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Semi-classical 2-dimensional Minkowski planes

GUNTER F. STEINKE

Abstract. Semi-classical geometries have been investigated in the context of 2-dimensional
affine planes, projective planes, Mobius planes and Laguerre planes. Here we deal with the
case of 2-dimensional Minkowski planes. Semi-classical 2-dimensional Minkowski planes are
obtained by pasting together two halves of the classical real Minkowski plane along two circles
or parallel classes. By solving some functional equations for the functions that describe the
pasting we determine all semi-classical 2-dimensional Minkowski planes. In contrast to the
rich variety of other semi-classical planes there are only very few models of such Minkowski
planes.

Mathematics Subject Classification. Primary 51H15, Secondary 51B20.

Keywords. Minkowski plane, 2-dimensional planes, Semi-classical geometry.

1. Introduction

The classical real Minkowski plane can be described as the geometry of the
graphs of fractional linear transformations of the 1-sphere S'. Equivalently, it
is obtained as the geometry of plane sections of a non-degenerate ruled quadric
in a 3-dimensional projective space over the field R of real numbers. The point
space is homeomorphic to a torus S' x S'. Close relatives of the classical
real Minkowski plane are the so-called 2-dimensional Minkowski planes where
the fractional linear transformations are replaced by a suitable collection of
homeomorphisms of S!, see Sect. 2 for a more explicit definition. There are
various ways to characterize the classical real Minkowski plane among all 2-
dimensional Minkowski planes, see [6, Theorem 4.6.13]. In particular, it is
the only locally classical 2-dimensional Minkowski plane where each point has
a neighbourhood such that the induced geometry on it is isomorphic to a
subgeometry of the classical real Minkowski plane.

In this paper we investigate a different kind of 2-dimensional Minkowski
plane that is almost locally classical. These are the semi-classical 2-dimensional
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Minkowski planes. They can be imagined as two halves of the classical real
Minkowski plane being pasted together along some circles and/or parallel
classes, see Definition 2.1 for a more precise definition. Clearly, almost all
points have classical neighbourhoods except those points on circles or parallel
classes along which we paste.

Similar notions of semi-classical planes have been used in (topological, lo-
cally compact) 2-dimensional affine planes, projective planes, Mobius planes
and Laguerre planes, see [6, 2.7.2, 3.3.3 and 5.3.2]. Many different models were
obtained for each of these semi-classical planes.

Although there are many combinations of circles and parallel classes possi-
ble whose removal will disconnect the point space of the classical real Minkowski
plane, there are only a few proper (non-classical) semi-classical 2-dimensional
Minkowski planes. These are obtained by removing a set consisting of two par-
allel classes of the same type. We show that there is only one one-parameter
family of semi-classical 2-dimensional Minkowski planes.

Main Theorem. A 2-dimensional Minkowski plane is semi-classical if and only
if it is isomorphic to a Minkowski plane M(f,id) where fr : RU {o0} —
RU {0}, k > 0, is given by

x, ifx >0,
fk(:r) = kl‘, fo <0,
00, if x =00,

see Remark 2.4 for a description of the Minkowski planes M(f,id). Further-
more, the planes M(fi,id), 0 < k < 1, are pairwise non-isomorphic.

In Sect. 2 we give a summary of some basic geometric and topological
properties of 2-dimensional Minkowski planes and introduce semi-classical 2-
dimensional Minkowski planes. Furthermore, the first, and as it turns out only,
examples of proper (non-classical) semi-classical 2-dimensional Minkowski
planes are described. The following Sect. 3 deals with semi-classical 2-
dimensional Minkowski planes obtained by pasting along two disjoint parallel
classes and completely classifies those planes. In the last Sect. 4 semi-classical
2-dimensional Minkowski planes obtained by pasting along two circles are in-
vestigated. The cases where the circles intersect in two points, are tangent
or are disjoint are treated separately. In each case it is shown that only the
classical real Minkowski plane can arise.

2. Two-dimensional Minkowski planes

A Minkowski plane M = (P,C,{||+,||—}) is an incidence structure consisting
of a point set P, a circle set C, elements of which are nonempty subsets of P,
and two equivalence relations ||; and ||- (parallelisms) defined on the point set
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such that three mutually non-parallel points can be joined by a unique circle,
such that the circles which touch a fixed circle K at p € K partition P\ [p]
where [p] denotes the set of all points parallel to p, such that each parallel class
meets each circle in a unique point (parallel projection), such that each (4)-
parallel class and each (—)-parallel class intersect in a unique point, and such
that there is a circle that contains at least three points (richness); compare [2,
II1.4], [7], [4] or [3]. It readily follows that for each point p of M the incidence
structure A, = (A,, £,) whose point set A, consists of all points of M that
are not parallel to p and whose line set £, consists of all restrictions to A, of
circles of M passing through p and of all parallel classes not passing through
p is an affine plane, called the derived affine plane at p.

In this paper we are only concerned with 2-dimensional Minkowski planes
whose common point set is the torus S' x §' (where S! usually is represented
as R U {oo}), whose circles are graphs of homeomorphisms of S! and whose
parallel classes of points are the horizontals S' x {v} and verticals {u} x S!
on the torus where u,v € S'. We say that M is in standard representation
if parallel classes and circles are represented as above. In this case we will
omit the two equivalence relations and simply write M = (S! x S, C). Parallel
classes are often called generators in the literature.

In 2-dimensional Minkowski planes the geometric operations of joining three
mutually non-parallel points by a circle, intersecting of two circles, and touch-
ing become continuous when the circle set is suitably topologised. Further-
more, 2-dimensional Minkowski planes are coherent, see [7, Satz 3.17]. In par-
ticular, touching is the limit of proper intersection. For more information on
2-dimensional Minkowski planes we refer to [7] and [6, Chapter 4].

