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Derivations and Leibniz differences on rings

BRUCE EBANKS

Abstract. Let R be a commutative ring and n a positive integer. We show that the compo-
sition of n derivations of order 1 results in a derivation of order n on R. If in addition R
is an integral domain of characteristic 0, then the composition of n nontrivial derivations
of order 1 forms a nontrivial derivation of order n. This is also true for integral domains
of characteristic larger than n!, but not for integral domains of characteristic n!, nor for
commutative rings (even of characteristic 0) which are not integral domains. We prove our
results by the use of Leibniz differences. One corollary is that nontrivial derivations of all
orders exist on R.
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1. Introduction

The research in this paper was motivated by the question of whether nontrivial
derivations of all orders exist on R. The affirmative answer to this question
is a consequence of more general results presented herein. We will prove that
if dy,...,d, are nontrivial derivations (of order 1) on a commutative ring R,
then the composite function dy o --- o d,, is a nontrivial derivation of order n
provided that R is an integral domain of characteristic 0 or of characteristic
greater than n!.

Given a commutative ring S with subring R, a derivation of R into S is a
function d : R — S which satisfies additivity and the product rule (or Leibniz
rule), respectively

d(z +y) = d(z) + d(y) and d(ry) = zd(y) + d(z)y,

for all x,y € R. A mapping B : RXx R — S is a bi-derivation if B is a derivation
in each variable when the other variable is fixed. Examples of bi-derivations are
functions such as (x,y) — Y, ¢i(x)1;(y) where each ¢; and ); is a derivation.
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We define derivations of other orders inductively as follows.

Definition 1.1. Let S be a commutative ring with subring R. The zero function
is the only derivation of order 0 on R into S. For each n € N, suppose we have
defined derivations of order n — 1. If f : R — S is additive, then f is said to
be a derivation of order n if there exists a function B : R x R — S which is a
derivation of order n — 1 in each variable such that

f(a:y)—xf(y)—f(:z:)y:B(m,y), z,y € R. (1)

We will refer to such a function B as a bi-derivation of order n — 1. We use
Dy (R, S) to denote the set of all derivations of order n on R into S. In case
R = S we define D, (R) := D, (R, R).

It is evident that the definition of derivation of order 1 agrees with the
previous definition of derivation.

We say that a derivation d of order 1 is nontrivial if d # 0, that is if
d € D1(R,S)\ Dy(R, S). Similarly, a derivation of order n is nontrivial if it is
not a derivation of order n — 1. So the existence of a nontrivial derivation of
order n on R into S is equivalent to the statement D, (R, S)\ Dp—1(R,S) # 0.

Throughout this paper we work only with rings that are commutative.
An integral domain is a nontrivial (R # {0}) commutative ring such that
x,y € R\ {0} implies zy # 0.

Our main results are the following. In Proposition 3.1(ii) we prove that if
dy,...,d, € Di(R), thendyo---od, € D,(R). In Theorem 3.6 we show that if
R is an integral domain of characteristic larger than n! (including characteristic
0) and dy,...,d, € D1(R)\ Do(R), then dy o ---od, € Dy(R) \ Dp—1(R).

The organization of the paper is as follows. We begin with some notation
and preliminaries in the next section, including the introduction of Leibniz
differences. Section 3 contains the main results mentioned above. Then we
conclude with a short section consisting of two examples demonstrating the
sharpness of our results. Specifically, we provide counterexamples to the con-
clusion of Theorem 3.6 in case R either has characteristic n! or is not an
integral domain.

2. Notation and preliminaries

Using methods developed in the author’s paper [1], it can be shown that our
main results hold for the special case d; = -+ = d,,. That is, if d"* denotes the
n-th iterate of a function d : R — R, then d" is a derivation of order n for
any derivation d of order 1; furthermore, d” is nontrivial if d # 0 and R is an
integral domain of characteristic 0. We do not give separate proofs for these
statements since they will follow from our main results.
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Our primary tool is the Leibniz difference operator, which plays a key role
in these investigations. It seems to be an important tool for the study of
derivations of higher order.

