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Summary. The singular Neumann boundary value problem (g(z’)) = f(¢t, z,z’), ='(0) =
2/(T) = 0 is considered. Here f(t,z,y) satisfies local Carathéodory conditions on [0,7] x R x
(0,00) and f may be singular at the value O of the phase variable y. Conditions guarantee-
ing the existence of a solution to the above problem with a positive derivative on (0,7") are
given. The proofs are based on regularization and sequential techniques and use the topological
transversality method.

Mathematics Subject Classification (2000). 34B16.

Keywords. Singular Neumann boundary value problem, g-Laplacian, increasing solutions, topo-
logical transversality method.

1. Introduction

Let T be a positive number, J = [0,7]. Consider the Neumann boundary value
problem (BVP)

(92’ (1)) = f(t, =(t), 2" (1)), (1.1)
2'(0)=0, /(T)=0, (1.2)

where g € C°(]0,00)), g(0) = 0 and f satisfies local Carathéodory conditions on
JXRx (0,00) (f € Car(J xR x (0,00)) and f may be singular at the value 0 of
its second phase variable in the following sense: lim,_,o+ |f(¢,z,y)| = oo for a.e.
t € J and each = € R, z # a(t), where « appears in assumption (Hs).

A function z € C'(J) is said to be a solution of the BVP (1.1), (1.2) if g(z2') €
AC(J) (absolutely continuous functions on J), x satisfies the Neumann boundary
conditions (1.2) and (1.1) holds a.e. on J.

In this paper we are interested in finding conditions guaranteeing the existence
of a solution x of the BVP (1.1), (1.2) such that 2/(¢) > 0 for t € (0,7). We
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note that our problem is at resonance since each constant function on J is a solu-
tion of the associated homogeneous problem (g(z'))’ = 0, (1.2) and, in addition,
solutions of the BVP (1.1), (1.2) have ‘maximal’ smoothness (that is = € C*(J)
and (g(z')) € AC(J)) although f may be singular at the value 0 of its second
phase variable. Also we remark here that the singular Neumann boundary value
problem with f singular at the value 0 of its second phase variable has not been
considered in the literature.

We note that the regular BVP (1.1), (1.2) with g(u) = u is usually considered
by combining the method of lower and upper functions (see, e.g. [5], [6], [8], [9],
[11], [12] and references therein) with the Mawhin continuation theorem ([11]) or
the topological transversality method ([5], [6], [8]) or Schauder degree theory ([12])
or special procedures ([9]). The nonlinearity f in (1.1) is continuous ([5], [8], [12])
or satisfies local Carathéodory conditions ([6], [9], [11]). Existence results for the
Neumann problem —z”(t) = fi(t,x(t)) + p(t), (1.2) with f; € C%([0,1] x R) and
p € L2([0,1]) are proved in [13] by variational methods.

The regular BVP (1.1), (1.2) with g € C°(R), g(R) = R, g increasing and f €
Car([a,b] x R?) was considered in [2] and [3]. In [2] solutions are obtained as the
limit of solutions of different nonhomogeneous mixed problems whereas existence
was proved by the method of lower and upper functions in [14]. Combining the
method of lower and upper functions in the reverse order together with monotone
methods and a iterative technique, the existence of minimal and maximal solutions
of the BVP (1.1), (1.2) lying between upper and lower functions is proved in [3]. In
[4] the author discuss the existence and nonexistence of solutions to the differential
equation (g(z)) + p(z') + h(z) = q(t) satisfying (1.2). Here g is an increasing
homeomorphism on I; onto Iy, where I; and Iy are open intervals containing
zero, g(0) = 0, p € CO(R), ¢ € C°([0,T]) with [, q(t)dt = 0 and h € CO(R) is
bounded, lim,—, o h(u) < lim,— o0 A(w). In [10] the authors stated conditions for
the existence of a solution to the BVP (|2/|P~22")" + fi(t,z) + f2(t,z) = 0, (1.2)
where f; is bounded, fo satisfies a one-sided growth condition, f; + fo has some
sign condition, and the solutions to some associated homogeneous problem are
not oscillatory. In [7] the BVP —(|2/(#)[P~2a/(t)) = h(t,z(t)), (1.2) (2 < p < 00)
is considered, where h : J x R — R is a Borel measurable function satisfying
some extra conditions. To guarantee the existence of solutions the authors pass
to a multivalued problem which is solved using variational techniques based on
nonsmooth critical point theory.

