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constants, for the differences + > k<nw(k)—loglogn and 1 D kgn SUK)—
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1. Introduction

For the fixed complex number s, the generalized omega function Q4(k) is
defined by Q;(k) = Zp[”k %, where p’||k means that £ is the largest power of
p, such that p‘|k. The cases s = 0 and s = 1 coincide, respectively, with the
well-known number-theoretic omega functions w(k) = >_,; 1, the number
of distinct prime divisors of the positive integer k, and Q(k) = Zpél\ w0, the
total number of prime divisors of k. Duncan [3] proved that for each arbitrary
integer s > 0

1 1
ZQS(k)zloglogn+Ms+O(), (1.1)
n logn
k<n
where M is a constant depending on s, given by My = M + M/, with M
referring to the Meissel-Mertens constant (see Remark 2.11 for more infor-
mation), and

0 —(L—1)*
!
woy Y el
p £>2
Here and through the paper, Zp means that the sum runs over all primes.

Note that My = M. Also, we let M’ = My and M| = M" = Ep p(Tl—l)' Thus,

M’ = M + M". Approximation (1.1) is a generalization of the previously
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known result of Hardy and Ramanujan [5] concerning the average of the
functions w and .

Based on Dirichlet’s hyperbola method and prime number theorem for
arithmetic progressions with error term, Saffari [12] obtained a full asymp-
totic expansion for the average of w(n) where n runs over the arithmetic
progression a modulo ¢ with ged(a, q) = 1. For a = ¢ = 1, his result reads as
follows:

%Zw( loglogn+M+Z +O(logml+1n)’ (1.2)

n log n

where m > 1 is any fixed integer, and the coefficients a; are given by

—1)-1 @7 /1
a; = : { } log/ ' tdt = % i (5(8 - 1)((5))5_1 . (1.3)
In the above integral representation and what follows in the paper, the ex-
pression {t} stands for the fractional part of ¢. Diaconis [2] reproved (1.2)
using Dirichlet series of w, Perron’s formula, and complex integration meth-
ods. One may obtain similar expansion for the average of generalized omega
function € for each fixed real s > 0, replacing M by M; (see [9, Theorem 1]
for more details).

Explicit versions of (1.1) for s = 0 and s = 1 are obtained in [8] and [6],
respectively, and then both improved in [7, Theorem 1.2], where it is showed
that for each n > 2, the following double-sided approximation holds:

1.133 1 1
7 <= w(k)—loglogn — M < - (1.4)
ogn <n 2log”n
Also
1
- Q(k) —loglogn — M’ < , 1.5
logn ];L 5108 2log®n (1.5)

where the left-hand side is valid for each n > 24 and the right-hand side is
valid for each n > 2.

2. Summary of the Results

2.1. Unconditional Results

In the present paper, we are motivated by finding global numerical lower and
upper bounds for the differences Ag(n) and A;(n), where Ag(n) defined for

any fixed complex number s as follows:
1
== (k) —loglogn.
k<n

The problem for the case Ag(n) is an easy corollary of the inequalities (1.4).
More precisely, we prove the following.
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Theorem 2.1. For all natural numbers n > 2, we have
<

ag <A () Bo (2.1)

with the best possible constants ag = 35 — loglog 32 and By = 5 — loglog 2,
and the equality in the left-hand side only forn =32, and in the right-hand
side only for n = 2.

Similarly, to get a global numerical lower bound for A; (n), we can use
the inequalities (1.5) to show the following result.

Theorem 2.2. For all natural numbers n > 2, we have
a; < Ai(n) (2.2)

with the best possible constant oy = % — loglog 7 and the equality only for
n=".

The problem of obtaining a global numerical upper bound for A;(n)
is quite different from the above ones. Although, computations show that
Aj(n) < By for any n > 2 with the best possible constant £, = M’, but the
inequalities (1.5) are not sharp enough to show this fact. To deal with this
difficulty, we made explicit all steps of the proof of (1.2) by following Saffari’s
argument in [12], and hence, we could to prove the following result.

Theorem 2.3. For all natural numbers n > e**167 &= 4.466 x 10%2 we have

’

Ai(n) < B (2.3)

with the best possible constant 31 = M’. Moreover, if we assume that the
Riemann hypothesis is true, then (2.3) holds for all natural numbers n >
1400387903260.