In the following sections we represent, for easier visualization, the torus
S! x S on the square @ = [-1,1] x [~1,1] where for each x € [-1,1] the
point (x,—1) is identified with (z,1) and similarly, for each y € [-1,1] the
point (—1,y) is identified with (1,y). No other points are identified. This is
a well-known representation of the torus on the square, see for example [1,
§3.3]. The left edge of @ is identified with the right edge, and the top edge of
Q is identified with the bottom edge. This identification is indicated by the
single and double arrows, which also indicate the orientation of identification,
see Fig. 1. (For example, reversing one of the single arrows results in a Klein
bottle as identification space.)

If h:R — (—1,1) is the homeomorphism h(z) = Tpy then h X h: R? —
(—=1,1)x(=1,1), (z,y) — (h(z), h(y)) also is a homeomorphism from R? to the
open square (—1,1) x (—1,1), and we can transfer circles and parallel classes of
the affine part (that is, on A(o )) of a 2-dimensional Minkowski plane onto
the open square. With the above identification this yields a representation
of the entire 2-dimensional Minkowski plane on @. Clearly, parallel classes
become horizontal and vertical line segments in @, and the diagonal in S! x S!
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FIGURE 2. The torus minus one parallel class, one circle, or
one parallel class and one circle

becomes the diagonal in Q). We will use this representation on @ in the following
diagrams. Note that the four vertices of the boundary of ) represent the same
point (in the above description the point (oo, 00)).

We are interested in collections of parallel classes and circles that separate
the torus, that is, their complement in the point set S' x S! is disconnected.
One readily sees that a single parallel class G or a single circle C or one parallel
class and one circle do not separate the torus, see Fig. 2 where a deleted parallel
class or circle is indicated by a dashed line segment.

Semi-classical 2-dimensional Minkowski planes can be imagined as two
halves of the classical real Minkowski plane being pasted together along some
circles and/or parallel classes. By the above we need at least two circles or at
least two parallel classes. More formally, we have the following definition.

Definition 2.1. We say that a 2-dimensional Minkowski plane is semi-classical
if there are two parallel classes or two circles that separate the torus into
two connected components P; and P, such that the geometry induced on the
closure on each of the connected components is the same as the one induced
by the classical real Minkowski plane M.

Remark 2.2. One can more broadly define semi-classical 2-dimensional
Minkowski planes by allowing a minimal set of finitely many parallel classes/
circles along which the closures of the connected components in the comple-
ment are glued together or allowing more than two connected components in
their complement. Here minimal means that removal of any one member in



Semi-classical 2-dimensional

[ ] > P
' G ‘ ' o RIS
2 * 4 *
y P o v P Co et P Ty
I
: &" : : &" P3 : ""Cl
Gi! R yen Gphe-n-- wlamann 1Gy 1 i 1
N R 0 ' ] P2 R G2 ] R4 .C
] P ] 1 . ] 1 Y
A P2 ' : . Pl : ¢p3 :' P1
", G ] -
e 2 [ L . .
A mmm e e == l—>—| = >

FIGURE

3. Three parallel classes/circles or three connected
components

the set results in a connected complement. In Fig.3 the possible extra cases
that arise under this broader definition of semi-classical are illustrated.

There is a different way to cut-and-paste via separating sets in the circle
set. One example is as follows. Let M = (S! x S',C) be a 2-dimensional
Minkowski plane in standard representation. Let CT and C~ be the sets of all
circles in C that are graphs of orientation-preserving and orientation-reversing
homeomorphisms S' — S', respectively. Clearly, C = C* UC~. We call C*+
the positive half and and C~ the negative half of M. These two halves are
completely independent of each other, that is, we can combine these parts from
different 2-dimensional Minkowski planes and obtain another 2-dimensional
Minkowski plane; see [5, Proposition 3] or [6, Theorem 4.3.1].

Theorem 2.3. Let M; = (S*xS!,C;), i = 1,2 be two 2-dimensional Minkowski
planes. Then the geometry M = (S'xS!,C7UCy ) is a 2-dimensional Minkowski
plane.

Remark 2.4. In other words, the above Theorem says that we can exchange
one half of the circle set of one 2-dimensional Minkowski plane by the corre-
sponding half from another 2-dimensional Minkowski plane and obtain again
2-dimensional Minkowski plane. This method has been used to construct a
variety of Minkowski planes from two different models of the classical real
Minkowski plane M.y, see [6, 4.3.1] or [10]. Circles of M, are the graphs of
transformations in PGL(2,R), the projective linear group of all fractional lin-
ear transformations of S!. Furthermore, the positive and negative halves of
M consist of all graphs of transformations in PGL™'(2,R) = PSL(2,R) and
PGL™(2,R) = PGL(2,R) \ PSL(2,R), respectively, where PSL(2,R) is the
unique normal subgroup of index 2 in PGL(2, R).

Let f and g be two orientation-preserving homeomorphisms of S'. Then
(z,y) — (f(2),9(y)) is an isomorphism from M, to another copy of M.
We now swap the negative halves of these two planes. More precisely, we
replace all graphs of transformations in PGL™(2,R) by graphs of transfor-
mations in g7'PGL™(2,R) f. The 2-dimensional Minkowski plane one obtains
according to Theorem 2.3 is denoted by M(f, g). Note that each 2-dimensional
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Minkowski plane M(f, g) is isomorphic to one where both describing homeo-
morphisms f and ¢ fix 0o, 1 and 0 and that the homeomorphism (z,y) — (y, z)
of St x S to itself defines an isomorphism from M(f, g) to M(g, f).

By construction M(fy,id) is a 2-dimensional Minkowski plane. Since the
restriction of fi on the interval (—oo,0) is linear and its restriction on (0, co)
is the identity, one readily obtains the following.

