J(z);o,wbk,u)7(a07,,,,ak71) (Egk)(Eg +1)(Fq(b0 ..... bk,u),u(q))) (bOa ceey bkfl)

k
= Do) (S Pttt EL (@))) (o i)
=, q(bo, ..., bg,u). (4.6)
From the assumptions we know that
EI()IE)(q)(OZOa sy 1, u) =n Eglz) (q)(Oé()7 e, O, ’l))

for all (Oéo, . ,ak_l) S {ao, bo} X e X {ak_l, bk_l}\{(bo, ey bk—l)}~ By
Lemma 4.8 and the induction hypothesis (for o := El()]z)(q)(bo, cooybg—1,u) and
El()lz)(q)) we obtain

k k
DE](ZO,quk:U)y(a(]pu,ak—l) (Egk)(E,gk—‘rl)(Fq(bm,,_,bk,u),u(q))) (boy -, bk—1)

_p® (k) (k) )
= TES (@) (Bossbr 1 w), (0,0 ak,l)(E" (FEz(,z)(Q)(b07--«7bk—lau)7u(Ebk () (bo, -

b)) = B (@) (b0, bre1,0) = qlbos . b, v). (47)
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Now using Definition 4.3 and the congruences (4.6) and (4.7), we compute

k
Dl (ESHD(Fyao,. e (@))) (Bo - )

q(bos.,br,u),(ao,...,ax)

q(bo, - ., bg,v)
=nm Q(b07"'7bk7u) :q(b07...,bk,’0)' i
q(bo, ..., bg,u)

Example 4.26. Let V = (V,+,—,0, F) be an expanded group and choose
ag, a1, u, by, b1,v € V, 0 =0. The relation 7 is the equality relation on V. Now
let p be a polynomial of V such that p(ag, a1, u) = p(ag,a1,v), plag,br,u) =
p(ag, b1,v), p(bo,ar,u) = p(bo,a1,v) and p(bo,b1,u) = 0. In Example 4.22,
we have already calculated D% (E;?(Fow(p)))(xo,xl), and thus obtain

0,(ao,a1)

Dg(}aom)(ESJQ)(Fo,u(P)))(bm b1) = p(bo, b1, v).

Remark 4.27. Definitions 4.1, 4.3 and 4.6 and Lemmas 4.11, 4.20 and 4.25
can be formulated and proved analogously for arbitrary vectors, not just el-
ements of the algebra. As an illustration we give the analogon of Lemma
4.20.
Let A be a Mal'cev algebra with a Mal’cev term m, let k& > 1, and
let ng,...,ng € N. Let ¢ € Polyyt...qn, A, let a; € A™ for each i €
{0,1,...,k—1}, let u € A", and let 0 € A. Let f € Polyygt...on, A be
defined by

k
F(xo,. . xk) =D (EB(Fou(a)) (X0, Xk 1)

for all xg € A™,...,x; € A" . Then f is absorbing at (ag,...,a;_1,u)
with value o.

5. Some properties of the centralizing relation

In Bulatov’s definition of the m-ary commutator operation [-, -,..., -],
polynomials of arbitrary arity are used. We will now show that in Mal’cev
algebras, m-ary polynomials are enough. For the binary case, this is well
known and has been stated in [15]; proofs can be found in [1].

Definition 5.1. Let A be an algebra, ng,...,ng € N, k > 0and let ag, ..., ay,
7 be arbitrary congruences of A. Then we say that C'(ng, ..., nk; Qo ..., Qg; ")
holds if for all polynomials p € Pol,,+...4n, A and vectors ag,bg € A™, ...,
ai_1,bi_1 € A™-1 u,v € A" that satisfy

(1) a; =4, b; forall i € {0,1,...,k— 1},

(2) u=q,V,

(3) p(x0,...,Xp—1,1) =, p(Xo,...,Xp—1,V) for all (xg,...,xp-1) €
{ao,bo} x -« x{ag_1,br—1}\{(bo,...,br-1)},
we have

p(bo, e ,bkfl, 11) 577 p(bo, N ,bkfl,v).
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Lemma 5.2. Let A be a Mal’cev algebra with a Mal’cev term m, let k > 0,

let ng, ..., N,y - .., n), € N and let ag, o, ..., ag,n be arbitrary congruences
of A. Then
(a) if C(no,...,ng;ao, ..., ag;n) and ng < ng, ..., Ny, < ng,
then C(ng,...,nL; a0, ..., QK n);
(b) if C(1,ny,...,ng;0,...,%;n) and ng > 1,
then C(ng,n1, ..., N5 0y« - ., Qg3 7).

Proof. (a) follows from the fact that every (ny + --- + nj})-ary polynomial
function can be seen as an (ng+- - -+mny)-ary polynomial function that depends
on the same arguments as the polynomial function we have started with.

In order to prove (b), we assume that C'(1,nq,...,n%; g, ..., a;n) holds
and we show by induction that C(ng,n1,...,nk; o, ..., ag;n) holds for all
ng > 1. Let p € Polg 41)4n,+...4n, A. Furthermore, take any a,c € A,
b,d € A", e;,f; € A", ie{l,...,k—1}, and u,v € A™ such that

(1) a=a,c

(2) b=q, d,

(3) ei=q, fiforallie {1,...,k—1},

(4) u=q, v,

(5) p(xo,...,Xk—1,u) =, p(Xo,...,Xk_1,v) for all (xq,...,xx-1) € {(a,b),

(C, d)} X {el, fl} X - X {ek._l, fk._l}\{((c, d),fl, ey fk‘—l)}~
We want to show that

p((C, d)afla R 7fk717u) =n p((@ d)7f15 .. '7fk717v)-

Now we define the polynomial i € Pol(,,41)4n, +-..4n, A such that
h(xg,...,Xg) :=

(k) k
DP((Cvd)vfl,-~~7f1c717U)v((a,b),e1,.4.,ekf1) (E)((k) (Fp((cyd)afl7'~~;fk—1;u)u“(p)))

(X0y -+ s Xp—1)-
We have
h((a,b),x1,...,Xp—1,u) = p((¢,d),f1,...,fr_1,1) (5.1
=h((a,b),x1,...,Xp_1,V),
for all (x1,...,xx—1) € {€1,f1} x---x{ex—1,fx_1}. This can be obtained from

the analogon of Lemma 4.20 for vectors, by setting o = p((¢,d), f1, ..., fx—1, 1),
a; =e€;, by =1;, fori e {1,...,k—1}, ap = (a,b) and by = (¢,d). In the same
way we obtain

h((a,d),x1,...,xk—1,u) = p((e,d), f1,...,f_1,1)

= h((a,d),x1,...,Xp_1,V), (5.2)

and
h((e,d),x1,...,xk—1,u) = p((e,d), f1,...,fx_1,1)

=h((e,d),x1,...,Xk—1,V), (5.3)
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for all (x1,...,x5-1) €{e,f1} x - x{ex_1,f_1 \{(f1,...,fr_1)}. Now, we
define a polynomial ¢ € Poly, s, +...qn, A Dy

q(y,x1,..,x%) := h((a,y), X1, ..., Xg).
Obviously, by (5.1) and (5.2) we have
(¥, X1,y Xp—1,0) = q(¥, X1, ..., Xp—1, V)

for (y,Xl7 c. ,Xk—l) S {b, d} X {el,fl} X X {ek_l, fk_l}\{(d, fi,... 7fk—1)}-
From the induction hypothesis we obtain

g(d,fr, ..., fr_q,u) =, q(d, f1, ... foq,v),
or in other words
h((a,d), f1,... . fx_1,u) =, h((a,d), fi1,..., fi_1,v). (5.4)
If we introduce
s(z,x1,...,Xk) := h((z,d),x1,...,Xk),

where s € Polyjpn;4+...4n, A, then (5.2), (5.3) and (5.4) yield

s(z,Xq,...,Xp—1,0) =y s(x,X1,...,Xp_1,V),
forall (z,x1,...,Xk-1) € {a,c}x{ey, fi}x---x{eg_1,fr—1 }\{(c, f1, ..., f_1)}.
Using the assumption C(1,ng, ..., ng; g, ..., ar;n) we conclude
s(e,fr, .. fe_i,u) =, s(e, iy, B, v),

or in other words
h((C, d), fl, ey fk—h u) ETI h((C7 d),fl, ey fk_l,V).

