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Derivations and Leibniz differences on rings: I1

BRUCE EBANKS

Abstract. In an earlier paper we discussed the composition of derivations of order 1 on a
commutative ring R, showing that (i) the composition of n derivations of order 1 yields a
derivation of order at most n, and (ii) under additional conditions on R the composition of
n derivations of order exactly 1 forms a derivation of order exactly n. In the present paper
we consider the composition of derivations of any orders on rings. We show that on any
commutative ring R the composition of a derivation of order at most n with a derivation of
order at most m results in a derivation of order at most n + m. If R is an integral domain
of sufficiently large characteristic, then the composition of a derivation of order exactly n
with a derivation of order exactly m results in a derivation of order exactly n + m. As in
the previous paper, the results are proved using Leibniz difference operators.

Mathematics Subject Classification. 39B52, 13N15, 39B72.
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niz difference operator.

1. Introduction

This paper is a sequel to [2], in which the composition of derivations of order 1
was investigated on commutative rings. There it was proved that the compo-
sition of n derivations of order 1 results in a derivation of order at most n. If
the ring satisfies some additional conditions, then the composition of n deriva-
tions of order exactly 1 forms a derivation of order exactly n. (See also [5] for
similar results.) Here we consider the more general question of compositions
of derivations of any orders. On commutative rings we show in Proposition 4.1
below that the composition of a derivation of order at most n with a derivation
of order at most m gives a derivation of order at most n + m. We then prove
in Theorem 4.3 that on integral domains of sufficiently large characteristic
(including characteristic 0) the composition of a derivation of order exactly n
with a derivation of order exactly m yields a derivation of order exactly n+m.

The main tool used is the Leibniz difference operator, which plays a fun-
damental role in the theory of derivations (of all orders).
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Given a commutative ring S with subring R, a derivation from R into S is
a function d : R — S which satisfies additivity and the product rule (or Leibniz
rule), respectively

d(z +y) = d(z) + d(y) and d(zy) = xd(y) + d(x)y,

for all z,y € R. A mapping B : R x R — S is a bi-derivation (from R into S)
if B is a derivation in each variable when the other variable is fixed.
We define derivations of other orders inductively as follows.

Definition 1.1. Let R C S be commutative rings. The zero function is the only
derivation of order 0 from R into S, and there are no derivations of order less
than 0. For each n € N, suppose we have defined derivations of order at most
n—1.1If f: R — S is additive, then f is said to be a derivation of order at
most n from R into S if there exists a function B : R x R — S such that B is
a derivation of order at most n — 1 in each variable and

flzy) —2f(y) — f(x)y = B(x,y) forall z,y € R. (1)

Such a function B is called a bi-derivation of order at most n— 1 (from R into
S). Let D, (R, S) denote the set of all derivations of order at most n from R
into S.

It is evident that the definition of derivation of order 1 agrees with the
earlier definition of derivation.

We say that a function d : R — S is a derivation of order ezactly 1 if
d € D1(R,S) and d # 0, that is if d € D1(R,S) \ Do(R, S). Similarly, d is a
derivation of order exactly n if d € D, (R, S)\ D,—1(R, S). For each n € N, let
Dx(R,S) = Dp(R,S) \ Dy—1(R, S) be the set of derivations of order exactly
n. If R = S we abbreviate D, (R, S) and D} (R,S) by D,(R) and D} (R),
respectively.

It was shown independently in [2,5] that for any commutative ring R, if
dy,...,d, € Di(R), then d,, o ---ody € D,(R). Furthermore, if R is an in-
tegral domain of characteristic larger than n! (including characteristic 0) and
di,...,d, € Di(R), then d,o---od; € D} (R). Here we generalize those results
by considering compositions of derivations of all orders, not just those of order
1.

We believe that the proofs of our main results, especially Proposition 4.2
and Theorem 4.3, are actually simpler than the corresponding proofs given
in [2] for the special case of compositions of derivations of order 1. Also the
condition on the characteristic of R is sharpened.

