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A variant of Wigner’s functional equation
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Abstract. We characterize mappings between inner product spaces satisfying a certain pair of
functional equations. As a consequence a short proof of Wigner’s theorem for real, complex
or quaternionic inner spaces is presented.
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1. Introduction

Let H and K be inner product spaces (not necessarily complete) over F = R, C
or H, where R is the field of real numbers, C is the field of complex numbers
and H is the field of quaternions. Let us say that a mapping f : H — K satisfies
condition (W) if

[(f(@), f)| =z 9)]  (z,y €H)

and it satisfies condition (R) if
Re(f(z), f(y)) = Re(z,y)  (2,y € H).

Suppose for a moment that H and K are complex inner product spaces
and f : H — K is a mapping satisfying (f(z), f(y)) = (x,y), =,y € H, or
(f(x), f(y)) = (y,x), x,y € H. Then a mapping [ certainly satisfies both
conditions (W) and (R). Can we say something more about the mapping f?
It follows easily from (f(x), f(y)) = (z,y), x,y € H, that f is a linear isom-
etry. Similarly, it follows from (f(z), f(y)) = (y,z), z,y € H, that f is an
anti-linear isometry, where anti-linear means f(A\x + uy) = A* f(z) + p*f(y),
A, i € C, and the star denotes complex conjugation. So, the natural question
is whether linear or anti-linear isometries are the only solutions of the pair
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of functional equations (W) and (R). In Theorem 2.2 we show that this is
indeed the case. Recall that the identity and conjugation are the only contin-
uous automorphisms C — C, hence linear isometries or anti-linear isometries,
that are solutions of (W) and (R), are precisely all mappings f : H — K
satisfying (f(x), f(y)) = ¢((z,y)), z,y € H, where ¢ : C — C is a continuous
automorphism. This is precisely what happens also in the quaternionic case.
In Theorem 2.3 we prove that solutions of (W) and (R) in the quaternionic
setting are mappings f such that (f(z), f(y)) = ¢({x,y)), =,y € H, where
¢ :H — H is an automorphism.

The famous Wigner’s theorem says that in the case of inner product spaces
over C the solutions of functional equation (W) are mappings f of the form
flx) = o(x)Ux, x € H, where U : H — K is either a linear isometry or
an anti-linear isometry and o : H — C is a so called phase function, which
means that its values are of modulus one. This celebrated result plays a very
important role in quantum mechanics and in representation theory in physics.

There are several proofs of this result, see [2,4-7,9,11,13] to list just some
of them. The quaternionic version of Wigner’s theorem is proved in [12] and
in [10] Uhlhorn’s generalization of Wigner’s theorem, see [14], it is proved in
quaternionic indefinite inner product spaces. For generalizations to Hilbert C*
-modules see [1,8].

As a consequence of Theorem 2.2 and Theorem 2.3 we are able to give a
short, elementary and unified proof of Wigner’s theorem for real, complex or
quaternionic inner spaces. Our approach is not new, we follow the ideas of
Bargmann, Sharma and Almeida, see [2,11,12].

Let us introduce some notations and basic facts about quaternions. Recall
that the field of quaternions H = {&y + &1¢ + &5 + &3k = o, &1, &2, &3 € R}, For
§ =&+ &i+ &g + &k, £ is defined by £ = & — 11 — &7 — {3k and [¢] by
€] = /€ +E + &+ &2. When ¢ € C, then £ denotes a conjugate complex
number and when ¢ € R, then £* is just €.

We will say that & is the real part of £. Quaternions &y + &£17 + &7 + €3k
can be identified with ordered pairs (£y, &) € R x R3, where & = &1i+ &j+ &3k
and the triple i, j, k is the standard orthonormal basis of R3.

Let H be a (left) vector space over F. An inner product space (H, (-,-)) is
a vector space together with the inner product (-,-) : H x H — F satisfying

i) (2,y) = (y,2)"

il) (ax + By, z) = alz, z) + By, 2)

iii) (z,ay + Bz) = (z,y)a* + (x, 2)5*
iv) (z,z) > 0and (z,2) =0 <= =0

for all a, 3 € F and all x,y,z € H. If (-,-) is an inner product on H, then
llz|]| = v/{x,z) is a norm on H. The geometry of quaternionic inner product
spaces is similar to that of complex inner product spaces. For example, the
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Cauchy—-Schwarz inequality |(z, y)| < ||z|/||y|l, =,y € H, holds and the notion of
orthogonal complement is as in complex inner product spaces. Two mappings
f,g: H — K are phase equivalent if f(x) = o(z)g(z),z € H, where 0 : H —
F,|o(z)] = 1,2 € H, is a phase function.