We know from the analogon of Lemma 4.20 for vectors, where a; = e;, b; = fj,
1<i<k-—1,ay=(a,b), by =(c,d) and 0o = p((c,d), f1,...,fr_1,u), that

h(((}, d), fl, ey fk—h u) = p((C, d),fl, ey fk—h 11)
and, for the same parameters, from the analagon of Lemma 4.25 that

h((C, d),fl7 Ce ,fk_l,v) E”] p((C7 d),fl, .. .,fk_l,V).

This completes the induction step. O
Lemma 5.3. Let A be a Mal’cev algebra with a Mal’cev term m, ag, . . ., a,
ne ConA, k>0, ng,...,ng €N, and let ™ be a permutation of {0,..., k}.
Then if C(ng,...,nk;ao, ..., 1n), we have

C(Nr(0)s -+ > M (k)5 X(0)5 -+ + 5 X (k)3 71)-
Proof. Since every permutation of {0,...,k} is generated by the transposi-
tions, it suffices to consider the following two cases.

Case (i): m = (i j), where ¢, j # k. Without loss of generality we can assume
that 7 = (0 1). Choose p € Pol,, fng+ny-+n, A, ag,bg € A", a;, by € A™,
a;, b, € A", ie{2,...,k—1}, and u,v € A" so that

(1) ag =q, bo,
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a; =4, by fori e {2,... k- 1},

5 p(XOa sy Xk—1, u) =n p(X07 s 7Xk_1,V) for all (X07 s 7xk—1) €
{ao, bo} x -+ x {ag_1,br—1}\{(bo, ..., br_1)}.

Next, consider the polynomial ¢ € Pol,,,+...4n, A defined as follows:
q(x0,X1,X2, ..., Xg—1,t) := p(x1,X0, X2, . .., Xp—1,t).
Now, we have
q(X0, ..., Xp—1,u) =, ¢(X0,...,Xg_1,V)

for all (X(),. .. 7Xk—1) € {al,bl} X {ao,bo} X {ag,b2} X e X {ak_l,bk_l}\
{(b1,bg, ba,...,bg_1)}. From the assumption C(ng,...,ng;aq,...,ax;n) we
conclude that

q(b17b07b27 e 7bk713u) En (J(blabOvbQ» .. ';bkflav)

and hence, we have p(by,...,by_1,u) =, p(bg,...,byp_1,V).

Case (ii): m = (i j), where ¢ = k or j = k. Without loss of generality we
can assume that 7 = (0 k). Let p € Poly, 1n, 4 tnp_14+no A, a0,bg € A™,
ag =q, bo, a;,b; € A", a; =,, b;, i € {1,...,k — 1}, and u,v € A™ such
that u =,, v and

p<X0a vy X—1, u) ET] p(XO7 cee 7xk717v)

for all (Xo, L ,Xk_l) S {ao, bo} X X {ak_hbk_l}\{(bo, R 7bk—1)}- Next,
we define the polynomial g € Pol,,+...4n, A as follows:

p(t7xl7 vy X—1, u)
q(x0,X1,...,Xp—1,t) :=m | p(t,x1,...,Xp_1,X0)
p(bo,X1,...,Xg—1,X0)
Then we calculate
q(u,x1,...,Xp_1,a9) = p(bo, X1, ..., X_1,1) (5.5)
ZQ(u7X1a"'7xk—17b0)a .
q(v,X1,...,Xg—1,b0) = p(bo, X1, ..., Xp—1,1), (5.6)
and by the assumption
p(aO7X1a cee ,Xk,]_,V) En p(a07X17 ey Xk—1, u) (57)
for all (Xl, L. ,Xk-,—l) S {al,bl} X - X {ak_l,bk_l}.

Finally, if (x1,...,Xx-1) # (b1,...,bg_1), then we have

p(bo,X1,...,Xk—1,V) =, p(bo,X1,...,Xp_1,1), (5.8)
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by the assumption. Thus, using (5.7), (5.8) and (5.6) we obtain
p(aOaxlv sy Xk—1, u)
q(V,Xl,...,kal,a(]):m p(aO7x17"'7Xk'—17V)
p(bOaXh cee 7Xk—1vv)
E’I’] p(b07xla oo axkfhv)
=, p(bo,X1,...,Xx_1,1)
= Q(V7X1a vy X—1, bO)
for all (Xl, Ce ,Xk_l) S {alybl} X oo X {ak_l,bk_l}\{(bl, Ce 7bk—1)}~ To-
gether with (5.5) we have
q(%0, X1, - -+, Xk—1,80) =y (X0, X1, .,Xk—1,bo)
for (xg,...,xkx—1) € {u,v}x{a;,bi1} x - x{ag_1,br_1 }\{(v,b1,...,br_1)}
and we can conclude
Q(v7 bla R bk—la ao) En q(V, b17 B 7bk—17 bO) (59)

by the assumption C(no,...,ng; ao, ..., ar;n). Finally, using (5.6), (5.9) and
(5.7) we obtain

p(b07b17 .. '7bk717u) = Q(V»bly e 7bk717b0) En Q(V7b17 e 7bk:717a0)

p(ao,bl, e ,b;.c_l,u)
=m | p(ag,by,...,bp_1,v) | =, p(bo,b1,...,bp_1,Vv).
p(bO;blv s 7bk:—17v)

This proves the statement. (Il

Proposition 5.4. Let A be a Mal’cev algebra with a Mal’cev term m, let
o, - - -, and n be congruences of A and k > 0. Then C(«p, . ..,ax;n) if and
only if C(1,..., L, ..., k7).

Proof. It C(a, ..., ak;n), then clearly from Definition 3.1 we have C(nq, ...,
Ng; o, - . ., ;) for all ng,...,n; € N, thus for ng = -+ = ni = 1 we ob-
tain C(1,...,1;a0,...,ax;n). To prove the opposite direction suppose that
C(,...,L;a0,...,a5;m). Let ng,...,np > 1. Then by Lemma 5.3 for 7 =
(0 k) we obtain C(1,...,1;ak,a1,...,ak-1,a0;n) and by Lemma 5.2(b), we

obtain C(ng,1,...,1;ak, a1,...,ar_1,a0;n). When we apply Lemma 5.3 one
more time for 7 = (0 k) we obtain C(1,...,1,nk;ap,...,ar;n). We can re-
peat the same procedure for each of the places from k£ — 1 to 0 and obtain
C(ngy---,nk; o, - .., ag;n). Thus we have C(ag, ..., ar;n). O

6. Properties and characterizations of higher commutators

Let n € N, n > 2. The aim of this section is to give a necessary and sufficient
condition for [1,...,1] # 0 in Mal’cev algebras (Proposition 6.16) and to prove
——

n
that a polynomial Mal’cev clone on a finite set is finitely generated whenever
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there exists an n € N such that [1,...,1] = 0 (Proposition 6.18). Both results
————

will be essential for proving T heorer%s 2.1 and 2.2 in Section 7 of the paper.