The organization of the paper is as follows. We begin in the next section
with some preliminaries concerning Leibniz differences and their applicability
to the theory of derivations. Section 3 contains additional preliminaries, no-
tation and definitions. The main results are in Sect. 4, and the final section
contains some examples.
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2. The Leibniz difference operator and derivations

Our fundamental tool in these investigations is the Leibniz difference operator.
In this section we define Leibniz differences of various orders and state some
of their relevant properties. In particular we import some results from [2] and
[3] illustrating their close relationship with derivations.

Definition 2.1. Let R C S be commutative rings. For any function f: R — §
and any y € R we define the function A, f : R — S, called the Leibniz difference
(of order 1) of f with increment y, by

Ayf(z) = f(zy) —zf(y) — f(x)y forall z € R.

We call A, a Leibniz difference operator of order 1 on S®. We also define
Leibniz difference operators of order n on S® by

Aylr-wyn = Ayn o"'OAy1 fOI' au Yis-- - Yn S R?
for each n € N. For any f € ST we say A,, . f is a Leibniz difference of
order n of f. For the special case y; = --- =y, = y we define
AZ =Ny

Note that if f is a derivation (of any order), then the function (x,y) —
A, f(x) is identical to the bi-derivation B appearing in (1).

It follows from the definition of Leibniz differences that for any f € S® and
any yi,...,Yn+1 € R we have

n+1
Ay17~~;ynf(yn+1) :f(y1y2 T yn+1) - Z yif(yl R PRER yn+1)
i=1

+ Z Yy fyi- i Ui Yng1)
1<i<j<n+1
n+1

+...+(—1)"Zy1---yi---ynﬂf(yi), (2)

where we use the hat symbol ™ over a variable to indicate that that variable is
omitted. Letting |I| = the cardinality of a set I C N, this can be written more
concisely as

Mgy f i) =Y (=17 Y (Hy> f I v (3)
i—0 refl,.

J [I|=j \i€l 1N\

for all y1,...,yn+1 € R, where the second summation is taken over all subsets
I of cardinality j of the index set {1,...,n + 1}. In particular, taking y; = y
for 1 <i<n+1 we have
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)= o/ (" T s, @)

j=0

Since our rings are commutative, Eqs. (2) and (3) exhibit symmetry with
respect to all variables. Hence we have the following, where S, for any pos-
itive integer m denotes the symmetric group of all permutations on the set

{1,...,m}.

Lemma 2.2. Let R C S be commutative rings, let n € N and let f : R — S.
For any y1,...,Yns+1 € R and any permutation m € Sy, 11 we have

Ayrroogn fUns1) = Dy, my) f (T (YUng1))-

In particular, taking only permutations in Sp41 that leave yn41 fized we get
Ayh---,ynf = Aﬂ'(yl),...,ﬂ'(yn)f fOr all m™e Sn

The next observation is Proposition 2.3 in [2]. (Its final sentence is also a
restatement of Proposition 4.5 in [1]; see Eq. (3) above.)

Proposition 2.3. Let R C S be commutative rings, let f : R — S be additive,
letn € Nandj e {1,...,n}. Then f € Dn(R,S) if and only if Ay, . 4 f €
D,—j(R,S) for all y1,...,y; € R. In particular, f € D,(R,S) if and only if
all Leibniz differences of f of order n vanish.

From this follows the nesting property

for spaces of derivations on commutative rings.

The following result further illustrates the close connection between Leibniz
differences and derivations. In view of Eq. (4) above it is simply a restatement
of Theorem 5 in [3] (see also Corollary 2 in [4]) in terms of Leibniz differences.

Proposition 2.4. Let n € N, let R C S be commutative rings, and suppose
f: R — S is additive. In addition suppose multiplication by (n + 1)! is either
injective in S or surjective in R. Then f € D, (R, S) if and only if A} f(y) =0
forally € R.