Our existence result for the singular BVP (1.1), (1.2) is proved by regular-
ization and sequential techniques. We first define a sequence of auxiliary regu-
lar BVPs to the BVP (1.1), (1.2) and give a priori bounds for their solutions
(Lemma 2.1). Then we use twice the topological transversality principle (Theo-
rem 1.3) to prove that the sequence of the auxiliary BVPs has a sequence {x,}
of solutions (Lemma 2.2 and 2.3). The construction of the sequence of auxiliary
BVPs guarantees that a/,(t) > 1/n for each t € J and n € N. In addition, we show
that g(« (t)) > ut and g(z,,(t)) > (T —t) on a neighbourhood of zero for each
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n € N, where p is a positive constant (Lemma 2.5). Applying the Arzela—Ascoli
theorem we can select a convergent subsequence of {z,} in C1(J), and then the
Lebesgue dominated convergence theorem shows that its limit x is a solution of
the BVP (1.1), (1.2) with 2’ > 0 on (0,T) (Theorem 3.1). We illustrate our theory
with two examples (Example 3.2 and 3.3).

Throughout this paper, the following assumptions are used.
(Hy) g € C°(]0,00)) is increasing, g(0) = 0 and lim, .o g(u) = oo;
(Hs) f € Car(J xR x (0,00)) and

ft,at),y) =0 forae.te Jand each y € (0,00),

where o € C°(J) is decreasing;
(H3) There exist functions ¢; € C°((—o00,a(0)]), g2 € C°([a(T), 00)) positive,
w; € 0°0,00)) nonnegative and nondecreasing and wy € C°((0,00))

1
positive and nonincreasing, / wa(g™*(s)) ds < oo, such that
0

0< f(t,z,y) < q@)(wi(y) +wa(y))
for a.e. t € J and each z < «a(t), y > 0

and
0> f(t,z,y) = —q2(x)(wi(y) +w2(y))
for a.e. t € J and each = > «(t), y > 0;
(Hy) limy o0 H(u) = 0o and

a(0) a(0)+Tu
q1(s) ds q2(s) ds
mln{ a(T)—Tu a(T) } <1

lim sup , lim sup

U—s00 H(u) U—s 00 H(u)
where

g '(s)

g(u)
H{u) = / o1 (5-1(5) + w2l 1(3))

(Hs) For each € > 0 there exists § > 0 such that for a.e. t € J and each a > ¢,
y € (0,1],

f,at) —a,y) >6, [t alt)+a,y) <=4

ds for u € [0,00);

Remark 1.1. Since g=1(0) = 0 and g~! is continuous and increasing on [0, co)
which follows from (H;) and ws is a positive, nonincreasing and continuous func-

1
tion on (0,00) by (Hs), the condition / wa(g™(s))ds < oo implies that
0

/4w2(g_1(s)) ds < oo for each ¢ > 0.
0
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Remark 1.2. By (Hj3), the function p : [0, 00) — [0, 00),

0 foru=0
p(u) = g—l(u) "
(g @) T walg )y e

is continuous on [0,00) and H(u) = Og(u) p(s)ds for u € [0, 00).

Existence results for auxiliary regular BVPs to the BVP (1.1), (1.2) are proved
by the topological transversality method ([1], [5], [6]), which we state here for
the convenience of the reader. Let U be a convex subset of a Banach space X
and let Q C U be open in U. Denote by Haa(Q,U) the set of compact operators
F : Q — U which are fixed point free on 9§2. We say that F € Hoa(Q,U) is
essential if every operator in Haq(Q,U) which agrees with F on 00 has a fixed

point in

Theorem 1.3. (Topological transversality) Let
(a) F € Hoa(Q,U) be essential,
(b) H: Qx[0,1] — U be a compact homotopy, H(-,0) = F and H(x,\) # x
for z € 9Q and X € [0, 1].
Then H(-,1) is essential and therefore it has a fized point in .

