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Christensen measurability and some functional equation
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Abstract. Let X be a real separable F-space. We characterize solutions f : X — R and
M : R — R of the equation f(z + M(f(z))y) = f(z)f(y) such that f is bounded on a
nonzero Christensen measurable set. Our result generalizes [Jabloniska in Acta Math Hung
125(1-2):113-119 2009, Theorem 1].
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1. Introduction

Let N, R, C denote the sets of positive integers, reals and complex numbers,
respectively. We consider the equation

[+ M(f(2)y) = f(x)f(y), (1)

where f : X — R mapping a real separable F-space X into R and M : R — R
are unknown functions. This equation generalizes two classical functional equa-
tions: the exponential equation

fla+y) = f(x)f(y) (2)
and the Gotab—Schinzel equation
fla+ f(x)y) = f(x)f(y) (3)

(for M =1 and M = idg, respectively). Equation (2) is very well known; for
more information on it we refer to [1, pp. 25-33, 52-57]. The Golab—Schinzel
equation was introduced in [16] by S. Golab and A. Schinzel in connection with
the determination of subgroups of the centroaffine group of the plane. It turned
out that this equation also has applications in the determination of substruc-
tures of algebraic structures, in the theory of geometric objects, in theories
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of near-rings and quasialgebras as well as in meteorology and fluid mechan-
ics. That is why this equation and its generalizations have been considered by
many authors in various classes of functions (for more information on (3), its
applications and generalizations we refer to a survey paper [6]). In recent years
stability of equations of the Gotab—Schinzel type has been extensively studied
(see [7], [10]-]14])).

It seems to be well known that each of the positive Lebesgue measure solu-
tion f: R¥ — R (for k € N) of Eq. (2) that is bounded on a set is continuous.
This result is a consequence of a theorem of A. Ostrowski (see e.g. [1, Theorem
5, p. 29]).

For the first time solutions of an equation of the Gotab—Schinzel type
bounded on a “big” set were studied by J. Brzdek [5]. He proved that each
function f mapping a separable F-space X over K € {R, C} into K satisfying
the equation

fl@+ f(x)"y) = f(z)f(y) withsome neN (4)

and such that |f(x)] C (0,a) for every x € A, for a set A C X of second cat-
egory with the Baire property and for some a > 0, is bounded or continuous
and, if K = R, then f has to be continuous. An analogous result for solutions
of (4) that are bounded on nonzero Christensen measurable sets was proved
in [20] (see also [18]). Moreover, in [23] solutions of (1) bounded on “big” sets
in some abstract sense were studied.

In this paper we characterize solutions f : X — R mapping a real sepa-
rable F-space X into R and M : R — R of (1) under the assumption that
|f(x)] C (0,a) for every = € A, for some nonzero Christensen measurable set
A C X and for some a > 0. Our result refers to the question of J. Brzdek [6,
Problem, p. 18].

Through the paper m, m. and m; denote the Lebesgue, the outer Lebesgue
and the inner Lebesgue measure in R, respectively. Next, for a real linear space
X, aeR, VVWCR, zg€ X and A, B C X:

lin A denotes the linear subspace of X spanned by A over R,
A+B:={z+y:x€ Ay € B},

A+xo:=A+ {x0},

VA={bx:beV,x € A},

Vg :=V{z},

W.-Vi={ab:acWbeV},

[V|:={la]:a €V}

Moreover, for a function f : X — R mapping a real linear space X into R
and an x € X \ {0}, we define sets:

Ap = fY{1)), Fr={zeX:f(x)#0}, W;:=f(X)\{0}=f(Fy)
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and a function f, : R — R,

fz(a) = f(ax) for each a € R.

2. Preliminary lemmas

First we recall some lemmas which will be useful in what follows.

Lemma 1 ([3, Lemma 2]). Let B be a subgroup of (X,+) and let V' be an infi-
nite subgroup of (R\{0},-) such that VB C B. Then, for every x € B, the set
B, ={a € R:azx € B} is dense in R.

In the next lemmas we recall some general properties of functions satisfy-
ing (1).