To prove Theorem 2.3, we use explicit forms of the prime number theo-
rem with error term. Let w(x) = Zp<z 1 be the prime counting function, and

li(z fo log ; dt be the logarithmic integral function, defined as the Cauchy

prln(nple value of the integral. By f = O*(g), we mean |f| < g, providing an
explicit version of Landau’s notation. It is known [15, Theorem 2] that

(z) = li(z) + O* (O.2795x(10g z)"%em <1°gf>/6-455) (z > 229).
Modifying the above to the classical form, for any > 1.2, we have
() =li(x) + O*(R(z)),  R(z) =we 3VI%", (2.4)

This is, however, a weaker approximation, but it is suitable for our argu-
ments because of its global validity. We will use it to prove the following
unconditional results.

Theorem 2.4. For any fixed integer m > 1 and for any x > e, we have

Zw( )—xngbgm—&—Mﬂ;—i—xZ

n<

+ O* (E,(z,m)), (2.5)
log’ x
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where
T

logm+1

+x Vlog”( logsc+3\f\/logx—|—21> + V.
Corollary 2.5. For x > e167 &~ 4,466 x 10%152 ) we have

5
Zw(n):xloglogm—i—Ma:—(l—'y) 102964—0* <10g§$), (2.6)

+ (2™ 4 1) em! VT

Eu(x,m) = 2m T ml
(z,m) " log x

n<e
and consequently, + > n<aw(n) —loglogz < M.

To transfer an average result on the function w to an average result on
the function (2, we may consider the average difference J () := >, ., (Q(n)
— w(n)), for which it is known [7, Theorem 1.1] that for each integer n > 1

2
2" — 25" < 7y < g — Y7 (2- 0 ). (2.7)
logn logn logn

Modifying the above approximation, we will prove in Lemma 3.4 that J(x) =
M"x +O*(33\f) for any z > 2. Thus, Theorem 2.4 and Corollary 2.5 transfer

logz
to the following results.

Theorem 2.6. For any fixed integer m > 1 and for any x > e, we have

ZQ(n) = atloglogw—i—M’x—i—a:Z

n<x =1

+ 0" (Eqa(x,m)), (2.8)
log? «

where

337

Ealz,m) = &,(x,m) + og s

Corollary 2.7. For x > 167 = 4.466 x 10%152, we have

6
Y 4o (f ) (2.9)
logx log T

and consequently, > < 2(n) —loglogz < M.

ZQ(n) =xloglogz + M'x — (1 — )

nx

2.2. Conditional Results

As we observe in Corollary 2.5, approximation (2.5), even with its initial
parameter m = 1, gives explicit bounds for > . w(n) for large values of
2. The reason is using approximation (2.4) with the remainder term R(z),

and appearing the term zeEVIET i E.(x,m). This term comes essen-
tially from the classical zero-free regions for the Riemann zeta function ((s).

The situation changes as well, when we use approximations for m(z) under
assuming the Riemann hypothesis (RH), which asserts that R(s) > 3 is a

zero-free region, and indeed, it is the best possible zero-free region, for {(s).
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Accordingly, it is known [13, Corollary 1] that if the Riemann hypothesis is
true, then

7(z) = li(z) + O* (lﬁlog x) (x > 2657).

By computation, we observe that one may drop the coefficient - and get an
easy to use bound for global range x > 2, as follows:

m(z) = li(z) + O (ﬁ(x)) . R(z)=Vzloga. (2.10)

Note that the above approximations are close to optimal, because on one hand
von Koch [16] showed that the Riemann hypothesis is equivalent to m(x) =
li(z)+O(y/x log z), and on the other hand, Littlewood [11] proved that letting

b(x) = %, there are positive constants ¢; and ¢y, such that there are

arbitrarily large values of z for which w(z) > li(z) 4+ ¢1v/zb(z) and that
there are also arbitrarily large values of z for which 7 (z) < li(z) — cay/x b(x).
Using conditional approximation (2.10), we obtain the following analogs of
Theorems 2.4, 2.6, and Corollaries 2.5, 2.7.