If p€ Qand F € Hpa(Q,U) is a constant operator, F(z) = p for x € , then
F is essential (see [1], [5], [6]).
2. Auxiliary regular BVPs

For each n € N, define S,, € C°(R) and fos fn € Car(J x R?) by

1 foru>%
Sp(u) =14 2n(u—5-) for 5~ <u<i
0 forugﬁ,

- ft,z,y) for (t,z) e J xR, y >
fn(t,2,y) = 1
ft,z, =) for (t,x) € I xR,y <

n

3= 3=

fn(taxa y) = Sn(y)fn(t,x, y)
Then (Hs) and (Hs) give
fa(t,a(t),y) =0 for a.e. t € J and each y € R, (2.1)

0 < fu(t,z,y) < qr(x)[max{w (y), w1 (£)} + wa(y)]
for a.e. t € J and each z < a(t), y > 5-,
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0> fn(t7xuy) Z —QQ(CU) [max {wl(y)7w1 (%)} +w2(y)] (2 3)
for a.e. t € J and each = > «a(t), y > % '
and
falt,z,y) =0 forae. t€Jandeachz €R, y < 5. (2.4)
Let g. € C°(R) be defined by the formula
g(u) for u € [0, 00)
g« (u) =
—g(—u) for u € (—o0,0).
Consider the family of regular BVPs
(g:(2' (1)) = Afult, 2(t), 2’ (1)), ()
/ L 1
YO0)= T (1)= ] (B)

depending on the parameters n € N and A € [0, 1].

A priori bounds for solutions of the BVPs (E)}
following lemma.

(B),, are presented in the

no

Lemma 2.1. Let assumptions (Hy)—(Hy4) be satisfied and n € N, X\ € (0,1]. Let
x be a solution of the BVP (E)), (B),. Then there exist positive constants A and
A independent of n and A\, and a unique £ € (0,T) (depending on x) such that

lz|| = max{|z(t)| : t € J} < A, (2.5)
z(§) = a(§) (2.6)

and 1
- <a2'(t)<A fortel. (2.7)

Proof. We first prove that

z(0) < «(0). (2.8)
If not, then x(0) > «(0) and from 2’(0) = 1/n and « being decreasing on J we see
that ;v( ) > a(t) on a right neighbourhood of ¢t = 0. If z(7) = «(7) for a 7 € (0, T
and z(t) > «a(t) for t € (0,7), then z'(7) < 0 and so for a v € (0,7) we have
'(v) =1/(2n) and ' <1/(2n) on [v, 7]. Hence (g.(z'))’ = 0 a.e. on [v, 7] by (2.4)
and then z/(t) = 1/(2n) on this interval, which contradicts z’(7) < 0. Therefore
x(t) > a(t) for t € (0,T] and then (2.3) and (2.4) yield

<0 if2(t) > 5
=0 ifa/(t) < 4.

9+(z'(T)) = g (%) +/0T(g*(x’(t))’dt =y (%)—M/OT falt,z(t),2'(t) dt < g (%)

(9+(2'(1)) = Afu(t, z(t), ' (t)) {
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which contradicts 2’(T') = 1/n. We have proved that (2.8) is true.