Lemma 2 ([17, Lemma 2, Lemma 3]). Let X be a real linear space, f : X — R,
f#0, f#A1and M :R —R. If f and M satisfy (1), then:

(1) fFIM(f(z) " Yz—2)) = f(2)f(z)"! forx € Ff and z € X;
(Mo f)=*({0}) = f~'({0});

and z € Ay \ {0});
(vi) Wy is a subgroup of (R\ {0},);
(vil) o —y € Ay for every x,y € Fy with f(x) = f(y).
Lemma 3 ([19, Lemma 3]). Let X be a real linear space, f: X — R, f #0,
f#1land M :R — R. If f and M satisfy (1), then:
(1) there exists a function w: Wy — X such that Fy = w(Wy) + Ay;
(ii)) f and M : R — R satisfy (1), where
M{(a)
(iii) 4f, moreover, M(1) =1 and Mo f # 1, then 0 € f(X).

for each a €R; (5)

Lemma 4 ([17, Lemma 5, Lemma 6]). Let X be a real linear topological space,
[ X>R M:R—-R, M(1)=1and Mo f#1.1If f and M satisfy (1) and
0 € int Fy, then f(X) is infinite and M(Wy) \ {—1,1} # 0.

Lemma 5 ([19, Lemma 4]). Let X be a real linear space, f: X - R, M : R —
R, f#0, M(1) =1 and M(Wy)\ {1} # 0. Let functions f and M satisfy (1).
Then there exists xg € X such that

Ff C (M(Wf) — 1)330 + 1inAf.
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Furthermore, if Ay =lin Ay, then xo ¢ Ay,
FH{f@)}) = (M(f(x)) = Dzo + Ap  for each x € Fy

and M\f(X) is injective and multiplicative.

3. Christensen measurability

We start with some basic definitions which can be found in [8]-[9] and [15].

Let X be a real separable F-space and let 9t be the o-algebra of all the
universally measurable subsets of X; i.e. 91 is the intersection of all the comple-
tions of the Borel g-algebra of X with respect to probability Borel measures.
In the following a measure is a countable additive Borel measure extended
to M.

Definition 1. A set B € 91 is a Haar zero set iff there exists a probability
measure u on X such that u(B + x) = 0 for each z € X. Aset P C X is a
Christensen zero set iff P is a subset of a Haar zero set. A set D C X is a
Christensen measurable set iff there are B € 9t and a Christensen zero set
P such that D = BU P. A function f : X — R is said to be Christensen
measurable iff f~1(U) is Christensen measurable for each open set U C R.

Denote

Co :={B C X : B is Christensen zero set},

C :={B C X : Bis Christensen measurable}.

The family Cy is a o-ideal and the family C is a o-algebra (see [8, Theorem 1]
and [15, Proposition 1]).

Lemma 6 ([8, Theorem 2]). If B € C\ Cy, then 0 € int (B — B).

Lemma 7 ([4, Lemma 14]). Let D € C\ Cy and x € X \ {0}. Then there exist
a Borel set D, C D and y, € X such that

m(kz " (yz + Da)) > 0, (6)
where ky : R — X, ky(a) = ax.

Lemma 8 ([21, Corollary]). Each additive function a : X — R bounded above
on a nonzero Christensen measurable set is linear.

Lemma 9 ([22, Lemma 13]). Let f : X - R, f #1, M : R — R and let
D e C\ Cy be such that D C Fy. If f and M satisfy (1), then, for each
z € X \ {0}, there is a z € Fy with m;(f;(f(2)"' f(D))) > 0.

Now, we prove two lemmas.
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Lemma 10. If functions f : X — R and M : R — R satisfy (1), M(1) =1,
Mo f #1 and there is a set D € C\Cy such that D C Fy, then f(X) is infinite
and M(Wy)\ {—1,1} # 0.

Proof. First suppose that M (W) = {1}. Then, in view of (1),

flx+y)=f(x)f(y) #0  for every z,y € Fy

and thus Fy+Fy C Fy. Applying Lemma 2(i) with z = 0 we obtain Fy = —FY.
Hence, by Lemma 6,

0 €int (D — D) C int (Fy — Fy) C int Fy

and, on account of Lemma 4, M (W) \ {—1,1} # 0, which is a contradiction.
Thus M (Wy) \ {1} # 0.