Theorem 2.5. The planes M( fi,id) where fi, k > 0, is as in the Main Theo-
rem are semi-classical 2-dimensional Minkowski planes.

We will show that a semi-classical 2-dimensional Minkowski plane is iso-
morphic to a plane M(fy,id) from Theorem 2.5 with 0 < k£ > 1. Note that
M(f1,id) is the classical real Minkowksi plane.

An automorphism of a Minkowski plane is a permutation of the point
set such that parallel classes are mapped to parallel classes and circles are
mapped to circles. Every automorphism of the classical real Minkowski plane
is of the form (x,y) — (v(x),d(y)) or (z,y) — (d(y),v(x)) where ~,§ €
PGL(2,R). By [8] each classical subgeometry of a semi-classical 2-dimensional
Minkowski plane can be uniquely embedded into the classical real Minkowski
plane M, up to automorphisms of M. As a consequence automorphisms of
semi-classical 2-dimensional Minkowski planes can be explicitly determined
and a complete classification of all semi-classical 2-dimensional Minkowski
planes carried out.

We end this section with some notation for circles which will be used in
the remainder of this paper. Since S! is often represented as R U {oo}, it is
usual to distinguish circles according to whether or not they pass through the
point (00, 00). If a circle in M) passes through this point we have an extended
Euclidean (straight) line

Ep:={(z,y) € R? |y = mzx +t} U {(c0,00)}

where m,t € R, m # 0. A circle not passing through (oo, c0) is an extended
Euclidean hyperbola with horizontal and vertical asymptotes

Hape = {@c,y) ER|aAby=——1 } U{(00.0), (b,00)}

where a,b,c € R, a # 0. With this notation circles of a semi-classical 2-
dimensional Minkowski plane are of the form

Lm,t — (Em,t N Pl) U /(/)(Em’,t’ N P2)7
Ca7b,c = (Ha,b,c N Pl) U w(Ha’,b’,c’ N PQ)
where ¢ : P, — P, is an isomorphism from M. on P, to M on P, and where
m/,t' depend on m and ¢, and similarly a’,’, ¢’ depend on a, b and c. We
call a line or circle of a semi-clasical 2-dimensional Minkowski plane straight
if Lyt = By and Copc = Hg p,c, Tespectively, that is, this line or circle is as
in the classical real Minkowski plane.
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FIGURE 4. The two connected components P; and P, deter-
mined by Gy and G»

3. Pasting along two disjoint parallel classes

In this section we consider a set consisting of two parallel classes G; and G of
the same type so that these parallel classes are disjoint. G; U G5 separates the
torus into two open connected subsets P; and P, that are both homeomorphic
to the cylinder, see Fig.4 where the top and bottom edge of the square are
still identified.

Since we are making multiple use of derived affine planes at points on
(1 UG5 and these planes are ‘semi-classical’, we give a brief description of the
planes from [9], see also [6, 2.7.2].

Proposition 3.1. Let ¢ and ¥ be increasing homeomorphisms of R that fix 0
and 1. Define

Lt = {(z,ma +1t) € R* |2 > 0} U{(z,9~ (p(m)x + ¥(t)) € R? | = < 0}
where m,t € R. Then {L,,; | m,t € R} is the set of non-vertical lines of
a (topological, locally compact) 2-dimensional affine plane A, ,, such that the
induced geometries on the right half Hy = [0,00) x R and left half Hy =
(—00,0] X R are desarguesian.

Conversely, a 2-dimensional affine plane that is composed of two desargue-

sian half-planes is isomorphic to a plane A,y for some increasing homeomor-
phisms @ and v of R that fix 0 and 1.

Theorem 3.2. Let M be a 2-dimensional Minkowski plane obtained by pasting
two classical halves along two disjoint parallel classes. Then M is isomorphic
to exactly one Minkowski plane of the form M(fy,id) where 0 < k < 1 and
fr :RUoo - RUwo is given by

x, ifx >0,

fe(x) =< ka, ifx <0,

o0, if x = o0.
Proof. Since the automorphism group of the classical real Minkowski plane is
2-transitive on the set of (+)- or (—)-parallel classes, we may assume w.l.o.g.
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that the two parallel classes along which the two classical halves are pasted
together are Gy = {oco} x St and G5 = {0} x S’

Let P, and P» be the closures of the connected components of (S! x St)\
(G1 UG2). We assume that the induced geometry on each P; is isomorphic to
the geometry of the classical real Minkowski induced on the corresponding half
of the torus. Via these isomorphisms we may w.l.o.g. assume that on P; we
have the geometry of the classical real Minkowski plane. Since parallel classes
are taken to parallel classes under an isomorphism, we may further assume
that the isomorphism from P, to the classical real Minkowski plane is of the
form (z,y) — (x, f(y)) for some homeomorphism f of S'. Using the group
PGL(2,R) we may additionally assume that f fixes oo, 0 and 1. This means
that we may introduce coordinates on each of the two halves P; and P» such
that (+)-parallel classes are {u} x S!, u € S', the (—)-parallel classes are
(St x {v}) N P;, v €S, and circles are of the form

{(w,m)‘sz} on P; and
cr+d
1 [a*T+D"
i N <
{(:Lf (c*erd*)) x_O} on Py

where a*, b*, ¢*, d* are continuous functions of a, b, ¢, d and ad—bc, a*d*—b*c* #
0.
If a circle passes through (oo, 00) we describe it as

Lot ={(z,mz+1t) | x>0} U{(z,f(m'z+1))|2<0}U{(0,0)}

where m,t € R, m # 0, and m’,t’ are continuous functions of m and ¢ such
that m' # 0. If the circle does not pass through (0o, c0), then we use

e e (e )
U {(b,00), (00, ¢)}

Wherea,b,ceR,a;«é0,and?):bifbZOandE:b’incaseb<0, and
where again a’, ', ¢’ are continuous functions of a, b, ¢ such that a’ # 0. Since
the definition of these circles must agree on G, one immediately obtains that

6#x§0}

' = f(c). (1)

Considering points on Gs one similarly finds that ¢’ — ‘g—,/ =f (c — %) so that
a a

fle=3)=fo-% (2)

for all a,b,c € R, a,b # 0.

