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Abstract. Let X be a locally compact Abelian group, a;, 8; be topological automorphisms
of X. Let &£1,&2 be independent random variables with values in X and distributions pu;
with non-vanishing characteristic functions. It is known that if X contains no subgroup
topologically isomorphic to the circle group T, then the independence of the linear forms
L1 = a1€1 + a2é2 and L2 = (1&1 + [2&2 implies that pu; are Gaussian distributions. We
prove that if X contains no subgroup topologically isomorphic to T2, then the independence
of Ly and L2 implies that u; are either Gaussian distributions or convolutions of Gaussian
distributions and signed measures supported in a subgroup of X generated by an element of
order 2. The proof is based on solving the Skitovich—Darmois functional equation on some
locally compact Abelian groups.
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1. Introduction

One of the most well-known characterization theorems in mathematical sta-
tistics is the following theorem which characterizes the Gaussian distribution
on the real line.

The Skitovich-Darmois theorem ([19, Ch. 3]). Let &;, j =1,2,...,n, n >
2, be independent random wvariables, oj,3; be nonzero real numbers. If the
linear forms Ln = an&1+- - -+ apé&, and Ly = 1§+ - -+ 8,.&, are independent,
then all £; are Gaussian.

The Skitovich-Darmois theorem was generalized by S.G. Ghurye and I.
Olkin to the case when instead of random variables random vectors §; in the
space R® are considered and coefficients of the linear forms L; and Lo are
nonsingular matrices. They proved that in this case the independence of Ly
and Lo implies that all &; are also Gaussian ([19, Ch. 3]). The Skitovich—
Darmois theorem was generalized in different directions (see e.g. [4,18,22,24]).

® Birkhduser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00010-018-0580-5&domain=pdf

1130 G. FELDMAN AND M. MYRONYUK AEM

Especially many publications have been devoted to group analogues of the
Skitovich-Darmois theorem in the case, when independent random variables
take values in a locally compact Abelian group, and coefficients of the forms are
topological automorphisms of the group (see e.g. [7,9,13-15,21,23], and also
[10,11] where one can find additional references). In this paper we continue
this research. It should be noted that the study of group analogues of the
Skitovich-Darmois theorem on a locally compact Abelian group X is based
on the study of solutions of the Skitovich-Darmois functional equation on the
character group of X.

Denote by T the circle group (the one dimensional torus), i.e. T ={z € C:
|z| = 1}. The following theorem was proved in [9)].

Theorem A. Let X be a second countable locally compact Abelian group con-
taining no subgroups topologically isomorphic to T. Let oy, B35, 7 =1,2,...,n,
n > 2, be topological automorphisms of the group X. Let & be independent
random variables with values in X and distributions p; with non-vanishing
characteristic functions. Then the independence of the linear forms L, =
a1+ -+ anén and Ly = 8161 + -+ - 4 Bnépn implies that all p; are Gaussian
distributions.

As noted for example in [6], if a locally compact Abelian group X contains a
subgroup topologically isomorphic to T, Theorem A fails even for the simplest
linear forms L1 = & + & and Ly = & — &;. Thus Theorem A gives a complete
description of locally compact Abelian groups for which the Skitovich—-Darmois
theorem holds in its classical formulation under the assumption that the char-
acteristic functions of ;; do not vanish. We will formulate now the following
general problem.

Problem 1. Let X be a second countable locally compact Abelian group, a;,
Bi,j = 1,2,...,n, n > 2, be topological automorphisms of X. Let &; be
independent random wvariables with values in the group X and distributions
w; with non-vanishing characteristic functions. Assume that the linear forms
Li=a1& 4+ -+ ané, and Lo = 1€ + -+ + Bn&n are independent. Describe
the possible distributions p;.

Taking Theorem A into account, it is sufficient to solve Problem 1 for
groups X containing a subgroup topologically isomorphic to T. Problem 1
for arbitrary n > 2 is complicated enough. For n = 2 a partial solution of
Problem 1 for the group X = T? was obtained in [23], and a complete solution
for the groups X = R x T and X = ¥, x T, where ¥, is an a-adic solenoid,
was obtained in [15].

The main result of the article is a complete solution of Problem 1 for
n = 2 for an arbitrary locally compact Abelian group X, containing a subgroup
topologically isomorphic to T, but not containing a subgroup topologically
isomorphic to T?. We prove that in this case the distributions u; are not
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only Gaussian, but convolutions of Gaussian distributions and some signed
measures (Theorem 3). The proof is based on the fact that the solution of
Problem 1 for an arbitrary locally compact Abelian group can be reduced
to the case when a group is of the form R" x T™, where n < Rp, m < Ny
(Theorems 1 and 2). As to the case when a locally compact Abelian group X
contains a subgroup topologically isomorphic to T2, taking into account results
of [23], we can hardly hope for a complete solution of Problem 1.

We will use in the article the standard results of abstract harmonic analysis
(see [17]). Recall some definitions and agree on notation. Let X be a locally
compact Abelian group, Y = X* be its character group, (z,y) be the value of
a character y € Y at an element z € X, Aut(X) be the group of topological
automorphisms of X. A Borel subgroup of the group X is called characteristic
if it is invariant with respect to any automorphism § € Aut(X). Let A be
a closed subgroup of X, and ¢ be a continuous endomorphism of X. Denote
by 8|4 the restriction of ¢ to A. If H is a subgroup of the group Y, denote
by A(X,H) = {x € X : (x,y) = 1 for all y € H} its annihilator. Let X3
and Xs be locally compact Abelian groups with character groups Y; and Y3,
respectively. For any continuous homomorphism f : X; — X5 define an adjoint
homomorphism f : Y, — Y; by the formula (21, fyg) = (fx1,y2) for all
x1 € X1, Y2 € Ya. Denote by cx the connected component of zero of the group
X. Denote by Z the group of integers, by Z(2) the subgroup of T consisting of
elements £1. Denote by T™, where m < Y, the finite-dimensional or infinite-
dimensional torus. Denote by Z™* the free group of rank m. Denote by I the
identity automorphism of a group. Put Y?) = {2y: y € Y}.