Next, suppose that M(Wy) = {—1,1}. Fix an z € Fj. Then either
M(f(x)) = —1, or M(f(x)) = 1. In the first case, by (1) and Lemma 2(iv),
we trivially get f(z)? = 1. Since M (1) = 1, we have f(z) = —1. In the second
one, taking a y € Fy with M(f(y)) = —1 (since M(W;) = {—1,1} such a y
exists), in view of (1), we obtain

fly—=z)=fly+M(f(y))z) = f(2)f(y) = flz+ M(f(x)y) = fz+y)
Hence, applying Lemma 2(vii), we get f(2x) = 1 and so, by (1),

f@)? = fz + M(f(x))z) = f(22) = 1.
Now, using Lemma 2(vi), we obtain that Wy = {—1,1}.

Since Mo f # 1 and M(1) =1, f # 1. Fix z € X \ Ay. By Lemma 9
there is a zg € Fy with m;(f;71(f(20) 7 f(D))) > 0. Condition D C Fy implies
f(z0)71f(D) € R\ {0}. Hence f='(f(20)~'f(D)) C fo (R {0}) and, con-
sequently, m;(f7 (R \ {0})) > 0. Clearly f, and M satisfy (1), f. # 0 and
f» # 1. Then, according to Lemma 3(i), there is a function w : Wy, — R
such that

Fr.= |J (w(a)+A4y).
ac€EWy,
Since Wy, C Wy = {—1,1} and m;(Fy,) > 0, we have m.(Ay, ) > 0. In view of
Lemma 2(v) Fy, + Ay, C Fy.. Now, by [2, Theorem 1], § # int (Fy, + Ay.) C
int Fy, and hence, using Lemma 4, Wy, is infinite. This contradiction ends the
proof. O

An idea of the proof of the next lemma is similar to the idea of the proof
of Lemma 9 in [20]. Therefore, some parts of the proof are analogous to those
in [20].

Lemma 11. Let functions f : X — R and M : R — R satisfy (1), Mo f #1
and M(1) = 1. If there is a set D € C\ Cy such that |f(D)| C (0,a) for a
positive real a, then lin Ay # X.
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Proof. For an indirect proof suppose that lin Ay = X. In the first step we
prove that there are y € Ay \ {0} and ag € R fulfilling f(agy) = 0. To this end
first consider the case where

M o flgy = 1for eachy € Ay \ {0}.

Since lin Ay = X, Ay must contain a base for X. Thus, by Lemma 3(iii),
there are a; € R and z; € Ay, where ¢ € {1,...n} for some n € N, such that
F(0 | aiz) = 0. Moreover, (Mo f)(a;z;) = 1 for each i € {1,...,n}. Hence,
in view of (1), using induction we obtain that

=f (Z aizi) =f (oqzl + M(f(ar21) (Z azzz>>
flanz) (Za zl> = f(a121)f (agzg + M(f(agz2)) (Z alzz>>
= f(alzl a222 <z OZ7Z7> = H Ot,Z7

Consequently, f(o;z;) = 0 for some j € {1,...,n}. In the case where

Mo flgy #1 for somey € Ay \ {0},

functions f|r, and M satisfy (1) and hence, by Lemma 3(iii), f(aoy) = 0 for
some ag € R.
Now, fix y € Ay \ {0} such that f(aoy) = 0 for some ag € R. Clearly then

fy and M satisfy (1), f, # 1, f, # 0 (because f,(ag) = 0 and f,(1) = 1)
and, by Lemma 2(ii), M o f, # 1. According to Lemma 2(iv), A, is a sub-
group of the group (X, +). Simultaneously, by Lemma 10, the multiplicative
group (M (W;)) generated by M (W) is infinite and, in view of Lemma 2(iii),
(M(Wy)) Ay C Ay. Hence, using Lemma 1, Ay, = {a € R:ay € Ay} is dense
in R. Moreover, from Lemma 9 we obtain that there is some z € Fy with
mi(f ' (f(2)7'f(D))) > 0. Let B C f;'(f(z)~" f(D)) be such that m(B) > 0.
Since |f(D)| € (0,a), |fy(B)| C |f(z)"'f(D)| C (0,a0) for ag = |f(2)|a.

Hence, in view of Lemma 10, the set Wy, is infinite. Define a set
Do ={ce Fy, :[f(c)] <ao}-
Clearly B C Dy. Moreover, by Lemma 2(v), Ay, + Doy C Dg. Hence we obtain
Ap, N[(R\ Do) — Do] = 0.