Definition 2.1. Let S be a commutative ring with subring R. For any function
f: R — S and any z € R we define the function A, f : R — 5, called the
Leibniz difference (of order 1) of f with increment x, by

Aof(y) = flzy) —af(y) — f(x)y forall yeR

We call A, a Leibniz difference operator of order 1 on ST. We also define
Leibniz difference operators of order n on S® by

Nyioy, =Ny 00Ny forall wyi,...,yn €R,
and for any f € S® we say Ay, . f is a Leibniz difference of order n of f.

Note that if f is a derivation (of any order), then the function (x,y) —
A, f(y) is identical to the function B appearing in (1).

Now we show that the expressions defined above are completely symmetric
functions of all the variables. For each positive integer n we use the notation
Sy, to denote the symmetric group of all permutations on the set {1,...,n}.

Lemma 2.2. Let S be a commutative ring with subring R, let n € N and let
f:R—S. For any y1,...,Yns+1 € R and any permutation m € S, 11 we have

1oy d Ynt1) = Axyr),m(yo) F (T (Yng1))-

Proof. 1t is clear from the definition that this is true for n = 1. For larger
values of n the statement follows from a calculation of the explicit form of the
left hand side. It is not difficult to show by a simple inductive argument that

n+1

N wwf GGy
1<i<j<n+1
n+1

o (DD g G Y F (),
1=1

where we use the hat symbol ~ over a variable to indicate that that variable
is to be omitted. O

Now suppose [ : R — S is an additive function. Then f € D, (R, S) if and
only if A, f € D,,_1(R, S) for each x € R. By taking further Leibniz differences
we have the following.
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Proposition 2.3. Let S be a commutative ring with subring R, let f : R — S
be additive, let n € N and j € {1,...,n}. Then f € D,(R,S) if and only if
Ay .y, J € Dpj(R,S) for all yi,...,y; € R. In particular, f € Dy(R,S) if
and only if all Leibniz differences of f of order n vanish.
From this follows the nesting property
{0} =Do(R,S) CDi1(R,S5) C--- CDy(R,S) C

for spaces of derivations on commutative rings. Indeed, if f € D, (R,S) then
Ay, .y, f=0for any yi,...,y, € R, so any further Leibniz differences of f
also vanish. Thus f € D,, (R, S) for all m > n.

3. General compositions of derivations

We show now that the composition of n derivations of order 1 forms a deriva-
tion of order n.

Proposition 3.1. Let R be a commutative ring, and let n € N.
(i) If h € Dy (R) and d € D1(R), then
Az (hod)(y) = h(x)d(y) + d(x)h(y) + (A:h)(d(y)) + (Ayh)(d(z))  (2)
for all x,y € R. It follows that hod € Dy41(R).
(i) If dy,...,d, € Di(R), thendyo---od, € Dy(R).
Proof. We prove statement (i) by induction. For n = 1 we assume that h,d €
Di(R), then
Ayz(hod)(y) = (hod)(zy) —z(hod)(y) — (hod)(x)y
= h(zd(y) + d(x)y) — xh(d(y)) — h(d(x))y
= h(z)d(y) + zh(d(y)) + h(d(z))y + d(z)h(y)
— zh(d(y)) — h(d(z))y
= h(x)d(y) + d(z)h(y),
for all z,y € R. Since Azh = Ayh = 0 for h € D;1(R), this proves (2) for n = 1.
Furthermore, the right hand side is a bi-derivation of order 1, so hod € Ds(R).

Now suppose statement (i) is true for some n > 1, and let h € D, 1 (R)
and d € Dy (R). Starting out as before we compute

Ay (hod)(y) =h(zd(y)) + h(d(z)y) — xh(d(y)) — h(d(z))y
= [h(zd(y)) — zh(d(y)) — h(z)d(y)] + h(zx)d(y)
+ [h(d(2)y) — h(d(x))y — d(z)h(y)] + d(x)h(y)
= A h(d(y)) + h(x)d(y) + Ayh(d(z)) + d(2)h(y),  (3)

which is (2) again for n augmented by 1. Now consider the terms on the
right hand side of (3) as functions of y. For each fixed z in R we see that
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h(z)d € Di(R), d(x)h € Dpy1(R), and y — Ayh(d(z)) = Agz)h(y) € Dp(R).
The term (Azh)od is the composition of the derivation A,h of order n with the
derivation d of order 1, hence it is a derivation of order n + 1 by the inductive
hypothesis. Since each D;(R) is a linear space and D1 (R) C D,,(R) C D, 41(R),
we find that Ay(hod) € Dy11(R) for each x € R. Thus hod € Dy42(R) and
part (i) is proved.