Denote by RY0 the space of all sequences of real numbers in the topology
of the projective limit of spaces R™ (in the product topology), and by R o*
the space of all finite sequences of real numbers with the topology of strictly
inductive limit of spaces R™. We note that the groups R¥ and R®* are the
character groups of one another.

Let ¢ (y) be a function on Y, and h be an arbitrary element of Y. Denote
by Ay, the finite difference operator

App(y) =y +h) =Y(y), yeY.

Denote by (.,.) the scalar product in the space R.
Let M*(X) be the convolution semigroup of probability distributions on X
and p € M'(X). Denote by

Aly) = /X () dp(z)

the characteristic function (Fourier transform) of p, and by o(u) the support
of u. For p € M'(X) define the distribution i € M!(X) by the formula

fi(B) = u(—B) for any Borel set B. We note that ji(y) = i(y). Denote by E,
the degenerate distribution concentrated at a point x € X.
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A distribution v on the group X is called Gaussian in the sense of Parthasa-
rathy ([25, Ch. IV], if its characteristic function is of the form

A(y) = (z,y) exp{—¢(y)},

where z € X, and ¢(y) is a continuous nonnegative function on Y, satisfying
the equation

p(u+0) + p(u—v) =2[p(u) + ¢(v)], w,veY. (1)

Since we will deal only with Gaussian distributions in the sense of Parthasara-
thy we will call them Gaussian. Denote by T'(X) the set of Gaussian distribu-
tions on the group X.

2. Reduction of Problem 1 for arbitrary groups to groups of the form
R™ x T™

It is convenient for us to formulate as a lemma the following statement.

Lemma 1. ([10, §10.1]). Let X be a second countable locally compact Abelian
group, o, B; € Aut(X). Let &, j = 1,2,...,n, n > 2, be independent
random variables with values in X and distributions pj. The linear forms
L1 = o1&+ -+ anén Lo = 1€+ -+ + Bné&n are independent if and only
if the characteristic functions f[i;(y) satisfy the Skitovich-Darmois functional
equation

I s (au+ Biv) = T ij(au) [ #5(B5v),  wveY. (2)
Jj=1 J=1 J=1
Taking into account that the characteristic function of the distribution f;
is the mathematical expectation fi;(y) =E[({;, y)], the proof of Lemma 1 is the
same as in the classical case X = R.
We need the following K. Stein theorem, which we formulate as a lemma.

Lemma 2. ([16, §19.3]). Let H be a countable Abelian group. Then H is rep-
resented in the form H = N x M, where M is free, and N has no free factor-
groups. The group N is uniquely determined by the group H.

Lemma 2 implies the following statement.

Lemma 3. Let X be a second countable connected locally compact Abelian
group. Then the group X is topologically isomorphic to a group of the form
R%x K xT™, where a > 0, K is a connected compact Abelian group containing
no subgroup topologically isomorphic to T, m < Ny. Furthermore, a and m are
uniquely determined by the group X, and the group K is uniquely determined
by the group X up to topological isomorphism.
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Proof. By the structure theorem for connected locally compact Abelian groups
X =L x F, where L 2 R* a > 0, and F is a second countable connected
compact Abelian group. Furthermore, a and F' are uniquely determined by the
group X. Put H = F*. Then H is a countable discrete torsion free Abelian
group. By Lemma 2 H is represented in the form H = N x M, where M is a free
Abelian group, N is a torsion free Abelian group without free factor-groups.
Furthermore, the group NNV is uniquely determined by the group H. This implies
that FF = K x G, where K =2 N* is a connected compact group containing no
subgroup topologically isomorphic to T, G =2 M* =2 T™, where m < Nq. Since
G = A(F, N), the group G is uniquely determined by the group F', and hence
by the group X, too. It follows from this that m is uniquely determined by
the group X, and the subgroup K, which is topologically isomorphic to the
factor-group F'/G, is uniquely determined up to topological isomorphism. [

We also need the following standard lemma.

Lemma 4. (seee.g. [8,§2.5]). Let X be a topological Abelian group, B be a Borel
subgroup of X, p be a distribution on X concentrated on B. Let = pq * o,
where p; are distributions on X. Then the distributions p; can be replaced by
gLeir shifts ji'; in such a manner that = piy  ps and p'; are concentrated on

Lemma 5. ([9]). Let X be a second countable locally compact Abelian group,
aj, Bj € Aut(X). Let §;, j =1,2,...,n, n > 2, be independent random vari-
ables with values in X and distributions u; with non-vanishing characteristic
functions. Then the independence of the linear forms L1 = a1&1+- - -+an&, and
Ly = Bi&i+- - -+ Bn&y, tmplies that there exist elementsx; € X, j =1,2,...,n
such that all distributions ,u;- of the random variables ﬁ; = {;+x; are supported
i the subgroup cx.