Let (a,b) € A%2. We denote the congruence of A that is generated by (a,b)
by ©a(a,b). A congruence that is generated by a single pair in A? is also
called a principal congruence of A (see [7, Definition 5.6]).

Proposition 6.1 (HC4). Let A be a Mal’cev algebra with a Mal’cev term m,
Qg, ..., ax congruences of A, k>0 and m a permutation of {0,...,k}. Then

[Olo, s ,Oék] = [aﬂ(0)7 s 7aﬂ(k)]'

Proof. From Definition 3.2 we know that C(ap, ..., ax; [ao, . .., ag]) holds and
thus C(1,...,L;aq,...,ax; [ao,. .., a]) holds by Proposition 5.4. Now, from

Lemma 5.3 we obtain C'(1,...,1;a.0),- -, Qx(k); [0, ..., ]) and therefore
C(ar(0ys - -+ Ur(k); [0, - - -, au]), again by Proposition 5.4. Now, by Definition
3.2 we have [ar(),. .., )] < [@0,...,]. In order to prove the other
inequality we start with az(g),- .., @) and the permutation 71, and reason
in the same way. O

Lemma 6.2 (HC5). Let A be a Mal’cev algebra with a Mal’cev term m. Let
ag,...,ax andn be arbitrary congruences of A (k > 0). Then [ag,...,a5] <7
if and only if C(ag, ..., aK;n).

Proof. It C(ao,...,ar;n), then by Definition 3.2, we have [ag,...,ax] < 7.

Now, suppose that [ag,...,ax] < n for ag,...,ar € ConA. We will show
that C(1,...,1;ap,...,ax;n) by Definition 5.1. Choose p € Poly11 A and
ag, ..., ak_1, U, bg, ... bk_l,’U € A so that

(1) a; =q, b fori e {0,...,k—1},

(2) u=q, v,

(3) p(xo7 ce Tp—1,u) =y p(Xo, ..., k-1, v) for all (zo,...,x5-1) € {ao,bo}

- X {ak_l, bk_1}\{(b0, ceey bk—l)}~

We want to show that p(bo, ..., bx—1,u) =, p(bo,...,bk—1,v). We start by
introducing a polynomial s € Pol; 1 A by

s(xzo,. .., xx) =
D;fo]zl))o,.“,bk_l,u),(ao ,,,,, ax_1) (Eg}?(Fp(bo,...,bk,l,u),u(P))> (o, .., Tp—1)
where (xo, ..., x;) € A¥*1. Then we observe the following:
s(zo, ..., xp—1,u) = p(bo,...,bp—1,u) = s(xo,...,Tk-1,0),

for all (zg,...,2x—1) € {ao,bo}x---x{ar—-1,bk-1}\{(bo,...,bk—1)}, by Lemma
4.20 and thus

8(.’1’0,...7,@]6,1,11,) E[ao ..... ag] 8(1'07...7117]9717’0),
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for all (130, ce ,xk_l) € {ao, bo} X X {ak_l, bk_l}\{(bo, ey bk—l)}~ Now, we
can conclude

S(bo, ceey bk—l, u) E[ag,...@k] S(bo, e 7bk—17 ’U)7
and by the assumption we have
S(bo, ceey bk_l,u) =n S(bo, ceey bk_l,v).

The left side of the last congruence is equal to p(bg, . . ., bx—1, u) by Lemma 4.20
and the right side is congruent modulo 7 to p(by, ..., bg—1,v) by Lemma 4.25.
Now, by Proposition 5.4 we obtain C'(ag, ..., ag; ). a

Recall that for an algebra A and «, 5 € Con A such that a > 3, a/3 denotes
the congruence of the factor algebra A /S which corresponds to o in A.

Corollary 6.3 (HCG6). Let A be a Mal’cev algebra with a Mal’cev term m, let
n>2, and let ay,...,a,,n € Con A such that n < ay,...,a,. Then

lar /0, an/n] = ([oa, ... o] V) /.

Proof. We will show that ([, ..., a,] V n)/n is the smallest congruence 6/
with the property

Cloa/n, ... on/m;:0/n).
Directly using Definition 3.2 we can check that for every n € ConA, n <
at,...,0n, 0, we have

Clat,...,an;0) < Clar/n,...,an/n;0/n). (6.1)
Since [ov, ..., o) < [ag,...,an] V7 we have C(aq, ..., an; (a1, ..., a,] V1) by
Lemma 6.2, and thus C(a1/n,...,an/n; ([e1,...,an] V n)/n) using (6.1) for
0 = aq,...,a,] V1. Let us assume now

C(al/na <. aan/nae/n)v

for a @ € Con A such that n < 6. Then by (6.1) we have C(aq,...,ay;0) and
thus [aq,...,a,] < 6 by Lemma 6.2, whence [aq,...,a,] Vn < 0. Using the
Correspondence Theorem we have ([aq,...,a,]V n)/n < 60/n. O

Lemma 6.4. Let A be a Mal’cev algebra with a Mal’cev term m, let p1, ..., pn,
a1,...,ax and n be congruences of A and k,n > 1. If C(p;, 1. .., ax;n) for
every i € {1,...,n}, then C(Vlgign Diy Ly ey Q3 M)

Proof. We know that \/,.,.,, pi = p10---0 py, since A is congruence per-
mutable. We will prove the statement by induction. For n = 1 the statement
is obvious. Let n > 2. We put 1 = p;jo---0p,_1 and 05 = p,. Now
Vi<icnpi = 01062, We will prove that C(1,...,1;61 0 02, 01,...,04;n) by
Definition 5.1. Let p € Poli+1 A and choose ay, ..., ax—-1,u,bg,...,bp—1,v € A
so that ag =¢,00, bo, @i =, b; fori € {1,...,k — 1}, u=,, v and

p(mOa cee 7xkflau) E’I’] p($07 e ,.’Ekfhv),
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for all (zg,...,zk-1) € {ao,bo} x --+ X {ar—_1,bk—1\{(bo,-..,bx_1)}. We
have to show p(b,...,bx—1,u) =, p(bo,...,bxk—1,v). From the assumption
o) =p,00, bo we know that there exists a ¢ € A such that ag =g, ¢ and
¢ =g, bp. We introduce a polynomial s € Poli 1 A as follows:

8(1‘0, ey :Zik) =
k
DZ(7(1)10,-~,bk—1’U)1(ao,.-.,ak,_1) (Egﬁi)(Fp(b07---,bk—1ﬂt)ﬂi(p))) (o, .-, Th-1).

