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ABSTRACT. We introduce M V-relation algebras (MVRASs) and distributive M V-relation al-
gebras (DMVRAS), many-valued generalizations of classical relation algebras and study
some of their arithmetical properties. We provide corresponding notions of group relation
algebra and complex algebra and generalize some results about them from the classical case.
For this, we work with more general structures than MVRAs and DMVRAs, by replac-
ing the MV part with a BL-algebra, obtaining what we call fuzzy relation algebras and
distributive fuzzy relation algebras.

1. Introduction

Relation algebras were introduced in [12] as abstract algebraic models for the
study of binary relations, purified of the set theoretical structure of relations. The
theory of relation algebras has a wide range of applications, from the fundamentals
of mathematics to the development of programming languages. In [4], it is men-
tioned that “in principle, the whole of mathematical research can be carried out by
studying identities in the arithmetic of relation algebras”.

The canonical example of relation algebra, which acts as the starting point and
the motivation of the whole algebraic theory, is the concrete algebra of binary rela-
tions over a set X, equipped with union, intersection, complement, empty relation,
full relation, relational composition, converse and diagonal.

A relation algebra (RA) is a structure 4 = (A, +, -, 7,0,1,; , 7, A), with binary
operations +, -, ;, unary operations ~, ~ and constant 0, 1, A. There are two
main (equivalent) sets of postulates for relation algebras; let us refer to them as
RA(1) and RA(2). Both of them require that (4,4, -, ~,0,1) be a Boolean algebra
and (A, ; ,A) be a monoid (; stands for composition and A for diagonal). RA(1)
asks one more thing: that the algebra A satisfies

(z;9)©2z=0iff (z7;2)0y=01iff (z;y7)©Oz =0,
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while RA(2) states instead five axioms:
(x+y);z=(x;2)+ (y;2),
(r+y)” =27 +y~,

x =z,

(z;9)" =y ;27 ,

y=y+(x ;77Y) .
RA(1) is more compact and elegant, while RA(2), which is very close to the original
definition, has equational axioms. Among the above five axioms, the last one “has
a somewhat more involved structure and a less clear algebraic content than the
remaining postulates”, [4].

Concerning relations between real objects, the fuzzy approach turns out to be a
better approximation of reality than the classical one (take, for instance, the famous
relation “to have” between persons and diverse attributes, like “intelligent”, “tall”,
“old” etc.). Thus, a fuzzy framework appears to be a natural step to take in the
study of relations. Some interesting fuzzy generalizations of results about relations
and concepts can be found in [1] and [2], but the discussion is about concrete fuzzy
relations. The only abstract fuzzy relation algebra study that we are aware of is [6],
where the fuzzy part appears “externally”, as set of scalars from the [0, 1] interval,
acting upon relations. Our approach, on the other hand, is “internal”, working with
a not necessarily idempotent conjunction. Yet, there exist some similarities between
our fuzzy relation algebras and what are called in [6] relation algebras (structures
that are not yet fuzzy, but general enough to prepare the field for dealing with fuzzy
scalars), which shall be discussed in the concluding section.

The inspiring model for our generalization of relation algebra is the structure of
fuzzy relations on a set X, which are functions P from X x X to [0, 1] measuring,
for each pair (z,y) € X x X, how much is z in relation to y, i.e., the truth degree
of xPy. The [0,1] interval has to be equipped with a (not necessarily idempotent)
conjunction ® in order to be able to express, given two fuzzy relations P and
Q, for each (x,y), the truth degree of the sentence, xPy & xQy. This actually
defines, pointwise, the fuzzy intersection. If we also have a disjunction on [0, 1],
we can similarly define fuzzy union. The structure on [0, 1] could be a complete
MV-algebra or BL-algebra, or even a complete residuated lattice, where the lattice
is that given by the usual order — all these are well-known fuzzy truth value
structures. Composition of fuzzy relations is defined by translating the one from
the crisp case, only in terms of conjunction and existential quantification (the last
being simulated by the lattice suprema): the truth degree of (P ; Q)y is that of
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3z(xPzand 2Qy), which actually means
(P;Q)(w,y) =\ (P(z,2) ©Q(zy)) .

zeX

Going to an abstract level and “looking” at the above concrete fuzzy structure,
we shall define diverse forms of fuzzy relation algebras. We chose to take first an
MV-algebra structure — the good property of negation being idempotent and the
resulting duality between conjunction and disjunction make MV-algebras “reason-
able” (cf. [11]) fuzzy structures.! Many arithmetical results are recovered from
the Boolean case. However, as shown by Sections 4 and 5, when considering some
significant classes of models for fuzzy relation algebras, the MV assumptions can
be weakened. In fact, only the group relation algebras from Section 4 have good
properties with respect to this weakening — the complex algebras from Section 5,
although constructible in this more general framework, point out that the MV as-
sumption is, in some sense, minimal for an “iff” generalization of the classical result
to hold.

The paper is structured as follows. In Section 2, we introduce MV-relation al-
gebras and distributive MV-relation algebras, discuss some arithmetical properties
and provide examples. Section 3 introduces fuzzy relation algebras and distribu-
tive fuzzy relation algebras, by considering, instead of MV, a BL structure. The
next two sections deal with two significant classes of fuzzy relation algebras —
group relation algebras and complex algebras. Some results are generalized from
the classical case. Section 6 draws conclusions and discusses some topics for future
research.

2. Arithmetic

Definition 2.1. An MV-algebra [3] is a structure A = (A,®,®, ,0,1), where
@ and © are binary operations, ~ is unary and 0, 1 are constants, satisfying the
following axioms:

W

(yoT)Dda.

n this paper, we do not take any position towards the problem of distinguishing between
“fuzzy” and “many-valued”, but simply follow the current terminology, which calls MV-algebras
by their name, “many-valued structures”, and BL-algebras, “fuzzy structures” — although MV-
algebras are, roughly and somehow anachronistically speaking, symmetrical BL-algebras.
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Remark 2.2. The axioms are universally quantified; this will be the case through-
out the paper.

Usually, MV-algebras are defined only in terms of @, =~ and 0. Yet, in order
to point out a certain symmetry, we prefer to work with the above (redundant)
definition. We shall consider that ~ binds stronger than ®, which in turn binds
stronger than .

The standard MV-algebra is L 1) = ([0,1],®,®, ~,0,1), where @, ©® and ~ are
defined by:
r@y=min(z+y,1) , 20y =max(0,z+y—-1) , T=1—-1x,
for all z,y € [0,1].
Let A= (A, ®,®,,0,1) be an algebra of MV type. Define a binary relation <
and two binary operations V and A on A by:
r<yiffr©y=0,
Vy=z®T0oy),
TANy=z0(ToY),
for all z,y € A.

We list here some well-known MV-identities, that will often be used without
mention.

Lemma 2.3. The following hold in any MV-algebra:

(1
2

) < is a lattice order on A, with sup =V and inf = A
) r<yiffTOy=1;
) z@®T=1;

) zOT=0;

) <y iffy<z;
)

)

)

)

-~ W

D

rOy<zifft <Yydz;
2<zx®y iff z0T <y;
2O Vier¥i = Vier(@ O yi);
9 x@/\ie[yi:/\iel(x@yi)'
Definition 2.4. Let A be an MV-algebra, c: A — A, 7: A — A two functions.
We say that (o, 7) is a conjugate pair if, for all z,y € A, it holds

o(z)oy=0iff z © 7(y) = 0.

EN|

A~ N N S~ o~
[o3g) t

Proposition 2.5. If (o,7) is a conjugate pair, then:
(a) (1,0) is a conjugate pair;
(b) 0(0) = 7(0) = 0;
(c) o (Vier #i) = ey 0(x;) whenever the suprema ewist;
(d) x <y implies o(x) < o(y) for all z,y € A,
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(e) If (o,7") is also a conjugate pair, then T = 1'.

Proof. (a): Obvious, since the definition is symmetrical.

(b): 0(0)®1=0iff 0®7(1) =0, so o(0) = 0.
(©): o (Vyermi) <t iff o(Vigpwi) ©F =0 iff \,op(z ©@ 7(F) = 0 iff
Vi€ I,o; ©7() = 0 iff Vi € Io(z;)) ©t = 0 iff Vi € Io(x;) < ¢t iff
Vicro(x;) < t. Thus, ¢t being arbitrarily taken, we get the desired equality.

(d): Follows immediately from c).

(e): 7(x) <tiff 7(x) 0t =0iff x © o(t) =0 iff 7' (x) ©F = 0 iff 7/(z) < ¢. Thus,
7(z) = 7' (2). O

Proposition 2.6. Let o,7: A — A. The following are equivalent:
(1) (o,7) is a conjugate pair;
(2) o(r(z)) 2 =0, 7(0(z)) ©x =0 for allx € A and o, T are isotone functions;

(3) o(r(2)) @z =0, 7(o(x)) Oz = 0, o(zVy) = 7(x) Va(y), T(zVy) = 7(x) V7(y)
for all x,y € A.

Proof. (1) implies (2) and (1) implies (3): These follow easily from Proposition 2.5
and from the properly applied definition of conjugate pair. For instance, we have
that o(7(z)) ® z = 0 iff 7(x) ® 7(x) = 0, which is true.

(3) implies (2): This is obvious.