2. Results

The next proposition shows that a mapping satisfying functional equation (W)
has a property close to linearity. See also [11, Lemma 5| for a different proof
in the case of complex inner product spaces.

Proposition 2.1. Let H and K be inner product spaces over F and suppose that
f:H — K satisfies (W).
(1) Letx € H and A € F. Then f(Ax) = N f(x), where X' € F, and |N'| = |A|.
(2) Let x and y be nonzero orthogonal vectors. Then f(x+vy) = |lz| ~2(f(z+
) f@)f @)+ Iyl =2 (f (@ + ), fF)) f(y)-

Proof. (1) |(f(Az), f(x))] = [(Az, z)| = [[Azll|z]] = [[f(Az)[[|f(z)]|l. By the
equality condition in the Cauchy—Schwarz inequality it follows that f(\x)

and f(z) are linearly dependent. Thus f(Azx) = X f(z) for some X € F.
Since f preserves the length of vectors it follows that |\'| = |)|.

(2) Let 2 and y be nonzero orthogonal vectors and denote @ = ||| =2(f(x +
y), £(@) and B = |y =>(/(z+3), f(3). Note that Ja] = || = 1 and that

(@ +y), f(x) = alz|? (flz +v), fv) = Bllyl*
Then

If(z+y) —af(@) = BfWI° = IIf(z+ )+ loaf @) + 18 W)
—2Re(f(z +y), af(z)) — 2Re(f(z +y), Bf(y))
= [l + yl? + |=[|* + [[y]I* —2Re(f (z + y), f(x))a" —2Re(f(z + ), f(y))3*
= 2||z[|* + 2[|y[|* — 2Re aa*||z]|* — 2Re B3*[|y||* = 0.
O

Remark 2.1. Note that X’ in the previous proposition in general depends on A
and z, that is X = X (), z).
As already mentioned in the introduction, if H and K are complex inner

product spaces and f : H — K is a linear or anti-linear isometry, then f satis-
fies conditions (W) and (R). The next theorem shows that the converse is true.

Theorem 2.2. Let H and K be inner product spaces over C and suppose that
[+ H — K satisfies conditions (W) and (R). Then f is either a linear isometry
or an anti-linear isometry.

Proof. Let 0 # x € H. By Proposition 2.1 f(iz) = A(x) f(z), where [A(z)| = 1.
Then from
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Re(Mx)f(x), f(x)) = Re(f(iz), f(x)) = Re(iz, z) = 0,

it follows that Re A(z) = 0, hence A(x) = +i,2 € H. Suppose that f(iz) =
if(x) for some 0 # z € H. Then

—Im(f(z), f(y)) = Rei(f (), f(y)) = Re(f(ix), f(y)) = Re(iz, y)
= Rei{x,y) = —Im(x,y).

Hence (f(z), f(y)) = (z,y) for all y € H. If f(iz) = if(z) for all z € H
this shows that (f(x), f(y)) = (z,y) for all z,y € H. But then f is a linear
isometry.

Similarly, f is an anti-linear isometry in the case f(iz) = —if(z) for all
x € H. It remains to show that the third possibility, that is f(iz) = if(x) and
fiz') = —if(2") for some nonzero x,x’ € H, leads to a contradiction. Indeed,
since f(ixz) = if(z), it follows by the previous consideration that

(f(@), f(ia)) = (,ia’) = —i(x,").
On the other hand, since f(iz') = —if(a’), we get

(f(@), flia")) = (f(2), —if () = i{f (@), f (")) = i(z, 2").

If dim’H = 1 this is a contradiction. If dimH > 2, then z and 2’ must be
orthogonal and furthermore, for any two non orthogonal vectors, say u and v,

either f(iu) = if(u) and f(iv) = if(v) or f(iu) = —if(u) and f(iv) = —if(v).

Now choose z # 0 which is neither orthogonal to x nor to 2/, say z = = + 2.