Observe that, by Lemma 4.20,

s(zo, .-y xp—1,u) = p(bo, ..., bp_1,u) = s(xo,...,Tk_1,0),
for all (xg,x1,...,25-1) € {ag,c} x {a1,b1} x -+ x {ax—1,bx—1} such that
(xo,21,...,xk—1) # (¢,b1,...,bp—1), whence
s(xo, ..., xp—1,u) =y 8(X0, ..., Tp—1,0),
for all (xg,x1,...,25-1) € {ag,c} x {a1,b1} x -+ x {ag—1,bg—1} such that

(0,21, xk—1) # (¢,b1,...,bg_1). Using the induction hypothesis we know
that C(01,aq,...,ax;n) and therefore we obtain

s(e,bry .o be—,u) =y s(e, b, . b1, 0). (6.2)
Also, by Lemma 4.20 we have
s(xoy ..y xp—1,u) =p(boy ..., bg—1,u) = s(xg,...,Tx_1,0),
for all (xg,x1,...,25—1) € {¢,bo} X {a1,b1} x -+ X {ag—1,bk—1} such that
(0,21, ,xk—1) & {(c,b1,...,bp—1), (bo,b1,...,bp—1)}, and thus
520, Th—1,u) =y 8(X0, ..., Th—1,), (6.3)

for all (zg,x1,...,25-1) € {¢,bo} x {a1,b1} X --+ x {ag—1,bx—1} such that
(0,21, .. xp—1) & {(e,b1,...,bg—1), (bo,b1,...,bx—1)}. From (6.2) and (6.3)
we have

5(xo, ..., xp—1,u) =y 8(T0, ..., Tp—1,0),
for all (zg,x1,...,25-1) € {¢,bo} x {a1,b1} X -+ x {ag—1,bx—1} such that
(oy. -y xk—1) # (bo,...,bk—1). Using the assumption C (03, aq,...,ar;n) we
obtain

$(bos - b1, 0) =y 5(b0s- -+ br_1,0).
The left side of the last congruence is equal to p(bo, . . ., b1, u) by Lemma 4.20
and the right side is congruent modulo 1 to p(by, . ..,bx—1,v) by Lemma 4.25.
Now, by Proposition 5.4, we have C(0; 0 0,1, ..., ap;n). O

Proposition 6.5. Let A be a Mal’cev algebra with a Mal’cev term m, and let
Ply-vyPrs O1,...,ax be congruences of A, k,n > 1. Then

\/ [pisan,...,an] = \/ Pis Oy« oy O]

1<i<n 1<i<n
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Proof. Since p; < \/,<,<,, pi we know from (HC2) that
[pj7a17"'7ak] S [ \/ piaalv"'7ak]a
1<i<n

for every j € {1,...,n}. Thus,

\/ [pisan, ..., ax] < \/ Pis Q1o O]

1<i<n 1<i<n
Let us show the other inequality. By Definition 3.2 we know that
C(pjaalu ceey Oy [pja A,y O[k]),

for every j € {1,...,n}, and thus using the inequality

[Pj70417~-~7ak]§ \/ [piaala"wak}
1<i<n

and Lemma 6.2 we have

C(Pj7a17~ cey O \/ [piaalw . 'aak])a
1<i<n

for every j € {1,...,n}. By Lemma 6.4 we obtain

CC\ poar s oo o))

1<i<n 1<i<n

Finally, by Definition 3.2 we have

[ \/ Piy Q1. 0] < \/ [pi, 1y ..y aul. O

1<i<n 1<i<n

Corollary 6.6. Let A be a Mal’cev algebra with a Mal’cev term m, and let

Plye-vsPrs OOy« Q—1, g1, ..., 0y be congruences of A, j,k,n > 1. Then
\/ [040,---7Oéj_17pi,04j+1,---70%}2[0607-”704]‘—1, \/ pivaj-‘rl)"-aak]'
1<i<n 1<i<n

Proof. We obtain the statement directly from Propositions 6.1 and 6.5. (]

As a consequence we immediately obtain the following lemma which claims
that distributivity holds for higher commutators in Mal’cev algebras.

Lemma 6.7 (HCT7). Let A be a Mal’cev algebra with a Mal’cev term m. Let
Jik>1,let I #0 be a set and {cw,...,05_1,0541,...,0} U{p; | i € I} C
Con A. Then

\/[0407---7C¥j—17ﬂi,04j+17-~-7ak] = [0407--~70‘j—17\/Pia04j+17---vak}-

i€l icl

Proof. Obviously, p; < \/,c; pi, for every i € I and thus we have

[a07' s 1, P4 Ojg1, - - - ,O{k] < [a07"'aaj—1a \/pi7aj+1a"'aak]a
iel
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for every i € I, by (HC2). Then

\/[Oto, . ,aj_l,pi,aj+1, . ,Oék] S [OZQ, . ,aj_l, \/ pi7C¥j+1, e ,ak].
icl i€l
To show the other inequality we put n = \/,c;[ao, ..., @1, pi, ajy1,. ..
Let us show that
C(Oé07--~704]‘—17\/Pi;aj+la--~7ak§77)- (64)
iel

We use Proposition 5.4 to show (6.4). Thus, let (ag,...,ax—1), (bo,...,bk—1) €
Ak u,v € A and p € Polpy; A such that

(1) a; =q, b; forevery i € {0,...,7—1,7+1,...,k— 1},

(2) a; EV»;EI Pi b]’
(3) U Eak Ua
4) p(zo,...,xx—1,u) =, p(0,...,Tx—1,v) for all (zg,...,2x-1) € {ao,bo} x

e X {ak,l, bkfl}\{(bo, ey bkfl)}.
We have to show p(bg, ..., bx—1,u) =, p(bo,...,bk—1,v). It is well known that
the join of an arbitrary set of congruences is the union of joins of its finite
subsets. Condition (4) actually consists of 2¥ — 1 formulas, one for each choice

of (xg,...,71_1). If we number all 2% — 1 choices of the vector (zo,...,Tx_1)
with 1,...,2F — 1, then for the £th choice there is a finite subset J, of I such
that the congruence (4) is true for \/,_ ; [0, ..., aj—1,pi; @j11,.- . ., o] instead

of n. Also there exists a finite set Jy, Jo C I such that a; =Vico pi b;j. We
take J = U0§£§2k—1 Je. The set J is a finite subset of I. By Corollary 6.6 we
know

\/[ao, e QG Piy Ot e 0] = [y 01, \/ Pis Qitt, ..y Q)
ieJ ieJ
and since J, C J for all £ > 1 we obtain
\/ [0, ..y 1, Pis Qg1 - -] < oo, ..., @51, \/ Pis Qgt, - oy Q)
= ieJ
for all / > 1. Now, we have
) a; =q, b; forevery i € {0,...,5—1,j+1,...,k—1},
2) aj =V, e b; (we know \/ieJo pi € Vi pi)s
)
)

u

p(zo, ...y xp—1,u) =g p(xo,...,Tk—1,v) for all (xo,...,25-1) € {ag,bo} %

—ox{ag—1,bp—1}\{(bo, . .., bp—1)} where 0 = [ap, ..., ;_1, ;e pi, @ji1,
., o], because of inequality (6.5).

Thus, we obtain
p(b07 CE) bk*lvu) =0 p(bCH ) bk717U)7

because

C(OZO, sy A1, \/ Pis Cjt1s -y Oy [Oéo, sy 1, \/ Pir Qjt1y -0 Oék])
icJ i€J
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Since
[0, ..., -1, \/ Pis Qjg1, ..., Q] = \/[ao, e QG Piy Q1 e, O] S,
ieJ ieJ
we have
p(bo, ... bp—1,u) =, p(bo,...,bp_1,v).
This proves C(1,...,1;a0,...,05-1,V,;cj Pi»@®jt1,- -, 0x;n), and hence con-
cludes the proof of (6.4). O

Corollary 6.8. Let A be a Mal’cev algebra, let a be a congruence of A and
let neN. If [1,...,[1,1]] < «, then A/« is nilpotent of class at most n.
————

Proof. We prove
/o, ..., [1/a,1/a]] < ([1,...,[1,1]] Va)/a for all k € N (6.6)
e —x

by induction on k. For k = 1 the statement is a consequence of (HC6). Let
k > 1. By the induction hypothesis we have

/o, e, ...,.[1/e,1/a]]] < [/ e, ([1,...,[1,1]] V a)/a].
—— ——
k—1 k-1
We now compute the right-hand side of the last inequality. Applying (HCG),
we obtain
[1/a, ([1,...,[L,1]]va)/a] = (1, [1,...,[L1]] Va] Va)/a
——