By assumption the derived affine plane A, at every point p € G3 U Gy is
a topological affine plane which is composed of two desarguesian half-planes.
Hence it has to be isomorphic to one of the planes from Proposition 3.1. In
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particular, the non-horizontal and non-vertical lines of the derived affine plane
at (0o, 00) are the circles L, ; minus the point (0o, c0). From Proposition 3.1
it follows that t = f(t) and that there is a homeomorphism ¢ of S!, which
also fixes 0o, 0 and 1, such that m’ = g(m). Note that m’ is independent of ¢.

We now consider the derived affine plane at a point (oo,c¢), ¢ € R. After
the coordinate transformation

1), if 2> 0,

) y—c

1 1 .
z, f (ﬂw—ﬂd>)’ ifz <0,

the affine parts of circles C, . become
xr < 0} .

10 SRS Y)

As noted before, it follows that the ‘slope’ % only depends on %, that is,
a’ = d(a,b,c) as a function of a,b, ¢ does not depend on b. When = = 0 we
obtain that —Z—,, = f(=2). With this identity (2) becomes

Fe=p)=r0+s(-5)-

It follows that f is additive. Since f(1) = 1, we thus obtain that f = id.
We next consider the derived affine plane at the point (0,00). After the
coordinate transformation
1
(:L'a y) = (.27’ y)

the affine parts of circles C, o . become

{(uyau+c) | u >0} U{(u,a’u+c) | u< 0}

(z,y) —

Again as before, a’ does not depend on c¢. From these two cases we infer that
a’ only depends on a, that is, there is a homeomorphism h of S' that fixes oo
and 0 such that o’ = h(a).
In summary, we have established so far that
f=id
and for the circles Cy 3 . we have

a’" = h(a), b’:b@ and ¢ =c

for all a,b,c € R, a # 0. For the circles L,, ; we have
m' =g(m) and t =t

for all m,t € R, m # 0. Here g and h are homeomorphisms of S' that fix oo
and 0, and g(1) = 1.

The coherence of M implies that the circle through (0o, c0) that is tangent
to Cqp,c at each of its points is of the form L,, ; where m is the derivative of
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y = ;%5 +cat x #0; at x = 0 we use the left-sided and right-sided derivative.

In this way we obtain that m = —% (from the right) and m’ = —ﬁ (from
the left). Hence
a a
~gp = =em=9(-5)- 3)

Since ‘g—,/ = ¢, multiplication by a’ = h(a) in (3) yields

a?

a

i =@ (~53)-

When a = —1, this gives us g(x) = rz for all x > 0 where r = fﬁ > (. But
g(1) =1 so that r =1 and h(—1) = —1. When a = 1, we obtain g(z) = kx for

all x < 0 where k = ﬁ > 0. Hence g = fj. Finally, when b = 1 we find that

h(a) = —g(afza). It now follows that h(x) = £ for all x > 0 and h(z) = = for all
x < 0. Hence

1
g = fk and h= Efk
This shows that g and h are uniquely determined by the positive number k.
With these formulas we have

li /
/
+c = +c=
x—b xfb%’ Lr—b

where < 0. When a < 0, then & = ;2 = 1 and b’ = b so that

R(a) —
Cune={ (3555 ¢ [ £} ULB00). (0.0

is as in the classical real Minkowski plane. Similarly, when m > 0 > z, then
m'z 4+t = g(m)x+t=ma+tand L, is as in the classical real Minkowski
plane. Since the circles Cy pc, @ < 0, and Ly, +, m > 0, comprise all circles in
the positive half Ct of M, this shows that circles in CT are straight, that is,
are as in the classical real Minkowski plane.

If m,x <0, then

m'z+t' =g(m)x+t=kmx+t=mkx)+t=mfr(x) +1t

+c

and
Lt ={(z,mfi(x)+1t) |z € R} U{(c0,00)}
for all m < 0. Similarly, in case a > 0 > = we find that

%x = %x =kx = fr(x).

Thus

a
Cape = { ( ROETM )

. f;:l(b)} U{(f(5). 00). (00, )}



Semi-classical 2-dimensional

for all a,b,c € R, a > 0. Since the circles Cy ., a > 0, and Ly, ¢, m < 0,
comprise all circles in the negative half C~ of M, this shows that circles in
C~ are precisely the graphs of homeomorphisms in PGL™ (2, R) fx. Hence, put
together, we have obtained M(f, id).

Let 0 € PGL(2,R) be given by o(z) = 1. Direct calculation shows that
o fro = f1.1t then readily follows that (x,y) — (o(x),o(y)) is an isomorphism
from M( fx,id) to M(f1/x,id); see also [10, Theorem 3.14]. Applying the above
isomorphism, if necessary, we find that M is isomorphic to a Minkowski plane
M(fr,id) where k < 1. Furthermore, no two distinct ones of these planes are
isomorphic, see [10, Example 3.15]. O

4. Pasting along two circles
4.1. The general set-up

Let C; and C5 be two circles, and let P; and P, be the closures of the two
connected components of (S' x S')\(C; U Cy). We assume that the induced
geometry on each P; is isomorphic to the classical real Minkowski geometry
induced on the corresponding half of the torus. Via these isomorphisms we
may introduce coordinates on each of the two halves P; and P, such that
(+)-parallel classes are ({u} x S') N P;, u € S, the (—)-parallel classes are
(St x {v}) N P;, v € S, and circles are formed from non-vertical and non-
horizontal lines or hyperbolas with vertical and horizontal asymptotes.