3. Further notation, definitions, and observations

We introduce some special notation for the treatment of Leibniz differences.
Suppose we are given a list of elements y1,...,y, € R which are to serve
as increments for Leibniz differences. Although the order of the increments is
immaterial in a Leibniz difference operator A, .. ,,. because of symmetry, it
is not correct to think of the list of increments as a set. This is because some
of the increments y; may be used more than once, so we need to count them
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with their multiplicities. Thus the list of increments is actually a multiset. For
this reason we use the notation

Y:[ylv"'7y7l]ER

to indicate that Y is an unordered list of n increments (some of which may be
repeated) taken from R. For such a list we write y; € Y for 1 <i < n.

Definition 3.1. Suppose n € N, R is a commutative ring, Y = [y1,...,y»] C R,
f:R—S,and je{l...,n}.

(a) Let P;j(Y) denote the collection of unordered sublists of Y with length j.

(b) For any X = [z1,...,2;] € P;(Y), define Axf = A,
Nof = 7f.

(c) Forany X = [z1,...,2;] € Pj(Y), let Ay x f denote the Leibniz difference
of f of order n — j with increments from the unordered list Y \ X that
remains after the increments x1, ..., x; are deleted from the unordered list
Y.

(d) If j > 2and X = [21,...,25] € Pj(Y), define Af(X) := Ay, . 2, , f(5).
If X = [x1], define Af(X) := f(z1).

(e) For any two unordered lists U = [u1,...,u;] and V = [vy,..., vz, let
U UV denote the concatenated unordered list

UUV :=[ug,...,uj,vg,..., 0.

(f) For any X € P;(Y), write | X| = j to indicate that X is an unordered list
of length j.

The following observation is a simple consequence of Egs. (2) or (3) when
any increment is 0, together with the fact that f(0) = 0 for any additive
function f.

Lemma 3.2. Let R C S be commutative rings, let f : R — S be any function
such that f(0) =0, and let X be an unordered list of elements of R containing
0. Then Ax f =0.

In particular, if 0 € X and f is additive then Ax f = 0.

For a commutative ring R, let char(R) denote the characteristic of R. When
we declare that char(R) > m for some m € N we also include the possibility
that char(R) = 0.

An integral domain is a commutative ring R in which for any =,y € R
the equation zy = 0 implies that z = 0 or y = 0. The characteristic of an
integral domain is either 0 or a prime p. Hence for an integral domain R and
any positive integer m we have that char(R) > m if and only if multiplication
by p is injective in R for every prime p < m. It follows that char(R) > m if
and only multiplication by m! is injective in R.
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4. Compositions of derivations of various orders

Now we show that in the setting of commutative rings, if f € D;(R,S) and
g € Dp(S,T) then go f € Dj (R, T). In other words, the composition of
derivations is additive with respect to their orders. This result generalizes
Proposition 3.1 in [2].

Proposition 4.1. Let m € N with m > 2.
(a) Let RC S CT be commutative rings, and let j € N with 1 < j <m —1.
Suppose f € D;(R,S) and g € Dp,—;(S,T). Then
Ay(go f) =gW)f + FW)F+ Apyd + (Ayg) o f +go (Ayf) (5)

for all y € R, where g := g|g is the restriction of g to R. Moreover
gof€Du(RT).

(b) Let Ry € Ry C -+ C Ry41 be commutative rings, and let ny, ..., ny, € N.
If fi € Dy, (Ri7Ri+1) for1 <i<m, then fpo---0f € Dn1+~~~+nm(R17
Rn+1).

Proof. We start by proving Eq. (5). For any z,y € R we have

Ay(go f)(@) = (go f)zy) —x(go f)y) — (g0 f)(x)y
= [9(zf(y) +yf (@) + Ay f(2))] — 29(f(y)) — yg(f(x))
= [g(zf(y)) —zg(f(y)] + [9(vf(x)) — yg(f(x))] + g(Ay f(2))
=[g(x)f(y) + Apy9(@)] + [9(v) f () + Ayg(f ()] + 9(Ay f (@),

which is (5).

Next we show that go f € D,,,(R,T) by induction on m. For the initial step
m =2 we have j =1,s0 f € D1(R,S) and g € D1(S,T). By (5) for j =1 and
m = 2 we have

Ay(go ) =g f+ f(y)3,

since in this case Af)g = Ayg = Ayf = 0. Thus we see that Ay(go f) €
D1(R,T) for all y € R. Therefore go f € Dy(R,T) and the statement is true
for m = 2.