(2) implies (1): Suppose o(z) ®y = 0. Then y < o(z), thus z ® 7(y) <
x©7(o(x)) =0, s0o z®7(y) = 0. Analogously, we get = ® 7(y) = 0 implies
o(x) @y =0. O

Remark 2.7. A moment’s reflection shows that (o,7) is a conjugate pair iff
(x — o(z),y — 7(y)) is an adjunction between (A4,<) and (A,>), when these
two partial ordered sets are seen as categories.

In what follows, we shall deal with structures of the form
(Aa @a ®a 770a ]-7 3 7V7A)7

where (A, ®,®, 7,0,1) is of MV-algebra type, ; is a binary operation, =~ unary and
A constant. Besides the already stated priorities for @, * and ~, we assume that
unary operators always bind stronger than binary ones.

Consider, for this type of algebras, the following axioms (or sets of axioms):
(A0) (A4,®,0,7,0,1) is an MV-algebra,
(A1) (4,;,A) is a monoid,
(A2) (z;y)©0z=0iff (x7;2)0y=0iff (z;y7) Oz =0,
(A3) (zy)” =2~ @y~

Definition 2.8. An algebra satisfying (A0)—(A2) is called an MV-relation algebra
(MVRA for short), while an algebra satisfying (A0)—(A3) is called a distributive



78 A. Popescu Algebra univers.

MV-relation algebra (DMVRA for short). The corresponding classes of algebras
shall be denoted by MV RA and DMV RA.

Following the classical (Boolean) theory of relation algebras, we call A the diag-
onal element and ; the relative composition (or relative multiplication).

Remark 2.9. Thus, we have DMVRA C MVRA (as we shall see in Section
5, we have DMV RA # MV RA, encountering a first significant difference from
the Boolean case, where, if we interpret ® and @ as A and V, (A3) follows from
(A0)—(A2) — see [18)]).

As a consequence of the properties of residuated pairs, we get:
Proposition 2.10. MV RA and DMV RA are varieties.

Proof. In order to show that the two classes are varieties, it suffices to express axiom
(A2) by some equations. But (A2) just says that, for each x € A, the functions
y— x;yand y — x ;y form a conjugate pair and sodo y +— y;x and y — y;x .
It remains to apply Proposition 2.6 (“(1) iff (3)”) to get the desired expression for
(A2). O
Example 2.11. Consider the classical MV-algebra structure on [0, 1]X*X namely
([0,1]X*X @, ®, ~,0,1), where 0 and 1 are the constant functions and @, ® and ~
are the pointwise operations from Lo ;). Now define ;, ~ and A as follows:

PiQ (w,y) = \/ Ple.2) 0 Q).
zeX
P~ (z,y) = Py, z),
[0 ifx#y,
Ale,y) = { 1 ife=y,
whenever P,Q € [0,1]X*% and z,y € X. Denote this structure with MVRel(X).
Let us show that it is a DMVRA. We know that (A0) holds. Now,

(P;Q); R(z,y) = \/ (P;Q)(x,2) © R(z,y)

zeX

\V (\/ P(z,v) @Q(v,z>> ® R(z,y)

zeX \veX

\/ P(z,v) © Q(v,2) ® R(z,y).

z,0eX

In a similar way, the last expression turns out to be equal to P;(Q;R) (z,y). Thus,
; is associative. Further,

P;A (z,y) = \/ P(z,2) ©A(z,y) = P(z,y) © 1 = P(a,y),
zeX
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and the same goes for A ; P. We have proved (A1). In order to prove (A2), notice
that (P; @) ; R = 0 means that, for all z,y,2z € X, P(z,y) © Q(y,2) ® R(x,2) = 0.
Then the desired equivalences follow immediately, using that P~ (z,y) = P(y, z).
(A3) is a trivial consequence of the fact that @ is defined pointwise.

Example 2.12. Define the structure as in the previous example, except that we
consider, instead of Lo 1} as starting point, any MV-algebra which is complete as
a lattice. Since completeness was the only additional property that we used above,
this structure also turns out to be a DMVRA.

Example 2.13 (Relativization). Fix an element e € A. Define the structure
A||e = (A||ea De;s Oes je s 76; ve’ 067 167 Ae)

as follows:

Ale={rcAlz<e},

TPyYy=(TBY) Qe ,T*=TOe,xO0.y=c0Yy,

0.=0,1.=¢,

Tey=x;y,x =z , A=A
Notice that because e is an equivalence, the operations ;., ~¢ and A, are well-
defined, and that because e is crisp, the operation ©. is well-defined.

Proposition 2.14.
(1) If A is an MVRA, then A, is an MVRA.
(2) If A is an DMVRA, then A, is an DMVRA.

Proof. (1): We already know that (A, ®e, e, ¢, 0c, 1) is an MV-algebra from
the theory of MV-algebras. Notice also that the order < on A is the one induced
by the order on A. So (Al) and (A2) immediately hold for A, since they only
involve operations and relations induced by those from A.

(2): To check (A3), let z,y < e. Then

(@ey)  =(z@y)Ae)” =(z@y)" Ae” =(@" @y )Ne=z""Dey "
O
Example 2.15. Any (Boolean) RA is also a DMVRA, if we let & = V and © = A.

Example 2.16. Consider an MV-algebra (A, ®,®, ,0,1) and define A =1, ; = ©
and x~ = x. It is easy to see that we obtain a DMVRA, that we call a thin MVRA.
What we call thin corresponds to what is called Boolean in the classical, crisp case.
We keep the word Boolean to refer the classical case, as in the previous example.
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Example 2.17. Let M be an arbitrary complete MV-algebra and X a set. Con-
sider the structure on MX*X from Example 2.12, except that we define ~ and ;
in a different way:
Pu(xay) = P(a:,y)@a,
PiQ(e,y)= \/ P.2)0Qzy) 00,
zeX

for each P € MX*X z y € X, where a is a fixed idempotent element of M. It is
easy to check (as with at Example 2.11) that we obtain a DMVRA.

In the next three examples, the MV part shall be L, 11 (with n being 4, 4 and 3
respectively), the sub-MV-algebra of Ly 1) with support {0,1/n,...,(n —1)/n,1}.
The operation ~ is the identity in all the three cases. At ;, the first argument
is always displayed vertically and the second horizontally. All these examples are

DMVRAs.

. [o[1/4]2/4[3/41
o o] ool oo
1/40]1/4|2/4a]3/4]1
E le 2.18.
xamp.le 2/40]2/4|2/43/4|1] A=1/4
3/4|0(3/4] 1 | 1 |1
1 (o] 1|11 |1
. Jof1/a]2/4]3/4] 1
ool o] o] oo
1/alol 0o [ 0o [ 0 [1/4
E le 2.19.
xXample 2/4 0 0 0 1/4 2/4 A=1
3/410] 0 | 0 [1/4]3/4
1 [o|1/4]2/4]3/4] 1
. Jo[1/3]2/3]1
o [o] o] ofo
Example 2.20. [1/3 |0 | 1/3 | 1/3 | 1 A=2/3
2/3|0|1/3]2/3]|1
1 (o] 11 |1

Proposition 2.21. The following hold in any MVRA (whenever we use suprema
or infima, we assume that they exist):

(1) o=~ ==z,

2) (Mier i) 59 =Vie,@i;v), i Viervi) = Vie, s 1),
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(3) 1 <xo and y1 < yo imply x1 ;91 < X2 ;Y2
(in particular, x1 < xo implies x1;y < xo;y and y;x1 < y;x2),

4) z<z;landz<1;uz,
(5) 7 0y=0iffrOoy~ =0,
(6) (vielxi)v:vielxiv7
(9) 77 <77,

(10) 2~ <y~ iffv <y,

(11) (z5y)" =y 27,

(12) A= = A,

(13) 1=1;1,

(14) = =y~ iffz =,
(15) x <1;z;1,

(16) o= ;777 < 7.

(17) z;0=0,

(18) 0;z =0,

(19) =0 iffx;1=04ff 1;2=0,
(20) g5z~ <7,

(21) 7 =72—,

Proof. (1): Let t € A. We have the equivalences: z < tiff s ®t = 0 iff (z;A)©t =0
iff (= ;) OA=0iff (@7 ;A)Ot=0iff x=~ 0t =0iff 2= <t (we applied
(A2)). Thus z = =~

(2): Let us prove the first equality. We know that, in any MV-algebra, whenever
the suprema exist, (V,c;a:) @b = \,c;(a; @ b). We apply this, together with
(A2), (1), the definition of suprema and some properties of order in MV-algebras:
(\/iel xl) py < tiff ((\/iel xl) y) ©t=0.

@y )o (V) =0itf \/Ey~) o =0iftviel, fy7) 0w =0
i€l el
iftviel, (z;;y 7 )0t=0iff Vie I, (z;;y) ©t=0

Vi€ I, (zi5y) <tif \/(zi;y) <t.
iel

Thus (V,c; %) ;¥ = V,es (@i ; y). The other equality follows in the same manner.

(3): An easy consequence of (2) is that the operation ; is isotone in both argu-
ments. Hence, we get: 1 < x5 and y; < yo implies 1 ;91 < x2 ;91 < To; Ya.

(4): ITmmediately from (3) and A < 1.

(5): We apply (A2) and (1): z0y~ =0iff (z;A)0y~ =0iff (27 ;97 )OA =0
iff (Asy= )z =0iff yGax~ =0.
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(6): We use (5). Take s € A; then:

(\/azi)vgsiff(\/xi)"@§:Oiff(\/xi)®§V:0

iel iel iel
iff \/(m@E"):OiffViEI, ;05  =0iff Vie I, ;7 ©®5=0
i€l
iff vie I, ;7 < siff \/xi" < s.
i€l

Thus (Viep i) = = Viey i~

(7): The desired equality follows from (5): 07 =0iff 0" ©1=0iff 0017 =0
iff 0 = 0. Thus 0~ = 0.