Since the automorphism group of the classical real Minkowski plane is tran-
sitive on C, we may assume w.l.o.g. that one of the two circles along which
the two classical halves are pasted together is C; = {(z,z) | € S'}. Then
Co = {(z,v(x)) | z € S'} for some v € PGL(2,R).

We may further assume that on P; the geometry of the classical real
Minkowski plane is induced. On P, we may only have the geometry of the
classical real Minkowski plane up to an isomorphism. W.l.o.g. this isomor-
phism has the form (z,y) — (f(x), g(y)) for suitable homeomorphisms f and
g of S!. Since we are gluing the two halves along Cj, this circle has to be
preserved by this isomorphism so that g = f. We call f the pasting function.
Since the stabilizer of C; is transitive on C7 we may further assume that f
fixes oo.

Similarly, a point (

o)) = (f(), f(()
v(f(x)) = f(v(x)) for all z € St. (4)

Recall that circles that pass through (oo, 00) are described as

v(x)) € Cy C Py is identified with a point (f(x),
) € Cy C P5. Hence,

Lm,t = (Em,t N Pl) ) w(Em’,t’ N PQ)
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where 1 is an isomorphism from P, in the classical real Minkowski plane M,
to Py in M and where m,m/,t,t' € R, m,m’ # 0, and m’ and ¢’ are continuous
functions of m and t. One calculates that

t t
By 0 Ly — ( ) (5)

1-m’'1—m

where m # 0, 1.
Those circles that do not pass through (0o, 00) are of the form

Ca,b,c = (Ha,b,c N Pl) U w(Ha/,b’,c’ N P2)

where a,a’,b,b',c,c/ € R, a,a’ # 0, and each of a’, i’ and ¢’ is a continuous
function of a, b and ¢. One calculates that

HapeNLio= (; (c+bi \/m)% (c—i—bi \/mn

(6)
if (c—b)*+4a > 0.
When pasting the two classical halves together the above formulas show

that
t t
1—m/ _f<1—m)'
Similarly,

%(Cl-i-b,:l: (c’—b’)2+4a’) =f<; (c—i—bi m})

so that

¢t =1 (5 (v Viem o)
+f<;(c+b— (c—b)2—|—4a)), (7

VTP = (§ (c+ o+ ehP )
—f<;(c+b— (c—b)2+4a)). (8)

The general strategy is to use circles that meet C'; UC5 in four points. Since
there is a unique circle through three pairwise non-parallel points, the fourth
point of intersection results in a condition on the pasting function f. We will
find that the resulting functional equations for f force f to be the identity. In
a second step circles that do not meet C; U Cy in four points are determined.
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4.2. Two circles meeting in two points

Let C7 and Cs be two circles in the same component of C that intersect in two
points. In this case (S' x S')\ (C; UCy) has three connected components, com-
pare the right diagram in Fig. 3. Since this does not agree with our definition
of a semi-classical real Minkowski geometry, we do assume from now on that
Cy and Cy are in different connected components of C (Fig. 5).

Let C; and C5 be two circles, one in each of the two connected components
of C. Then |Cy N Cy| = 2. As in Sect. 4.1 we assume C; = FEj . Since the
stabilizer of C; is 2-transitive on it, we may assume w.l.o.g. that Cy N Cy =
{(00,0),(0,0)}. Then Cy = {(x,sz) | x € S'} for some s € R, s < 0. From
Eq. (4) we find that

flsz) = sf(x) for all z € R. (9)

Lemma 4.1. In the case of two circles in different components the pasting func-
tion f is the identity.

Proof. As in Sect. 4.1 one calculates that

(ch sb+ +/(c—sb)? + 4sa>>

Cab,ecNLso= <2i (c + sb++/(c—sb)? + 4sa) , %

S

if (¢ — sb)? + 4sa > 0 so that

DN | =

(c’—l—sb'j: V(= sb)? +4sa’> =f (; (c+sbj: \/m)) :
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Thus,
c—i—sb’—f( (c+sb+\/m)>
+f< <c+sbf (csb)2+45a)>, (10)
V(@ — b2+ dsd = f ( (c+sb+ m))
—f( (c+sb— (c—sb)2+4sa)>. (11)

We write the expressions under the square roots as (¢ — b)? + 4a = (c +
b)? — 4(bc — a) and (c — sb)? + 4sa = (c + sb)? — 4 s(bc — a), and similarly for
the formulas involving o', ¥, ¢’. Let d = bc —a and d' = b'¢’ — a’ and let

%(c—&-b-ﬁ-\/—&-b—)
a:%(wb— (c+b)2+ d),
o= (et bt /et b — dsd),
62%(6—&-51)— c—|—sb)2—4sd>.
a

@

Then Egs. (7), (8) and the above two equations become

d + V' = fu) + f(a),

(¢ +b)? —4d' = f(u) — f(u),
¢ +sb' = f(v) + f(0),
V(¢ + sb)2 —dsd' = f(v) — f(D).
The first two identities yield
d' = f(u)f(a),
and the last two give us
sd' = f(v) f(0).
Then
f)f(0) = sd' = sf(u)f(a). (12)

One calculates uu = d and vo = sd. Furthermore, v > @ and v > v, and when
u,v # 0, one obtains
_ d
c—|—b:u—|—u:u—i—f7

sd
c—&—sb—v—&-v—v—i——
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Hence

This shows that a, b, ¢ are functions of d, u,v. One thus has a one-to-one cor-
respondence between triples (a, b, ¢) for which Cy . intersects L1 o U L in
four distinct points and triples (d, u,v) such that

d sd d d
d,u,v #0, vF#u,su, i —, u>—, v>8—. (13)
u u U v

(Given a,b,c as functions of d,u,v as above, one calculates, for example,

V(e+b)?2 —4d = \/(u—l-%)z—éld = \/(u—%)2 = u— £ so that u is ob-

tained back.) It follows from (12) that f(v)f (24) = sf(u)f (£) and thus

u

rorf (%) = s (%) (14)

v u

for all d, u v E R satisfying (13). This identity trivially remains true when
v = u, su, 5, u 4 that is, (14) holds for all d,u,v # 0, u > %, v > %.