—
k—1 k—1

Using the distributivity of higher commutators (HCT7), the last expression is

equal to

(L [1, L LA VL o] Va) fa.
k—1

Since [1,a] < a, this is equal to

This completes the induction step. From (6.6), we obtain

[1/04, R [1/047 1/04]]A/o¢ = OA/Q
—_————
n
and hence A/« is nilpotent of class at most n. O
Lemma 6.9. Let A be a Mal’cev algebra with a Mal’cev term m, «q, ...,y
congruences of A and n > 0. Then [ag, ..., a,] is generated as a congruence

by the set

R= {(c(bo,...,bn),c(ao,...,an)) | bo,...,bn,a0...,an € A, Vi:a; =, b,
¢ € Pol,y1 A and c is absorbing at (ao,...,an)}. (6.7)
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Proof. To prove the statement we will first show R C [ao, ..., a,]. Let n >0,
boy .-y bn,ag,...,a, € A such that b; =4, a;, © € {0,...,n}, and let ¢ €
Pol,,+1 A be absorbing at (aq,...,a,). Now it is clear that

(o, -y Tn_1,an) = c(ag,...,an) = c(xo, ..., Tp_1,by)

for all (.IQ, Ce ,In_l) S {(10, bg} X e X {an_l, bn_l}\{(bo, ey bn—l)} and thus
we have

C(Z‘o, ey Tn—1, an) E[ao,..‘,an] C(an vy Tn—1, bn)
for all (ZEQ, - ,Sﬁn_l) S {ao,bo} X - X {an_l, bn_l}\{(bo, ey bn—l)}~ Thus
c(bo, - s bn_1,0n) Zjaq,....an] ¢(bo; - .., bn). Since c is absorbing at (ao, . .., a,),
we obtain
(c(boy .- bn),clag, ... an)) € [ao, ..., an].

This proves that every element of R is contained in [ayg, ..., ).

Now, let v be a congruence of A such that R C . To finish the proof it will
be enough to prove [y, . .., a,] < v, which is equivalent to C'(ay, . . ., an;7y) by

Lemma 6.2. To this end, we take by, ...,by,ao,...,a, € A such that a; =,, b;
for all i € {0,...,n} and p € Pol,,;1 A such that

p(l‘o, ey xn—laan) = p(3307 sy In—1, bn)

for all (zo,...,2zn—1) € {ao,bo} X -+ x {an—1,bn—1}\{(bo, ..., bn-1)}. We
will show p(bo,...,bn—1,an) = p(bo,...,bp—1,b,). We define a polynomial
t € Pol,+1 A as follows:

t(xo, ..., xn) =
DI(:(llewuabnfl7an)7(a07-~~aanfl) (E:S:Z)(Fp(bg,,..,bn_l,an),an (p))) (3307 ceey xnfl)'
We can observe that by Lemma 4.20, ¢ is absorbing at (aq, . .., a,), and hence
t(zo,. .. xn) =p(bo, ..., bn_1,an) =t(ag,...,an) (6.8)

for every (zo,...,%n) € {ao,bo} X -+ X {an, by }\{(bo, - .., bn)}. Therefore
(t(bo,-..,bn),t(ag,...,an)) € R

and thus (¢(bo,...,bn),t(ao,...,a,)) € 7. By Lemma 4.25 we know that
t(bo, ..., bn) =4 p(bo,...,by), so we obtain

(p(bo, .., bn),t(ag,--.,ay)) €.

Therefore, using (6.8) we have p(bo, ..., bp—1,a,) = p(bo,...,bn). O
Corollary 6.10. Let A be a Mal’cev algebra with a Mal’cev term m, «v, . ..,
congruences of A and n > 0. Then [ao, ..., qy] is generated as a congruence
by the set

T = {(c(bo,...,bn),c(am...,an)) | bo, .-y bn,ag...,an € A, Vi:a; =,, bi,
c € Polyy1 A and c[(ay,b9) x---x{an,b,} 5 absorbing at (ag,. .., an)}. (6.9)
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Proof. Denote the congruence generated by the set R in (6.7) by p; and the
congruence generated by the set T in (6.9) by pa. Clearly, R C T and hence
p1 C p2. We have shown that p; = [ap,...,q,] in Lemma 6.9. To prove that
p2 € p1 we have to show that T C [ag,...,a,]. Let by,...,bp,a0...,a, € A
and ¢ € Pol,, 11 A such that Vi : a; =, b; and ¢|{ay,b0} %+ x {an,bn} 15 absorbing
at (ag,...,an). Then we have

C($07 s Tp—1, an) =lao,...,on] C(Z‘(), sy Tp—1, bn) (610)
for all (.730, s 7xn—1) € {aOv bO} X X {an—la bn—l}\{(bOa ceey bn—l)}a because
c(xoy ...y xn) = c(bo, ..., bp_1,an) = c(ag, ..., an) (6.11)

for every (zg,...,2,) € {ag,bo} X -+ X {an, b }\{(bo, ..., bn)}. Therefore,
c(bos -+, bu_1,an) Zaq,....an] (b0 - - -, bn)

using C(ap, - . ., an;[ao, - .., a,]). Hence,
(c(bo,...,bn),clag,...,an)) € [ag,...,an]. O

Corollary 6.11. Letn > 2. Let A and B be Mal’cev algebras, on the same
set (with possibly different Mal’cev terms). If Pol,, A = Pol,, B, then A and B
have the same n-ary commutator operation.

Proof. If Pol,, A = Pol,, B, then Con A = ConB. Hence every n-ary commu-
tator is generated by the same set on both A and B. Since Con A = Con B,
this set generates the same congruence on both A and B. O

As another consequence of Lemma 6.9, we obtain a description of the com-
mutator operation for expanded groups. Actually, for expanded groups, this
description can be taken as a definition of the higher commutator operations.
A similar description for the binary commutator operation in ideal determined
varieties is given in [10] (cf. also [18]).

Corollary 6.12. Let V be an expanded group, let n € N, let «y,...,, €
ConV, and let v := [ag, ..., ap]. Fori€{0,...,n}, let A; be the class 0/,
and let C :=0/7. Then C is the subgroup of (V,4,—,0) that is generated by

S = {c(ao,...,an) | ap € Agy...,an € Ap,c€Pol11 'V,
and ¢ is absorbing at (0,...,0) with value O}.
Proof. Let S’ be the subgroup of (V, 4+, —,0) that is generated by S. Since for
all p € Pol; V with p(0) = 0, we have p(S) C S, it is easy to show that for all

p € Pol; V with p(0) = 0, we have p(S’) C S’. By [17, Theorem 7.123], S’ is
an ideal of V, and thus the relation ¢’ defined by

o' :={(vo,v1) EV xV |vg —v; €5}

is a congruence of V.
We will now prove S’ = C. For proving C' C &', it is sufficient to prove
~ C o¢'. To prove this inclusion, we show that all of the generators of v that are
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given in Lemma 6.9 lie in ¢’. To this end, let ¢ € Pol,,11 V, a = (ag,...,a,) €
Vntl and b = (bg,...,b,) € V™! be such that c is absorbing at a and for
all i € {0,...,n}, we have (a;,b;) € ;. We define d € Pol,, ;1 V by

d(x) := c(a+x) — c(a) for all x € V"1,

Then d is absorbing at 0 with value 0, and therefore d(—a + b) € S. Hence
(0, d(—a+Db)) € ¢/, and thus (0+ ¢(a), d(—a+b) +c(a)) = (c(a),c(b)) € o,
since ¢’ is a congruence of V. This completes the proof of v C o”.