(8): Applying (1) and (6), we obtain:

1=1vV1-=1""v1-=(1"Vv1)~=1".

(9): Because TOx = 0, it follows from point (1) that &2~ = 0. Furthermore,
from point (5), we get T7 @ &~ = 0, hence T~ <z~

(10): For the “only if” part, we apply points (9),(5) and (1): = <y~ implies
7 @7y~ =0 implies 27~ @7 = 0 implies * © Y = 0 implies z < y. Conversely, if
x <y, then, according to point (1), 27 <y, so, as we just proved, z~ < y™~.

(11): From (A2), (5) and (1), we get: (x;y)~ < siff (z;y)~ ©35 = 0 iff
(z;y) 057 =0iff (7 ;57 )y =01iff (y;377)@a~ =0iff (y;3) ©ax~ =0 iff
(y=;27)03=0iffy~ ;27 <s. So (z;y)" =y~

(12): Using (1) and (11), we obtain:

AT =AT ;A=A ;AT =(AT;A) T =ATT =A.

~—

s T

(13): 1=1;A<1;1<1. Hencel;l=1.

(14): Immediately from (10).

(15): We apply (4) twice: z <z;1<1;z;1.

(16): We apply (A2): o~ ;27y < g iff (a7 ;779) Oy = 0iff (z;y) © (z;y),

which is true.

( z;0=01iff (z;0)®1=0iff (z— ;1) ®0 =0, the last being true.

( Similar to (17).

(19): We know, from (4), that x < ;1 and < 1;z. On the other hand, (17)
and (18) tell us that = 0 implies ;1 =0 and 1;2 = 0.

(20): Similar to (16).

(21): Consider an arbitrary element ¢t. We apply MV properties and points
t<zT iffteor” =0iff t~ ez iff t— e =0iff t— <Tifft 7~ <T  iff t <T~.
Sox~ =2~ d

17):
18):

Proposition 2.22. Every totally ordered MVRA has ™~ the identity function, hence
is a DMVRA.
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—

Proof. This is because, according to Proposition 2.21.(10), = is an increasing bi-
jection, and also an involution by 2.21.(1). O

Proposition 2.23. The following are equivalent for an MVRA A:
(a) A is a DMVRA (i.e., it satisfies (A3)).
(b) Forallz,y€ A, (xQy)” =2z~ Oy~ .

Proof. The desired equivalence follows at once from Proposition 2.21.(21) and the
MV factsT=zand 2Dy =T O Y. O

Remark 2.24. Our definition of MVRA generalizes directly the Boolean defini-
tion RA(1). As consequences of the MVRA axioms, we get (of course, in an MV
framework) all the axioms of the alternative Boolean definition RA(2), except two:
(x4+y);z=(x;2)+ (y;2) and (xr +y)~ =2~ +y~. While the first of these is
not even satisfied by the basic Example 2.11 and hence we do not take it into con-
sideration (at least not with respect to the MV addition), the second one became
an axiom for what we called DMVRA.

On an arbitrary MVRA, define the following derived operations:
0= A, called the diversity element;
rty=7;7y, called relative addition.

Proposition 2.25. The following hold in any MVRA:

Proof. (1): We have that 2~ ; (T10) =2~ ;%;0 =2 ;2; 1. Further, 27 ;2;1=0
iff (z752;1)©1=0iff (277 ;1) ©x;1=0iff (z;1) ® (z;1) =0, which is true.
We applied Proposition 2.21.(1) and (A2).

(2): 2~ 5@ty <yiff (@7 ;2;9) 07 = 0iff (277 ;9) © (z;7) = 0 if
(z;7) © (x;7) = 0, which is true.

3): 7 ;z<0Oiff (z7;7) 0A=0iff (z77;A) 0T =0iff z ©T = 0, true.
4): Similar to (3).
5 77 ;x<0OUf (T7;2)0A=0if (77 ;A)0x=0iff TOx =0, true.
6): Similar to (5).
7): x11=7;1=7;0=0=1. We applied Proposition 2.21.(17).
8): (

N N N N
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Proposition 2.26. The following hold in any DMVRA:

(1) (@ty)= =y~ o=
(2) O- =1,

3) xtz— <0,

4) ztz— <0,

(5) a—t7z <0,

(6) = ta <0,

(7) 210=0%z ==z,

(8) t is associative

() (rty)@z=1iff @~ t2)@y=1iff (:1y~) Sz =1.

Proof. (1): (xty)~ = (T:9) ~ = @:9)~ = @ 7~ ) = )=y fa.
We applied Propositions 2.23.(1) and 2.21.(11). (2): O~ = (A)" = A~ =A =[.

(3)-(6): The proofs are all similar, so we only prove (3). z fz— <Oiffz 17— ®
A=0iff (T;27)0A=0iff (A;277)0T=0iff x ®T = 0, which is true.

(7): 2t0=T;A =7 = x; DTx—x'A:::x.

®): (@ty)tz=@T;9t2=7:7;

9): (xty)@z=1iff T;y®2=1iffT; y@E:l

Here we have two cases: Case (i): --- iff (_";E)Qy:
=120 =0iffz— 1207 = 1iff (z~ Tz)EBy—l Case (ii
iff(Z;977)0z=0iff zty— 0T =1iff 21y~ ) Dz =
We used (A2) and Proposition 2.23. O

]

NI
—
HI
@I
N—
NI
Il
8|
—
<
|
S~—
Il
|
8
—+
—~
<
—+
N
N—

An important feature of MVRAs is that ~ can be expressed in terms of the other
operations and suprema (that we know exist for this case). This means that ~ is
totally determined by the other operations, as in the Boolean case [4].

Proposition 2.27. Let A be a MVRA and a € A. Then:

(1) a= is the largest x € A such that x;a <O,
(2) a” = \/w;ESD €.

Proof. (1): That a~ ;@ < O we know from Proposition 2.25.(3). Now, z;a < [
implies (z ;@) ® A = 0 implies (x~ ;A) ®a = 0 implies z~ < a implies 27~ < a™~
implies < a~. We applied (A2) and Proposition 2.21.(1).

(2): Immediate from 1). O

As already remarked, MVRAs are straight generalizations of relation algebras
defined by RA(1). However, only the DMVRAs display the natural duality induced
by the operator ~
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Proposition 2.28. Let A= (A, ®,®, ,0,1,;,7,A) be an MVRA.

(a) Defineo: Ax A— Abyzoy=y;x. Then A= (4,®,0, ,0,1,0,7,A) is
also a MVRA. If, in addition, A is a DMVRA, then so is A" and A, A" are
isomorphic as algebras.

(b) Suppose that A is a DMVRA. Take A" = (A, ®,4, ,1,0,1,~,0). Then A”
is also a DMVRA and A, A" are isomorphic as algebras.

(¢c) Suppose again that A is a DMVRA. Then A" = (A,0,®,7,1,0,¢ 1),
where e: A X A — A is defined by x ey = y 1z, is also a DMVRA and A,
A" are isomorphic as algebras.

Proof. (a): The fact that o is associative and has A as identity element is trivial.
Also, because of the symmetry of the axiom (A2) with respect to the two arguments
of ;, one can immediately see that (A2) also holds for o. Thus, A’ is an MVRA.
Suppose now that A is also a DMVRA. The axiom (A3), involving only @ and
—, also holds for A’. Define now f: A — A by f(a) = a~. From Proposition
2.21.(1), we know that f is a bijection. Also,

f0)=07=0, f)=1"=1, f(A)=A" =A,
f@sy)=@oy)” =2~y =f(2)a f(y),
flaoy)=(oy)" =27 0y~ =f(z)o f(y),

f@) =277 =(f))" , f@ =7 =7= = f(x),

x
flasy)=(z;y)" =y 27 =2~ oy~ = f(z)o fly),
so f is a morphism. We used Proposition 2.21.(7,8,12), Proposition 2.23 and (A3).
(b): That (A,®,®,1,0) is an MV-algebra is well-known. Further, the axioms
(A1)—(A3) are satisfied by A" according to Propositions 2.26.(7,8,9) and 2.23.(2).
So A" is a DMVRA. Define g: A — A by g(z) = T. We know, from MV-algebras,
that ¢ is a bijection and an isomorphism between the MV parts of A and A”.
The fact that g commutes with the other operations is an easy consequence of the
definitions of t and J and of x~ =7~
(c): Immediate from a) and b), since A" = (A”)'. O

Remark 2.29. Regarding the last proposition, we can further say that the map
A — A’ is a permutation of MV RA. This gives a way, once a theorem has been
proved about an arbitrary MVRA, to get another theorem, called its converse, by
simply interchanging everywhere the arguments of ; (we suppose that the theorem,
expressed in the first-order language of MVRA, does not use symbols of derived
operations).

A more interesting case is that of DMVRAs, where one can also extend the
MV duality (which in turn extended the order duality). All three maps A — A’,
A A" and A+ A" are inner bijections of DMV RA, the last being actually the
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composition of the first two. We obtain, for a theorem, its converse, its dual and
what we might call its dual converse, which would be the same as converse dual,
since =~ = T~ . The usual classical term for what we called “dual” is “converse
dual”, which we use for the composition of dualities. The three maps above, to-
gether with the identity on DMVRA, form a group isomorphic to the Klein 4-group,
just as in the Boolean case [18].