Then f(iz) = if(z) since z and x are not orthogonal and f(iz) = —if(z)
since z and z’ are not orthogonal. This is a contradiction and the proof is
completed. 0

The next theorem is a quaternionic analogue of the previous one.

Theorem 2.3. Let H and K be quaternionic inner product spaces with dim H >
2 and f : H — K be a mapping satisfying (W) and (R). Then there is a unit
quaternion & such that £f is a linear isometry.
Proof. Let & # 0. Then by Proposition 2.1 f(iz) = A(x)f(z), f(jz) = p(z)
f(@), f(kz) = v(z)f(x), where [A(z)| = |u(z)| = [v(z)] = 1. Next,
Re(f(iz), f(x)) = Re(iz,z) = 0

implies that ReA(z) = 0. Similarly we conclude that Reu(z) = Rev(z) = 0.
From
Re(z)u(x)* || f (@)l = Re(A(z) f(z), p(z) f (x))=Re(f (iz), f (jz)) = Re(iz, jz)

= Reij”||z|* =

it follows that ReA(z)u(z)* = 0. Similarly, ReA(x)v(z)* = Reu(z)v(x)* = 0.
Write
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M) = M(@)i + Aal@)j + As(w)h, (@) = pn (2)i + pa(@)j + s @)k
Then
ReA(#)pu(x)* = (@) (&) + ()12 (x) + g (x)pia(z) = 0.
Let v(z) = v1(x)i + va(z)j + va(z)k. Then ReA(z)v(z)* = Rep(x)v(x)* =0
implies that
M@ () + Ae(@)ra(z) + As(@)vs(2) = pa(@)vr(2) + po(@)ve(2)
+us(z)vs(x) = 0.

Hence the matrix

AM(z)  (x)  n()
Q(r) = |A2(2)  p2(z) 1o(z)| € M3(R)
As(x)  ps(x)  vs(w)

is orthogonal, that is Q(z)Q(z)T = Q(2)TQ(z) = I.
Let  and y be nonzero orthogonal vectors and by Proposition 2.1 write
fl@ty)=af(@)+8f(y), lal=I[8=1
Then

Re(allz*) = Re{af(x) + Bf(y), f(2)) = Re(f(z +y),
f(x)) = Re(z +y,z) = [«|*.
Hence a = 1, similarly we get 3 = 1. Thus f is orthogonally additive, that is

fl@+y) = f(z) + f(y) whenever z and y are orthogonal. Now iz and iy are
also orthogonal and

fli(z +y)) = fliz +iy) = f(iz) + fliy) = M=) f(2) + A@) f(y). (1)
On the other hand,

fli(z+y) =Mz +y)fz+y) = Az +y)f(@) + Mz +y)fv). ()
From (1) and (2) it follows that

Az) = My) = Az +y), (3)
whenever z and y are nonzero orthogonal vectors. Next we will show that A
is a constant function. Choose any 0 # u € H. First we show that A(yu) =
A(u),y € H. Let v’ be orthogonal to u. Then u’ is orthogonal also to yu, hence
by (3) AMu) = Au') = A(yu). Now choose any v € H. If u and v are linearly
dependent, that is v = yu for some v € H, then we already know that \(v) =
A(w). If w and v are linearly independent, then write u = yx+dy, v = vz +4d"y,
where x,y are orthogonal vectors, 7,7/, 4,6 € H. By (3)

AMu) = Myz + 0y) = Myz) = A(y'z) = A(v'z 4+ 0"y) = A(v).

Analogous reasoning shows that p and v are constant functions and so the
matrix Q(x) = @ is a constant matrix.
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Now let z,y € ‘H be arbitrary and write

(z,y) = a0 + ani + a2j + ask = (a0, &), (f(2), f(y))
= ao + fii + Bej + B3k = (o, B).
From Re(iz,y) = Re(f(ix), f(y)) = Re(A(f(x), f(y)) it follows that

a1 = A 01+ X2 + A3fs.