Thus m.(R \ Dy) = 0, because otherwise, in view of [2, Theorem 1], we
would have

int (R \ Do) — Do) D int (R\ Do) — B) # 0,
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which contradicts the density of Ay . Now, according to Lemma 2(vi), there
is a sequence (by)men C Fy, such that for each b € Fy, there exists some
m € N with

Fy(bm 4+ M(f(bn))b) = fy(bm)fy(b) € f,(R\ Do).
By Lemma 2(i)
B C Fy, € | J ((R\ Do) = b)) M (fy (b)) ™"
meN
Since m.(R\ Do) = 0, me(B) = 0. This contradiction ends the proof. O

4. The main result

Now, we are in a position to prove the announced theorem. Some parts of the
proof are similar to the proof of Theorem 1 in [20], but the whole proof is more
complicated because of the two unknown functions.

Theorem 1. Let f: X - R, M : R — R and|f(D)| C (0,a) for a set D € C\Co

and a positive number a. Then functions f and M satisfy (1) if and only if

one of the following conditions holds:

(i) f=1;

(i) Ml,00) = 1 and there exists a nontrivial linear functional h : X — R
such that f(x) = exph(x) for each x € X;

(iil) there exist a nontrivial linear functional h : X — R and a ¢ € R\ {0}
such that either

M(y) = |y|eseny fory € R,

|h(z) + 1|°gn (h(z)+ 1), z€ X, h(z) # —1;
f(:c){()’ © x e X, h(z) =-1 (M)
M(y) =y* fory € [0,00),
(h(z) +1)¢, =xze€ X, h(z) > —1;
flz) = {O, x € X, h(z) < —1. (8)

Proof. First assume that f and M satisfy (1) and there is a set D € C \ Cy
such that |f(D)| C (0,a) for some a > 0. It is clear that condition (i) of this
Theorem holds. So assume that f # 1. .

If Mo f=e¢, then f with M given by (5) fulfill (1) and M o f = 1. Hence,
in view of (1), f satisfies (2). Since f # const, by [1, Theorem 5, p. 29|, there
is an additive function h : X — R, h # 0, such that f = exph. Moreover,
|f(D)| C (0,a) implies h(x) < Ina for every € D. Hence, according to
Lemma 8, h is linear. Then f(X) = (0,00). Putting z = 0 in (1), we have
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f((e=1)y) =1 for each y € X. Thus ¢ = 1 and condition (ii) of this Theorem
holds. . —

Now, let Mo f # ¢. Then f with M given by (5) also satisfy (1), M(1) =1
and M o f # 1. By Lemma 10 M(Wf) \ {—1,1} # 0. Hence, on account of
Lemma 5, there is some xy € X such that

Fp— Fy C (M(Wy) — M(W;))xo +lin Aj.

In view of Lemma 6, int (Fy — Fy) D int (D — D) # 0 and, by Lemma 11,
lin Ay # X. Hence z( ¢ lin A¢. Consequently we obtain

Rao + linAp = X 9)
and
int (M (W) — M(Wy)) # 0.
Clearly then int (<A7(Wf)> - <M(Wf)>) # 0, where <M(Wf)> denotes

the subgroup of (R \ {0},-) generated by M(Wf) In view of Lemma 2(iii)
(Wy) Ay C Ay. Thus, using Lemma 2(iv), RAy C Ay and hence Ay =lin Ay.
Then, on account of Lemma 5, zo ¢ Ay,

I {f@)) = (M(f(@) ~ Dao + Ay forcach z€ Fy (10)

and the function M lf(x) is injective and multiplicative. Thus, in view of

Lemma 2(vi), we obtain that M(Wf) is a subgroup of the group (R \ {0}, ).
It results from (9) that

X =Rag + Ay (11)

Consequently, according to Lemma 7, there are a Borel set By C Fy, a € R
and x € Ay such that

m(ky*(axo + 4 Bo)) > 0,
where ko : R — X, ko(a) = azg. By (10) we have
Fy = (M(Wy) = 1o+ Ay (12)
and thus
awo+x+ Fy = (M(Wy) = 1+ a)zo + Ay,
Hence
ko Haxo + = + Bo) C ky (axo + 2+ Fy) = M(Wj) — 1 +a.