Taking into account that cx is a characteristic subgroup, it follows from
Lemma 5 that the study of distributions of independent random variables
with non-vanishing characteristic functions which are characterized by the in-
dependence of the linear forms L; and Lo is reduced to the case when X is a
connected group. Although the structure of connected locally compact Abelian
groups is still complicated (each such group is topologically isomorphic to a
group of the form R x F, a > 0, F'is a connected compact Abelian group), it is
much simpler than the structure of arbitrary locally compact Abelian groups.

In this section we considerably strengthen Lemma 5. Namely, we prove that
the study of distributions of independent random variables with non-vanishing
characteristic functions which are characterized by the independence of linear
forms L1 and Lo is reduced to the case when the group X is topologically
isomorphic to a group of the form R" x T™, where n < Ry, m < Ry. It should
be noted that if n = Yy, then X is not a locally compact group, although its
structure is simple enough.
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Let X be a second countable locally compact Abelian group. By Lemma 3
cx 2R x K x T™, where a > 0, K is a connected compact Abelian group
containing no subgroup topologically isomorphic to T, m < V. Since the group
K is uniquely determined by the group X up to topological isomorphism,
the dimension of the group K is uniquely determined by the group X. First
consider the case when K has a finite dimension.

Theorem 1. Let X be a second countable locally compact Abelian group such
that its connected component of zero cx = R% x K x T™, where a > 0, K
be a connected compact Abelian group containing no subgroup topologically
isomorphic to T, m < Ry. Assume that K has a finite dimension . Let o, 35 €
Aut(X). Let &, 7 =1,2,...,n, n > 2, be independent random variables with
values in X and distributions p; with non-vanishing characteristic functions.
Assume that the linear forms L1 = a1&1+- - -+ an&yn and Lo = 5181+ -+ Bnén
are independent. Then there exist a continuous monomorphism p : G — X,
where G =R x T™, b = a+1, and elements z; €X, j=1,2,...,n, such that
all distributions p; x E,, are concentrated on the subgroup p(G). Furthermore,
p(G) is a characteristic subgroup.

Proof. 1t follows from Lemma 5 that we can assume from the beginning that X
is a connected group, i.e. X = cx. Then Y 2 R*x D xZ™*, where D = K* is a
countable discrete torsion free Abelian group containing no free factor-groups.
To avoid introducing additional notation we assume that X = R* x K x T™
and Y = R% x D x Z™*. Since the group K has dimension [, the rank of the
group D is also . Put G = R x T™, b= a + 1. Then H = G* = Rb x Z™*. We
also assume that H = R® x Z™*. Denote by (s,d, k), s € R*, d € D, k € Z™,
elements of the group Y, and by (w, k), w € R®, k € Z™*, elements of the group
H. Construct a natural embedding of the group Y to the group H (see e.g.

[8, §5.6]). Choose in D a maximal independent system of elements d, ..., d;.
Then for every d € D there exist integers g # 0, ¢y, . .., q, such that
qd = q1dy + -+ + qd;. (3)

The independence of the set {di,...,d;} implies that the rational numbers
{gj/q} are uniquely determined by d. Define the mapping fo : R* x D — R?
by the formula fo(s,d) = (s,q1/q,-..,q/q), s € R d € D. Since D is a
torsion free group, fy is a continuous monomorphism of the group R* x D to
R®. Extend fy from R® x D to the continuous monomorphism f : Y s H
putting

fy:f(s7d’k):(S7q1/q7"'7QI/q7k)7 y:(s7d7k)7 SeRa7d€D’k€Zm*'

(4)
Since the group K has no subgroups topologically isomorphic to T, we have
fo(Re x D) = R? ([5]). Then obviously f(Y) = H. Set p = f. Since f(Y) = H,
it follows from the properties of adjoint homomorphisms that p: G — X is a
continuous monomorphism.
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Note now that the inequality
[(u) =¥ (v)|* <2(1 - Re ¢(u—v)), wveY, (5)

holds true for any positive definite function 1 (y) on an arbitrary Abelian group
Y.

By Lemma 1 the characteristic functions /i;(y) satisfy the Skitovich-Darmois
functional Eq. (2). Consider the distributions v; = p; * i, j =1,2,...,n.
Then 2;(y) = |1;(y)[* > 0. Obviously, the characteristic functions ;(y) also
satisfy the Skitovich-Darmois functional Eq. (2).

Since R is a connected component of zero of the group Y, it follows that
R® is a characteristic subgroup of the group Y. For this reason K x T™ =
A(X,R%) is a characteristic subgroup of the group X. It follows from Lemma 2
that D is a characteristic subgroup of the group D x Z™*. This implies that
T™ = A(K x T™, D) is a characteristic subgroup of the group K x T™, and
hence, T™ is a characteristic subgroup of the group X. It follows from this
that R x D = A(Y,T™) is a characteristic subgroup of the group Y, and we
can consider the restriction of the Skitovich-Darmois functional Eq. (2) for the
characteristic functions ;(y) to this subgroup. Since R* x D = (R* x K)*, and
the group R* x K has no subgroups topologically isomorphic to T, it follows
from Lemma 1 and Theorem A that these restrictions are the characteristic
functions of some Gaussian distributions on the group R* x K. Taking into
account that 2;(y) > 0, we have the representations

Ui(y) = exp{—p;(y)}, yeR*xD, j=1,2,...,n, (6)

where ¢, (y) are continuous nonnegative functions on R* x D satisfying Eq. (1).
As has been proved in [8, §5.6], it follows from the properties of the functions
©;(y) that there exist symmetric positive semidefinite (bx b)-matrices @Q;, such
that