When d > % put v =1 to obtain f(d) = f(u)f (£) or

u

£ 8) = (2). (15)

forall d,u € ]R d,u#0,d > s > £ This identity remains valid when u < %
because u = d/u When d < 2, put v = sd to again obtain f(d) = f(u)f (%)
Let w = <. Then (15) becomes

fu)f(w) = f(uw)

for all u,w # 0, v # w, uw #* % But this identity remains trivially true if
u=0orw=0oru=w. By (9) and the continuity of f also the case uw = %
follows. This shows that f is multiplicative. Hence f(z) = z|z|*~! for some
k € R, k > 0. However, sf(z) = f(sx) = f(s)f(x) implies that f(s) = s so
that |s|F=1 = 1.

If —1 # s < 0, we obtain k£ =1 and thus f =id
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It remains to deal with the special case s = —1. Then f is an odd function
by (9). The formulas from above for C,2 ;;, where 0 < a < b become

d+b =flb+a)+ f(b—a),
V(=2 +4a’ = f(b+a) — f(b—a),
c—b’—f( a2)+ ( b2—a2>:0
\/(c’+b’)2—4(a’)2— (\/m> ( b2—a2>:2f( b2—a2)

It follows that

)2 — (@) = ( b2 — a2) . (16)

Using lines one calculates

t t
B (1 b10 = <_1+m’ 1+m>

where m # 0,= 1. Hence, and because f is odd,

t/
;T f :
1+m 1+m
Together with Eq. (5) we obtain that

A ) et ) Il (= Kl i)

R e N E R

Since f is multiplicative, the formula for m’ now becomes
f (erl) + 1

!/
m =

Direct calculation shows that

m’—!—l_f m-+1
m -1 m—1/"

We now consider the tangent lines to Cj2 3, 3 at the points of intersection with

L_1,0. The slopes of these lines are found as — @ b)2 which gives us

a® a®

(z —b)? - 7(:{:\/b2 —a? — b)2.

m = —
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Thus
m+1 2b% — 2a% F 2bV/b2 — a2 B Vb2 —a2(V/b2 — a2 Fb) B b2 — a2

m—1  —2b2+26/0% — a2 +b(Fb + Vb2 — a?) b

Since ¢ =’ we similarly find

f<i b?—a2>_m’+1_i 02— @) _  J(VP—a’)

b Com -1 g b’

Hence b = f(b). Equation (16) then yields 2f(b) = f(b+ a) + f(b— a) for all
0 < a < b. Since f is continuous, this identity remains valid as a — b. Thus
2f(b) = f(2b). In particular, 2 = 2f(1) = f(2) = 2* so that k = 1. Hence
f=id. O

We finally show that f = id implies that only the classical real Minkowski
plane can be obtained.

Theorem 4.2. A semi-classical Minkowski plane obtained by pasting along two
circles in different components of C is classical.

Proof. f = id shows that circles C, . are straight (that is, are as in the
classical real Minkowski plane) if they meet C7 UCs in at least three points. In
particular, every line L,, ; is straight. This follows as above in case m # *1.
When m = =£1, these lines can be obtained as a limit of straight lines with
slopes # £1 by coherence of 2-dimensional Minkowski planes. Hence these
lines are straight as well. Since every circle # C7,Cy meets Cy or Cy in two
points, it remains to determine those circles that intersect C7; U Cy in two
points. Suppose that Cyp . € C~ so that it meets C; in two points. Note
that a > 0. These points of intersection are py = (x4,xy) where zy =

% (c—f— b+ +/(c—b)*+ 4a). We consider the tangent line L,,; to Cqp. at

p+. As noticed above this line is straight. But then C, ;. is described as the
tangent circle to L,,: at p; and passing through p_. In each half P; this
uniquely determines Cl 3 ., and because L, + is straight, so is Cg 4 c.

The case when Cpyp. € CT is dealt with in a similar fashion by look-
ing at points of intersection with Cy. This shows that only the classical real
Minkowski plane can be obtained. O

4.3. Two tangent circles

Let C7 and C5 be two circles that touch at a point p. Using the automorphism
group of the classical real Minkowski plane, we may assume w.l.o.g. that Cs
touches C; = {(z,z) | x € S'} at (00, 00), and that Cy = {(z,2 + 1) | x € S'}
(Fig. 6).
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FIGURE 6. The connected components Py, P, w.r.t. touching
circles C1, Cy

From Eq. (4) we know that for the pasting function f we have
flz+1)=f(x)+1 for all x € R.
We may further assume that f(0) = 0. But then f(1) =1 too.

Lemma 4.3. In the case of two tangent circles the pasting function f is the
identity.