Since z(0) < a(0), z(t) < «a(t) on a right neighbourhood of ¢ = 0 and then
2'(0) = 1/n and (2.2) show that 2z’ is increasing on any right neighbourhood of
t = 0 where z(t) < a(t). Now from a'(T") = 1/n we deduce that (2.6) holds with
age(0,7),z(t) < a(t) for t € 0,£), 2'(t) > 1/n for t € (0,£] and z(t) > «(t) on
a right neighbourhood of t = £. Arguing as in the first part of our proof we can
verify that z(t) > a(t) for t € (§,T]. Hence (g.«(z')) < 0 a.e. on [{,T] by (2.3)
and (2.4), and then 2/(T) = 1/n implies 2’ > 1/n on [§,T] which together with
(2.3) yields (g«(2z")) < 0 a.e. on [§,T]. As a result 2/(¢t) > 1/n for ¢t € [¢,T), and
s0

z'(t) > % for t € (0,7) (2.9)
and (2.6) is satisfied with a unique £ € (0,T"). In addition, it is clear that
2| = max{z'(t) : t € J} = 2'(€) (2.10)
and
2]l = max{[z(0)], [=(T)|}- (2.11)

We now give bounds for z on J. Clearly (see (2.9)), z(0) < z(t) < «(T) for
t € J. By (2.2), (2.3) and (2.9), we have

(9(2'(1)) < qu(@(®) (wi(2 (1)) +wa(2'(t))) for ae. t €[0,¢],
(9(2' (1) = —q2(2(t))(w1(2'(t)) + w2(2'(t))) for ae. t €[ T].
Integrating the inequality

(g(a'()))"«' (t)
w1 (#'(2)) + wa(2'(2))

< q(z(t)x'(t) for ae. t €[0,¢]

(9(='(1)))"="(t)
wi(2'(1)) + wa(2'(1))

over [0,t] C [0,¢] and [¢t,T] C [£,T], we get

/g(x/(t)) g 1(s) o <
1 -1 $ =
g1/ny wi(g7(s)) +wa(g1(s))

> —qo(z(t))2'(t) for ae. t € [&,T]

q1(s)ds, te]o0,¢]

and

z(T)
>—/ ga(s)ds, teleT),
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respectively. Hence

H(' () < H (1) " / " e ds, te.

n (0)

and

) <L)+ [ ) ds, teleT]

Since (see (2.6))

3
© - [ #()ds > ale) - Tl > a(D) - T,
0

T
+/ 2(s)ds < (&) + T[] < a(0) + Tl
13

(2.12) and (2.13) with ¢t = ¢ and (2.10) show that
a(0)

H(|l2') < H(1) + / a1 (s) ds,

a(T)=T||='||

, a(0)+T 2"
1) < H1) + | () ds.
a(T)
From (H,) there exists a positive constant A such that
a(0)
H(1) +/ q1(s)ds < H(u)
a(T)—Tu

and/or

a(0)+Tu
H(1) +/ q2(s) ds < H(u)
a(T)

299

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

for u > A. Consequently (see (2.16) and (2.17)), ||2’|] < A. We have proved

that (2.7) is satisfied, and then (see (2.11), (2.14) and (2.15)) (2

A = max{|a(0)], |a(T)|} + TA.

.5) holds with

d

The solvability of the BVP (E)., (B),, n € N, will be proved by the topological
transversality method. For this we denote X = C!(J) x R the Banach space

equipped with the norm ||(z, a)||« = ||z|| + ||2’]| + |a|. Set
U={(z,a): (z,a) € X,z(0) =0}
and (for n € N)

O = {(,0) s (v.0) €U, |2l <24+ T, ||a’]| < A,

3
2(t)> o for t € J, |a| < A+]a(0)] + |a(T)| + T},
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where positive constants A and A are given in Lemma 2.1, and the function «
appears in (Hg). Then U is a closed and convex subset of X and €, is an open
subset of U for each n € N.

We now give the lemma which will be used in the proof of Lemma 2.3 which
gives conditions for the solvability to the BVP (E)L, (B),.

Lemma 2.2. Let assumptions (Hz) and (Hsz) be satisfied and n € N. Let the
operator ICp, : Q2 — U be defined by

; T
Kn(z,a) = {—, a +/ falt,x(t) + a,2'(t)) dt}. (2.18)
n 0
Then K,, is essential.

Proof. Let F,, : Q, x [0,1] — U be given by

T
Fulz,a,\) = {% a+(1—)\)(a(0)—a)+)\/0 fn(t,x(t)+a,:p’(t))dt}.