@j(y):<ij0yaf0y>7 yERaXDa j:172a"'7n' (7)
Assume that (w, k) € f(Y),1.e. (w, k) = f(y),y € Y. Consider on the subgroup
f(Y) the functions h;(w, k) = 0;(f~H(w,k)), j = 1,2,...,n. Since f(y) =
fo(y) for y € R* x D, it follows from (6) and (7) that

hj(w,0) = exp{—(Q;w,w)}, (w,0)e f(R*xD), j=1,2,...,n. (8)

Taking (5) into account it follows from (8) that the positive definite func-
tions hj(w, k) are uniformly continuous on the subgroup f(Y) in the topology
induced on f(Y) by the standard topology of H. Since f(Y) = H, the func-
tions hj;(w, k) can be extended by continuity to some continuous functions
hj(w, k), w € R, k € Z™, on the group H. Obviously, h;(w, k) are also posi-
tive definite functions. By the Bochner theorem there exist distributions A; on
G such that Aj(w, k) = h;(w, k), w € RY, k € Z™. Since \;(f(y)) = ;(y) for
ally € Y, v; = p(\;). Hence, the distributions v; are concentrated on p(G). It
is obvious that p(G) is a Borel subgroup. By Lemma 4 this implies that there
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exist elements z; € X, j=1,2,...,n, such that all distributions yu; * £, are
concentrated on p(G).

It remains to prove that p(G) is a characteristic subgroup. Let § € Aut(X).
Put As = f6f~1. Then Aj is an algebraic automorphism of the subgroup fY).
The automorphism 4 is determined by its restriction on the subgroup R* and its
values on the maximal independent system elements of the subgroup D x Z™*.
For this reason the automorphism ¢ determines in a natural way a matrix A(9).
It is easily seen that if fy = (s,q1/q,...,q/q, k), vy = (s,d, k), s € R*, d €
D, k € Z™, then As;fy = A(0)fy, where the expression in the right-hand
side of this equality is the product of the matrix A(J) and the vector fy. It is
clear that the automorphism As can be uniquely extended to the topological
automorphism of the group H. Denote by Aj this extended automorphism.
We have 6y = f~1Asfy, Asfy = Asfy, y € Y. Let g € G, y € Y. Then

(6pg,y) = (pg.0y) = (pg. [ Asfy) = (9, Asfy) = (9, Asfy) = (pAsg,y). Tt
follows from this that dpg = pAsg. Hence p(G) is a characteristic subgroup. [

Remark 1. We keep the notation used in the proof of Theorem 1. Let X =
R% x K x T™. Denote by L the arcwise connected component of zero of the
group X. We verify that p(G) = L. By the Dixmier theorem L is a union
of all one-parametric subgroups of the group X ([1, §8.19]). Let p; : R — X
be a continuous homomorphism. Put f; = p;. Taking into account Dixmier’s
theorem the required statement will be proved if we check that p1t € p(G) for
all t € R. To this end it suffices to show that there exists an element g; € G
such that (y,pit) = (y,pg:) for all y € Y. Let {e;}7_; be a natural basis in
R, and {b;} be a natural basis in Z™*. Taking (3) into account, we obtain

fly:fl(s,d,m:ZsjfleﬁZ frd; +Zk fibj,
7j=1
S:(Sl,...,Sa)GRa, de D, k:(k‘l,kg,...) e ™.

This implies that

(y,p1t) = (fry, 1) = exp { it Zsjflefrz f1d; +Zk fib; | v (9)

Put
gt — (tflel, e ,tf1€a7tf1d1, e ,tfldl, eitflbl,eitflbz, .o ) S G
Let y = (81,...,5q,d, k1, ko,...) € Y. Taking (4) into account we get

(y,p91) = (fy,91) = exp { it Zsjfleﬁz “ f1d; +Zk fib;
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The required statement follows from (9) and (10).

Consider now the case when K has infinite dimension. Let N = RRo* x Zm*,
m < Rg. Put M = R® x T™. The groups N and M are the character groups
of one another.

We need some properties of nuclear and strongly reflexive topological Abe-
lian groups (see [2]). We use them in the proof of Theorems 2 and 3.

The group N is nuclear ([2, (7.8), (7.10)]). For such groups the Bochner
theorem about one-to-one correspondence between the family of all continuous
positive definite functions on the group NV and the family of all regular finite
Borel measures on its character group holds. We note that the factor-group of
a nuclear group with respect to a closed subgroup is also nuclear.

The groups M and N are strongly reflexive ([2, (17.3)]). These groups have,
in particular, the following properties analogous to those of locally compact
Abelian groups. The Pontryagin duality theorem holds for such groups. Let
P be a closed subgroup of the group M. For any x € M\P there exists a
character y € A(Y, P) such that (z,y) # 1. Any character of the subgroup
P can be extended to a character of the group M. Moreover, the natural
homomorphisms N/A(N, P) — P* and (M/P)* — A(N, P) are topological
isomorphisms.

Theorem 2. Let X be a second countable locally compact Abelian group such
that its connected component of zero cx = R® x K x T™, where a > 0, K
be a connected compact Abelian group containing no subgroups topologically
isomorphic to T, m < Rg. Assume that K has infinite dimension. Let oj, (; €
Aut(X). Let &, j =1,2,...,n, n > 2, be independent random variables with
values in X and distributions u; with non-vanishing characteristic functions.
Assume that the linear forms L1 = a1&1+- - -+ an &y and Lo = 5181+ - -+ Bnén
are independent. Then there exist a continuous monomorphism p : G — X,
where G = R® x T™, and elements z; € X, j=12,...,n, such that all
distributions pi; * I, are concentrated on the subgroup p(G). Furthermore,
p(G) is a characteristic subgroup.

