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Approximately orthogonality preserving maps in Krein spaces

ATEYEH SARAEI AND MARYAM AMYARI

Abstract. In this paper, we investigate approximately orthogonality preserving maps in the
setting of Krein spaces. More precisely, suppose that K1 and K2 are two Krein spaces and
that T : K1 — K2 is a nonzero linear e-orthogonality preserving map for some £ € [0,1)
such that T(’C%) C /C;E. We show that T is injective and continuous and there exists v > 0

such that |[T(2),7(y)] — v2[e,y)l < smin{2|zlllyll, IT@ T}, for @,y € K1 with
6= 125(1—; + %) We also give some conditions under which the Pythagorean equality
holds true in a Krein space.
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1. Introduction

Let X and Y be two inner product spaces, a map T : X — Y is called orthog-
onality preserving if Tx and Ty are orthogonal for any orthogonal vectors x
and y in X; see [6,18].

For a given ¢ € [0,1), two vectors x,y € X are said to be approximately
orthogonal or e-orthogonal, denoted by = L° y, if [(x,y)| < e|lz||||ly]|, where
(-, ) denotes the inner product in X and ||-|| denotes the norm in X induced by
(,). Amap T: X — Y is said to be approximately orthogonality preserving
ife Ly=Tx L°Tyfor z,y € X.

Approximately orthogonality preserving maps have been studied in several
settings; see [1,5,8-13,17].

Chmieliriski in [9, Theorem 1] proved that a linear map 7' : X — Y
is orthogonality preserving if and only if there exists v > 0 such that
(T(x),T(y)) = v*{x,y), for z,y € X. Furthermore, he showed that for a
nonzero linear e-orthogonality preserving map T : X — Y for some ¢ € [0,1)
there is v > 0 such that
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(T (2), T(y)) — ~*(z,y)| < Smin{y?|lz|l[ly]l, T ()| T (y)I|}, for z,y € X,
: 1 1
In the present paper, we generalize these results to the setting of Krein
spaces. We first recall some basic facts on these structures; more details can
be found, for example, in [3,4,7,14-16].

Definition 1.1. Suppose that K is a linear vector space equipped with a map
[,-] : K x K — C such that

[,y] = [y, 2],
[z + By, 2] = alz, 2] + By, 2]

for each x,y,z € K and «, 8 € C. Then (K, [-,]) is called an indefinite inner
product space.

Recall that an indefinite inner product has all the properties of the usual
inner product except positive definiteness.

Vector spaces equipped with indefinite inner products were used for the
first time in the quantum field theory in physics and mechanics.

We denote the sets of all positive, negative, and neutral elements of IC, by
Ktt={zeK:|[r,2] >0}, K-~ ={zek:[r,2] <0},and K* ={rek:
[, 2] = 0}, respectively.

Let z,y € K. We say that x is orthogonal to y, denoted by z[Ll]y, when
[z,y] = 0. If £ is a subspace of K, then the subspace L] = {z € K : [2,y] =0,
for all y € L}, is called the orthogonal complement of £ with respect to [, ], and
xo € L is an isotropic element of £ if 2o # 0 and zo[L]£. Also £° = £ £MH]
is the isotropic part of £. If £ = {0}, then L is called nondegenerate.

Azizov in [4, Theorem 1.24], proved that if £ is a subspace of K such
that £ admits a decomposition £ = LT & £, where LT C KT U {0} and
L~ C K~ U{0} into the direct sum of the subspaces, then L is nondegenerate.
In addition, if £*[L]£~, then we write

L=LT[@®]L.
This decomposition is called a canonical decomposition of the subspace L.

Definition 1.2. An indefinite inner product space (IC,[-,-]) is called a Krein
space, if the vector space K admits a canonical decomposition K = KT [@]K™
such that (KT, [-,-]) and (K~, —[-,]) are Hilbert spaces relative to the norms
|zl = [, 2]? (x € K) and ||z|| = (~[x,2]?) (= € £7).