The next proposition lists some properties of relation algebras with a certain
intuitive and even “visual” meaning, that also hold for MVRA. Their proofs are
easy applications of (A2) together with Proposition 2.21, so we skip them. The
main point of listing these properties is that, in order for them to hold, we do not
need a Boolean algebra structure, an MV-algebra doing the job.

Proposition 2.30. The following hold in any MVRA:
(1) (De Morgan’s equivalences) x ;y < z iff e~ ;Z <y iff z;y~ < T,
((2)—(4) are Tarski’s equivalences)
(2) x'y<7iffwv;2§§iffz;yv STffzT e <y iffyszT < T uff

Y= 7=

(3) (xvy)f vlffz r<y~ iffy;z<z—,

(4) (z;9)© —Olff(z )0y~ =04f(y;2) 0z~ =0,

(5) (The cydemwﬂ ) Oy =0iff (t;9) 0z =0iff (z3y7) Oa =0 iff
(2752)© —Ofo( ;27) 0z =04ff (y;27) 0T =0.

(6) (Peirce’s equwalences )
vy <ziffy;Z7 <TTffZT e <y iffz<Tiy ffrT <yt
fy” <z" 1T iffy 27 <z iffziyT <TiffaT ;Z<Y
Wz <y 177 iffe <2ty ffy<T  f2
Remark 2.31. As one might expect, there are a few arithmetical results which do
not carry over from the classical case. One of them is the following: in a RA, if
z,y <A, then z;y =2 @y (see [4], [14]). At the proof theoretical level, this is a
consequence of the fact that for each x, we have x < x;z~ ;z, which in turn follows

from the idempotency of the conjunction, so we depart here from the many-valued
route. Still, interestingly enough,

z,y < Aimpliesz;y=x0y

holds in our canonical Example 2.11 (but, by Examples 2.18, 2.19 and 2.20, this
property is independent from (A0)-(A3) — in fact, these examples show that for
subdiagonal elements, the operation ; need not be comparable to ® with respect
to the order <). Another property satisfied by the model from Example 2.11
is that the diagonal is a Boolean element in the MV-algebra part. Neither does
this follow from the DMVRA axioms, as shown by Example 2.20. A place where
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these properties are axiomatically considered is the paper [21], which is a further
development of the present work.

We are now interested in giving a characterization of MVR As that is quite similar
to RA(2).
Consider the following properties for algebras of MVRA type:

—~

B1) ; is isotone in the first argument.
B2

—~

; is isotone in the second argument.

o
w

PE W E W w
\_/\_/\_/\_/\_/\_/\?]/\_/\_/\_/\_/\_/
s
<
Neg

; is isotone in both arguments.
(xVy);z=(xz;2)V(y;2).
zi(@Vy)=(z;2)V(z;y).

~ is isotone.

)T =x" Vy.

—~
=~

—
ot

—
D

B8) (zoy)” =27 0y~.
B9) (z;y)” =y~ 2~
(B10) 7= =7~

(BLl) (z7:Z79) VI =7
(B12) (T7g;y)VT =7
(B13) 2=~ ==x

Remark 2.32. In (B1)-(B3) and (B6), increasingness is assumed with respect to
the relation < defined by =z < y iff x @7 = 0. Also, in (B4), (B5), (B7), (B11) and
(B12), V is defined by 2 Vy = 2 ® (T ® y). We shall only work with algebras of
MVRA type for which the MV type part is an MV-algebra, thus < will be a lattice
order and V the supremum operation; consequently, (B11) and (B12) will actually
mean (z~;73y) <yand (T7y;y ) <T.

Lemma 2.33. Let A= (A,®,0,,0,1,;,7,A) be an algebra of MVRA type such
that (A, ®,®, ~,0,1) is an MV-algebra. Then the following are true in A:

(1) If (B6), (B9) and (B13) hold, then (B1), (B2) and (B3) are equivalent.

(2) If (B6), (B9), (B10) and (B13) hold, then (B11) and (B12) are equivalent.

Proof. (1): It is sufficient to prove “(Bl) iff (B2)”. Assume (B1) holds and let
z,y € A such that x < y. Then also = < y~ by (B6). Further, z;z = (27
7)) = (x7 ;27)7 by (B13) and (B9). But, by (B1), 27 ;27 <y~ ;27 and,
applying (B6) and (B9), (z7 ;27)" < (y7;27)" = (z;y)”~ = z;y. Thus,
z;x < z;y. The fact that (B2) implies (B1) follows analogously.

(2): Let us assume (B11) and prove, for arbitrary = and y, (T3 y;y~) < T. Using
(B13), (B9), (B10), (B9), (B11), (B10) and (B13),we get

B9
B9

—— ~—

Tysy ) =T50;y )" =W 5Ty )T =W T (wsy)T)T =

=(W7)Tslyse7) <27 =77 =T,

~——
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That (B12) implies (B11) can be proved similarly. d

Proposition 2.34. The following are equivalent for an algebra A of MVRA type:

(a) Ais a DMVRA;

(b) A satisfies (AO) and (A1) and ([B1) or (B2) or (B3) or (B4) or (B5)] and
[(B6) or (B7)] and [(A3) or (B8)] and (B9) and (B10) and [(B11) or (B12)]
and (B13).

Proof. (a) implies (b): This was proved, piecemeal, previously.

(b) implies (a): Because of (A0), each one of (B1), (B2) and (B3) is weaker then
each one of (B4) and (B5). Also, (B6) is weaker than (B7). Thus, using the previous
lemma, it is enough to show that (A0), (A1), (B2), (B6), (B8), (B9), (B10), (B11)
and (B13) are sufficient for A to be a DMVRA. We need to prove (A3) and (A2).
For (A3), we have

(z0y) " =T0OY =T 07 =20y~ =2 dYy~
(using (B8) and (B10)).

Let us now prove (A2). Suppose first that (z;y) ® 2 =0. Then z < T3y so, by
(B2), 27 ;2<27;ZT;y. But 7 ;ZT;y <7y according to (B11). Thus, 27 ;2 <7,
which mens (7 ;2) @y = 0.

Assume now that (x7;2)0y =0. Wegety <z~ ;2. By (B6),y~ < (z7;2)".
But, according to (B10), (B9) and (B13), (z=;2)~ = (
z=5z. Soy~ < z7;z. Now, applying (B2), z;y~ < z;27;z. On the other
hand, by (B11) and (B13), z;2~ ;2 = (27 )" ;27 ;2 <T. We get z;y~ < T,
which means (z;y~) @z =0.

Finally, we want to prove that (z;y~) ® x = 0 implies (z ;y) ® z = 0. Assume
(z;y7)©x =0. Thenz <z y~, so, using (B1) (implied by (B2)), (B13) and (B12)
(implied by (B11)), 259y <z5y~ 3y =2;4y ;(y~)~ <7 hence, (z;y)©2z=0. O

—

S =T =

8

The last proposition gives alternative sets of axioms for DMVRA, making the
connection with RA(2). The use of V in the axioms is not such a strange presence
in the MV framework, since one of the MV algebra axioms says that tVy =y V x.
Both MVRAs and DMVRAs are now seen to be quite direct generalizations of
RAs; it only depends which of the definitions RA(1) or RA(2) we consider. This
observation is based on the fact that, since a Boolean algebra is an MV algebra in
which @ = V (denoted +) and ® = A (denoted -), an axiom of RA involving, say,
+, can be “copied” in the MV framework in two different ways: replacing + either
with @, or with V (and similarly for -). Table 1 compares the Boolean definitions
with the fuzzy ones.

Thus, both MVRAs and DMVRAS generalize RAs, but DMVRASs are connected
with both alternative definitions of RAs, while MVRAs are far from satisfying
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Boolean case

RA(1)

Many-valued relation algebras 89

Fuzzy case

MVRA

A0") (A, +,,-,0,1) Boolean algebra

A0) (A, ®,0,-,0,1) MV algebra

Al) (4, ;,) monoid

Al) (4, ;,~) monoid

A2 (x;y)-z=0iff
x752) y=01if (z;47) - z=0

—~ |~

(

(

(A2) (x;y) ©z =0 iff
(x7;2)0y=0iff (z;y7)®xz=0

RA(2) DMVRA (alternative definition)
(A0") A0) .
(A1) 1)

TABLE 1

properties similar to those from RA(2); (A3) and (D4) are not necessarily true
in MVRAs. For now, DMVRAs seem to be a more suitable fuzzy generalization
of RAs, knowing in addition that they also recover the double duality of RAs
(according to Proposition 2.28.(b,c)). Yet, as we shall see in the next sections,
some generalizations of theorems about RAs have “fuzzier” versions for MVRAs
than for DMVRAs.

3. Fuzzy relation algebras

In this section, we shall define fuzzy relational structures that are more gen-
eral than MVRAs and DMVRAs, by replacing the MV-algebra part with a BL-
algebra one. Because BL-algebras are fairly general fuzzy structures (see [7]), we
call these fuzzy relation algebras (FRAs), respectively distributive fuzzy relation
algebras (DFRAs).

Definition 3.1. A BL-algebra [7] is a structure (A, V, A, ®, —,0,1) such that:
(BLO) (A,V,A,0,1) is a bounded lattice.
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(BL1) The binary operators ® and — form a residuated pair, that is
rOy<z iff <y —z.
(BL2) z Ay =20 (z —y).
(BL3) (z —y)V(y —z) =1
In an arbitrary BL-algebra, define the derived operations ~ and < by
T=r—-0, roy=@—yo{ly—mr).