Then F,(+,-,1) = Kn(:,+) and F,(x,a,0) = p for (z,a) € Q,, where p = (t/n, a(0))
€ Q,. If we show that F, is compact and F,(x,a, A) # (z,a) for (z,a) € 9, and
A € (0,1], then Lemma 2.2 follows from Theorem 1.3. Since f,, € Car(J x R?),
there exists v € L1(J) such that

[t 2, ) < y(E) (2.19)

for a.e. t € J and each |z| < 34 + |a(0)] + |a(T)| + 27, |y| < A, and so F,, is
continuous on ,, x [0, 1] by the Lebesgue dominated convergence theorem and also
it is easy to check (use the Arzela—Ascoli theorem and the compactness criterion
on R) that F,,(Q, x [0,1]) is compact in i. Suppose that F,,(xo, a9, o) = (70, ao)
for some (zg,ag) € 9, and Ag € (0,1]. Then zo(t) = t/n and

T
(1= o) ((0) —ag) + AO/O In(t, xo(t) + ag, zy(t)) dt = 0.
Set
T
@) = (1= 20)((0) =) +do [ fult.o(®) + 0.y (0)de
for a € R. Then r € C%J), r(ag) = 0, and since f, (¢, zo(t) + a,x((t)) =
fult, (t/n) + a,1/n) = f(t,(t/n) + a,1/n), we deduce from (Hz) and (Hj3) that

r(a) < 0 for a > «(0) and r(a) > 0 for a < «(T) — T/n. Hence ag € (a(T) —
T/n,«(0)) which contradicts (zg,ag) € 9y,. O

Lemma 2.3. Let assumptions (Hy)—-(Hy) be satisfied. Then for each n € N, the
BVP (E)L, (B),, has a solution z,, and

[znll < A, (2.20)



Vol. 69 (2005) Neumann boundary value problems 301

xn(gn) = O‘(fn) (2'21)

and
! <z'(t)y<A forteld, (2.22)
n

where the constants A, A are given in Lemma 2.1 and &, € (0,T) is unique.

Proof. Fix n € N and define the operator A : Q,, x [0,1] — U by
t 1 s
_ -1 - /
A(z,a,\) = {/0 Jx <g(n> —l—)\/o fanlv,z(v) + a,x (v))dv) ds,
T
a+/ Fult,z(t) +a,x’(t))dt}.
0

Suppose that (z.,a,) is a fixed point of A(-,-,1). Then

z.(t) = /Ot g*—l(g(%) + /OS (v, 2. (v) + ax, 2 (v)) dv) ds, teJ
and
/OT fat,xu(t) + ax, 2 (t)) dt = 0. (2.23)

It follows that
1 t
g:(zh(t) =g (ﬁ) —|—/ fn(8,4(8) + as, 2, (s))ds, teJ
0

and (see (2.23)) 2. (0) = 2, (T) = 1/n. Setting x,(t) = z.(t) + a. for t € J, we see
that x,, is a solution of the BVP (E)., (B),, and the validity of (2.20)—(2.22) now
follows from Lemma 2.1. Therefore to prove the existence of a solution of the BVP
(E)L, (B), satisfying (2.20)—(2.22), we have to show that the operator A(-, -, 1) has
a fixed point. Since A(-,-,0) = K,(+,-) and I, is essential by Lemma 2.2, for the
existence of a fixed point of A(-, -, 1) it is sufficient to verify, by Theorem 1.3, that
(i) A is a compact operator, and
(ii) for each A € [0,1], A(-,+, A) is fixed point free on 9€,,.
Using (2.19), A is continuous by the Lebesgue dominated convergence theorem and
also A(Q,, %[0, 1]) is compact in . Thus (i) is satisfied. Let A(xo,ag, o) = (70, ao)
for some (z9,a0) € Q, and A\g € [0,1]. If A9 = 0 then (zq,a0) & 09, which has
been proved in the proof of Lemma 2.2. Let A\g € (0,1]. Then

zo(t) = /Ot gt (g(%) + Ao /05 Jn(v,z0(v) + ag, xy(v)) dv) ds, teJ
and

T
/O Fult, zo(t) + ag, (1)) dt = 0. (2.24)
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Hence
g«(z((t) =g (%) + /\0/ In(s,20(8) + ag, xy(s)) ds, t e J,
0

and (see (2.24)) x((0) = z((T) = 1/n. Setting x,,(t) = xo(t) + ag for t € J, we see
that =, is a solution of BVP (E)0, (B),,. Consequently,