Suppose that (IC,[-,]) is a Krein space with a canonical decomposition
K = Kt[®]K~ such that Pt : K — Kt and P~ : K — K~ are two mutu-
ally orthogonal projection operators generated by the canonical decomposition
above so that PT + P~ = I, where I is the identity operator on K. Thus for
any v € K, we have v = 7 + 27, where 27 = Ptz and 2= = P~xz. The
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linear operator J : K — K, defined by J = Pt — P~ is called the canonical
symmetry operator of the Krein space KC. Thus J is a bounded self-adjoint
operator such that J? = I and J~! = J* = J.

By using the canonical decomposition K = K¥[®|K~ on the Krein space
(K, ['s+]), we can define an inner product as follows:

<$’y> - [$+7y+] - [Jj_’y—]v (1'1)
where x = 7 + 2~ and y = y* + y~ are elements in K.
Then (K, (-,-)) is a Hilbert space with respect to the norm ||z||? = (z,z). In
fact, (z,y) = [z,y], for vectors z,y € KT, and (x,y) = —[z,y] for z,y € K.
Relation (1.1) between the indefinite inner product [-,] and the definite
inner product (-,-) on K implies that

(zy) =[xy,  [2,y] = (Ja,y)
for each z,y € K, where J is the canonical symmetry operator and J(z™ +
x7) = J(@t) + J(xz7) = 27 — 2. In addition, ||z||®> = (z,2) = [Jx,2]. A
straightforward computation shows that

[x,y] = [eraer] + [‘riayi]a [:E?y] = <1'+,y+> - <1177,y7>,
[, 2] = [l2*]* = [|l=~|1%.
Hence,
lyl? =y, 9l =" +y )y +y =" —y ,y" +y7]

=y yl+ -y Y]
By the definition of J, we have J(y™) = y*, J(y~) = —y~. Therefore
Iyll* = [Ty "y 1+ Wy sy ] =yt 1P+ v 1%

2. Approximate orthogonality in Krein spaces

In this section, we define approximate orthogonality in the framework of Krein
spaces. We start our work with the following lemmata and prove them by
similar strategies to those of [9].

Lemma 2.1. Let (IC,[,+],J) be a Krein space, let x,y € IC, and let € > 0. If
[z +y,z = Jyl| <el|Jz+ylllle— Tyl
then
el = lyl?l < e(lll? + lyl?)-
Proof. By a straightforward computation, we get
Iz +y, 2 — Jyl|* = [Ja + y, & — Jylle — Jy, Jo + y]

= (ll? = T, 9] + [y, 2] = lly1*) (Ul + [z, 9] =y, 2] = llyll*)
= [lel* + 2ille|*Im [z, y] — [l [ly|* — 2i]|z|*Im[z, ]
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+ 4(Im[z, y))* + 2iIm[z, y]|ly[|* — ||=|1*(|y[*
— 2ilmlz, y]llyl* + llyll*
= [lz|I* + llylI* = 2l [lyl|* + 4(Im[z, y])?
= ([lz1> = [lyl1*)* + 4(Im[z, y])*.
On the other hand,
[z +yl*[lz = Tyl|* = ([ + Jy, Jz +y])([Jz — y,x — Jy])
= (=] + [z, y] + [y, 2]
+ Iyl l* = [z, 9] — [y, 2] + lyl*)
= )l + yll* + 2llzl*lly]|* — 4(Re[z, y))?
= (Il21” + llyl*)* — 4(Re[z, y])*.
The first inequality of the assumption implies that
(l* = llyl*)* + 4(mlz, y))* < 2(([2]* — ly[I*)* - 4(Re[z, 9])*)
< 2(llzl* + llyll*)*.
Hence |2]12 — [ly]?] < (]2 + 1) 0
Lemma 2.2. Suppose that (K1, [-,-], J1) and (Ko, [, -], J2) are two Krein spaces
and that T : K1 — K is a map such that for each x € Ky, T'(x%) = (T:c)i and
for some § > 0 and v > 0, the functional inequality ’[T(x),T(y)} — 7?2 [a:,y]‘ <
V2 z|||lyl| holds. Then

2T @), ()] - 22 Lha, ]| < 26920ellyll 2y € Ka.