Part (ii) follows directly from part (i) by a simple inductive argument. [

What remains is to answer the question of whether the composition of
nontrivial derivations produces nontrivial derivations of higher orders. In or-
der to answer this question, we need to understand more about the interaction
between Leibniz differences and compositions of derivations. This will be ac-
complished through a series of steps, beginning with the following reduction
formula.

Lemma 3.2. Let R be a commutative ring, let n € N with n > 2, and suppose
dy,...,dpt1 € Di(R). Let z,y1,...,Yyn € R and define Y = {y1,...,yn}-
Then for each k € {1,...,n — 1} we have
Ykt1seees Yn [Ayl ,,,,, Yk (dl 6.--0 dn) o dn+1](z)
= Ayk+2;~~7yndn+1(Z)Ay1:~-~7yk (dl 00 dn)(ykJrl)
+ dn+1(yk+1)AY\{yk+1}(d1 O---0 dn)(z)
+ Ayk+27---7’yn [Ayh--<7yk+1 (dl ©-+-0 dn) © dn-l-l](z)' (4)

An empty operator (such as A
the identity operator.

Yiizryn When k =mn—1) is to be interpreted as

Proof. The proof proceeds by induction on k, and we shall use Proposition
3.1 (i) repeatedly. For k = 1 we take h := Ay, (dy o---0ody), d := dp41, and
2 :=yz. Then Eq. (2) yields
Ay, [Ay,(dro---0dy) o dnia](2)
= dn11(2)Ay, (d1 o+ 0dn)(y2) + dns1(y2)Ay, (dr o0 dy)(2)
+ Ay s (dio--ody)odnir(2) + Az y (dio- - ody)(dnta(y2))-

If n = 2 then this equation reduces to
Ay, [Ny, (dy 0 dz) 0 ds](2) = d3(2)Ay, (di 0 d2)(y2) + d3(y2) Ay, (d1 © d2)(2),

since Ay ,(dq 0 dg) = 0 for any u,v € R, and this agrees with (4).
If n > 3 then we have
Ayy, oy, [Ayi(dro---odn) odnia](2) = Ay, .y, {Ay, [Ay, (dr o~ 0 dn) 0 dnia]}(2)
=Ny, oy dnr1(2)Ay, (dio- - odn)(y2) + dni1(y2)Ay,,. .y, Ay, (d1 o 0dn)(2)
+ Mgy, [Ays e (di o odn) 0 dni1)](2)
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+Ays,ya Ay (di o0 dn)(dnta(y2))

=dn+1(y2)Ay,,ys,..., yo(d1o--0dn)(2) +Ay,,..., v [Ays,ya(di o 0dn) 0dnin)](2),
since dy o---od,, € D,(R) is annihilated by the operator A, ,, y,, ., of order
n, and dy,4; is annihilated by the operator A,, ., of order at least 1. This
again agrees with (4), which is now established for k£ = 1.

Now suppose (4) is valid for some k& € {1,...,n — 2}, and consider the
expression Ay, ., . [Ay, .y (dio---ody)od,i1]. Notice that this can be
considered only if n > 3. We apply Proposition 3.1 (i) with h := Ay, ., . (dio
c-vody), d:=dpt1, and T := ygy2, obtaining

Ayk+2,---,yn [Ay17---7yk+1 (dl ©---0 dn) © dn+1](z)

= Ayk+37---7yn{Ayk+2 [Aylv---7yk+l (dl ©---0 dn) o dn+1]}(z)

= Ayk+3’~~»yndn+1(Z)Ayhm,ym—l (dio--ody)(Ykt2)
+ dnr1(Ukr2) My \ (g 0y (d1 0 0 dp)(2)
+ Ayk+3,--<,yn [Ayl,--<7yk+2 (dl ©---0 dn) o dn+1](2’)
+ ALy o\ {yiso} (d1 0 -0 dn)(dnt1 (Yr42))

= Ayk+37-~ayndn+1(Z)Aylwwaykﬁ—l (dl ©---0 dn)(yk+2)
+ dn+1(yk+2)AY\{yk+2}<d1 0---0 dn)(z)
+ Ayk+37-~7yn [Ayly--<7yk+2 (dl ©---0 dn) © dn+1](z)7

since dy o ---od, € D,(R) is annihilated by the Leibniz difference operator

A Uv\{yese) Of order n. This is exactly Eq. (4) for & increased to k + 1 and
that completes the proof. O

The next result describes what happens when we apply Lemma 3.2 succes-
sively for k =1 through k =n — 1.