Now let M > 3 and suppose our statement is true for all 2 <m < M — 1.
We have to prove that it is true for m = M, so suppose that f € D;(R,S)
and g € Dy—;(S,T), with 1 < j < M — 1. Consider the right hand side of (5)
term by term for a given element y € R.

(i) 9(y)f € Dj(R,T) € D1 (R, T).
(i) f(y )QGDM i(R.T) C Dy—a(R,T).
(111) Af(y)g S DM - 1(R T) - DM 1(R T)
(iv) (A f is the composition of Ayg € Dar—;—1(S,T) with f € D;(R,S).
By the induction hypothesis the composite function belongs to
Dy-1(R,T).
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(v) go(Ayf) is the composition of g € Dy—;(S,T) with A, f € D;_1(R,S).
By the induction hypothesis the composite function belongs to
Dr-1(R,T).

By the linearity of Eq. (5) we conclude that Ay (go f) € Dayr—1(R,T'), and thus
(go f) € Dy (R, T). Therefore part (a) is proved.
Part (b) follows from part (a) by a simple inductive argument. O

Our ultimate goal is to show that under certain conditions on the underlying

rings the same type of additivity holds for derivations with respect to exact
orders, that is for the sets D} . The key to reaching that goal is the following
proposition.
Proposition 4.2. Let R C S C T be commutative rings, let m € N with m > 2,
and let j € N with 1 < j <m —1. Suppose f € D;(R,S) and g € Dp,—;(S,T),
and letY = [y1,. .., Ym—1] be an unordered list of m—1 increments taken from
R. Then

Z S AFX)AxG+FAGX) A f], (6)

J=1 XeP;(Y)
where § := g|g is the restriction of g to R.

Proof. The proof is by induction on m. For m = 2 and Y = [y], Eq. (6) states
that

Ay(go f)=Ffw)g+g)f

for any f € Di(R,S) and g € D;1(S,T), which agrees with (5) for the case
j =1,m = 2. Therefore (6) holds for m = 2.

Now let M > 2 and suppose (6) is valid for 2 < m < M. We will prove (6)
is valid for m = M + 1. To this end, let Y = [y1,...,ya—1] be an unordered
list of M — 1 increments taken from R, let Y’ = Y U [yas] be the unordered
list [y1,...,ym], and suppose f € D;(R,S) and g € Dyr+1—,(S,T) for some
j€{l,...,M}. Then using (5) from Proposition 4.1 we calculate that

Ayi(go f) = Avupa(go f) = Ay oAy, (9o f)
= Ay [g(yar)f + F(ym)g + Apand + (Ayy9) o f + g0 (Ay,, f)]
= g(yrm) Ay f + Fyrnr) Ay G + Ay i yad
+ Ay [(Ay,9) o f+go (Ay,, f)]
=gm)Ay f+ flym)Ay g+ Ay [(Ayy9) 0 f+ g0 (Ay, ). (7)

In the last step we used Ayyj(y,)9 = 0 because either f(yas) = 0 or not.
In the first case we apply Lemma 3.2, and in the second case we combine
two facts: (i) Ayyjp(ya)g is a Leibniz difference of g of order M, and (ii)
g € Drig1—;(S,T) implying § C Dps(R,T') since j > 1.
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Next observe that (Ay,,g) o f is the composition of Ay,,g € Dy—;(S,T)
with f € D;(R,S). In the case j = M we have Ay,,g = 0so (Ay,,g9) o f = 0;
otherwise j < M — 1 and we can apply the inductive hypothesis to the term
(Ay,9) o f. Also, g o (Ay,, f) is the composition of g € Dyr41-;(S,T) with
Ay, f €Dj_1(R,S). In the case j = 1 we have Ay,, f =0s0 go (Ay,, f) =0,
and in this case we also have Ay\xf = 0 for X € Pi(Y) in the second line
of the calculation below. Otherwise j > 2 and we can apply the inductive
hypothesis to the term g o (Ay,, f). The result for (7) is that