Proof. We prove Theorem 2 in analogy with the proof of Theorem 1. As in
the proof of Theorem 1 we can assume that X = R* x K x T™, where K
is a connected compact Abelian group containing no subgroups topologically
isomorphic to T, and Y = R® x D x Z™*, where D = K* is a countable discrete
torsion free Abelian group containing no free factor-groups. Since the group
K has infinite dimension, the rank of the group D is Rg. Put G = R¥0 x T™.
Then H = G* = RY¥* x Z™ . We assume that H = R¥* x Z™*. Construct
the natural embedding of the group Y to the group H (see e.g. ([8, §5.9])).
For this purpose we choose in D a maximal independent system of elements
dy,...,d,...and, as we constructed in the proof of Theorem 1 the continuous
homomorphism fy : R* x D + R?, construct the continuous homomorphism
fo : R* x D — R®o*_ Next extend it to the continuous monomorphism f : ¥ —
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H. Since the group K has no subgroups topologically isomorphic to T, we have
fo(Re x D) = R¥o* ([8, §5.17]). This obviously implies that f(Y) = H. Put
p= f . Since G is a strongly reflexive group, it follows from m = H that
the homomorphism p : G — X is a monomorphism.

Consider the distributions v; = y1; * fi; and reason as in the proof of Theo-
rem 1. We show that the restrictions of the characteristic functions ;(y) to the
subgroup R* x D are the characteristic functions of some Gaussian distribu-
tions on the group R* x K. Hence, the representations (6) and (7) hold, where
Q; are infinite symmetric positive semidefinite matrices. Next, reasoning as in
the proof of Theorem 1 we come to the continuous positive definite functions
hj(w,k), w € RY* k € Z™ on the group H. Since H is a nuclear group,
we can correspond to each function Bj (w, k) a distribution A; on the group G
such that A;(w, k) = hj(w, k), w € RY* ke Z™. We have \;(f(y)) = #;(y)
y € Y. Taking into account that G is a strongly reflexive group, it implies
that v; = p(\;). The final part of the proof of Theorem 2 is the same as in
Theorem 1. g

Remark 2. Reasoning as in Remark 1 we see that in the case when the sub-
group K has infinite dimension, the subgroup p(G) is also the arcwise con-
nected component of zero of the group X.

We need the following general statement.

Proposition 1. Let X and G be complete separable metric Abelian groups,
a;, B € Aut(X), j =1,2,...,n,n > 2, and p : G — X be a continuous
monomorphism such that o;(p(G)) = B;(p(G)) = p(G), 7 =1,2,...n. Let &,
be independent random variables with values in the group X and distributions
wj. Assume that there exist elements x; € X such that all distributions p;* E,,
are concentrated in the subgroup p(G). Assume that the linear forms Ly =
aréy + -+ anéy, and Lo = B1& + - + B.€, are independent. Then éj =
p*1(§j + 2;) are independent random variables with values in the group G,
aj =ptajp, Bj = p~!B;p are topological automorphisms of the group G and
the linear forms ﬁl = (34151 + o+ dnfn and [A/Q = Blél + e+ ﬁnén are
independent.

Proof. We use the following theorem by Suslin [20, §39, IV]: Let X; be a
complete separable metric space, Xo be a metric space, p : X; — X5 be
a continuous one-to-one mapping. If B is a Borel set in X7, then p(B) is a
Borel set in X5. By the Suslin theorem fj are independent random variables
with values in the group G. It is obvious that the random variables fj are
independent. Since p is a continuous monomorphism and G is a complete
separable metric group, by the Suslin theorem images of Borel sets under
the mapping p are also Borel. Hence &;, ﬁj are Borel automorphisms of the
group G, and hence &;, /@j € Aut(G) (see e.g. [26, §4.3.9]). To prove the
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independence of the linear forms Ly and Lo it suffices to note that for any
Borel subsets A; and As of the group G we have: {w : L;(w) € A;} = {w :
Li(w) € p(4;) — (1x1 4+ -+ anen)}, i =1, 2. O

Remark 3. Let X = R* x K x T™, where a > 0, K be a connected com-
pact Abelian group containing no subgroups topologically isomorphic to T and
having dimension [, m < Ng. Let §;, j = 1,2,...,n, n > 2, be independent
random variables with values in X and distributions p; with non-vanishing
characteristic functions. Let «j, 8; € Aut(X). Assume that the linear forms
Li=a1&1 4+ apé, and Ly = 16 + - - + Br&, are independent. By Theo-
rem 1 there exist a continuous monomorphism p : G — X, where G = R® x T™,
b= a+1, and elements z; € X, j = 1,2,...,n, such that all distributions
pj* By, j =1,2,...,n, are concentrated on the subgroup p(G), and p(G)
is a characteristic subgroup. It follows from Proposition 1 that the study of
possible distributions of the independent random variables £; is reduced to the
study of possible distributions of independent random variables 5 ;7 with values
in a group of the form R® x T™, where b > 0, m < Rj.

If the subgroup K has infinite dimension, applying Theorem 2 instead of
Theorem 1, we come to the conclusion that the study of possible distributions
of the independent random variables &; is reduced to the study of possible
distributions of independent random variables é ; with values in a group of the
form R® x T™, where m < X;.