Lemma 3.3. Let R be a commutative ring, let n € N with n > 2, and let
dy,...,dni1 € Di(R). Suppose z,y1,...,yn € R and let Y = {y1,...,yn}-
Then we have

~~~~~ ynAyy (d1 0+ 0dn) o dpnia](2)

= dut1 (W) Ay (i} (d 0+ 0 dn)(2) + dng1 (2) Ay y,1 (dr © -+ 0 dn) ().
1=2
(5)

Proof. We start by proving (5). As observed above, for n = 2 Eq. (4) with
k=1 gives

Ay, [Ay, (d1 0 d2) 0 d3](2) = d3(2)Ay, (d1 0 d2)(y2) + d3(y2) Ay, (d1 0 d2)(2),
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confirming (5). Now suppose n > 3. Then successive applications of Lemma
32for k=1,2,...,n—1 yield

Aysyooyu [Ny, (dr o+ 0dpn) odni1](z)
= Ays,o iy nt1(2)Ay, (d1 o 0dn)(Y2) + dnt1(y2) Ay {y,) (d1 0+ 0dn)(2)
+ Ay, yn[Ayr,ya(d1 o 0dy) 0 dnta](2)
= dn+1(y2)Ay\ (g3 (d1 0 - 0dn)(2) + Ay, .y, dnt1(2)Ay, .y, (dr o+ 0dn)(ys)
+dnt1(ys)Ay\(ys3(dio--odn)(2) + Ay, .y, [Ayy, . ys(d1 o 0dn) 0 dnya](2)

n—1

= D dnt1(¥i)Ay\ gy, (dio- - 0dn)(2) + Ay, [Ny, .y, (d1 0o 0dn)0dnia](z)

Il
- N

3 e

= dnt1(@i)Ay (y,3 (d1 0+ 0dn)(2) + dny1(2) Ay (4,3 (d1 o+ 0 dn)(yn)

1=2
+ dny1(Yn)Ay\(y,3(dro--0dn)(2) + Ay, .y, (d1o--0dn) odnii(2).
Since the last term vanishes, this proves the statement. O

The following result provides another key to answering our main question
about nontrivial derivations.

Proposition 3.4. Let R be a commutative ring, let m € N with m > 2, and
suppose dy, . ..,dn € Di(R). Then

Aysopa(di o0 dm)(ym) = D dury(W1) -+ (o) (Um) (6)
TESm
forallyy,...,ym € R.

Proof. The proof goes by induction on m. For m = 2 the statement is

Ay, (dy o d2)(y2) = di(y1)d2(y2) + da(y1)di(y2)

for all y1,y2 € R, which is just the case n = 1 of Proposition 3.1 (i).

Now suppose Eq. (6) holds for some m > 2, and let Y = {y1,...,ym}. By
Proposition 3.1 (i) with A :=dj o-+-ody,, d := dpt1, and = := y;, we know
that

Ay, (dy o odpodmy1)(2)
=dm+1(2)(d1 0+ 0dm)(y1) + dms1(y1)(d1 0+ 0dm)(2)
+ Ay (dio-ody)odmii1(2) +As(di o odm)(dmt1(y1))-

Using this formula and Eq. (5) with n replaced by m, together with the
inductive hypothesis, we calculate that
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F Ay (di o0 dm) 0 dmia ()
+ Ay (dio--odm)(dmt1(y1))]}(2)
=Ayg,oiym@m41(2)(d1 0+ 0dm) (Y1) + dm+1(W1)Ays, ... ym (d1 0 - - 0dm)(2)
+ Az oy [Ayr (d1 o 0dm) 0 dimy1](2) + Az ya,ym (d1 0 -+ 0 dim) (dmy1(y1))

= dmt1(U1)Ays, iy (d1 0+ 0 dm)(2) + Y dmy1(yi) Ay g3 (d1 0 -+ 0 dim ) (2)
1=2

+dm+1(2) Ay fy,,} (d1 0 - 0 dm)(ym)

= Z dm+1 yz Z dﬂ'(l yl Tr(z) (yl) e dﬂ(m) (y’m)dﬂ(z) (Z)

TESm

Fdmi1(2) Y de)yW1) - dugm) (Ym),
TESm

where in the fourth step we utilized
Aysymimtr = Az (dr 0+ 0diy) = 0.

Evaluating at z = y,,4+1 we get

Ayl,.‘.,ym(dlo Odm+1 ym+1 Z dﬂ'(l) yl dﬂ(m+1)(ym+1)7

TESm+1

which is Eq. (6) with m augmented by 1. This completes the proof. O

Here we single out one useful benefit of the preceding result: It shows that
the function d; — Ay, 4, ,(d10---0od,y) is linear for each i € {1,...,n}.
Additivity is obvious, but it is not necessarily true that (dy o---od;_q o kd; o
djy10---0dy) =k(dyo---ody,) for a given element k € R. Nevertheless it is
true that