It means that m;(M(Wy)) > 0 and, in view of a consequence of Steinhaus’
Theorem (see [4, Lemma 10]),

int M(W¢) D int [M(Wy) - M(W;)] # 0.
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But M(Wf) is a subgroup of (R, -). Hence
M(Wy) € {(0,00), R\ {0}}. (13)

Since (11) holds, we can define a nontrivial linear functional h: X — R as
follows:

h(axg+y) =a foreverya e Randy € Ay. (14)
According to (10) and (14), we have
h(z) = M(f(m)) —1 for each z € Fy. (15)

Putting z = 0 in (1), we get f(M(1)y) = f(y) for each y € X. Thus, (15)
implies that

h(y)+1=M(f(y)) = M(f(M(1)y)) = h(M(1)y) + 1 = M(1)h(y) + 1
for each y € Fy. By (13) and (15) h(yo) # 0 for some yo € Fy. Hence M (1) =1

and consequently, in view of (5), M = M.
Moreover, by (11) and (12), we obtain that

X\ Ff = —x9 + Ay, ifM(Wf)ZR\{O},
f (_Ooa_l]xo +Af7 lfM(Wf) = (0,00)
Hence, in view of (14),
_ {_1}, lfM(Wf) :R\{O}v
MENFY) = {(—oo, 1], i M(Wy) = (0,00).
On the other hand, using Lemma 2(ii), we obtain M(f(z)) = 0 for each
x € X \ Fy. Thus, according to (15), either
M(f(z)) =h(z)+1 foreachzre X (16)
or
M(f(z)) = max{0,h(z) + 1} for each z € X. (17)
Hence M|y(x) is injective and multiplicative.
Let Z = M(f(X)). According to (16) and (17) Z € {[0,00),R}. Let H :
Z — R be given as follows:
H(z) = (M|sx)) '(z) forzeZ. (18)
Function H is multiplicative and injective on Z. We prove that H is continuous
on Z \ {0}.
To this end fix y € X \ ker h. According to Lemma 9 there are z € Fy and
a set B C R with m(B) > 0 such that B C f,'(f(z)"'f(D)). If f and M
satisfy (17), then h(By) + 1 C (0,00) (otherwise we would have
0 € {max{0,h(z) + 1} : = € By}
and hence
0= H(0) € H({max{0,h(z) + 1} : @ € By}) = f(By) C f(2)~ f(D) C Wy,
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which is a contradiction). Thus H(h(By) + 1) = f(By) and, by the linearity
of h,

[H(Bh(y) +1)| = [f(By)| < [f(z)7 f(D)] € (0,a0)

for ap = |f ()|~ ta. Since m(Bh(y)+1) > 0, we conclude that H is a multiplica-
tive function bounded on a set of positive Lebesgue measure. Thus, according
to [1, Corollaries 7-8, p. 31] H is continuous on Z \ {0}. Therefore, as H is
injective, applying [1, Corollary 9, p. 31], we get that H is given by

z|%sgnz, z € Z\ {0};
H(Z){()| g Z:()\{}

with a certain ¢ € R\ {0}. Then, by (16), (17) and (18), condition (iii) is valid.
This ends the first part of the proof.
The converse statement is easy to check. O

Remark 1. If we additionally assume in Theorem 1 that Mo f is bounded on D,
then the proof of this theorem can be simplified in a very natural way. First we
have to prove the multiplicativity and the injectivity of M on f(X) (in exactly

the same way as in the proof of Theorem 1). Then a function f : X — R given
by f = M o f satisfies (3) and, by Lemma 3(ii), |f(D)| C (0,a0) for some
ap > 0. Therefore, to finish the proof we can apply [20, Theorem 1] (with
n=1).

The above-mentioned method potentially may not be applicable.

Remark 2. Note that in Theorem 1(iii) if ¢ > 0, then M and f are both
continuous.

Indeed, if (8) holds, then h(D) + 1 C (0,00) (otherwise 0 € f(D), which
contradicts the assumption). Thus, for f given by (7) or (8), we have

h(z) = f(z)c —1 forz € D.

Hence the boundedness of f on D implies the boundedness of A on D. Thus,
in view of [1, Theorem 8, p. 17], h is continuous and, by (7) or (8), so is f.

Open Access. This article is distributed under the terms of the Creative Commons Attri-
bution Noncommercial License which permits any noncommercial use, distribution, and
reproduction in any medium, provided the original author(s) and source are credited.
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