In [7], P. Hjek introduced BL-algebras as structures corresponding to a general
fuzzy logic (called Basic Logic), that takes as standard truth values structure the
unit interval equipped with any continuous t-norm (“t” comes from “triangular”),
i.e., a binary continuous operation ®: [0,1] x [0,1] — [0, 1] that is associative,
commutative, isotone in both arguments, has 1 as identity element and 0 as annihi-
lator. If we define its residua, the binary operation —, by z — y = max{z € [0,1] |
x ® z <y}, then ([0, 1], max, min, ®, —,0, 1) becomes a BL-algebra. Basic Logic is
the tightest generalization of Godel, Lukasiewicz and Product Logics, which come
from the three most important examples of continuous t-norms on the unit inter-
val (the Lukasiewicz t-norm is the operation ® from Ly ;). That BL generalizes
Lukasiewicz Logic is reflected, at the algebraic level, by the fact that MV-algebras
are particular cases of BL-algebras. Indeed, any MV-algebra becomes a BL-algebra
with V, A and — defined in the usual way (remember that zVy = x & (y ® T),
2AYy =20 (Y®T), r —y=TDy =z ©y). This correspondence, together with an
identity on morphisms, is an isomorphism of categories between MV-algebras and
BL-algebras satisfying = (x — 0) — 0. The inverse functor sends a BL-algebra
satisfying the above property into an MV-algebra, where ~ is the above derived
operator and z®y = ((x — 0) ® (y — 0)) — 0, and is also identity on morphisms.

Definition 3.2. An FRA is a structure A = (A4,V,A,®,—,0,1,;,7,A) that
satisfies the following axioms:
(AAO0) (A,V,A,®,—,0,1) is a BL-algebra,
(A1) (A,—,A) is a monoid,
(A2) (z;y)©0z=0iff (7 ;2)0y=0iff (z;y~) Oz =0.
If, in addition, it satisfies
(AA3) (z@y)" =27 0y  and (x—y)” =27 —y~,
then it is called a DFRA. The corresponding classes of algebras are denoted FRA
and DFRA.

If, as above, we identify MV-algebras with BL-algebras satisfying double nega-
tion (x = (x — 0) — 0), we can also identify MVRAs with FRAs satisfying double
negation. Furthermore, one can easily see that DMVRAs are precisely the DFRAs
that satisfy double negation.



Vol. 53, 2005 Many-valued relation algebras 91

From the Examples 2.11-2.20, the only one that really depends on the specificity
of MV axioms is Example 2.13, the others having immediate generalizations to
FRAs and DFRAs. In Example 2.11, we replace the Lukasiewicz t-norm by an
arbitrary continuous t-norm and define the BL operations point-wise — the DFRA
obtained shall be denoted with FRelg (X) (or FRel(X) if ® is understood.

For the remaining two sections, we make the following denotational convention:
if X is a set and = € X, let A\, denote the funcion f: X — [0, 1] such that f(zx) =1
and f(y) =0if y # x.

4. Group relation algebras

In the classical case, any algebra G = (G,*, ~! e) of group type induces an
RA-type structure Gra(G) which is an RA (and called the group relation algebra of
G) iff the starting algebra is actually a group. This RA is representable and there
are some connections between the subgroups of G and the equivalence elements of
Gra(G), while relativisation in Gra(G) consists of taking the group relation algebra
of a subgroup (see [4], [14]). We generalize these results in our fuzzy framework.
Some will hold for any continuous t-norm on [0, 1], others only for the Lukasiewicz
t-norm.

Consider ® a continuous t-norm on [0, 1]. Let G = (G, *, ~1,¢) be an algebra of
group type. Define, on [0,1]%, an algebra of FRA-type as follows:

The BL part has all the operations taken pointwise from [0, 1];

The operations A, ~ and ; are defined as follows:

A=X,, P (9)=Plg "),

P;Qg) = \/ P(g1) ® Q(g2) for all P,Q € [0,1] and g € G.
9g1*92=9
Denote this structure Gra(G).

Proposition 4.1.

) 5 is associative iff * is associative;
) A is a left identity element for ; iff e is a left identity element for *;

4) A is a right identity element for ; iff e is a right identity element for x;

5) Gra(G) satisfies (z;y)©z=014f(x7;2)0y=0 if and only if G satisfies
7 x (zxy) =y and the function f: G x G — G x G, f(z,y) = (z7 L,z xy)
18 surjective;

(6) Gra(G) satisfies (x;y)©z=0iff (y;27)©x=0 if and only if G satisfies

(y*x)* 2~ =y and the function h: G x G — G x G, h(z,y) = (z~ L, y*x)

18 surjective;
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(7) Gra(G) is a DFRA iff G is a group.

Proof. (1): This is immediate from the point-wise definition of ® and — on [0, 1]¢.
For instance,
(P=Q) (=P —-Q)¢")=Plg ")~ Qg™
=P7(9) = Q7 (9)=F" —=Q7)9).
(2): Suppose first that * is associative. We have

(P;Q);R(9)= \/ (P;Q)(g1)© R(g2)

gi1*g2=g

V (VP o) o R

g1%g2=g  hi*xh2a=g1

\V  P(h) ©Q(h2) © R(g2)

g1*g2=g
hixha=g1

= \/  P(h)oQ(h)® R(ga)

(h1*h2)*xg2=g1

- \/ P(h1) © Q(h2) ® R(g2)

hix(haxg2)=g1

\/ P(h1) © Q(h2) ® R(g2)

hixh=g

haxga=h
=V P(h1)®( V Q(hz)GR(gz))
h1xh=g haxga=h
= \/ P(h)o(@;R)(h)=P;(@Q;R)g) .
hixh=g

Conversely, assume that ; is associative and take g1,g2,93 € G. Let P = )y,
Q = Ay, and R = Xy,. We know that

(P;Q); R ((91%g2) xg3) = P;(Q; R)((g1 * g2) * g3)-

But
(P;Q); R ((91%92) xg3) = \/ P(z) © Q(y) © R(2)
(zxy)*z=(g1%g2)*gs
=P(91) ©Q(g92) ®©R(g3) = 1.
So
1=P;(Q;R) (91 %92) ¥ g3) = V P(z) © Q(y) © R(2) .

*(y*2)=(g1%g2)*gs
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Since P, @, R are crisp, we have that
Jz,y,2 € G, P(z) ©Q(y) ©R(z) =1l and x % (y * 2) = (g1 * g2) * g3 .
The only possibility is ¢ = g1, y = g2 and z = g3; thus
91 % (92 % g3) = (g1 * g2) * g3 -

(3): Suppose first that e is a left identity for * in G and let P € [0,1]%, g € G.
Then

AP (g \/ A(g1) @ P(g2) = \/ A(e) ® P(g2)
gi1*g2=g exga=g
= \/ P(g2) = P(g) .
92=9

Now, suppose A is a left identity for ;. Let g € G and take P = A;. We have that
P(g):A'P( ), that is

\/ A(q1) * P(g2) = \/ A(g1) = P(g \/ Agr) -
gi1*g2=g gi1*9=g gi1*g=g
The only possibility is e x g = g.
(4): Similar to (3).
(5): Let us assume that G satisfies the stated properties. Let P,Q, R € [0,1]%.
The fact that (P; Q) ® R = 0 is consecutively equivalent to:

vge G (\ Pl ©Qe)®Rig) =
gi1*g2=g
Vg,91,92 € G, g = g1*gs implies P(g1) © Q(g2) ©® R(g) =0,
V91,92 € G, P(g1) © Q(92) ©® R(g1 % g2) = 0.
Using the surjectivity of f, this is further equivalent to
Vgs,94 € G, P(g5") © Q(g3 * 94) © R(gs " * (g3 % 94)) =0,

which means, via the other hypothesis,

V93,910 € G, P(g5") ©Q(gs * 91) © R(ga) = 0.
The last is consecutively equivalent to
V93,91 € G, P7(g3) © Qg3 * 9a) © R(ga) =0,
V93, 91,9 € G, g = g3 * ga implies P (g3) © R(g4) © Q(g) =0,
Vge G, \/ P7(g3) ®R(g1) ©Qg) =0
g=g3*ga

vge G, (V P(9) 0 Rig) © Qo) =

g3*ga=g

Vged, (P7;R)©Q(g) =
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But this means (P~ ; R) ® @ = 0.
For the converse, suppose that Gra(G) satisfies the stated property. Then, for
any P,Q, R € [0,1]%, we have the equivalence:

Vo1,92 € G, P(g1) © Q (g2) © R(gs) =0
iff
V93,91 € G, Plgz") © Qg3+ 94) © R(ga) =0 .
If f is not surjective, then there exist g1,g2 € G such that, for all g3,94 € G,
g1 # g3 " or ga # g3 * ga. Define R to be the constant 1 function. Define P, Q by
P(g1) = Q(g2) = 1, with P and @ being 0, otherwise.

This choice of P, @, R contradicts the above equivalence, since, for all g3, g4 € G,
P(g;") ® Q(g3 * g4) ® R(gs) = 0, but there exist g1, go such that P(g1) ® Q(g2) ®
R(g1 * g2) # 0. So f must be surjective.

Now, we want to prove that G satisfies =1 * (x * y) = y. Take g3,94 € G. Let
P= Ag;l, Q = Mgyugs and R = ),,. We have that P(g5") ® Q(g3 * g4) © R(gs) =
1 # 0, so there exist g1, g2 € G such that P(g1) ® Q(g2) ® R(g1 * g2) # 0. The only
chance is that g; = ggl, go = g3 * g4 and g1 * g = g4. SO ggl * (g3 * g4) = ga.