3. The Skitovich—-Darmois theorem for groups containing no
subgroup topologically isomorphic to T2

We will solve Problem 1 when n = 2 for second countable locally compact
Abelian groups X containing a subgroup topologically isomorphic to T and
containing no subgroups topologically isomorphic to T2. Taking Lemma 5 into
account, we can assume that X is a connected a group. By Lemma 3 such group
is topologically isomorphic to a group of the form R* x K x T, where a > 0, K
is a connected compact Abelian group containing no subgroups topologically
isomorphic to T. To avoid introducing additional notation we assume that
X = R* x K x T. As has been noted in the proof of Theorem 1, T is a
characteristic subgroup of the group X. Let 6 € Aut(X). Since Aut(T) = {+I},
we have either §|r = I, or §|p = —I. Let &1, &> be independent random variables
with values in X and distributions p;. Let «;, §; € Aut(X). It is easily
seen that the study of possible distributions p; provided that the linear forms
L1 = o1&y + agéy and Ly = (1& + (o2& are independent is reduced to the
case when L; and Lo are of the form Ly = & + & and Ly = & + 6&2, where
0 € Aut(X). Then the Skitovich-Darmois functional Eq. (2) becomes
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fu(u+ )z (u+ ev) = u(w)pn (v)fiz(u) iz (ev),  uw,v €Y, (11)

where ¢ = 6.
Let t = (t1,...,tn,...) €R® and s = (s1,...,8,,0,...) € R¥* Put

(t,s) = thsj, (t,s) = exp{i(t,s)}.

Let p be a distribution on the group R¥. The characteristic function of the
distribution p is defined by the formula

ils) = [ (to)dute), s e B
R®o
We recall that a distribution v on the group R® is called Gaussian if its
characteristic function is represented in the form

A(s) = (¢, s) exp{—(4s,s)}, s€ R¥o*,

where t € R¥ and A = (@ij)75=1 is a symmetric positive semidefinite matrix
(see e.g. [8, §5.8]).

We need some lemmas. It is convenient for us to formulate as a lemma the
following standard statement.

Lemma 6. Let X be a locally compact Abelian group, H be a closed subgroup
of Y and p € MY(X). If ji(y) = 1 for y € H, then the characteristic function
i(y) is H-invariant and o(p) C A(X, H).

Lemma 7. ([15]). Let Y be an Abelian group, £ be an automorphism of the
group Y. Assume that the functions f;(y) do not vanish, satisfy Eq. (11) and
conditions f1(0) = f2(0) = 1. Then each function f;(y) satisfies the equation

fitut ) fi(u—v) = fF(u)fiw)fi(-v), ue(e-I)Y, veY. (12)

Lemma 8. ([6]). Let X be a second countable locally compact Abelian group
containing no subgroups topologically isomorphic to T2. Let &1, &5 be indepen-
dent identically distributed random variables with values in X and distribution
. Assume that the characteristic function i(y) does not vanish. If the linear
forms Ly = &1 + & and Lo = & — & are independent, then p € T'(X).

Lemma 9. ([12], see also [11, Lemma 12.4]). Let Y be a topological Abelian
group, let ¥(y) be a continuous function on'Y satisfying the equation

AZkA%ﬂ/’(y) = 07 ha ka ye Y7 (13)

and the conditions Y(—y) = ¥(y), ¥(0) = 0. Then the function ¥ (y) can be
represented in the form

V() =¢y) +car Y EYa+Y 3, (14)
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where @(y) is a continuous function on'Y satisfying Eq. (1), and
Y = U ot Y(2 s Yo = O,

is a decomposition of the group Y with respect to the subgroup Y (2).

Lemma 10. Let X = R0, aj, B, 7 =1,2,...,n, n > 2, be topological auto-
morphisms of the group X. Let §; be independent random variables with values
in X and distributions ;. Assume that the linear forms L1 = a1&1+- -+ anép
and Ly = B1&1 + - - + Bnén are independent. Then all pv; are Gaussian distri-
butions.

Proof. Each element s € R®* defines a linear continuous functional in the
space R®°, and hence for any distribution p on the group R®° we can consider
its image s(u) € M'(R). We shall say that a distribution v on the group R*°
is weak Gaussian if s(vy) € T'(R) for all s € R¥o*. It is easy to see that the
definitions of a Gaussian distribution and a weak Gaussian distribution on the
group R® are equivalent. As has been noted in [22], the Skitovich-Darmois
theorem holds true for weak Gaussian distributions on the group R¥o. O

Lemma 11. Let X = RY x T. Let &1, & be independent identically distributed
random variables with values in X and distribution u. Assume that the char-
acteristic function [i(y) does not vanish. If the linear forms L1 = & + & and
Lo = & — & are independent, then u is a Gaussian distribution.

Proof. The group X is strongly reflexive, and its character group is topolog-
ically isomorphic to the group R¥* x Z, and a Gaussian distribution on the
group X is defined in the same way as for the group RY°. Since X is strongly
reflexive, as is easily seen, Lemma 1 holds for the group X. In [10, Lemma
9.11] Lemma 11 was proved for second countable locally compact Abelian
groups containing no more than one element of order 2. This proof is based on
Lemma 1 and the properties of strongly reflexive topological Abelian groups
listed before the formulation of Theorem 2. Hence, it is valid for the group
X. O

Theorem 3. Let X = R% x K x T, where a > 0, K be a second countable con-
nected compact Abelian group containing no subgroups topologically isomorphic
to T. Let 6 € Aut(X). Let &,& be independent random variables with values
in X and distributions pv; with non-vanishing characteristic functions. Assume
that the linear forms L1 = & +&2 and Lo = & +0& are independent. If §|r = 1,
then pj € T(X). If §|r = —1, then p; = ~; * mj, where v; € I'(X), and 7 are
signed measures on the subgroup Z(2) C T.