1
o+ aoll = llaall < 4. = <w () =a(t) <A forte] (2.25)

by Lemma 2.1. Since xo(0) = 0, (2.25) yields |ag| < 4, and so ||zo|| < A + |ag| <
2A. Hence (zg, ag) ¢ 0Qy, and (ii) is verified. O

Remark 2.4. Let n € N. By Lemma 2.3, there exists a solution z,, of the BVP
(E)L, (B), satisfying (2.20) and (2.22). From the definition of the functions f,

anj g« we see that fu(t,zn(t),2),(t)) = f(E,zn(t),27,(1)), g4(2, (1)) = gz, (1)),
(g(z, (1)) = f(t,zn(t),x),(t)) for ae. t e J. (2.26)

Lemma 2.3 guarantees that for each n € N, there exists a solution z,, of the
BVP (E)L, (B), and that 2/, > 1/n on J. Since we consider solutions of the

no
BVP (1.1),(1.2) in the class C''(J) and having positive derivative on (0,7, it is
important for limiting processes to know properties of {z/,} on neighbourhoods of

the points t = 0 and ¢ = T'. This is done in Lemma 2.5.

Lemma 2.5. Let assumptions (Hy)—(Hs) be satisfied and let x,, be a solution of
the BVP (E)L, (B),. Then there exist positive constants A and p such that

gz () > ut, g(a/ (T —1t))>u(T—t) forte[0,A], neN. (2.27)

Proof. By Lemma 2.3 and Remark 2.4, there exist {{,} C (0,7) and a positive
constant A such that

and
<zl (t) <A (2.29)

S|

for t € J and n € N, and also (2.26) is true. In addition (see (2.10)),
max{a, (t):t € J} =z} (&) (2.30)

and, by (Hs) and (2.26), z, is increasing on [0, &,,] and decreasing on [&,, T].
We now show that
X<&<T—-x forneN, (2.31

where x is a positive number. First, assume on the contrary that lim, . &, =
for a subsequence {&, } of {&,}. Then from lim,,_, o zk, (§k,, ) = limy, oo (&)
a(0) and

Il o Z

0 < g, (&) — Tk, (0) = @), (T0)Ek, < A,
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where 7, € (0,&,), we deduce that lim, o 2, (0) = «(0) and then using the
inequalities (see (2.12) with zj, and &, instead of x and ¢, respectively)

o <ok, (6 < HO(H() + /:i;q“s)“)’ nen,

we get lim, o 7}, (&, ) = 0. Now (2.29) and (2.30) give
lim 2}, (t) =0 uniformly on J. (2.32)

n—oo

Since xg, (T') > a(&,, ) and « is decreasing on J by (Hs), we can assume (going if
necessary to a subsequence) that

T T
xk”(t)>a<§>+52a(t)+5, 0<xz, ()<1 forte {E,T}nGN, (2.33)

where € is a positive constant. By (Hs), there is a § > 0 such that f(¢,z,y) <
for a.e. t € [T'/2,T] and each x > «a(t) + ¢, y € (0,1]. Therefore (see (2. 6)
(2.33))

T
(g(ay, (1)) <=6 forae. te [E,T] and each n € N,

which implies
T T oT
a2 (2)) =gt @) = - / (olah, @) dt > L nen,

contrary to (2.32). Analogously we can show that limsup,,_,. & < T. We have
verified that (2.31) is true with a positive constant y. Then z,(0) — a(0) <
Zul6n) —(0) = alén) — a(0) < alx) — a(0) and z,(T) — a(T) > wa(€) — a(T) =
a(&n) —a(T) > (T — x) — o(T). Hence