For proving S’ C C, we first prove S C C. Let s € S. Then there
is a ¢ € Pol,41V such that ¢ is absorbing at 0 with value 0, and there
are ap € Ag,...,a, € A, such that c(ag,...,a,) = s. Lemma 6.9 yields
(0,¢(ag, .. .,an)) € v, and hence s € 0/v = C. Since C is a subgroup of
(V,+,—,0), we have S" C C. O

For the commutator of principal congruences we can avoid the congruence
generation involved in Lemma 6.9.

Lemma 6.13. Let A be a Mal’cev algebra with a Mal’cev term m, letn > 0, let
(1o, - -+ un), (Vo, .-y vp) € A" and for alli € {0,...,n} let oy = O (ui,v;).
Then

[ag, ..., an] = {(c(vo,...,vn),c(uo,...,un)) ’

¢ € Pol, 11 A, ¢ absorbing at (ug,. .. 7un)}

Proof. We denote the set on the right side of the equality by S. It is well
known that in Mal’cev algebras we have

Oa(u,v) = {(p(u),p(v)) | p € Poly A}, (6.12)

u,v € A. First, we prove that the set of generators of [, .. ., @] from Lemma
6.9 is a subset of S. Take ay,...,an,bo,...,b, € A, n >0, so that a; =4, b;,
i€ {0,...,n}, and ¢ € Pol, 41 A so that ¢ is absorbing at (ag,...,a,). Using
statement (6.12) for «; = ©a (u;,v;) we know that there exist polynomials
p; € Poly A such that a; = p;(u;) and b; = p;(v;), for every i € {0,...,n}.
Thus

(c(bo, - -, by),clao, .. an)) = (c(po(v0), - -, Pn(vn)), c(Po(uo); - - Pultn))).

Since ¢ is absorbing at (ag,...,an-1), ¢(po(zo),-..,pn(x,)) is absorbing at
(ug, ..., upn). Then we know that

(c(boy -+ bn),clag,...,an)) = (c(po(vo), . ,pn(vn)),c(po(uo), ... ,pn(un)))

belongs to S. Since S is obviously a subset of the generating set of [ay, . . ., ay]
from Lemma 6.9, we conclude that S generates [ag,...,a,]. We will now
show that S is a congruence relation of A. Clearly, S is reflexive, since
we can substitute constant functions for ¢. To prove the symmetry of S let
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(c(voy .- vn),c(ug, ..., uy,)) € S for a polynomial ¢ € Pol,, 11 A absorbing at
(ug, - ..,up). Now, we define the polynomial e € Pol, 1 A as follows:
e(zo,...,xy) 1= m(c(uo, cony ), (o, .y ), c(vo, - - ,vn)).

We have that (e(vo, ..., vn),e(ug,...,uy)) €S, by the definition of S. There-
fore (c(ug,.-.,un),c(vo,...,v,)) € S. To prove the transitivity of S we as-
sume that ¢,d € Pol,41 A are such that (c(vo,...,vn),c(ug,...,u,)) € S,
(d(vo,. .. vn),d(ug, ..., uy)) € S and c(ug, ..., u,) = d(vo,...,v,) for c and d
absorbing at (ug, ..., uy), and we show

(c(voy - y0n),d(ug, ... uy)) €S.

We introduce the polynomial e € Pol,, ;1 A as follows:

e(xo,...,zn) =m(c(zo, ..., 2n),c(ug, ..., un),d(xo, ..., 2,)).
It is not hard to see that e is absorbing at (ug,...,u,). Thus, we conclude
that (e(vo,...,vn),e(ug,...,uy)) € S. Since e(vg, ..., v,) = c(vo,...,v,) and
e(ug,...,up) = d(ug,...,u,), we have (c(vg,...,v,),d(ug,...,un)) € S. Tt

remains to prove the compatibility property for S. As it is mentioned in
[11, p. 9] it is enough to check the compatibility for unary polynomials. Let
f € Poly A and (¢(vo, - .., vpn), c(ug, - .., up)) € S for apolynomial ¢ € Pol,, 11 A
absorbing at (ug, ..., uy). Then for a polynomial ¢ € Pol,,11 A, defined by

t(xo, ..., xn) = f(c(zo,...,2n)),

we have that ¢ is absorbing at (ug,...,u,). We conclude that (t(vo,...,v,),
t(uo, ..., un)) € S or, in other words, (f(c(vo,...,vn)), f(c(uo, ..., uy))) €5S.
This completes the proof. O

Proposition 6.14. Let A be a Mal’cev algebra with a Mal’cev term m, let
n,k € N be such that k < n, and let «v, ..., a, be congruences of A. Then

[0yt [y -] < o, -y am)-

Proof. Since we know that every congruence is a join of principal congru-
ences, it suffices to consider the case where ay,...,a, are principal congru-
ences. The general inequality then follows from Lemma 6.7. We will prove
that each of the generators of [, ..., ak_1, [k, ..., q,]] given in Lemma 6.9
belongs to [ag,...,q,]. Assume that a; = ©Oa(a;i,b;), where (a;, b;) € A2,
i €{k,...,n}. Let (c(vg,...,vk),c(ug,...,ur)) be an element in the gener-
ating set of [ag,...,a_1, [k, ..., a,]] as in Lemma 6.9. Then v; =,, u; for
all i € {0,...,k — 1}, Ux =[ay,....an] Uk, and c is a k-ary polynomial of A that
is absorbing at (ug,...,u). From Lemma 6.13 we know that there exists a
d € Pol,,_r+1 A such that v, = d(bg,...,b,) and u, = d(ag,...,a,) and d is
absorbing at (ay,...,a,). Now, we observe that the polynomial e € Pol,, ;1 A
defined by

e(o,...,xn) i=c(xoy ..., Xp—1,d(Th, ..., Zn))
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is absorbing at (ug,...,Ux—1,0k,...,a,). Thus, from Lemma 6.9 we obtain
that (e(voy ..., Vk—1,bk, ..., bn), e(Ug, ..., Ug—1, 0k, - .., ay)) belongs to the gen-
erating set of the commutator [ag,. .., ay,] or, in other words,
(c(voy .- vg), c(ug, ..., uk)) € [ao, ..., .

This completes the proof. O
Corollary 6.15 (HCS8). Let A be a Mal’cev algebra with a Mal’cev term m,
let n € N, and let ay, ..., ay, be congruences of A. Then

[OZO, [alv .. 70[71,” g [aOa Qp,. .. 7an]~

Proof. We obtain the inequality directly from Proposition 6.14 if we choose
k:=1. O

Proposition 6.16. Let A be a Mal’cev algebra with a Mal’cev term m and let
n > 2. Then

if and only if there exists a ¢ € Pol, A and 0,0q,...,0,_1 € A such that

(1) ¢ is absorbing at (og,...,0n_1) with value o, and

(2) there exists a vector (ag,...,an—1) € A™ such that c¢(ag,...,an—1) # o.

Proof. (=) Let[1,...,1] > 0. Then C(1,...,1;0)isnot true. By Proposition
—— ——

n

n
5.4 and Definition 5.1 there exist og, . ..,0n,_1,00,-..,0,—1 € Aand p € Pol, A
such that

p(zo, ..y Tp—2,0n-1) = p(To,. .., Tn_2,dn_1),
for all (zg,...,zn—2) € {00,a0} X -+ X {0n—2, an-2}\{(ao,...,an—2)} and
plag, ..., an_2,0n_1) # p(ag,...,an-2,an_1).
Now, we put o = p(ag, . ..,an—2,0,—1) and define ¢ € Pol,, A as follows:
(0., Tp_1) =

(n—1) -1
Dp(ao)"'7a7L72yonfl)7(007~'~;0n72) <E§”Z*1)(Fp(a° """ an—-2,0n-1),0n—1 (p))) (0, -+, Tn—2).