Ayi(go f) = g(ys) Ay [+ f(ysr) Ay g + Ay [(Ayy9) o f + g0 (Ay,, f)]

M-1
gAY F+ Fn)Ayd+ Y Y [AF(X) A\ x(Ay,, )
Jj=1 XeP;(Y)
A(AyMg)(X)AY\Xf]
M—
+ Z (Ayos ) (XA x G + Ag(X) Ay x (Ay,, )]
j=1 X

]

M-1
= g(ym)Ay [+ f(ym)Ayg + Z Z [Af(X)Aynxd

J=1 XeP;(Y'),ymgX

+Ag(X)Aynx f]
M—1
+ _ [A(Ay, ) (XA x f + ANy, /) (X)Ax3] . (8)

where we have used in the last step that when X € P;(Y), the quantities
Ay x (Ay,,9) and Ay x(Ay,, f) can be replaced respectively by Ay xg and
Aynx f for X € P;(Y') with yar ¢ X.

Let us examine the last two summands more closely. Using Definition 3.1
(d) for X = [z1,...,2;] € Pj(Y) and for all 1 < j < M — 1, we get

A(Any)(X) = [Am ,,,,, zj_1 © (Any)](lL']) = AHEl,.»-,Ij—hny(xj)
= Af(X Uyml),

and similarly

A(Ay,, 9)(X) = Ag(X U [ym]).
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Using these simplifications in (8), we find that
M-1
Ayi(go f) =gy f+ Fhyd+ S S [AF(XO)AyxG

J=1 XeP;(Y'),ym¢X
+Ag(X)Ayn x f]

M-1
+ Z Z [Ag(X U [yar]) Ay x f + AF(X U [yam]) Ay x g
Jj=1 XeP;(Y)
M-1
= Z Z [Af(X)AynxG+ Ag(X)Ayn x f]

Jj=1 XGPj(Y’),y1\4¢X
+9(yam) Ay f+ f(ym)Ay g

M
+Z Z [Ag(X/)AY’\X’f+Af(X/)AY/\X/§}
J=2 X'eP;(Y'),ym X’
M—-1
= Z Z [Af(X)AynxG+ Ag(X)Ay x f]

J=1 XeP;(Y'),ym¢X

M
+ Z Z [Ag(X")Aynx/ f+ Af(X)Ayn x/ 7]
J=1X'eP;(Y'),ymeX’

M
=3 > M)Ay xG+ Ag(X)Aynx f]
J=1XeP;(Y")
In the last line we used the fact that for j = M the only element of Py (Y”) is
the complete list Y itself, which includes y,;.
Therefore (6) holds for m = M + 1 and the proof is finished. O

Now we are ready for the main result. (For the reason why we restrict to
the case R = S here, see Example 5.3 below.)

Theorem 4.3. Let R C T be integral domains, suppose m,k € N withm > 2 and
1 <k <m—1, and suppose char(R) > m. If f € Dj(R) and g € D}, (R, T),
then go f € D, (R,T).

Proof. For a contradiction, suppose there exist an f € Dj(R) and a g €
D _(R,T) such that go f € D,,,_1(R,T). Let Y = [y1,...,Ym—1] be an
unordered list of m — 1 increments taken from R. Then by Proposition 4.2 we
have (note that § = g since S = R)

0=Aviof) =3 3 [AFX)Avxg+ Ad(XAv ]

n=1 XeP,(Y)
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Considering the terms A f(X)Ay\ x g for X = [z1,...,2,] € P,(Y), we have

(1) Af(X)=As 29,0, f(xn) =0for n — 1>k, since f € Dy(R); and
(ii)  Ay\xg = 0iflength |Y|—-|X|=m—1-n >m—k,since g € D), (R, T).