Theorem 2.8. Assume that the Riemann hypothesis is true. For any fired
integer m > 1 and for any x > e, we have

m

Zw( )—xngbgm—&—Mx—i—xZ

+ 0" (Ew(x,m)) . (211)

n<e log’

and
ZQ( —mloglogw—i—Mx—i—a:Z + O* (5{2(.’1},7’)1))7 (2.12)
> log x
nyT

where

= 3\ 2 2
Eu(z,m) = <2> m! log”%lx +4x3 logx + 923

3\ z3
+{ (= +1] em! —— +15\/xlogz,
2 log x

and Eq(z,m) = E,(z,m) + 33V

logz

Corollary 2.9. Assume that the Riemann hypothesis is true, and let xo =
1400387903260. Then, for x > xy, we have

Zw(n)zmloglogx—!—Mx—(l—v) T Lo (11;j>, (2.13)

log x log® x

n<x

and

12
ZQ(n):xloglogJH—M’z—(l—*y) ’ +O*< 29: ), (2.14)
e log x log” x

and consequently, % >
M.

e W(n)— loglogz < M and 1 > n<a H(n)—loglog z <
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Remark 2.10. According to partial computations we could run, it seems that
the inequality Ag(n) < M holds for n > 16; however, it fails for n = 15. Also,
as we mentioned above, the inequality A;(n) < M’ holds for any integer
n > 2. A computational challenge is to check validity of them up to zy, and
hence, we will get a global conditional bound under RH. More generally, we
ask about finding bounds for the difference A;(n) for any fixed real s > 0.
A strategy to attack this problem is to make explicit the argument used in
[9] to approximate the average difference Js(n) := >, ,, (s(k) — w(k)), for
which it is proved that

gs V1 <nM! — TJy(n) < (2+¢)® vn ,
logn logn

holds for each pair of fixed real numbers s > 0 and € > 0, and for n sufficiently
large.

Remark 2.11. The Meissel-Mertens constant M [4, pp. 94-98] is determined

by
M=’y+z<log(1—p_l) —I—p_l),
P

where v is the Euler-Mascheroni constant [4, pp. 24-40]. Also, see the im-
pressive survey [10] for more information about 7. Among several properties
of the constants M and M’, we have the following rapidly converging series:

Moy 3 MEIEC)  S eosd(s)
k=2 k=2

where p is the Mobus function and ¢ is the Euler function. Computations
based on the above series representations yield that

M = 0.26149721284764278375542683860869585905156664826120,

M’ = 1.03465388189743791161979429846463825467030798434439.

We have used these values in our numerical verifications of the results of the
present paper. All of computations have been done over Maple software.!

3. Proof of Unconditional Approximations

Proof of Theorem 2.1. Considering the left-hand side of (1.4), we observe
that the inequalities
1.133

Aofn) > M = -5

1We mention that the Maple command to compute 2(n) is bigomega(n) and accordingly,
a Maple code to compute w(n) is given by

with(numtheory) :
rad:= n -> convert(numtheory:-factorset(n), ‘*¢):

smallomega:=n->bigomega(rad(n));
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hold when n > e!133/(M—a0) ~ 102841.56. Thus, we obtain the left-hand
side of (2.1) for any integer n > 102842. By computation, it holds also for
2 < n < 102841 with equality only for n = 32. Also, considering the right-
hand side of (1.4), we observe that the inequalities

Ao(n) < M + < Bo
log n
hold when n > e'/V2(f0=M) ~ 9 48 This completes the proof. g

Proof of Theorem 2.2. Since ¢'-175/(M'~a1) ~ 8 23 for any integer n > 9, we
have n > e!175/(M'=e1) " o1 equivalently M’ — 1.175/logn > «. Using this
inequality, and the left-hand side of (1.5), we deduce that A;(n) > aq holds
for n > 24. By computation, it holds also for 2 < n < 24 with equality only
for n = 7. This completes the proof. O

Proof of Theorems 2.4 and 2.6 and their corollaries are based on a series
of lemmas. As in [12], we start by using Dirichlet’s hyperbola method [14,
Theorem 3.1] to get the following result.

Lemma 3.1. For any x and y satisfying 1 < y < x, we have
x x x
= — — — . 3.1
IEOEDIEIEDS >3- HEU (3.1)

n @ PRY
Proof. Let 1(n) = 1 be the unitary arithmetic function, and w(n) be the
characteristic function of primes; that is, w(n) = 1, when n is prime, and
w(n) = 0 otherwise. We consider Dirichlet convolution of these two functions

@\&

1 w(n) =w=*1(n Zw ( ) 221:w(n)
pln
Note that [z] =3, ., 1(n), and 7(z) = an (n) Thus, using Dirichlet’s

x
hyperbola method, for any y satisfying 1 < y < z, we deduce that

Zw(n) = Z 1xw(n) = Z [%} w(n) + ) T (g) - [az} 7(y).