By Lemma 4.20 we have that ¢ is absorbing at (og,...,0,—1) with value o,
and by Lemma 4.25 we know that c(ag,...,an—1) = p(ag,...,a,—1) and thus
clag,...,an_1) # o.
(<) Since
c(x07 R 7:1;71727 On*l) = C(:I;07 A 71‘77/727 an71)7
for all (xg,...,Tpn_2) € {00,a0} X -+ X {on_2,an_2}\{(ag,...,a,_2)} and
C(a07 sy On—2, On71> =0 7& C(G/Oa EREE) an71)7
the condition C(1,...,1;0) is false by Definition 3.1. Thus [1,...,1] = 0
——— ———

n

does not hold, by De%nition 3.2. O
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Note that the polynomial that satisfies the conditions (1) and (2) of Propo-
sition 6.16 depends on each of its arguments, or, in other words, its essential
arity equals its arity. In the sequel we will need o-polynomials, which we have
introduced in Definition 4.18.

Corollary 6.17. Let A be a Mal’cev algebra with a Mal’cev term m and n > 2.
If[1,...,1] =0, then for every o € A, every o-polynomial p of A has essential
~——

n
arity at most n — 1.

Proof. Let o € A, and let p € Poly A be an o-polynomial with essential
arity k. Then p satisfies (1) from Proposition 6.16 for (¢o’,0(,...,0}_ ;) =
(p(o,...,0),0,...,0). Since p depends on x_1, there exist (ao, ceey G—1)
(ag,--.,ar_2,br_1) € A* such that p(ag,...,ax_1) # plaog,...,an_2,br_1).
Clearly, p(ag,...,ax—1) # p(o,...,0) or p(ag,...,ak—2,bk—1) 75 p(o,...,0).

Thus, p satisfies also (2) from Proposition 6.16. Thus we have [1,.. ] 0,
W—/
k
and hence £k <n — 1. O

Let us recall that a clone on a set A is a collection of finitary functions
on A that contains all projections and is closed under all compositions. If a
clone on a set A contains all constant unary operations we call such clone a
polynomial clone. Let F be a set of polynomials of an algebra A. We denote
the clone generated by F' by Clo(F).

Proposition 6.18. Let A be a Mal’ cev algebra with a Mal’cev term m and
n>2. If[1,...,1] =0, then Clo(|J!-, PoIAU{m})fPolA
W—/

n

Proof. By (HC8), A is nilpotent. We proceed by induction on the nilpotency
class of A.

In the case that A is abelian, Gumm’s Theorem [15, Theorem 4.155] yields
that the clone of all polynomials of A is generated by m and all the unary
polynomials of A.

For the induction step, we let » € N such that A is of nilpotency class r + 1.
Then, we have [1,...,[1,1]] =0, and for a := [1,...,[1,1]], we have o > 0.

N—— N——
r+1 T
Hence
[1,a] =0. (6.13)
By Corollary 6.8, A/« is nilpotent of class at most r. Furthermore, by (HCG6)
we have [1,...,1]a/q = 0a/q. We fix p € Poly A, k > n, and let p, be the
——

corresponding polynomial from Pol(A/«) such that p,(x/a) = p(x)/« for all
x € A*. Thus, by the induction hypothesis we know that
n—1
Pa € Clo( | Poli(A/a) U {m}).
i=0
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In other words, there exists ap’ € Clo( U?:_Ol Pol; AU{m}) such that p,(x/a) =
p'(x)/a. Now, we obtain p(x) =, p'(x), for every x € A*¥. We choose o0 € A,
and define ¢t € Pol;, A as follows:

t(x) := m(p(x),p'(x), 0) for every x € A*.

We want to show ¢ € Clo( U?;OI Pol; A U {m}). First, we observe that ¢(x) €

o/a, for all x € A*. From (6.13) we have [, a] = 0 and thus we can apply

Proposition 4.19 and obtain that ¢ € SgF¥“*™°)(P) where P is a set of o-

polynomial functions of essential arities at most the essential arity of t. Using

the assumption [1,...,1] = 0 in A and Corollary 6.17 we conclude that all
————

such o-polynomial fu?lctions are of essential arities at most n — 1 and thus we
have t € Clo(|J!"—, Pol; A U {m}). Since p(x) =, p/(x) and [a, 1] = 0, Lemma
3.4 yields p(x) = m(t(x),0,p'(x)). Since t,p’ € Clo( U?:_ol Pol; A U {m}), we
have p € Clo(|J—, Pol; AU {m}). O

7. Supernilpotent algebras

In this section we prove Theorems 2.1 and 2.2.

Definition 7.1. Let £ € N. An algebra is called k-supernilpotent if

An algebra A is called supernilpotent if there exists a k € N such that A is
k-supernilpotent.

Definition 7.2. (cf. [13, p. 179]) Let A be an algebra, and let £ € N. The
function ¢ € Poly41 A is a commutator polynomial of rank k if the following
conditions hold:

(1) For all zg,...,x5_1,2 € A, if z € {g,..., 21}, then
(g, ..., Tp—1,2) = 2.

(2) There exist yo,...,yr—1,u € A such that

C(y()a .- 'ayk—lvu) 7é Uu.

Proposition 7.3. Let k € N and let A be a k-supernilpotent Mal’cev algebra.
If A is (k + 1)-affine complete, then A is affine complete.

Proof. We define an algebra B by B = (A, C) where C is the set of all functions
on A that preserve all congruences of A. We want to show that Pol B = Pol A.
Since A is (k+ 1)-affine complete by the assumptions we have Pols B = Pol, A
for every s < k 4+ 1. It is not hard to see that Con A = ConB. Then,
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from Corollary 6.11 we know that [1,...,1] = 0 is true in B. Finally, from
——
k+1

Proposition 6.18 we have

E k
Pol B = Clo( |_J Pol; BU {m}) = Clo( | J Pol; AU {m}) = PolA. [
i=0 i=0
Corollary 7.4. There is an algorithm that decides whether a supernilpotent
finite Mal’cev algebra of finite type, given by its operation tables, is affine
complete.

Proof. From Proposition 6.16, we obtain a way to compute a k € N such that
A is k-supernilpotent. Once such a k is known, it remains to check whether
every (k+ 1)-ary congruence preserving function is a polynomial function. [

Lemma 7.5. Let A be an algebra that generates a congruence permutable
variety and let k € N. Then the following are equivalent:

1) [1,...,1]=0;

k+1
(2) A is nilpotent and all commutator polynomials have rank at most k.

Proof. (1) = (2) Let ¢ be a commutator polynomial of rank ¢ > k + 1. From

[1,...,1] =0 we have [1,...,1] = 0 by (HC3), and thus
—— ~——
k41 t
C(1,1,...,1;0), (7.1)
—_——

by Definition 3.2. Let (yo,...,%:_1,u) € AL, We want to show that c(yo, . . .,
Yt—1,u) = u. For all (xo,...,xi—2) € {u,yo} X - X {u, ye—2\{(v0, - -, ¥t—2)}
we have ¢(xo, ..., Ti—2,yt—1,u) = ¢(xo, ..., Ti—2,u,u), by Definition 7.2. Thus,
by Definition 3.1, we have ¢(yo, ..., yi—1,u) = ¢(yo, - - -, Yt—2,u, u) = u because
of (7.1). This contradicts the fact that ¢ is a commutator polynomial. Clearly,
by (HCS), A is nilpotent.