Proof. One calculates

CopeNLis = (; (c+b—1j:\/(c—b—1)2+4a),

;(c+shfvacsmz+4ﬂg)

where we assume that (c—b)?+4a, (c—b—1)?+4a > 0. Let u = 1(c+b) and

v =1(c—1), and similarly v’ = 1(c/ + ') and v’ = 1(¢/ — ). When pasting

the two classical halves together the above formula and (6) show that

W WP+ = f (vt Vo2 +a)

1 1\? 1 1\?
u’—gzlz (v’z) +a’f(u2j: <112> +a

so that

2u':f(u+ v2+a)+f(uf\/v2+a>

2 2
1 1 1 1
20 —1=f u=g+ (v—2> +a)+f u=—g - (v—2) +a
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Hence,

Flu+Vv?+a)+ flu— o2 +a)

= E + L 2 + +f E L 2 + +1
= u-g Vg a u-g v g a
(17)
for all a,u,v € R a > 0. By the continuity of f this identity remains valid

when a = 0. For each w > % there is a unique n € Z, n > 1, such that
w—%<n§w+%.Nowletv=w2

1 1
w? —v? = (w—v)(w+v) = <ww2+n24> <w+w2n2+4)

—n?+ i. One calculates

o) oo (o4 ) (oo

Thus, if we define a = w? — v2, then a > 0 and

02+a—w

1 =\ [v2 + +
v - = v+a—v+ -
2
Hence (17) becomes

f(u+w)+f(uw)f<u;+n)+f(u;n>+1

=f< )+f(u—;> (18)

This identity is valid for all u,w € R, w > 1. But f(u+w) + f(u —w) =
flu+w+m)+ f(u—w—m) for each m € Z. This shows that (18) remains valid
for all u,w € R. When w = 0, we obtain that f (u+ %) + f (u — %) =2f(u).
Thus
flutw) + flu—w) =2f(u)
for all uw € R. Now w = u yields f(2u) = 2f(u) and so f(u+w) + f(u —w) =
f(2u). Finally, let © = v +w and y = u — w. Then
f@) + fly) = flz +y)

for all ¢,y € R. This shows that f is additive. Hence f = id because f(1) = 1.
O
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Theorem 4.4. A semi-classical Minkowski plane obtained by pasting along two
tangent circles is classical.

Proof. The pasting function f is the identity by Lemma 4.3.

Let C' be a circle that intersects each of C; and C3 in two points. If
C = Cyp,c, the formulas above show that b’ + ¢ =b+c¢, /(¢ —=V)? +4a’ =
V(e=b)2+4a, /(¢ =V —1)2 + 4a’ = \/(c — b— 1)? + 4a. Squaring the last
two equations and subtracting yields ¢/ — ¥’ = ¢ — b. Hence b’ = b, ¢ = ¢, and
a’ = a follows, that is, the circle Cy . is straight.

As in the previous case, the continuity of the geometric operations and co-
herence of 2-dimensional Minkowski planes implies that circles through (0o, c0)
are also straight. For the same reason circles that are tangent to one of Cy or
C5 and meet the other circle in two points are straight as well.

If a circle C' meets neither C; nor Cs, it is entirely contained in one of the
connected components of (S* x S!)\(C; U Cy). Hence, such a circle is straight
by definition of a semi-classical Minkowski plane. Similarly, if C' is tangent to
one of C; or Cy and does not meet the other circle or if C' is tangent to both
of C'y and (%, it is entirely contained in the closure of one of the connected
components of (St x S')\ (C; U Cy) and thus is straight.

This leaves us with the case where C intersects one of C7 or Cs in two
points and is disjoint to the other circle.

We consider the tangent line L,, ; to C' at one of the points p of intersection
with C;. This line is straight. But then C' is described as the tangent circle to
Ly, at py and passing through the other point p_ of intersection with Cj. In
each half P; this uniquely determines C, and because L, is straight, so is C'

O

4.4. Two disjoint circles

Let C; and Cs be two disjoint circles and let P; and P» be the closures of the
connected components of (S! x S1)\(C;UCy). We assume that the induced ge-
ometry on each P; is isomorphic the classical real Minkowski geometry induced
on the corresponding half of the torus. As before, via these isomorphisms we in-
troduce coordinates on each of the two halves Py and P» such that (+)-parallel
classes are ({u} x SY)N P;, u € S, the (—)-parallel classes are (S* x {v})N P;,
v € S', and circles are formed from non-vertical and non-horizontal lines or
hyperbolas with vertical and horizontal asymptotes.

As in Sect. 4.1 we assume that C; = L, o. Using the stabilizer of C in the
automorphism group of the classical real Minkowski plane, we see that we may
further assume that

1 2
Cy = H—l—SQ,S,—s = { <$, - R - 8)
xr— S

zeR\ {s}} U {(c0, —s), (s,00)}
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FIGURE 7. The connected components Py, P, w.r.t. Cy, Co

where s € R, see Fig. 7. (First move the centre of C5 onto the line E_; o by a
translation (x,y) — (z+t,y+t), and then use a homothety (z,y) — (ra,ry).)
From Eq. (4) we obtain

1+ s? 1+ s?
f(—:—s):—ﬁs—s for all z € R\ {s}
for the pasting function f. It directly follows that f(—s) = —s and f(s) = s.
Lemma 4.5. In the case of two disjoint circles the pasting function f is the
identity.

Proof. We consider the hyperbola H,j s where (b+ s)> +4a > 0, b # s. It
meets Cy in the points (co, —s) and (aH(HSz)b “+1_'st). Thus, the other half

at+l+s2 s
of the circle Cy p,—s must be induced by Hy i, —s for some a’,b’, and so (from
the second coordinate)

a’—|—1+b's_f(a+1—|—bs>

s—U s—b
The intersection of H,; —s and C; consists of the points
1 1
(2 (b—s:t \/(b+s)2+4a> '3 (b—s:l: (b+3)2+4a)> :
Let

u =

(b—s—l— (b+3)2+4a) and

v =

DN = N =

(b—s— (b+s)2+4a)
so that
b=s+u+wv and a=—(u+s)(v+s).
Then v > v, u+v # 0, u,v # —s and
a'=—(f(u) +5)(f(v) +3),
V' =s+ f(u)+ f(v).
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One calculates

a+1+4+bs uv—1 d a+1+bs  flu)f(v)—
s—b  u+twv o s=b  flu)+f(v)

i = (i)

for all u,v € R, u > v, u,v # —s. However, this equation is symmetric in u
and v, and by continuity it must be valid for all u,v € R.