Proof. From the properties of canonical symmetry operators, and from ||z 1| <
]| and [z~ || < [|z[|, we get

1T (@), ()] =22 Lhayg]| = |[T@)" = @), T(w)] 22" +a7,y)

A
=
8
=
=
s

= et |+ |[T@), T) = 22y
< 57l gl
+ 8722~ gl < 269* eyl
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Lemma 2.3. Under the assumptions of Lemma 2.2, T is a quasi-linear map,
that is, T' is quasiadditive,

1T (@ +y) = T(x) = T(w)ll < V8Voy(lz|l + llyll), (2,9 € K1)
and quasihomogeneous
IT(Az) = AT (2)|| < V8Vor|Al|z].  (x € K1, A € C).
Proof. Let x,y € K1 be arbitrary. Then
IT(@ +y) = T(@) = T()|* =[J2(T(z +y) = T(x) = T(y)), Tw +y) = T(@) = T(y)
<[ 2T (@ + ), T +9)) =2 + y)z + )

+ | = [2T(@ +9), T@] + 21 (@ + ), 3]
+ | = e (@ + 1), T)] + 21 (@ + ), )
+ | = [T @), T+ )] + 721 (2), 2 + ]|
+ |[927 (@), T(@)] = 71 (), 2]
+[[RT(@), 7)) - 21 (@), 4|
+ | = T@), T@+ )] + 221 (9), 2 + 9]
+ |27 W), T(@)] = ¥ [11(v) 2]
+ |27 (), T@) = 22111 (v), vl

By using the above lemma and the assumption, we obtain

IT(x +y) = T(x) = TW)|* <267 (& + y||* + 2]j|l||= + yl|
+2llylllle + yll + 2l Iyl + =] + %)
<857 (|l + lyll)*.
In a similar way, for A € C, we have
IT(Ow) = AT @) <|[LTOw), TO)] - LA (), Aal|

+ | = NRT(O2), T(@)] + 72 XLA (M), o]
+ ‘ — AT (), T(\x)] + v*A[J1 )\x]’

+ |APRT (@), T@)] + 22 AP, ]|
Hence
IT(A2) = AT@)|* < 2692 (| Aall” + 20N | [ Azl + A l]|*)
= 857°||Az||”.
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Lemma 2.4. [4, Lemma 7.7] Let (K,[-,"]) be a Krein space and let L be a
subspace of K. Then £ + LI = K if and only if £ is nondegenerate.

Recall that (y) is the closure of the linear span {y}. The following lemma
states the condition under which (y) is nondegenerate.

Proposition 2.5. Let (K,[-,-],J) be a Krein space and let y be a nonzero ele-
ment of K. Then (y) is nondegenerate if and only if y is not a neutral vector.

Proof. Let (y) be nondegenerate. On the contrary, if y is neutral, then
[y, y] =0 = ([y,\y] =0 for some A € C) = y e (y). (2.1)

Therefore y € (y)* N (y). Then (y) N (y) # {0}, that is a contradiction,
since (y) is nondegenerate.

Conversely, let y not be neutral. On the contrary, if (y) N (y) # {0}, then
there exists a nonzero scalar number \ € C such that Ay € (y)*) N (y). Then
for all u € C, we reach 0 = [y, py] = Aaly, y]. Thus [y,y] = 0, that is, y is a
neutral vector which is a contradiction. U

Corollary 2.6. Let (IC,[,+]) be a Krein space. If y is not a neutral vector in IC,
then (y) + (y)H = K.

Proof. Let y not be a neutral vector. Then Proposition 2.5 ensures that (y)
is nondegenerate and Lemma 2.4 yields (y) + (y)[-] = K. On the other hand,
since (y) is a finite-dimensional subspace and (y)™ is closed, so (y) + (y)!* is
closed and we can write (y) + (y)*) = K. O

In Corollary 2.6, the condition that y is not a neutral vector is a necessary
condition. The following example shows that if y is a neutral vector, then it
may happen that K # (y) + (y)[H.