(2) = (1) Let ¢ € Poly, A, 0,00,...,0n—1 € A and (ag,...,an—1) € A" be
such that the following is satisfied:

(i) ¢ is absorbing at (oo, ...,0,—1) with value o;

(ii) there exists a vector (ag,...,an,—1) € A™ such that c¢(ag,...,an_1) # 0.
By the assumptions of the lemma, A has a Mal'cev term. Let us denote it

by m. By [8, Corollary 7.4], since A is nilpotent we know that the functions
fi: A — A defined by

fi(x) :=m(x,0,0;),
for every i € {0,...,n — 1} are bijections. Thus there exist by,...,b,—1 € A
such that f;(b;) = a;, for every i € {0,...,n — 1}. Let us define a polynomial
d € Pol,,41 A by

d(xo, ..., Tn-1,2) :=m(c(m(zo,2,00), ..., mM(Tn-1,2,0n-1)), 0, 2).
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Clearly, we have d(zg,...,2,...,2n-1,2) = z, for every i € {0,...,n — 1}.
Also,

d(x()7 ey Ln—1, 0) = C(fo(Io), ey fn—l(xn—l))-
Therefore d(by,...,bp—1,0) = c(ag,...,an—1) # o. Now, the conditions (1)
and (2) of Definition 7.2 are satisfied. Thus, d is a commutator polynomial of
rank n. By the assumptions n < k, and thus by Proposition 6.16 we obtain
[1,...,1]=0. O
———
k+1

Lemma 7.6. Let A be a finite nilpotent algebra of finite type that generates
a congruence modular variety. Then, A factors as a direct product of algebras
of prime power cardinality if and only if A is a supernilpotent Mal’cev algebra.

Proof. Let us suppose that a finite nilpotent algebra A factors as a direct
product of algebras of prime power cardinality. We define a new algebra A*
in the following way: for each ¢ € A, we add a nullary operation ¢ defined
by ¢() := c¢. Since A is finite we have that A* is a finite algebra of finite
type. Furthermore Gumm’s terms from [8, Theorem 6.4, p. 60] for A are
also terms in A* and thus A* generates a congruence modular variety. By
[1, Lemma 2.2] we know that the binary commutator in A and A* is the
same. Thus we have that A* is nilpotent. By assumption we know that there
is a natural number n such that A = A; x --- x A,,, where |A4;| = p;* for
some primes p; and o; € N, ¢ € {1,...,n}. We define an algebra A¥ in the
following way: for each ¢ € A, we add a nullary operation ¢¢" defined by
¢() == m(c) for every i € {1,...,n}. Now, A* = A} x --- x A} and A} has
prime power cardinality. By [13, Theorem 3.14 (3), (4)] we have an m € N
such that the rank of every non-trivial commutator term of A* is at most m.
Since these terms are precisely the commutator polynomials of A, and since by
[13, Theorem 2.7] the algebra A generates a congruence permutable variety,
Lemma 7.5 yields that A is m-supernilpotent.

Now, suppose that A is a supernilpotent Mal’cev algebra. By Lemma 7.5,
we know that all commutator polynomials of A are of bounded rank. Hence, all
nontrivial commutator terms of A have bounded rank. Applying [13, Theorem
3.14(3), (4)] we obtain that A factors as a direct product of algebras of prime
power cardinality. O

Now we can give the proof of Theorem 2.1.

Proof of Theorem 2.1. From Lemma 7.6 we know that a finite nilpotent al-
gebra A of finite type which is a product of algebras of prime power order
and generates a congruence modular variety is supernilpotent and generates
a congruence permutable variety. Therefore A has a Mal’cev term. Then
by Corollary 7.4 we have that the property of affine completeness for A is
decidable. g
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In a Mal'cev algebra A, for (x¢,...,7x_1) € A* and 0 € A we introduce
the following notation:

Wo(Toy ... xp—1) := |{i: x; # o}|.

Proposition 7.7. Let n,k € N, let A be a k-supernilpotent Mal’cev algebra,
and let o € A. Let p € Pol, A such that for all (zg,...,xn—1) € A™ with
wo(xoy ..y xn_1) < k, we have p(xg,...,xn—1) = 0. Then p is the constant
function with value o.

Proof. Let p € Pol,, A with the given property and let (zg,...,2,-1) € A™.
We shall prove that p(zg,...,2,—1) = o by induction on w,(zg,...,zn—1). If
wo(Toy ..., Xn—1) < k+ 1, then the statement is true by the assumption. Let
us suppose that w,(zg, ..., Tp—1) =m > k+1. Let {i1,...,im} = {i| z; # o}.
We define a new polynomial ¢ by

GY1s e Ykt1s 2k 2y - - vy Zm) =
i1 Tht1 k2 im
p(o,...70,3}170,...,07yk+1,0,...,o,zk+2,o7...,o,zin,o,...m)
for y1,..., Yrt1, 2Zk+2,---,2m € A™. By the induction hypothesis we have
Y1y Ykt 15 Tigns - - - Ti,, ) = 0 for every (yi,...,yr41) € {24, 0} X --- X
{Zip, o\ {(xiy .- -, 24,,,)}. If we introduce a polynomial ¢’ in the following
way

¢ (Y15 Yrr1) = a5 Yrss Ligigs--- s Ti, )
we have ¢'(y1,...,Yr+1) = o whenever there exists an i € {1,...,k+ 1} such
that y; = o. Therefore ¢’ is an o-polynomial, and hence the essential arity of
¢ is 0 or k+ 1. Since A is k-supernilpotent we know that [1,...,1] =0, and
——
k+1
thus the essential arity of ¢’ is at most k& by Corollary 6.17. Thus ¢ is constant,
and therefore this yields ¢(z;,,...,z;,, ) = o and thus, p(x1,...,2,) =0. O

Lemma 7.8. Let A be a nilpotent Mal’cev algebra A with a Mal’cev term m
and let x,y,0 € A. Then if m(z,y,0) = o, we have x = y.

Proof. Suppose m(z,y,0) = o. By [8, Corollary 7.4] we know that the function
f+ A — A defined by f(t) := m(t,y,0) for t € A is one to one. Therefore if
x # y, then f(z) # f(y). Then we have m(z,y,0) # m(y,y,0) = o. This
contradicts the assumption. O

On supernilpotent Mal’cev algebras, these results provide a method to de-
termine whether two polynomial terms induce the same function. In particular,
we can now give a proof of Theorem 2.2.

Proof of Theorem 2.2. Suppose that s(xo,...,Zn—1),t(Zo,...,Tn_1) are poly-
nomial terms of A. By Lemma 7.6, there is a k& € N such that A is k-
supernilpotent, and A has a Mal’cev term m. Let o be an element of A; since
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A is nilpotent, by Lemma 7.8, it suffices to check whether
m(s(xo, ..., Tn-1),t(T0,...,Tp_1),0) F 0
holds in A. We define a polynomial term p of A by
p(xo, .-y xpn—1) :=m(s(zo, ..., xn—1),t(x0, .., Tn_1),0).

By Proposition 7.7 we have to check p®(ag,...,a,_1) = o only for those n-
tuples from A™ that satisfy w,(ag,...,an—1) < k+ 1. There are precisely

1+(|A|—1)n+(|A—1)2(;’> +...+(A|_1)k(z>

such n-tuples. Clearly, this expression is a polynomial in n. Since n is the
number of variables that occur in s and ¢, n is obviously bounded by the
length of these terms.

Therefore the polynomial equivalence problem has polynomial complexity
in the length of the input terms. i
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