Write u = cot o, v = cot 8 for some «, 3 € (0,7). Then S L — cot(a + )
by the addition theorem for the cot function. We now write fo cot = cot o ¢ for
some increasing homeomorphism ¢ : (0,7) — (0, 7) so that f(u) = cot(¢(a)),
f(v) = cot(p(B)). Then

cot pla+8) = fleot(a+ B) = f (“

u+v
= cot(p(a) + ¢(B)).

It follows that p(a+ 8) = p(a) + ¢(3) (mod ) for all o, 3 € (0,7). One can
extend ¢ to an increasing homeomorphism ¢ : R — R by ¢(kw) = km for each
k € Z and §(x) = ¢(T) + nm where n = |£], the largest integer < £, and
T =a —nw € (0,7) where x ¢ 7Z. It readily follows that ¢ is additive. Note
that () = 0 where 6 = cot~!(s) because f(s) = s. By the continuity of ¢ it

Hence

- 1) _ fw)f@) -
o+ T

then follows that ¢ = id and so ¢ = id. Hence f = id. 0
Remark 4.6. Let 6 = cot™*(s) € (0,7). Then
() __1—|—S2 e —sx—1 xcost —sind
N =T s  x—s  wxsinf 4 cosf

comes from a rotation through the angle 6. If # is an irrational multiple of
7, then the subgroup I' = (y) = {y™ | m € Z} < SO(2,R) generated by
~ is dense in SO(2,R); compare Dirichlet’s approximation theorem or Weyl’s
equidistribution theorem. Since f commutes with v by Eq. (4), one sees that
f commutes with every member in SO(2,R), that is,

wrcost —sint)  f(x)cost —sint
wsint +cost)  f(x)sint+ cost

for all t € R, € RU {oo}. When z = oo one finds f(cott) = cott. Hence
F—id.

Theorem 4.7. A semi-classical Minkowski plane obtained by pasting along two
disjoint circles s classical.

Proof. By Lemma 4.5 the pasting function f is the identity. Hence a circle
that meets Cy U C5 in at least three points is straight.
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As in the previous cases, the continuity of the geometric operations and
coherence of 2-dimensional Minkowski planes implies that circles that are tan-
gent to each of C; and (5 are straight as well.

If a circle C' meets neither C; nor Cs, it is entirely contained in one of the
connected components of (S! x S')\ (C; UCy). Hence, such a circle is straight
by definition of a semi-classical Minkowski plane. Similarly, if C' is tangent to
one of C7 or Cy and does not meet the other circle or if C' is tangent to both
of Cy and (%, it is entirely contained in the closure of one of the connected
components of (St x S')\ (C; U Cy) and thus is straight.

Hence, all circles are straight, and the plane is classical. O

The Main Theorem now follows from Theorems 2.5, 3.2, 4.2, 4.4 and 4.7.

Funding Open Access funding enabled and organized by CAUL and its Mem-
ber Institutions.

Data Availability Statement Not applicable.
Declarations

Conflict of interest Not applicable.
Ethical approval Not applicable.

Open Access. This article is licensed under a Creative Commons Attribution 4.0 Interna-
tional License, which permits use, sharing, adaptation, distribution and reproduction in any
medium or format, as long as you give appropriate credit to the original author(s) and
the source, provide a link to the Creative Commons licence, and indicate if changes were
made. The images or other third party material in this article are included in the article’s
Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is
not permitted by statutory regulation or exceeds the permitted use, you will need to obtain
permission directly from the copyright holder. To view a copy of this licence, visit http://
creativecommons.org/licenses/by/4.0/.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

References

[1] Adams, C.C., Franzosa, R.D.: Introduction To Topology: Pure and Applied. Pearson
Prentice Hall, NJ (2008)

[2] Benz, W.: Vorlesungen iiber Geometrie der Algebren. Springer, Berlin-Heidelberg-New
York (1973)

[3] Ho, D.: On the Classification of Toroidal Circle Planes. PhD thesis, University of Can-
terbury (2017)

[4] Klein, M., Kroll, H.-J.: A classification of Minkowski planes. J. Geom. 36, 99-109 (1989)


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

G. F. STEINKE AEM

[5] Polster, B., Steinke, G.F.: Cut and paste in 2-dimensional projective planes and circle
planes. Canad. Math. Bull. 38, 469-480 (1995)

[6] Polster, B., Steinke, G.F.: Geometries on surfaces. Encyclopedia of Mathematics and
its Applications vol 84, Cambridge University Press, Cambridge (2001)

[7] Schenkel, A.: Topologische Minkowski-Ebenen. Dissertation, Erlangen-Niirnberg (1980)

[8] Steinke, G.F.: An extension property for classical topological Benz planes. Arch. Math.
41, 190-192 (1983)

[9] Steinke, G.F.: Topological affine planes composed of two desarguesian half-planes and
projective planes with trivial collineation group. Arch. Math. 44, 472-480 (1985)

[10] Steinke, G.F.: A family of 2-dimensional Minkowski planes with small automorphism

groups. Result. Math. 26, 131-142 (1994)

Glinter F. Steinke

School of Mathematics and Statistics
University of Canterbury

Private Bag 4800

Christchurch 8020

New Zealand

e-mail: gunter.steinke@canterbury.ac.nz

Received: February 1, 2024
Revised: February 7, 2024
Accepted: March 24, 2024



	Semi-classical 2-dimensional Minkowski planes
	Abstract
	1. Introduction
	2. Two-dimensional Minkowski planes
	3. Pasting along two disjoint parallel classes
	4. Pasting along two circles
	4.1. The general set-up
	4.2. Two circles meeting in two points
	4.3. Two tangent circles
	4.4. Two disjoint circles

	References