(6): Similar to (5).

(7): Suppose G is a group. Then all those properties about G from (2)—(6) are
obviously satisfied. Thus, using (1)—(6), we obtain that Gra(G) is a DFRA.

Conversely, suppose Gra(G) is a DFRA. Then, by (2)-(4), (G, *,€) is a monoid.
Using (5) and (6) and taking y = e, we get that G satisfies 27!
rxx !

*r = e and
= e. Hence G is a group. O

Proposition 4.2. Suppose G = (G,*, ~',e) is a group. Then Gra(G) has an
embedding (as a DFRA) into FRel(G).

Proof. Define h: [0,1]¢ — [0,1]%% by h(P)(g1,92) = P(g; " * ga), for all P €
[0,1]¢ and (g1,92) € G x G. Then h is a one-to-one mapping because, if h(P) =
h(Q), then, for all g € G,

P(g) = P(e”" % g) = h(P)(e,9) = h(Q)(e,9) = Q(9g) -

It is easy to check that h is a DFRA morphism. For the not entirely trivial part,
notice that

h(P:Q)g1.92) = (P Qg1 +g2) = \/  P()oQ(ha),
hyxha=g; "+ga

while

(M(P);1(Q))(91,92) = \/ M(P)(91,9)©n(Q)(9,92) = \/ Plgr ' +9)©Q(g™ " xg2) -

9eG geG
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But, in a group, when ¢g; and gy are fixed, saying that hy * hy = gfl * go 18 the
same as saying that there exists g € G such that hy; = 91_1 xgand hg = g 1 % go

(actually, g would be exactly g1 * h1). Hence the two suprema coincide, so
h(P; Q) = h(P); h(Q).

Thus h is an injective DFRA morphism, which is a categorical embedding (i.e.,
monomorphism), since DFRA is a quasi-variety. U

Because MV-algebras have the good property, shared with Boolean algebras, of
relativisation (to a crisp element) — and, as we have seen in Example 2.13, if the
element is an equivalence, MVRAs and DMVRAS can also be relativized — we are
able to generalize some properties regarding subgroups of classical group relation
algebras to the MV case.

Until the end of this section, we shall consider that ® is the Lukasiewicz t-norm
on [0,1]. A fuzzy subgroup of a group G = (G, ~!,e) is a function H: G — [0,1]
(i.e., a fuzzy subset of G) such that H(x) ® H(y) < H(z *y), H(z) < H(x™!) and
H(e) =1 for all z,y € G. Notice that classical subgroups of G can be identified
with the fuzzy subgroups for which the image is included {0,1}. Also, when H is a
subgroup of G, we shall denote by H the subgroup H when viewed with the group
structure inherited from G.

Proposition 4.3. Let G = (G, *, ~',¢e) be a group and H € [0,1]%. Then

(1) H € Eq(Gra(G)) iff H is a fuzzy subgroup of G;

(2) H € Eq(Gra(G)) N B(Gra(9)) iff H is a subgroup of G;

(3) If H is a subgroup of G, then Gra(G)u (i-e., Gra(G) relativized to H) and
Gra(H) are isomorphic as DMVRAs.

Proof. (1): Firstly, assume that H is a fuzzy subgroup of G. Since H(e) = 1, we
have that A < H. Moreover, for each g € G, H=(g) = H(g™') < H((¢"')™!) =
H(g), so H~ < H. Finally, for each g € G,

HiH ()= \/ H)+H@g)< \/ Higxg)=H(g).
g1*+92=9 g1%g2=g
Thus H; H < H.
Conversely, suppose that H € Eq(Gra(G). From A < H and H~ < H, it
follows immediately that H(e) = 1 and H(x) < H(z~') for each x € G. Now, take
g1, 92 € G. We have

H(g)©H(g2) < \/  H(h)©H(hs) =H; H (91%g2) < H(g1 % g2) -
hixh2=g1%g2

(2): Follows at once from (1) and the fact that the crisp subsets of G are precisely
the elments from B(Gra(G)).
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(3): The underlying set of Gra(G)| g is
©={k:G—[0,1]| k(z) =0, Va &€ H}.

Define f: © — [0,1] by f(k) = kjy (the restriction of k to the set H) for all
k € ©. f is obviously a bijection. Also, it is easy to check that it commutes with
@ and 7, that f(0) =0 and f(1) = H. Further, for any k,

FEY = fRoH) = A H) g =T =Fk) .,
f(Ar)=(Am)g =A.
Let now ki,ko € © and x € H.

(k1 ko) (@) = (ka5 ko) ju(2) = \/ k(1) * ka(w2)

T1¥*To=x
= \/ kl(xl) *k‘g(xg)
T1*To=x
x1,x2€H

(because, if 1 &€ H or a2 & H, ki(x1) * ka(a2) = 0)
= (kvjg 5 ko) (w) = (f(k1) 5 fk2)) () .

So f is a bijective morphism and hence, since DMVRA is a variety, an isomor-
phism. O

5. Complex algebras

The classical algebra of binary relations over a set (which was the starting point
of RAs), has a double set theoretical structure: first, the relations are sets of
elements and second, the elements are pairs. As a consequence, the relative com-
position displays a two-level dependency on the inner structure of its arguments: it
is defined as a resultant of point-wise (pair-wise) gluing, while the pair gluing itself
is determined by the structure of the pairs (the two components rule the left and
right behaviors of each pair). Perhaps it is this encapsulation of concreteness that
made impossible to abstractly reach this algebra of relations in a natural fashion,
as happened for instance with groups of permutations or algebras of sets. Hence
the idea of taking “decapsulated” structures, that are still concrete (i.e., whose ele-
ments have set theoretical structure that is relevant for the operations), but lose the
second dependency. Complex algebras are defined following this idea. Instead of
considering relations as containing pairs of elements from a set (that would already
force, or rather suggest, how pairs should be composed), one takes “pairs” (we still
call them this way) as just elements from an arbitrary set, providing in addition,
from outside, a way to compose them — this is done by a ternary relation, with
some properties. Not very surprisingly, one has a representation theorem saying
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that any RA is, up to an isomorphism, a subalgebra of a complex algebra (a Stone
like theorem) [14]. This is why complex algebras form an important class of RAs.

Regarding the construction of complex algebras, there is a very nice theorem
that gives, in terms of the “composition guide” ternary relation, a necessary and
sufficient condition for having an RA. This result, after going through a “fuzzifi-
cation” process, also holds if we take as starting point a continuous t-norm with
additional properties (in particular, the Lukasiwicz t-norm), obtaining the corre-
sponding classes of FRAs (MVRAs) and DFRAs (DMVRAs). This is what we
intend to prove in this section, after we briefly review the situation from the clas-
sical case. Also, we shall get group relation algebras as particular cases of complex
algebras.

Let U be a set of elements called pairs and T a ternary relation on U (i.e.,
T € {0,1}U*UxU) T is meant to show the way in which pairs can be combined
(glued together): (z,y,z) € T means z is one possible result of gluing = with y.
Using T', one defines:

— the binary relation S, the reverse relation by (x,y) € S if and only if for all
a,be U,

[(z,a,b) € T iff (y,b,a) € T] and [(a, z,b) € T iff (b,y,a) € T

(z,y) € S, i.e., “x is reverse to y”, means “z acts, with respect to gluing as
does y, only in the opposite direction”);
— the set (unary relation) I of identity pairs by x € I if and only if for all a,b € U
with a # b,
[neither (z,a,b) € T nor (a,z,b) € T
(z € I means “z never modifies the pair it glues with, either left, or right).
Consider the following conditions:
(C1) VaeU)(EFbeU)(a,d)e S
(that is, every pair has at least a converse).
(C2) (WaeU)(FieU)(ieland (i,a,a) € T) and
MaeU)(FieU) (i €I and (a,i,a) €T)
(that is, every pair has an identity pair to which it can glue).
(C3) Va,y,z,r €U, [(3a € U) (z,y,a) € T and (a,z,r) € T iff
[(3beU) (y,2,b) € T and (x,b,r) € T
(that is, the pairs that can be reached by gluing x, y and z do not depend
on the order in which they are grouped for gluing).

Remark 5.1. In [10], these conditions are actually put in a weakened form — (C2’)
loses its second part and (C3') states only the left to right implication, written in
the equivalent form: for all x,y, z,7,a € U;;,

[(z,y,a) € T and (a, z,7) € T| implies [(3b € U) (y,z,b) € T and (x,b,r) € T.
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We preferred to use these symmetrical versions for our fuzzy generalizations.
Whether the above refinement of the conditions can also be carried out in the
fuzzy case remains a problem.

On {0,1}Y, define an algebra of RA type (the complex algebra of T) by letting
the Boolean part be the canonical one and by defining A, ~ and ; as follows:
A=1,
x e P~ iff (3y) (y € P and (y,x) € P),
z€ P;Qiff (3z,y) (r€ Pandy € Q and (z,y,2) € T)
(notice that the composition is defined “along” T).

Proposition 5.2. [10] The above defined structure is an RA iff conditions (C1")-
(C3) hold.

It is easy to see that the algebra of relations on X x X is a particular case of a
complex algebra, with U = X x X and T = {((a,b), (b,¢), (a,¢)) | a,b,c € X }.

Coming now to the fuzzy case, we translate all the definitions and properties
from above.