2n(0) < a(0) — ¢, zp(T) > a(T)+¢ forneN. (2.34)

where ¢ = min{a(0) —a(x), (T —x) —a(T)} > 0. We now claim that there exists
A7 > 0 such that

zn(t) < aft) — g for t € [0,Aq], n € N. (2.35)

If not, there are a subsequence {l,,} of {n} and a sequence {¢,} C (0,T), lim,_, o tn
= 0, such that

Then (see (2.34))

[CIRSS

xy, (tn) - I, (0) > O‘(tn) -

o |-

—a(0)+ ¢ =a(t,) —a(0)+ =, néeN,

contrary to

lim (z;, (tn) — 21, (0)) = lim 2; (pn)tn, < A lim ¢, =0, 7, € (0,4,).
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Since, by (Hs), there is a 67 > 0 such that f(¢,z,y) > 7 for a.e. t where z <
at) — ¢/2 and y € (0,1], (2.35) shows that (g(z],))’ > d7 a.e. on any subinterval
of [0, Ay] where z], < 1. Hence (note z/,(0) = 1/n)

B

gz, (t) = oit, te[0,A

with 3 = min{g(1)/A1,67}. Similar arguments show that there exist positive
constants d and As such that

g(x, (T —1)) > 62(T —t), t€[0,Aq], neN.
Therefore (2.27) is true with g = min{d;,d2} and A = min{A;, As}. O

neN

3. Existence results and examples

Theorem 3.1. Let assumptions (Hy)—(Hs) be satisfied. Then the BVP (1.1),(1.2)
has a solution x such that x'(t) > 0 fort € (0,T).

Proof. From Lemma 2.3 it follows that the BVP (E)L, (B),, has a solution x,, for
each n € N,
Jall < 4, (3.1)

% <zl (t) <A (3.2)

for t € J, where A and A are positive constants and, by Remark 2.4, (2.26) is
satisfied. In addition, by Lemma 2.5, there exist positive constants A and p such
that (2.27) is true. From (2.27) and the properties of x,, we deduce that

x (t) >n(t) forteJ neN (3.3)
where
g (ut) for ¢t € [0, A]
n(t) =< g1 (pA) fort € (A, T —A)
g (T —t)) forte [T — AT

Now (Hs3), (3.1) and (3.2) yield
|f(t,xn(t), 2, ()] < (t) for ae. t € J and each n € N (3.4)
with

1) = (@A) FwalnO))max{  max i), max_ gu)}.

Since fol w2(g71(s))ds < oo in (H3) and Remark 1.1 imply wa(n(t)) € L1(J), we
have v € L1(J).
Now {g(z,(t))} is equicontinuous on J which follows from

9l t2)) = a(an(t)] = | [ ftan®.ane)a] <| [ A dt|
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for t1,t; € J and n € N. The equalities
|2, (t2) — 23, (t1)] = |9~ (9(27,(2)) — g~ (9(2,(81))], ti,t2€J, nEN

and g~! being continuous and increasing on [0,00) imply that also {z/ (¢)} is
equicontinuous on J. From (3.1) and (3.2), {z,,} is bounded in C'(J), and there-
fore the Arzela—Ascoli theorem guarantees that without loss of generality we can
assume that {z,} is convergent in C'(J). Let lim, o ¥, = . Then x € C*(J),
2'(0) = 2/(T) = 0 and (see (3.3)) 2'(t) > n(¢t) for t € J. Therefore z'(t) > 0 for
te(0,T),

lim f(t,z,(t),2,(t) = f(t,xz(t),2'(t)) forae teJ

n—oo

and letting n — oo in

0w = (1) + [ falsmats) st ds tesmen

we have (see (3.4))

o () = / f(s,2(s). /() ds, te

by the Lebesgue dominated convergence theorem. Hence g(z') € AC(J) and =
satisfies (1.1) a.e. on J. We have proved that x is a solution of the BVP (1.1),
(1.2) and 2/(¢t) > 0 for ¢t € (0,T). 0