Ezample 2.7. Consider the Krein space (Ca, [-,-]) with the sesquilinear form
[z,y] = z1y1 — 4xoys. Take y = (4,2). Then [(4,2),(4,2)] = 0, and so y is a
neutral vector and yll = {k(2,1); k € R}. If z = (5,6), then there are no
A1, Ao € C such that z = Ay + Aays for some y; € (y) and y, € ().

The main theorem is based on the property of Hilbert spaces that states
that, if 21 L 29 and @ = 21 + 9, then ||z]|?> = ||21]|® + ||22]/?, but we do
not have this property in Krein spaces [2,11]. This means that we may have
x = x1+x2 and z1[L]ze but ||2]|? # ||z1|* + ||z2]|?. In the following lemma, we
investigate some conditions under which we can write ||z|* = ||z1|* + |22
for an element z in a Krein space.

Lemma 2.8. Let (K, [, -], J) be a Krein space. If x,y € K are linearly indepen-
dent so that y € Kt (ory € K~ ) is not neutral, then we can write

v=a1taz, 2] = a? + e

where 21 € (y) and xo € (y)IH.
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Proof. Let y € Kt and y is not neutral. By Corollary 2.6, we can write (y) +
(y)H] = K. Note that in this case (y) C K+. Thus z = 1 + 29, where z1 € (y)
and z1[L]zs. Then
||:L'H2 = H331 + IL’2H2 = [Jiﬂl + Jxo, x1 + :EQ}

= [Jz1, 1] + [Jar, xo] + [Jaz, 21] + [J22, 25

= llz1[* + [lw2||* + 2Re[Jay, 2]

= llo1]® + llo2]* + 2Re[z1, z].
Thus ||z = ||z1|*> + ||z2*. Similarly, it is true, when y € K~ O

The next theorem shows that an approximately orthogonality preserving

linear map T between two Krein spaces such that T(ICli) - IC2jE is injective,
continuous, and satisfies (2.2). To achieve the next result we adopt some argu-
ments from [9, Theorem 3.1]. We also need the following facts about the polar-

ization formula for [z,y] in the Krein space. A straightforward computation
shows that

1 | o
o 9] = J Ul +ul* = llz = yl*) = 5™ +y7 1" = ll2” =y~ %)
i ) ; o o -
+ gl +iyl” = llo = ayll*) = S (=~ + iy~ 1" = == =iy~ |?).

Theorem 2.9. Let (K1,[,|1,J1) and (Ko, ]2, J2) be two Krein spaces, let
T : Ky — K be a nonzero linear map such that T(ICiE) - ICQi, and let T be
an approzimately orthogonality preserving map for some € € [0,1). Then T is
injective and continuous, and there exists v > 0 such that for x,y € K4,

17 (), T(y)] = [, yl| < S min{y* ||yl 1T @) T )]} (2.2)

1 1+¢
0 =12 | —— .
6(1—54_ 1—5)

Conversely, if T : K1 — Ko satisfies (2.2) with some § > 0 and v > 0 and
T(z*%) = (Tx)*, then T is a quasilinear approzimately orthogonality preserving
map and

with

o[Ly = T(@)[L]’T(y) and T(2)[L]T(y) = =[L]%y
for x,y in IKCy.

Proof. If dim/X; = 1, then the assertion trivially holds. We assume that
Let « and y be two nonzero elements in K1, and we want to show that

%A(y) < Mz) < B1A(y), (23)
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where \(x) = Hﬂ(gﬂ)” with 6 = /1% + 2 /7 > 1.

Let y = y* + 4~ be a decomposition of y, and put

= JUT AT <A,
yo AYT) <A

therefore 3/ is not neutral and ||y||? = [Jy,y] = [JyT, v +[Jy =, y7] = |y
ly~||? (recall that Jy* = y* and Jy~ = —y~). Also, we have ||Ty||*> =
1Ty 12 + Ty .

There are three cases for z and y’.