Ayyoosym 1 (dio--0dj_1okdjodjy1 o odm)(ym) =k > du)(¥1) - du(m)(ym)
TESm

,,,,, ym—1(d10---0dm)(ym) (7)

for any k € R and any j € {1,...,m}. We will use this linearity in the proof
of Theorem 3.6 below.

Before proving our main theorem, we prove the following special result.
Now additional conditions must be imposed on the ring R. We use the notation
char(R) for the characteristic of R.

Proposition 3.5. Let m € N and let R be an integral domain with char(R) >
m! or char(R) = 0. If d € D1(R) \ Do(R) and ki,...,km € R\ {0}, then
(k1d) o (ked) o - - o (kmd) € Dyn(R) \ Din—1(R).

Proof. The case m = 1 is obviously true. For m > 2 the proof is by contradic-
tion. Suppose (k1d)o(kad)o- - -o(kpyd) € Dy,—1(R). Then all Leibniz differences
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of (kid) o (kad) o -+ - o (kmmd) of order m — 1 vanish. Hence by Proposition 3.4
we have
0= Z kﬂ(l)d(yl) e kﬂ'(m)d(ym)v
TESm
for all y1,...,ym € R. In particular, for y1 = --- = y,, = = we get

0=mlky - ky[dz)]™, z€R,
which is impossible according to our hypotheses. O

We are now ready to state and prove our main theorem. The case char(R) =
0 of the following result has been obtained recently by G. Kiss and
M. Laczkovich [2] using different methods.

Theorem 3.6. Let m € N and let R be an integral domain with char(R) > m!
or char(R) =0. If dy,...,dn € D1(R)\ Do(R), then dy o ---od,, € Dp(R)\
Dim-1(R).

Proof. The proof is by induction on m. The statement is trivially true for m =
1. Now suppose it is true for some m > 1 and let dy, ..., dp+1 € D1(R)\Do(R),
where R is an integral domain with char(R) > (m + 1)! or char(R) = 0.

For a contradiction, suppose dy o -+ o dypp1 € Dy (R). Then any Leibniz
difference of order m of dy o- - od,, 1 vanishes, so by Proposition 3.4 we have
for all y1,...,Ym+1 € R that

0= > di(¥r(n) D1 (Un(mr1))

TESm+1
m—+1 o

= Z di(Ym1) Z d1(Yr)) Ak (Yrr)) g1t Ym(m1))
k=1 TESm+y1,m(k)=m+1
m—+1 L

= dkWmi1)Ays s (dr o 0 di 0 0 diniy)(Ym)- (8)
k=1

If we assume that {dy, ..., dm1} is linearly independent, then in the preceding

equation the coefficient of d(ym+1) for each 1 < k < m + 1 must be 0. In
particular for k = m + 1 we would get

Aylvuvym—l(dl ©:--0 dm)(ym) =0

for all y1,...,ym € R. This would entail dy o- - -od,, € D,,_1(R), contradicting
the induction hypothesis.

Therefore {dy,...,dmn+1} must be linearly dependent. Relabeling if neces-
sary, we can write

m
dm+1 = Z dej
j=1
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for some constants ¢y, ..., ¢, € R with ¢, # 0. Using this in (8) we find that

0= dm+1(ym+1)Ay1,m,ym71 (dio---0dm)(Ym)

m

+ Z dk(ym“!‘l)Aylwn;yanl (dl O---0 C/l'; 0---0 dm+1)(ym)
k=1

=3 ¢ di(Ymr1) Ay (dr 0+ 0 dry) (Ym)
j=1

m m

+de(ym+1)/\yh_“7ym71 d10~~-0dko-~~0dm0 chdj (ym)
k=1 j=1
(9)
If m = 1 this equation states that

0= cidi(y2)di(y1) + di(y2)erdi(yr) = 2¢e1di(y1)da (y2),
which is impossible by our hypotheses. Thus we have verified the inductive
step if m = 1.
Now suppose that m > 2 and {d1,...,d,,} is linearly independent. Then in