Proof. There are two cases: either the dimension of the group K is finite or is
infinite.
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1. Assume that the group K has a finite dimension [. Then the rank of
the group D is also [. Taking into account Proposition 1 and Remark 3, it
suffices to prove Theorem 3 for groups of the form X = R® x T, where b > 0,
because in the notation of Proposition 1 8|y = é|r. We have Y = R? x Z. To
avoid introducing additional notation we assume that ¥ = R’ x Z. Denote
elements of the group X by (t,2), t € R®, z € T, and elements of the group Y
by (s,n), s € R", n € Z. It is easy to see that each automorphism 6§ € Aut(X)
is determined by the matrix

(670 b b
<0:|:1>’ a € Aut(R”), v eR’, (15)

and the automorphisms § and & = 6 act on the groups X and Y, respectively,
by the formulas

5(t,2) = (at, eV (t,2) € X, e(s,n) = (as +nv,£n), (s,n) € Y.

It is obvious that R® is a characteristic subgroup of the group Y, because
R? is the connected component of zero of Y. Put L = Ker(I — ¢)|g» and first
verify that the proof of Theorem 3 is reduced to the case when L = {0}.

By Lemma 1 the characteristic functions fi;(y) satisfy Eq. (11). Put v; =
Wi * g, j=1,2. Then 2;(y) = |f1;(y)]> > 0 and the characteristic functions
U;(y) also satistfy Eq. (11). Consider the restriction of Eq. (11) for the functions
U;(y) to the subgroup L. We have

D1(u+0)a(u+v) = 0y (w)or (v)oe(w)in(v), wu,v € L. (16)

Set h(y) = 1(y)v2(y). It follows from (16) that the function h(y) on the group
L satisfies the equation h(u 4+ v) = h(u)h(v), i.e. h(y) is a character of the
group L. This implies that the restrictions of the characteristic functions 7, (y)
to L are also characters of the subgroup L. Since 7;(y) > 0, y € Y, we have
1(y) = i»(y) = 1 for y € L. Applying Lemma 6, we get o(v;) C G = A(X, L).
Inasmuch as L is the kernel of a continuous linear operator in the space R?,
L is a closed subspace in R?. It follows from this that G = W x T, where W
is a closed subspace in RP. Tt is obvious that (L) = L. Hence §(G) = G. It is
clear that if L # {0}, then G is a proper subgroup of X.
Consider a family of subgroups B of the group X having the properties:

(i) B=V x T, where V is a closed subspace in R’;
(1) 0(B) = B;
(t4i) o(vj) C B, j=1,2.

Let N be an intersection of all subgroups of the group X having properties
(2)—(#7). Obviously, the subgroup N also possesses properties (7)—(#i7) and N is
the smallest subgroup having these properties. To avoid introducing additional
notation we assume that N = R¢ x T, ¢ < b, and N* = R¢ x Z. Put 8 = 0|n.
If Ker(I — 3)|re # {0}, then the above reasoning shows that the subgroup
A(N, Ker(I — 3)

re) possesses properties (i)—(4i7) and is a proper subgroup of
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N, contrary to the construction. Since v; = p; * fi;, it follows from Lemma 4
that the distributions p; can be replaced by their shifts ,u;- in such a manner
that o(u}) C N. It follows from what has been said that we can assume from
the beginning without loss of generality that L = {0}. Let us note that the
condition L = {0} means that in (15) (I — a) € Aut(R?).

la. Assume that é|p = I. It means that the matrix which corresponds to

the automorphism ¢ is of the form U). Put M = Ker(I — ¢) and consider

!
01
the restriction of Eq. (11) for the functions 7;(y) to the subgroup M. We
come to Eq. (16), but when u,v € M. Reasoning as above we conclude that
o(v;) C F = A(X,M). We have F = A(X,M) = A(X,Ker(I —¢)) = (I —
§)(X). It follows from X = R’ x T, where b > 0, and L = {0} that F' =
(I —6)(X) = RP. Since e(M) = M, the restriction of the automorphism &
to the subgroup F' is a topological automorphism of the group F. Let n; be
independent random variables with values in F' and distributions v;. Since the
characteristic functions ;(y) satisfy Eq. (11), the linear forms Li=m+mn
and Lo = 71 + 612 by Lemma 1 are independent. This implies by the Ghurye—
Olkin theorem that v; € I'(F'). Next, applying the Cramér theorem about the
decomposition of a Gaussian distribution in the space R? and Lemma 4, we
get p; € T'(X).