(i) Suppose that = and y' are linearly dependent, that is, x = py’ for some
w € C. Then

+||2+

AMy') = Mx). (2.4)
If /\(y+) < A(y™), then Hﬁ( *H)II < Hﬂ}y H)H‘

Similarly, if A(y~) < A(y*), then IOl < [T Dl Thus

ITHI? _ ITGHIP+ITEOIP _ 17w
iz S +|2 —2 S 2
ly* ly 112+ [y~ Iy~ |

or
IT@HI* - IT@HI+ITEOI*  IT@*
{720t | (72 o 7 (72
That means \(y')? < A(y)?, so equivalently from (2.4), A(z) < A(y). Put
5 =1
(ii) Suppose that z and y’ are linearly independent and z[L]y’.

- Then [lul] = Jlof = 1, [|T(u)[| = A(z) and
and Jiu + v[L]u — Jyv. By the assumption

Define u = Tol> V=
IT(0)| = A(y"); also [u, v]

JoT(uw) + T'(v)[ LT (u) — J2T'(v).
Thus |[J2T(u) + T(v), T (u) = LT (v)]| < el|2T(u) + T@)[[T(u) = J2T(v)].

Lemma 2.1 implies that
T @)* = 1T )] <e(IT@)]” + [T(w)]*),

that is, [A(2)? — A(y)?| < e(A(x)? + A(y')?) and we reach A(z) < \/TEEA(Y).
So by (2.4), we obtain

1+e.,,
<
T W) =

Then A(z) < (/TEEA(y). Put 61 = /£,

1+e

Az) < 1.

Ay)- (2.5)
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(iii) Now, we assume that x and y’ are linearly independent but not orthog-
onal. By Lemma 2.8, we can choose two nonzero elements z; and x5 in K1 such
that © = o1 + 29, 21 € (), and o[ L]z, ||2]|? = ||z1||* + |22/ and therefore

ol < fl=ll, - flzll < flll, o ll22ll < [l

Since x1 = py’ for some p € C by (i), AM(z1) = AM(y') and since z5[L]x; by (ii),
we have

1—=¢ 1+e¢
Ay) < A <
1+e (l/)_ (332)_

We prove that |[JoT' (1), T(x2)]| = |[T(21), T (x2)]|

Ay').

1—¢

T(z1) € Ky = [LoT(21),T(22)] = [T (1), T(22)] = —[T(21), T (22)]
T(x1) € Ky = [JoT(x1), T(22)] = [T(x1), T(z2)]-

Therefore
[JoT'(21), T(22)] = £[T(21), T(x2)] = [[J2T(21), T(x2)]| = |[T(x1), T (2)]|

and also since T'(z1) = T(\y') that is T(z1) € K3 or T(x1) € K5, we get
|[JoT (1), T(x2)]| = [[T (1), T (22)]]

Re[JoT (1), T (w2)] < [[JoT (1), T(x2)]| = [T (21), T(22)]| < &[T (z) || T (22)]]

1—¢
— / < )\ N2 2'
AW zalMz2)llz2]| < ey 37— AW) =]

IT(@)|* = T (21) + T(x2)|”
= [Jg (T(.’L’l)) + Js (T(CL’Q)),T(SCl) + T(QSQ)]
= IT(@)[]” + | T(2)||* + 2Re[JoT(21), T(x2)]

1+¢ 1+e¢
SA(@/’)Qllﬂmllgﬂi)3 (v')?|« z||2+2€\/1 Ay )|l

1+4+¢ 1—|—6
=A)? <||331||2 + [|l2]1? + (1 - 1) |22 + 2¢ || |2>

Therefore

14 1+
MY (2l + (7= = Dl + 25/ 7 Il

<
— &
14¢ 1+4+¢
_ N2 2
=) (7= + 25/ 7 ) lall®,

and we get
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1 1
A(z) <A<y’>\/ LY

1—¢ 1—¢
1+e¢ 1+¢
<\ 2 . 2.6
< <y>\/15+a o (26)
Put &) = \/(HE + 26 /) and hence A(z) < 81 A(y
If z and y are arbitrary, then §; = max{1, 1“‘5 + 25 +e 1+€} and

we reach (2.3).