Eq. (9) the coefficient of d;(ym+1) for each 1 < j < m must be 0. In particular
for j = m we have

0 = CmAylw";y'mfl (d]- ©---0 dm)(ym)

m
Ay [dioodmoro | Y eidi | | (ym)
j=1

m—1

=Ny |d10 - 0dm_10 | 2cmdy + Z cjd; (Ym),

j=1
where we have used the linearity property (7). From this we see that
m—1
dio---odpm_10 | 2¢mdy + Z dej S 'Dmfl(R>.
j=1
By the inductive hypothesis, this can be true only if

m—1

QCmdm =+ Z dej = 0,

Jj=1

and since 2¢,, # 0 this contradicts the hypothesis that {di, ..., d,,} is linearly
independent.
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Therefore {di,...,d;} must be linearly dependent. Again re-labeling if
needed, we have

A =Y bjd;
j=1
for some constants by, ...,b,_1 € R with b,,_1 # 0. In case m = 2 it follows

that both dy and d3 are constant multiples of dy, say
d2 = kgdl and d3 = kgdl,

with koks # 0 since do and d3 are nontrivial. By Proposition 3.5 this is impos-
sible.
If m > 2 we continue the reduction process until we arrive at

dy = kody, d3 = kzdy, ..., dpn = kpndy,

with ko -+ k,, # 0. Applying Proposition 3.5 we again have a contradiction,
and this completes the proof. O

We recall (see [3], Chapter XIV, section 2, Theorem 2) that there exist
nontrivial derivations (of order 1) of R. In fact the same is true for any tran-
scendental extension field of Q (see [3], Chapter XIV, section 2, Theorem 1).
Let 6 € D1(R) \ Do(R). Then by Theorem 3.6 the iterate ¢™ is a nontrivial
derivation of R of order n. Thus we have proved the following.

Corollary 3.7. There exist nontrivial derivations of R of every order. The same
18 true if we replace R by any field extension of Q which contains at least one
element transcendental over Q.

4. Examples

We close the paper with two examples illustrating the sharpness of the results
in Theorem 3.6. The first shows the necessity of assuming that the character-
istic of R exceeds n! in order to guarantee that the n-th iterate of a nonzero
derivation is a nontrivial derivation of order n.

Ezample 4.1. Let R = Zp[x] be the polynomial ring with coefficients in Z,,.
Here the derivative function d : R — R defined by d(p) := p’ is a nontrivial
derivation of order 1. Yet it is easy to verify that the n-th iterate (= n-th
derivative) d" is identically zero. Indeed, for any polynomial p € R we have

jzn jzn

" (p) = d” (Zaﬂ’j> =Y -1 G -n+laal =Y n!(i)ajxj*" =0.
J
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The second example shows the necessity of R being an integral domain.
The following R has characteristic 0, but it has nontrivial divisors of 0: z # 0
and y # 0 yet zy = 0. A different example has been given in the paper [2] by
Kiss and Laczkovich.

Ezample 4.2. Let R be the quotient ring Z[z, y]/(xy), where (zy) is the ideal
generated by xy. (Multiplication of elements in R is done as usual for polyno-
mials except that any term which is a multiple of zy is deleted.)

We define dy,dsy : R — R by di(p) :== %, respectively da(p) = g—z. It is
easy to see that d; and dy are nontrivial derivations, yet di o ds = 0.
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