n<x n<x ny n<y Yy
This gives (3.1). O
Lemma 3.2. For any x and y satisfying 1.2 < y < x, we have
x
> H — wloglogy + Ma + O* (h (2, 1)) (3.2)
PY

where
hi(z,y) = ze3Viosy (6\/10gy + 19) +y

Proof. We have

S5 G- () -z

p<y
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The Stieltjes integral and integration by parts gives

g [ 5 0, 01,
Mo (HO) [ U0 [ 0K,
2 t2 2

Y y 2
The last integral is dominated by f;o Rg)
Thus, we have

/;’““)t;“(”dt:/;()—h O*< * R >

Note that

dt, so it is convergent as y — o0.

t2

“R
/ RO gy _ o-tvees (6\/1og + 18)
y
Also, integration by parts implies

/ li(t) g — @‘Z . e loglogy — li(y) n 1i(2)
2

12 t

= — log log 2.
5 tlogt & y 2 08108

Combining the above approximations, we deduce that

1
Z ) =loglogy + C + O* (e 3Viogy (6\/log + 19))
Py

where

1i(2
C= / dt—|— 1(2 ) — loglog 2.

Mertens’ approximation concerning the sum of reciprocal of primes [14, The-
orem 1.10] asserts that Zp<y 5 — loglogy — M as y — oo. This implies
that C' = M, and concludes the proof. Meanwhile, let us mention that the
equality C' = M also implies that

° r(t) — li(t li(2
/ w dt = M + loglog 2 — % ~ —0.62759759779276794.
2

Hence an additional output of the completed proof. O

Lemma 3.3. Let x and y satisfy x > e and 1.2 < 2° <y < 22 < x for some
fized 6, A € (0,1). Then, we have

X

Z T (—) = B] li(y) + z(loglog z — loglog y)

n

+1’Z —+ O* (ha(z,y)) (3.3)
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where
halay) = 5o o
( 5m+1) 7+a:e 3W<1—|—10g )
Proof. For n < %, we have % >y > 2% > 1.2. Thus, we may use the

approximation (2.4) to get

Se()- () o (Sa()

z z
y Y

Since %li (%) =— the Stieltjes integral and integration by parts
gives

Zh( ):/ h(t)d[t]: E]h(y)”/lzt?(logg]—bgt)dt

P
ngy

x
t2(log z—logt)’

We write [t] =t — {t} to get

Z li (%) = [ﬂ li(y) + z(loglog z — loglogy) — E(x,y), (3.4)

ngf

with the remainder £(x,y) given by

_ [ {t}
Ey) = x/l t2(log z — logt) dt

Letting g, (t) = (1 — llgggi)*l, we have

T 5@

logz J; 2

g(mvy): gx(t)dtzgl(a:,y)—é’g(x,y),

with

Elen) = s [ Fata

log

{t}
&a(.y) 1oga:/ 2 9:(t
logt

Since y > 2°, we have 1 <t < § < 2'7% and consequently, 0 < ons <
1—06 < 1. We use Taylor’s formula with remainder [1, Theorem 5.19] for the
function u + (1 — u)~!, which asserts that if 0 < u < 1 — ¢ for some fixed
d € (0,1), as in our case, then for any given integer m > 1

(1—u)- mzlu + o <5ml+1 m). (3.5)

r=0

)
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Taking u = llgii in (3.5), we get
e 1<logt) ( 1 (1ogt>m>. 36)
“— \logx omtl \ logx
Thus
e =g | Y (150 e
where

T Oo{t} 1 logt\"™
Ihs(@)] < log x t2 gmtl <log:r) dt

o 1 T /Oologmtdt_ m! T
= gmAl 10gm+11‘ L 12 T gmAl logm+1x

s ) {t}Z(llfffi)
—Z 1 {}log] Yedt = Z

Hence, the followmg approximation holds for any ﬁxed integer m > 1, with
the coefficients a; given by (1.3):

m! T
— _— . 3.7
xz IOg LL’ <6m+1 10gm+1x> ( )

To deal with & (x,y) we note that by induction on n > 0, we obtain the
following anti-derivative formula with the coefficients P(n,j) = (?) gt