Let ker T' # {0}. Then there exists a nonzero element y € ker T' such that
T(y) =0, s0 A(y) = 0. By (2.3), AM(z) =0 for all = # 0, that is T' = 0, which
is contrary to the assumptions. Therefore ker 7' = {0} and T is injective.

Now, we show that T is continuous. Fix a nonzero element yy of Ky, and
take v = A(yp) > 0. From (2.3), we have

%vllwll <T@ < aylzll, € K. (2.7)

This inequality gives the continuity of T. Moreover, (2.7) gives that
T @) =Alll] < (61 = Dllall, = €K, (2.8)
T @)1 =2l < (67 = D2[l=]?, @ € K, (2.9)

and
1
6*1||T(x)|| <Allz|| < alT(@)|, =€k

In a similar fashion, from inequalities (2.8) and (2.9), we get

7@ =~llzll| < (61 = DVT(@)ll, = € K, (2.10)
T @) = ~2|zl?| < (67 = DT (@)]?, =€ Ky (2.11)
Let ,y € K1 be arbitrary. Then

IT() + TW)II* = 1T(x) = T(y)II*)
—§(IIT($_) +TO)I* = 1T(7) = T7)I?)

J&(IIT(%) +i(y)II* = 1T () =T (y)II*)

@), 7))~ Lo l] = |5

~ 2T +i(Ty) |~ [(T)™ ~ (Ty) )
(307 + I = e — o)

1, -
5z +y 1P = o™ —y7IP)
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2l + iyl =z — igl?)
2l iy~ e — i)
< 1|1 + TN =2l + 17|
+3[I7@) - T Al - o]
3|17 + TEOI? =22l + 571
T L T P P i
(17 @) + TR 2o+ i)
= 1 (1T@ — TP~ e )|
= (1) + TGO Al + iy 7|

(1T — )~ la — iy 2|

N =

From inequality (2.9), we get

1
(T(x), T(y)] - 72[x,y]‘ < Z*ﬁ(tﬁ = D(llz +yl* +llz - yl*)
1 - _ _ _
+ 572(5f =D(lz” +y 12+ lle” =y~ 1)
1 , .
+ 172(5f = D(llz —yl® + lle + al?)

1 B -
57207 = Dle™ — iy 2 + o~ + iy~ D)
1 1

< A2(52 _1)= 2 2 L -2 -2
<7263 = 1) (4ll2l? + 4llyl?) + 5 (4112 + 4y~ 12)
=22(62 = D(ll2l1? + I}yl + 2l 12 + 2lly |1

<22(62 = D(ll2ll® + 1yl + 20l + 20yll?)

<392(62 = D)(Jl2l1® + lly®). (2.12)

Similarly, from inequality (2.11), we obtain
@), ()] -2l 9]] <363 - D(IT@)I2 + ITW)?).
Thus

1), () = 72l 01| < 3(6F = 1) minf5?)jo]?
2yl 1T+ IR (213)
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Now, suppose that  and y are two nonzero elements in K. By applying (2.12)
to vectors LH and ﬁ, we get

|z
B R T O e L
1= [ o = 36 = D (Pl )
< 67°(67 — 1).
Hence

1), TW)] ~ 7?91 < 667 = DA*llalllyl

Applying (2.13) to vectors HT?f':)H and ”T%’y)”, we arrive at

7). T ()] = 13| < 663 = DIT@IIT W (2.14)

Since 6(67 — 1) = §, equation (2.2) follows for all x,y € K;.

Conversely, if T : K1 — Ko satisfies (2.2) with some § > 0 and v > 0, then
by Lemma 2.3, T is quasilinear.

If z[Ll]y, then [z,y] = 0, and by (2.2), we reach |[Tz, Ty]| < ¢||T||||Ty]-
This means that

Tm[L]‘STy. Thus T is an approximately orthogonality preserving map. [
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