Fix ® a continuous t-norm on [0, 1], together with —, ~ and < being the usual
derived operators. Let U be a set and T € [0,1]Y*U*U a ternary fuzzy relation.
Define the binary fuzzy relation S € [0,1]Y*Y and the fuzzy subset I € [0,1]Y by:

S(z,y) = /\ (T'(z,a,b) < T(y,b,a)) © (T(a,z,b) < T(b,y,a))
a,beU

Iz)= )\ T(z,a,0)©T(a,,b),
a,belU, a#b

for all z,y € U.
The conditions (C1’)—(C3’) become:
(C1) Asev Viev Sla;b) =1;
(C2) Auev Viev( (1) ©T(i,a,a)) =1 and A oy Viepy(1(i) © T(a,i,a)) = 1;
(C3) Va,y, 2,7 €U, \ ey Tz, y,0) ©T(a,2,7) = ey Ty, 2,0) © T, b, 7).
Define the FRA type structure on [0,1]Y, denoted Cm(T) (the complex algebra
of T') as follows:
— the BL part is constructed with operations from [0, 1] taken pointwise;
— the operations A, = and ; are given by:
A=1; P7(z)=\ P(y)oS(y,>2);

yeU

z,ycU
for all P,Q € [0,1]Y and z € U.
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As in the classical case, the canonical examples of DMVRAs (DFRAs), namely
MV Rel(X) (FRelg (X)) are complex algebras if we take T to be the crisp relation

{((zy), (y, 2), (2, 2)) | 7,9, 2 € X}
Lemma 5.3. Let ® be a continuous t-norm and T €

I The following hold:
(1) [ is associative in Cm(T) ] iff (C3),

(2) [Iis an identity element for ; in Cm(T) ] iff (C2),

(3) [ Cm(T) satisfies (A2) ]| if (C1),

(4) If S is crisp and for all a,b,c € U, b # ¢ implies S(a,b) ® S(a,c) = 0,

then Cm(T) satisfies (A3).

II We assume that the mapping o — @ is injective. If [ Cm(T) satisfies (A2) ],
then (C2) implies (C1).

IIT We assume that ® does not have idempotent elements x (i.e., such that xtOx =
x) other than 0 and 1.3 If Cm(T) satisfies (A3), then S is crisp and for all
a,b,c € U, b# c implies S(a,b) ® S(a,c) =0.

[O 1]U><U><U'

Proof. 1(1): Suppose first that (C3) holds. Then
(P;Q):R(r)="\/ (P;Q)a) ©@R(z) ©T(a,zr)
a,zeU

- \/ ( \/ P(x)QQ(y)QT(!E,y,CL))@R(Z)@T(Q,Z,T')

a,zeU z,yeU
\/ P(z) ©Q(y) ©T(z,y,a) © R(z) © T(a, z,7)

a2 yel
- \/EUP(x) ®Q(y) ® R(z) ® ( \E/UT(a:, y,a) ©T(a,z, 7"))
- | VGUP(x) ©Q(y)® R(2) ® (b\e/U T(y,z,b) © T(z,b, 7‘))
= | 7y7\/bEUP(a:) ®Q(y) © R(2) ©T(y,2,b) © T(x,b,7)

_ 7¥;P<x> o ( V eworee T(y.2,b)) © T(a,b,r)
_ ¥Up<x> (@5 R O T(obr) = P5 (@ B) ).

2Tt is known that the only continuous t-norm satisfying this property is isomorphic to the

Lukasiewicz one.
3Only two continuous t-norms (up to an isomorphism) have this property: Lukasiewicz and

Product t-norms.
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Conversely, suppose ; is associative and let x,y,z,7 € U. Take P = A, Q = )y
and R=\,. From (P;Q);R (r)=P;(Q;R) (r), we get

\/ T(@,y,0) ©T(a, 2,7) = \/ T(y,2b) © T(w,b,7) .
acU beU

I(2): Let us assume that (C2) holds and let z € U. Then

P:I(z)= \/ P(x)©I(y)©T(z,y,z)
xz,yelU

= \/ P(z)® ( /\ T(y,a,b) ® T(a,y,b)) OT(z,y,z2)
z,yelU a,belU,a#b

= \/ P(z)® ( /\ T(y,a,b) ®T(a,y,b) ®T(z,y, z)) .
z,yelU a,belU,a#b

If x # z, then

N T(ab)©T(a,yb)0T(zy,2) < T(y,z,2) 0 T(x,y,2) © T(x,y,2) = 0,
a,beU,a#b
SO

\/ P(z)® ( /\ T(y,a,b) ©T(a,y,b) © T(x,y, z))
z,yeU a,belU,a#b

= \/ P(z)® ( /\ T(y,a,b) ©T(a,y,b) © T(z,y, z))
yeu a,beU,a#b

=P(2)© y\G/U (a be/U\a#bT(y, a,b) ©T(a,y, b)) 0T (z,y,z)

=P(2)© \/ I(y) ©T(z,y,2) = P(2) ©1 = P(z) .
yeU

Thus P ;I = P. The fact that I ; P = P follows similarly.

Now, let us suppose that I is an identity element for ;. Let x € U. Take
P = X;. From P;I(x) = P(z) = 1, we get \/,.;; 1(i) © T(z,i,2) = 1 . The fact
that A\ ey Viey 1(i) © T'(x,4,2) = 1 follows similarly.

I(3): Assume (C1) holds. We have that

(P;Q)oR(:)=0 iff (\/ P@)©QW)6T(ry2)0RE)=0
xz,yelU

iff
Va,y,z € U, P(x) ®Q(y) ®© R(z) ©T(z,y,2) =0.
On the other hand,

(PR 0Q=0 iff Vo,y,2€U, P~ (2)®R(y) ®©Q(2) ®T(x,y,2) =0
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iff
Va,y,z € U, ( \/ P(w)® S(u, x)) ORy)® Q(2) ® T(z,y,2) =0
uelU
iff (via a renaming of variables)

V,y,z,u € U, P(x) ®Q(y) ® R(2) ® S(z,u) ©T(u,z,y) =0
iff
vr,y,2 €U, P(x) ©Qy) © R(2) © \/ (S(z,u) © T(u,2,9)) = 0.
uclU
Hence, in order to prove that (P; Q) ®@ R =0 iff (P~ ; R) ® @ = 0, it suffices to
show
Va2 €U, T(wy,2) = \/ (S, u) © T(w, 2,9)) -
uclU
For this, we fix z,y,z € U. For each u € U,
S(z,u) = /\ (T(z,a,b) < T(u,b,a)) ® (T(a,z,b) < T(b,u,a))
a,beU
<T(u,z,y) = T(z,y,z) .
This implies
VueU, S(z,u) ©T(u,2,y) <T(x,y,2) ,
which means

\/ S(z,u) ©T(u,2,9) < T(z,y,2) .
uelU

For the converse inequality, notice that, by (C1), \/ .y S(z,u) = 1, which means

uelU
\/ /\ (T'(z,a,b) < T(u,b,a)) ® (T(a,z,b) < T(b,u,a))=1.
w€eU a,belU
Further, we have that, for every é < 1, there exists v € U such that
S(x,u) = /\ (T'(x,a,b) < T(u,b,a)) ® (T(a,z,b) < T(b,u,a)) >4 .
a,beU
In particular,
T(z,y,2) = T(u,z,y) > 9,
that is
00T (x,y,2) <T(u,z,y).
Hence, we get
000T(x,y,2) <S(z,u) ©T(u,2,y) < \/ S(z,v) ©T (v, z,y) .
velU
Applying the continuity of @,

Jm 6060 T(x,y,2) = (lim §©0)©T(z,y,2) = T(z,y,2) .
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We obtain

T(x,y,z) < \/ S(z,v) ©T(v,2,y) .
velU
The fact that (P; Q) ® R=0iff (R; Q) ® P = 0 follows analogously.

I(4): Let z € U. We know that there exists y € U such that, for all x # y,
S(z,2) = 0 (because S is crisp and there exists at most one element u such that
S(z,u) =1, S(z,w) being 0 otherwise). This immediately gives P~ (z) = P(y) for
all P € [0,1]Y. Now, (A3) follows immediately.

IT: Suppose that Cm(T) satisfies (A2) and (C2) holds. (P,Q) ® R =0 iff (P~
R)®Q =0 for all P,Q, R € [0, 1]V means:

Va,b,c e U, P(a) © Q(b) ®©T(a,b,c) ® R(c) =
iff
Va,b,c,d € U, P(a) ® S(a,d) @ R(c) ®T(d,c,b) ® Q(b) =
From this, we obtain that for all z,y, z € U, and for all « € [0, 1],

a®T(z,y,z)=0 iff a@\/ (x,u) @T(u,z,y)) =0
uelU
(we took P = Az, @ = Ay and R = aw ® A;). This means that z,y,z € U, and for
all a € [0, 1],

a<T(r,y,z) iff a<\/ (x,u) ©T(u,z,y));
uelU

that is, for all z,y,z € U,

T(x,y,2) = \/ (S(z,u) ©T(u,z,9)) .

uelU

According to our assumption about the t-norm ®, we get that for all z,y, z € U,

T(xvya Z) = \/ (S(m,u) © T(ua Zay))

uelU
<(Vs@w)o(\ Twzy) <\ Twzy).
uclU uclU uclU

Further, for all y, z € U,
V Ty.2) <\ Tu,zy),
zeU uelU

which, by symmetry, actually means that for all y,z € U,

\/ T(u,y,z) = \/ T(u, z,y) .

uelU uelU
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Now, let = € U. We have for all y € U,
T(x,y,2) < \/ (S(@,u) © T(u,z,9)) = \/ (S(z,u) © T(u,y,2)); (*)

uclU uclU
hence,
\V Ty <\ S@woTwy) <\ S@w)o Twy) .
yeU u,yelU u,yelU
According to (C2),
\ TGy, > \/ 1) © T(x,y,2) = 1, (+4)
yeU yeU
and further,
VT (wy,2)> \/ T(wy,z) = 1. (% %)
u,y yeU

We obtain, using () and (x * %) in (%),

1< (V s@w)ort;

uelU
hence,
\ S@,u)=1.
uel
Since x was arbitrary, we get (C1).