Example 3.2. Consider the differential equation
(@) =r@)a(t) - 2" (@) + ) (35)
T
where r € L1(J), 0 < a <r(t) <bfor ae. t € J, a € CYJ) is decreasing, p,7, 0
and m are positive constants, o < p, 1+p—~y >0, and n € N. Set

f(t,y) = r(t)(alt) - 2" (y7 + %)

for (t,z,y) € J x R x (0,00). Then (H;) is satisfied with g(u) = uP and f satisfies
(Ha). (H3) is satisfied with ¢;(x) = b(a(0) — 2)?>"~ 1, ga(x) = b(z — o(T))*" 71,
wi(y) = 97, wa(y) = m/y? and (Hs) with § = ame®*~!. It remains to look at
(Hy). For that purpose define h € C°([0,00)) by h(u) = u/(m + u) for u € [0, 00).
Then h is increasing, h(0) = 0 and lim, . h(u) = 1. Thus for 0 < v < u we have

g(u) -1 u® 1/p
o [V,
o wi(g7(s)) +walg~(s)) o §1/P 4+ mse/p

p p

u

= H(v) +/ h(8(7+9)/1))8(1—7)/p ds > H(v) +h(v7+9)/ s=1/p g

P VP

ph(v7"2)

I+p—y _ ,1+p—v
T— (u v ).

= H(v) +
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Since
(0) a(0) b
[ aeds=b [ " (a0) -9 = L (Tu+a(0) - a(D)"
a(T)-Tu am=Tu "
and
a(0)+Tu a(0)+Tu b
[ w@ds= [ s ampt = L (Tuta0) - a(@)P,
a(T) o(T) .
we get
(0) a(0)+Tu
qi(s) ds D(s) ds
§ o min { liﬂsolip a(T)—kj;(Lu) , hillsol}sp a(T) ) }
T _ T 2n
I b(Tu + a(0) — a(T))

ph(v""e)

wmee 2n<Hv +
) L+p—~v

(u* TP — vlﬂkv))

for 0 < v < u. Hence

0 if2n+vy-1<p
ST 1=
W 1 n -+ Y — =p
for v € (0,00), and consequently (letting v — o0)
0 if2n+y—1<p
S<§ b

if2n+~v—-1=p.

We see that f satisfies (Hy) if either 2n +~v —1 < por 2n+~vy—1 = p and
bT?" < p. Summarizing, by Theorem 3.1, the BVP (3.5), (1.2) with positive
constants p,7y,0,m and n € N in (3.5) satisfying ¢ < p has a solution z with
2’ > 0on (0,7) if either 2n +~v —1 < por 2n++ — 1 = p and bT?" > p.

Example 3.3. Consider the differential equation
a(t)—z _ 1
L U — 3.6
(@Y = frion (36
where p and v are positive constants, h € CY(R), 1 < h(u) < M for u € R and
a € C°(J) is decreasing. Set
604(15)79: -1
h(zy)y”
for (t,z,y) € JxRx(0,00). Then f satisfies (Hs) and (H;) is true with g(u) = u?.
(Hs) is satisfied with ¢;(z) = e*©~% — 1, go(x) = 1 — ™) =% w(y) = 0 and

flt,z,y) =
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wa(y) =y~ 7, and (Hs) with § = (1 —e~)/M. Since

and

a(0)+Tu a(0)+Tu
/ g2(s)ds = / (1— M=) ds
a(T) a(T)

Tu + e*M=2O=Tv 4 ¢(0) — (T) — 1

9"'(s) “ pup

g(u)
Hu:/ @:/ SGH/p gg — PUTTT
W= ] o) Fealg ) ), e

for u € [0, 00), we have lim, oo H(u) = oo,

a(0)+Tu
/ g2(s) ds

. (T)

T )
_ oy @AY+ DTt e =a0)=Tu 4 (0) — a(T) — 1)
o U— 00 pup+'7+1
= 0’

and therefore (Hy) is satisfied. Hence Theorem 3.1 guarantees the existence of a
solution z of BVP (3.6), (1.2) with 2’ > 0 on (0,7).
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