Similarly,

g = 1y + pefe + p3f3, a3 =v1P1 + 2Pz + 303,
hence 8 = Qa. This shows that

<f(x)af(y)> = (ao,/@) = (ao,QOt) = go((ao,a)) = 4,0(<£B,y>),

where ¢ : H — H is defined by ((€0.€)) = (€0, Q€), € = &0+ &1+ o +Egk =
(€0, €). Tt is easy to check, see [10], that ¢ is an automorphism in the case
det @ = 1, and an anti-automorphism in the case det ) = —1. Let us show
that ¢ is an automorphism. Indeed, let * € H be a unit vector and o € H.
Then by Proposition 2.1 f(ax) = o' f(x), hence

of = (o' f(2), f(x)) = (fax), f(2)) = p(({az,2)) = ¢(a).

Now let o, § € H be arbitrary, x € H be a unit vector and compute

plaf”) = e({ax, Bz)) = (f(ax), f(Bz)) = (p(a)f(x), 0(B)f(z)) = p(a)p(67).
Thus ¢ is indeed an automorphism. Since ¢ must take the center onto itself,
this means that ¢(R) = R. Then the Skolem—Noether theorem [3, p.262]
says that ¢ is an inner automorphism, that is ¢(a) = £*af for some unit
quaternion &. Then from (f(x), f(y)) = o({x,y)) = & (z,y)¢ it follows that
Ef(x),&f(y)) = (z,y),z,y € H, from which it follows that £f is a linear
isometry. O

Now we are ready to prove Wigner’s theorem. We follow [2,11,12].

Theorem 2.4. Let H and K be inner product spaces over F and f: H — K be
a mapping satisfying

[(f(@), f = [z 0)] (2,9 €H).

(i) If F =R and dim'H > 2, then f is phase equivalent to a linear isometry.

(ii) If F = C and dim'H > 2, then f is phase equivalent to either a linear
isometry or to an anti-linear isometry.

(iii) If F =H and dimH > 3, then f is phase equivalent to a linear isometry.

Proof. Choose and fix a unit vector e € H and let V = {e}*. Let 0 £z € V
be arbitrary and by Proposition 2.1 write
flet+z) = (fle+a), fle)fle) + 2| 7*(f(e+a), f(x))f(x)
= a(z)f(e) + B(x) f(z).
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Then

a(z)"f(e+z) = f(e) + a(z)"B(z) f(z).
Define a mapping g : (e + V) UV — K as follows:

gle) = f(e), g(z)=oa(z)"B(z)f(x), gle+z)=g(e)+g(=),
where 0 # x € V. Then g is phase equivalent to f, hence

(g(@), 9y = [z, ), (4)

and

11+ (g(x),9(y))| = [(g(e + ), 9(e + y))| = {e + z, e +y)| = [1 + (z,y)| (5)

for all z,y € V. From (4) and (5) it follows that Re(g(z), g(y)) = Re(z,y) for
all z,y € V. f F = R, then clearly g|y : V — K is a linear isometry. In the
complex case Theorem 2.2 implies that g|y, : V — K is either a linear isometry
or an anti-linear isometry. In the quaternionic case we use Theorem 2.3 to
conclude that £gly : V — K is a linear isometry for some unit quaternion &.
Let us finish the proof in the quaternionic case, the others being analogous.
Extend £g|y to a linear isometry U : H — K, that is Ue = £g(e), Uz = Eg(x)
if £ € Vand U(Xe + z) = AUe + Ux. It remains to show that U and f are
phase equivalent. If A = 0 they are, so suppose that A £ 0. Then

fe+z)=fA\e+X"12))=Nfle+ 2 1z) = Na(Z 12)g(e + A1)
=Na(A ') U(e+2"1z) = Na(Z o)A U (Ve + ).

Since [Na(A71z)¢*A"Y = 1,f and U are indeed phase equivalent and the
proof is completed. O

Remark 2.2. In dimension one any operator that preserves the modulus of
the inner product is Wigner equivalent to the identity operator. Indeed, after
a suitable identification, any such mapping f can be regarded as a mapping
f:F — F and then f(z) = o(x)z, where o is a phase function defined by
o(x) = f(x)x~lif x # 0 and ¢(0) = 1.

Remark 2.3. It is known that the quaternionic version of Wigner’s theorem
does not hold if dim’H = 2. An easy counter example of Wigner’s theorem in
this case is the following. Let x,y € H be unit orthogonal vectors, take any
z € H and write it as z = ax + fy. If a = 0, define f(z) = *y. If a # 0,
define f(z) = a*z + a~1B3*ay. See [2,12] for the details.
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