II: Let a,b € U. Taking P = Q = Ay, (PO Q)™ (b) = (P~ ® Q" )(b) means
S(b,a) = S(b,a) ® S(b, a), hence, being idempotent, S(a,b) € {0,1}. So S is crisp.
Now, take a,b,c¢ € U such that b # ¢. Suppose that S(a,b) ® S(a,c) # 0. Since
S is crisp, this means S(a,b) = S(a,c) = 1. If we take P = Xy and Q = A,
(POoQ) (a)=(P~ Q7 )(a) means 0 V0 =101, a contradiction. O

A binary relation R C U x U is called functional if it is the graph of a partial
function from U to U.

Theorem 5.4. Let © be a continuous t-norm on [0,1] and T C [0,1]Y>*Y*U. Then:

(1) Cm(T) is a FRA if (C1)—(C3) hold;

(2) Cm(T) is a DFRA if [(C1)~(C3) hold and S is a crisp functional relation
(or, in other words, if (C2), (C3) hold and S if the graph of a (crisp) total function
from U to U)J;

(3) Suppose T is crisp. Then Cm(T) is a DFRA if (C1)~(C3) hold.

For points (4)—(6), we assume © to be the Lukasiewicz t-norm.

(4) Cm(T) is an MVRA iff (C1)~(C3) hold;

(56) Cm(T) is a DMVRA iff [(C1)—(C3) hold and S is a crisp functional relation];

(6) Suppose T is crisp. Then Cm(T) is a DMVRA iff (C1)~(C3) hold.
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Proof. (1) and (2): These are immediate consequences of point (1) of the previous
lemma.

(3): All we need to show is that, if T is crisp and (C1)—(C3) hold, then S
is functional. This was actually proved in the classical case [10]. Suppose that
(a,b), (a,¢) € S. From (C3) (which now became (C3')), we know there exists
¢ € I such that (i,a,a) € T. Further, since (a,b) € S, from the definition of S,
we get (a,b,7) € T. Now, from (a,c) € S, we get, using again the definition of S,
(a,i,b) € T. But i € I, so, from the definition of I, ¢ = .

(4): This follows from the previous lemma, points I(1-3) and II.

(5): This follows from the previous lemma.

(6): This is a consequence of (5) if we take into account that [if T is crisp and
(C1)—(C3) hold, then S is functional], which was proved above. O

Points (4) and (6) of the above proposition give us two MV generalizations of the
crisp theorem, the one for MVRASs having a fuzzier flavor than that for DMVRAs.
These points also show that DMV RA # MV RA — just take the complex algebra
of a suitable fuzzy relation T' C [0, 1]V*U*V

Notice that, in order to obtain an “iff” theorem on complex algebras, that is, a
full characterization in terms of the starting relation 7', we had to assume that the
negation of ® is injective, which forced ® to be the Lukasiewicz t-norm, leading to
complex algebras of MVRAs and DMVRAs.

One can see that, when T is crisp, S and I are actually defined crisply, as in the
classical case, while the composition “along T” and the converse operation can be
written with a less fuzzy look:

such that S is not crisp.

P;Qz)= \/ P@)oQW);

(z,y,2)€T

P=(z)= \/ P).

(z,2)€S
Because, when T is crisp, (C1)—(C3) become (C1')—(C3’), we have:

Corollary 5.5. If ® is the Lukasiewicz t-norm and T € {0,1}V*UxU then Om(T)
is an MVRA iff it is a DMVRA.

Notice also that, because the MV-operation & is dual to the conjunction ®, we
can faithfully translate variations of the conditions and definitions from the classical
case. For instance, the crisp definition of I could be expressed:

xel iff Va,beU, [(x,a,b) € T or (a,z,b) € T implies a = b] .
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For the fuzzy translation of this, we consider equality a fuzzy relation Fql, which
is in fact the diagonal function. Then we define

I(z) = \/ (T(z,a,b) & T(a,2,b)) — Eql(a,b) ,
a,beU

a definition that one can easily see that is equivalent to the original fuzzy one.
Example 5.6. Let U = {1,2} and T € [0,1]V*U*V be defined by:
T(1,1,1)=1,7(1,2,2)=1,7(2,1,2) = 1,7(2,2,1) = 1,7(2,2,2) =0 ,

where ¢ € [0,1]. On the rest of the domain, T is 0. If we consider the Lukasiewicz
t-norm on [0, 1], we have S = A1 V Az and I = \;. Since the needed properties are
satisfied, Cm(T') is a DMVRA. In fact, this structure can be identified with the
one having [0, 1] as its support, the component-wise MV operation from Loy, ~
being the identity function, A = (1,0) and ; being defined by

(r,9); (@ y)=(orVyoy, 20y Vyor' Vvyoy ©6).

If we take a number n and force § to be in {0,1/n,...,(n —1)/n,1}, we obtain a
DMVRA on L2, which is only trivial with respect to ~.

In the next proposition, we get group relation algebras as special cases of complex
algebras.

Proposition 5.7. Let ® be a continuous t-norm. Let G = (G,*, ~1,e) be a group
and define the crisp ternary relation T € {0,1}% by

(91,92,93) €T iff g1*g2=ygs,
for all g1,92,93 € G. Then Gra(G) = Cm(T).

Proof. Notice first that Gra(G) and Cm(T) have the same underlying set and the
same constants 0 and 1. Denote by @, ®, ;, ', A the operations from Cm(T") and
by &', @, i/, =/, A’ the ones from Gra(G). We need to show that they coincide.
Let P,Q €[0,1] and g € G.

P;Q)= \/ Pe)oQlg) =\ Plg)*Qg)=PiQ) .
(91,92,93)€T g1*g2=g

Now,

P=(g)=\/ P®).
(g,h)ES
But (g, h) € S means that for all z,y € G,

[(g,z,y) € Tiff (h,y,x) € T] and [(z,g,y) € T iff (y,h,z) € T];
that is, for all z,y € G,
[gxz=yiff hxy=2] and [zxg=yiff yxh=12a].
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The last is equivalent to h = g—'. Thus,

P~ (9= \/ P(h)=P(g ") =P '(g).
(g,h)ES

Finally,
geA iff Y(z,ye€G), [(g,x,y) € T or (x,g9,y) € T)] implies z =y ;
that is,
geA iff Y(x,ye€ @), [gxx=yorz*g=y]impliesxz=vy.

But this means g € A iff g = e (for the nontrivial implication, take z = e and y = g
toget e=g). So A={e} = =A". O

Remark 5.8. We used very freely the identification of fuzzy sets (relations) with
crisp ones, whenever their images were included in {0, 1}.

6. Concluding remarks

As already mentioned, complex algebras are a significant class of RAs because
they provide a representation theorem — every RA is, up to an isomorphism, the
subalgebra of a complex algebra. This theorem is obtained using the Stone The-
orem for Boolean algebras and Proposition 5.2 that gives necessary and sufficient
conditions for a ternary relation to induce a complex algebra. That the last proved
to have a faithful fuzzy generalization to the MV case (Theorem 5.4 ((1) and (5))
might be a step towards a similar representation for MVRAs or DMVRASs (at least
for the ones with semi-simple MV part).

The paper [6] also deals with a notion of fuzzy relation algebra and has as
starting point Example 2.11, but with the Goédel t-norm. Fuzzy relation algebras
are seen there as an amalgamation of two concepts: fuzzy algebra and relation
algebra. While a fuzzy algebra is a complete distributive lattice equipped with
a semi-scalar multiplication with scalars from [0, 1], what kept our attention was
the relation algebra part, which is a generalization of the RAs of Jénsson and
Tarski; it is a complete distributive lattice that keeps some of the axioms from RAs
(namely, the ones asserting that ;, ~, A and 0 give an involutive monoid structure),
replaces axiom (A2’) by the so called Dedekind Formula and states residuation for
the relative composition ;. In the case of MVRASs, because of the double negation
property, residuation of ; is assured by the cycle law, so we do not need to state it
explicitly — the two residua (left and right) of ; are in fact polynomially expressed
here:

r—y=zT;y~ and r=>y=y";T.
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Another main difference between the relation algebras of [6] and the ones discussed
in our paper, besides the choice of relational axioms, is that we work with a non-
idempotent conjunction, ®.

By abstractly capturing, besides the basic properties of collections of objects,
also the interconnection between objects, RA’s are a step beyond Boolean algebras
in modeling the mathematical universe. And they are a sufficient step to take for
dealing, in an elegant, algebraic approach, with foundational issues, as shown by
[24], where there are given, in a RA style, formalizations of set theory and number
theory that are equational and do not use any variables. On the other hand, there
has been done some work lately on axiomatizing fuzzy set theory [8, 9, 23]. It might
be the case that a similar approach as the one from [24], using a form of fuzzy (or
many-valued) relation algebra, would be suitable for this.
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