Hence these terms vanish when n > k+1 or n < k — 1, and the only surviving
terms are the ones for n = k. A similar analysis of the terms Ag(X)Ay\ x f
shows that they all vanish except for the ones with n = m — k. Thus we are
left with

0= > AMX)Mxg+ Y, Ag(X)Anxf (9)

XeP,(Y) XE€Ppm—r(Y)

By Proposition 2.4, since f ¢ Dy_1(R), there exists an element p € R such
that a = A’;’lf(p) # 0. Putting y; = p forall 1 <i¢<m —11in (9) we get

m—1 i m—1\,,,_1_ _
0= ( % >aA;)n =kg 4 <m—k>A” ! kg(p)A’; Ly,
Multiplying by k!(m — k)!, this becomes
0= (m—D!(m-— k)aA;"flfkg + k:Az%l*kg(p)A];*lf]. (10)
Evaluating this equation at p we have
0= (m—1!(m — k)ady " "Fg(p) + KAy " g(p)Ay~" f(p)]
= m!aA;"_l_kg(p).

Since char(R) > m (thus char(T) > m), as noted above multiplication by m!
is injective in T'. Since a # 0, this implies Az%l’k‘g(p) = 0. Inserting this into
(10) we get

0=(m—1)!(m— k)aA;nflfkg.

But multiplication by (m—1)!(m—k) is also injective in T' because 1 < k < m,
hence we arrive at the conclusion A;’L_l_k g = 0, which contradicts the fact that
g9 € Dy (R).

This completes the proof of the theorem. O

The theorem just proved contains the following corollary, which improves
Theorem 3.6 in [2] and also includes Theorem 1.2 in [5].

Corollary 4.4. Let R be an integral domain, suppose n € N with n > 2, and
suppose char(R) >n. If dy,...,d, € Df(R), then dy o---ody € D} (R).

Proof. In Theorem 4.3 take k = 1, f = dy and successively m = 2,...,n with
g=d,;, o---0ds at each step. O

Another simple inductive argument leads to the following extension of The-
orem 4.3.
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Corollary 4.5. Let R be an integral domain, suppose m € N with m > 2, let
ni, ..., Nm € N, and suppose char(R) > (ny + -+ +np). If fi € Dy, (R) for
each 1 <i < m, then fyo---0ofi €D ., (R).

5. Examples

We close the paper with three examples illustrating the need for our assump-
tions in Theorem 4.3. The first shows the necessity of char(R) > m, even if R
is an integral domain.

Ezample 5.1. Let p be a prime number. Then the polynomial ring R = Zj[z] is
an integral domain with characteristic p. Let d : R — R be the derivative func-
tion defined by d(f) := f’ for f € R, and define higher derivatives d?,d?, ...
by iteration. Then for 1 < j < p — 1 we have &/ € Dj(R). On the other hand
for any polynomial f € R, say f(z) = 3, ajz? with finitely many nonzero
a; € Z,, we have

v (f)=d> Zajxj = Zp!ajxj_p =0,
J jzp
so dP = 0.

The second example shows the necessity of R being an integral domain,
even if char(R) = 0.

Ezample 5.2. Let R be the quotient ring Z[z, y]/(zy), where (xy) is the ideal
generated by zy. Let m € N with m > 2, and suppose j € {1...,m — 1}.
Define dy,ds : R — R by

&p o™ ip
di(p) =55,  d2(p) = Dy

It is easy to see that dy € D;-‘(R) and dy € D;‘nfj(R), yet dy o dy = 0.

Finally, one might ask why we restrict to the case R = S in Theorem 4.3
rather than working on a “tower” of integral domains R C S C T'. The next
example shows that the corresponding statement on such a tower is not true
if S # R, not even for fields of characteristic 0.

Ezample 5.3. Let R = Q(z) be the field of rational functions in = with coef-
ficients from Q, and let S = Q(z,y) be the field (extension of R) of rational
functions in two variables x,y. Define D : R — S and Dy : S — S by
0
Di(f):=f and Ds(g) := 379/7
for all rational functions f = f(z) € Q(x) and g = g(z,y) € Q(z,y). Clearly
D, € D}(R, S) and Dy € Dy (S, S). Nevertheless Dy 0o Dy = 0.
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