1b. Assume that |y = —I. It means that the matrix which corresponds
to the automorphism ¢ is of the form (g _Ul . Put H = (I —¢)Y. Since

L =Ker(I —¢)|gs = {0}, we have H = Y2 = Rb x Z(?) = R x Z. Tt follows
from Lemma 7 that each characteristic function fi;(y) satisfies Eq. (12) when
uw,v € Y Since H = R® x Z, we have H* = R? x T. Taking into account
that the group H* contains no subgroups topologically isomorphic to T?, and
applying Lemmas 1 and 8 we conclude that the restrictions of the characteristic
functions f1;(y) to the subgroup H are characteristic functions of Gaussian
distributions. Thus, we have on the subgroup H the representation

f1;(y) = m;(y) exp{—p;(y)}, j=1,2,

where m;(y) are characters of the subgroup H, and ¢;(y) are continuous non-
negative functions on H satisfying Eq. (1). Replacing, if necessary, the distri-
butions u; by their shifts we can assume that

fij(y) = exp{—¢;(y)}, yeH, j=1.2 (17)

Next the proof of Theorem 3 is quite similar to the proof of this theorem
for the group X =R x T given in ([15]). Put

y ey,
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and verify that [;(y) are characters of the group Y. It follows from the equality
i (y) = | (y)| for y € H, that I;(y) = 1 for y € H. The functions [,(y) satisfy
Eq. (12), which takes the form

Lw+v)lju—v)=1 ueH veY. (18)
Substitute in (18) v = (s/2,0), v = (s/2,n). We obtain
i(s,n);(0,—n) =1, s€R’ necZ
Multiplying both sides of this equation by {,(0, n) and taking into account that
i)l = 1,1;(=y) = 1;(y), we find
lj(s,n) =1;(0,n), s€R’ neZ (19)

Obviously, the functions I;(y) satisfy Eq. (11). Taking (19) into account, we
can write Eq. (11) for the functions /;(y) in the form

11(0,m + n)l2(0,m —n) =11(0,m)l1(0,n)l2(0,m)l2(0,—n), m,n € Z. (20)
We can get by induction from Eq. (20) that 1;(0,n) are characters of the group

Z, and hence [;(y) are characters of the group Y. Thus, there exist elements
x; € X such that

Liy) = (zj,y), yeY, j=1.2 (21)

Now find the representations for |f;(y)|. Put v¥;(y) = —log|f;(y)|. Then
(11) implies that the functions ¢;(y) satisfy the equation

P1(u+v) +va(utev) = Plu) + Qv), w,veY, (22)

where P(u) = ¢1(u) + ¥2(u), Q(v) = 1h1(v) + ha(ev).
As has been proved in [10, Lemma 10.9], (22) implies that each of the
functions ;(y) satisfies the equation

Ar—epAii(y) =0, y,kheY. (23)

Since (I —¢)Y = Y| we conclude from (23) that each of the functions ;(y)
satisfies the equation

Aok AZ1(y) =0, y,k,heY. (24)

Since H = Y(?) = Y(2)), the decomposition of the group Y with respect to the

subgroup Y2 is of the form Y = H U ((0,1) + H). It follows from (17) and
Lemma 9 that there exist real constants ¢y, co such that

) ei), y € H,
%(y){w(y)m, ye 1)+ 1, 29)

j=1,2.
It follows from (11) and (17) that the equality

©1(u+v) + @a(u+ev) = p1(u) + p1(v) + a(u) + @2(ev) (26)
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holds true for any u,v € H, and hence, for any u,v € Y. Substituting in (22)
u,v € (0,1) 4+ H and taking into account (25) and (26), we find that ¢; = —ca.
Put ¢1 = —co = —2k. It follows from (25) that the functions |, (y)| are of the
form
i1 (y)] = exp{—¢1(y) + £(1 = (=1))"}
l2(y)] = exp{—2(y) — k(1 — (=1))"},

Taking (21) into account we finally obtain
fn(y) = (zr,y)expi{—1(y) + r(1 = (=1))"}, y=(s,m) €Y, (27)
fia(y) = (w2, y) exp{—pa(y) —w(1 = (=1))"}, y=(s,n) €Y.  (28)

Consider the signed measures

1 1 L) e
™= 5(1 +e*) B + 5(1 — ™) E 1), ™= 5(1 B
1 —2
+5(1 =€) E 1

supported in Z(2) C X (it is clear that one of 7; is a distribution). Obviously,
the characteristic functions 7;(y) are of the form

7 = el = (), ) =esp(-n(l = (217, y=len) e
29

The statement of Theorem 3 follows from (27), (28) and (29). Note that 7y *
Ty = E(0,1)~

2. Assume that the group K has infinite dimension. It follows from Propo-
sition 1 and Remark 3 that it suffices to prove Theorem 3 for the group of
the form X = R¥ x T. Then Y = RY* x Z. To avoid introducing additional
notation we assume that Y = R¥o* x Z. We follow the scheme of the proof
of Theorem 3 in case 1. First note that Lemma 1 holds true for the group X
because X is strongly reflexive. Moreover, Lemma 6 is also valid for the group
X because Y is a nuclear group and X is strongly reflexive. As in case 1 we
consider the subgroup L = Ker(I — ¢)|gxro- and reduce the proof of Theorem 3
to the case when L = {0}. In so doing we use the fact that any closed linear
subspace in R®° is either finite-dimensional or topologically isomorphic to R®
([3]), and that Lemma 6 holds true for the group X.

2a. Let d|p = I. Reason as in case la. We use the fact that Lemma 1 is
valid for the group R®, and that Lemma 6 holds true for the group X. Instead
of the Ghurye—Olkin theorem we apply Lemma 10, and also use the fact that
the Cramér theorem about the decomposition of a Gaussian distribution holds
true for the space X = R¥o.

2b. Let 0|7 = —I. Reason as in case 1b. We use the fact that Lemma 1 is
valid for the group X and Y is a nuclear group. Instead of Lemma 8 we apply
Lemma 11. In all other respects the proof repeats the proof in case 1b. O
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