1 t ;
/ og"” = —fZP (n,j)log" 7 t. (3.8)
we get % > 2'~2. Thus, for any integer n > 0, we have

o0 o0 1
{}1g "idl < / {t}lgtdt</ Ogtdt

1-A 1-A

Also, we have

log T

Since y < 2,

B
Using (3.8), and assuming that = > e, we get

e log"t _log"w 1
= P(n,j)(1 - -
/:;l—A t2 xl-A Z n (1= A)" logjm
log T log" x n! | log" x
ZPng Py ,—!<en.m1_A.
i=0

Thus, for any integer n > 0, we obtain

n

log™
To(z,y) ::[c {t—z} log" tdt < en! ;);g_ . (3.9)
v

A
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Applying (3.6), we get

Y

" 1
- Z log l‘ y) +O (W:[m(xvy)) .

Hence, using (3.9), we deduce that

m—1
em! A
Ea(x,y) < <6m+1 +e Z r!) gz’

r=0

. -1 .
Since ZT:O r! < m!, we obtain

Ea@y) =0 (14— ) 22 (3.10)
o(x,y) = s em.logm . .

Combining (3.4) with approximations (3.7) and (3.10), we obtain

Z li (%) = Lﬂ li(y) + z(loglog x — loglog y) +IZ

n<
Sy

log T

LO* m)! x (s 1 | A
_— T em. .
57n+1 longrl T 57n+1 IOgJ?

Now, to conclude the proof of (3.3), we just need to approximate the sum
Z"<f R (%). Since n < %, we have &+ >y. Thus

g R(E>§xe*%”°gyg 1<xeévl°gy<1+logx>.
n n<ﬁn Yy
Sy

né%

This completes the proof. O

Proof of Theorem 2.4. Considering the hyperbolic identity (3.1) and approx-
imations (3.2) and (3.3), we get

Zw( )—xbgng—i—Mm—&—xZ

n<x

o’ @ + 0" (hs(z,y)), (3.11)

where
ha(.y) = ha(.9) + ha(a,y) + m (li(y) - ().

Using (2.4), we deduce that

2] i) - =) = | ] 0" (rew)
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Thus, (3.11) holds with hs(z,y) = hy(z,y) + ha(z,y) + z e~ 3VI8Y_ or with
A

m! T 1 T
!
h (.17 y) §m+1 lo gm+1 + (1 + 6m+1) em: IOgI
tgesVioay <10g$+6\/logy+21) +y.

Now, We take § = A = =, and hence, y = \/x. Note that the assumption z > e
covers 20 = \/z > 1.2. Thus, we obtain (2.5), and the proof is complete. O

Proof of Corollary 2.5. We use (2.5) with m = 1. Letting
L2
h(z) = ze” e ( 5 +3v2z + 21) + 2% 7 (2% + Be)

we have

log” 4
h(y/logzx) = o8 ¥ (fw(m‘,l) - Z ) .
x log” z
By computation, we observe that h(z) is decreasing for z > 23.97, and
h(119.02511) < 1 < h(119.02510). When z > e'*167  we have y/logz >
119.02511, and consequently, h(y/logx) < 1. Also, we note that (1 — ) =% >

log z
oot 5/(1=7) " and this holds for the values of 2 we work here.
Hence, we conclude the proof. O

Using the following key result, Theorem 2.4 and Corollary 2.5 imply
Theorem 2.6 and Corollary 2.7, respectively.

Lemma 3.4. For any x > 2, we have

33
J(x) =Y (n) - w(n)) = M"x + O* ( log‘/;) (3.12)
n<x
Proof. Let k(x) = %@. Using the double sided inequality (2.7), we deduce
that
[x]
J(x) = (k) = w(k))
k=1
— M"[a] + 0" (k(x)) = M"z + O ((x) + M").

By computation, we observe that x(z) + M" < ‘igé/f for x > 2. O

Proof of Corollary 2.7. Approximations (2.6) and (3.12) imply
) 33
ZQ(n):xloglogw—i—M’x—(l—y) Lo (374_ ﬁ)

log = log?z logx

n<x

We note that

33
VI — (x> 155652). (3.13)
logm log €

This completes the proof. O
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4. Proof of Conditional Approximations

To prove conditional results, under assuming the Riemann hypothesis, we

~

reconstruct Lemma 3.2 and Lemma 3.3, replacing R(x) by R(z).

Lemma 4.1. Assume that the Riemann hypothesis is true. Then, for any x
and y satisfying 2 < y < x, we have

Z V} = zloglogy + Mz + O* (x(3logy+4)+y). (4.1)
Py vy

Proof. Note that

/°° R(t) gt — 2logy +4

y VY

Thus, following similar argument as the proof of Lemma 3.2 and using (2.10),
we deduce that assuming RH, for any y > 2, we have

1 31 4
Zf =loglogy + M + O* (Ogy—’—> )
Py p \/Zj
This completes the proof. O

Lemma 4.2. Assume that the Riemann hypothesis is true. Let x and y satisfy
x>eand 1.2 < 29 < y < 2 <z for some fized 5, A € (0,1). Then, we
have

Z T (E) = E] li(y) + z(loglog x — log log y)

m @ =
+x I+ O* ( hy(z, ), 4.2
> oz (Pa(e.v) (4.2)
where
~ m! T 1 B
ho(w,y) = 6+ Jog™mt + (1 + 5m+1) em! log x

n 2x
VY
Proof. Following similar argument as the proof of Lemma 3.3, we should
approximate the sum ) _. R (%), for which, we have:

Sy

Zﬁ(%):ﬁlog:v Z%—\/Zszk\)/gﬁn. (4.3)

n<g n<y

(logy + 2) + 15y/x log z.

Letting fo(t) = % and fi1(t) = loft, we observe that fo(t) is decreasing for

t > 1, and with to = e? = 7.39, the function f;(¢) is increasing for 1 <t < tg
and decreasing for ¢t > to. Moreover

a f1(t) = () = = < 1.
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Thus, comparison of a sum and an integral of a monotonic function [14,
Theorem 0.4] implies that there exists 0y € [0, 1], such that

s gy [amen(n () )

Since max;>1 fo(t) = fo(l
[

) =1, we get
1 ]

z
Yy

= [ folt)dt + 0% (3 / folt)dt+0%(4).  (4.4)

1

WM

Also, we write

logn log 8 logn
+ .
YR RV

x
8<n<5

@\&

There exists 01,60, € [0, 1], such that

> /fl dt + 0 f1(7 /f1 dt+o*(>

1<n<7
and
£
55 [P s () )
[£] 4
= fi(t)dt + O* () .
3 e
Thus
/ filt)dt +O* (n / fit dt+0*(n+2>
n< o

@

where n =% + f1(8 +f7f1 t)dt = 3.68. Since ) + 2 < 5, we get

3 k’gn” - /1 " A dt+ 07 (5). (4.5)

n<Z

Xy

By computation, we have

\/Elogx/lz fo(t)dt—\/f/lz fi(@)de

2z
=— (logy +2) — 2/x (logz + 2) .

NG ( ) ( )
Thus, considering the identity (4.3) and the approximations (4.4) and (4.5),
we deduce that

Z R (£> = \Z/xzj (logy +2) + O* (15y/zlog ) .

n
ngf

This completes the proof. O
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Proof of Theorem 2.8. Cousidering the hyperbolic identity (3.1) and approx-
imations (4.1) and (4.2), we get
aj

Zw(n):xloglogm+Mx+mZ — + O (/ﬁg(x,y)), (4.6)
= log’ x

n<x
where
T

y} (1i(y) — 7(3).

with hy (2, y) = % (3logy + 4) + y. Using (2.10), we deduce that

2] i) - =) = | £] 0 (Ruw)

o) (22)

Thus, (4.6) holds with hs(z,y) = hi(z,y) + ha(z,y) + ‘ﬁy or with

Pa(a,y) = P (w,y) + ol y) + [

~ m)! T 1 x®
hs(x,y) = i m + (1 + 5m+1) em! logz
6z logy + s + 15v/zlogx + y.

VY VY
Now, we take 6 = A = %, and hence, y = 2%. Note that the assumption
xr > e covers x° > 1.2. Thus, we obtain (2.11), and consequently, we get
(2.12) using (3.12). The proof is complete. O

Proof of Corollary 2.9. We use (2.11) with m = 1. By computation, we ob-
serve that &, (z,1) < 1011”” for > zg. Thus, we get (2.13), and consequently

g2

(2.14), using the approximation (3.12) and the inequality (3.13). Also, we
note that

T 122 11z
>3 7
logz = log”z  log“x

(1-1)

provided that z > ¢'2/(1=7)_ Since 2y > ¢'?/(1=7) we conclude the proof. [
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