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Abstract. We study transfinite analogues of the symmetric strong diam-
eter two property. We investigate the stability of these properties under
o, s sums and under projective tensor products. Moreover, we charac-
terize Banach spaces of the form Co(X), where X is a Hausdorff locally
compact space, which possesses these transfinite properties via cardinal
functions over X. As an application, we are able to produce a variety of
examples of Banach spaces which enjoy or fail these properties.
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1. Introduction

Given an infinite-dimensional real Banach space X, its topological dual, its
unit ball and its unit sphere are denoted by X*, Bx and Sx, respectively.

Definition 1.1. A Banach space X has the symmetric strong diameter two
property (SSD2P) if, and only if, for every z7,...,z} € Sx+ and € > 0, there
are r1,...,%n,y € Bx such that ||y|| > 1—¢, 2,2y € Bx and 2} (z;) > 1—¢
forall 1 <i7<n.

The SSD2P was introduced in [2], but the original definition contains the
additional requirement that x}(x; +y) > 1 — ¢, which is redundant. Indeed,
if we require that =7 (z;) > 1 —¢/2, since z; £ y € By, then |z} (y)| < &/2
and, therefore, Definition 1.1 is equivalent to the original one.

Examples of Banach spaces enjoying the SSD2P include Lindenstrauss
spaces, uniform algebras, almost square Banach spaces, Banach spaces with
an infinite dimensional centralizer, somewhat regular subspaces of Cp(X)
spaces, where X is an infinite locally compact Hausdorff space, and Miintz
spaces (see [8]).
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In [3], transfinite analogs of the SSD2P were defined, but, before re-
calling these definitions, let us introduce some notation. Given r € (0, 1),
B C Bx and A C Sx-, we say that B r-norms A if, for every z* € A, there
is « € B such that z*(z) > r. In addition, we say that B norms A if it
r-norms it for all r € (0,1).

Definition 1.2. [3, Definition 5.3] Let X be a Banach space and « an infinite
cardinal.

(i) X has the SSD2P, if, for every set A C Sx- of cardinality < x and
€ > 0, there are B C By, which (1 —¢)-norms A, and y € Bx satisfying
Bty C Bx with |ly|| >1—e.

(ii) X has the 1-ASSD2P,, if, for every set A C Sx~ of cardinality < &,
there are B C Sy, which norms A, and y € Sx satisfying B +y C Sx.

Here 1-A stands for 1-norming and attaining, respectively. In the fol-
lowing, we aim to investigate these transfinite extensions of the SSD2P and,
in particular, to show differences in their behavior when compared to the
regular SSD2P.

Now, let us also recall the transfinite extensions of almost squareness
and the strong diameter two property.

Definition 1.3. [3, Definition 2.1] Let X be a Banach space and & a cardinal.

(i) X is ASQ,, if, for every set A C Sx of cardinality < x and € > 0, there
exists y € Sx such that || £ y|| < 1+ € holds for all z € A.

(ii) X is SQ, if, for every set A C Sx of cardinality < k, there exists y € Sx
such that ||z &+ y|| < 1 holds for all x € A.

It should be noted that a small change of notation is here applied. We
denote (A)SQ, what was written (A)SQ«, in [3, Definition 2.1].

Definition 1.4. [5, Definitions 2.11 and 2.12] Let X be a Banach space and
an infinite cardinal.

(i) X has the SD2P,; if, for every set A C Sx« of cardinality < x and
e > 0, there are B C By, which (1 — ¢)-norms A, and z* € Bx-
satisfying «*(z) > 1 — ¢ for all z € B.

(ii) X has the 1-ASD2P,, if, for every set A C Sx~« of cardinality < &, there
are B C Sx, which norms A, and z* € Sx- satisfying x*(z) = 1 for all
z € B.

It is clear that every ASQ,. (SQ,,, respectively) Banach space enjoys the
SSD2P,; (1-ASSD2P,,, respectively). Moreover, it was shown in [3, Propo-
sition 5.4] that the SSD2P, (1-ASSD2P,, respectively) implies the SD2P,
(1-ASD2P,;, respectively). To sum up, the following implications hold true.

SQ,, ——— 1-ASSD2P,, —— 1-ASD2P,,

| ! |

ASQ, =——— SSD2P,, ———— SD2P,
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1.1. Content of the Paper

In Sect.2, we study the stability of the transfinite SSD2P with respect to
operations between Banach spaces.

We provide a complete description concerning ¢y and ¢, sums (see The-
orems 2.1 and 2.2), which informally state that these sums of Banach spaces
enjoy the SSD2P,, if, and only if, we can always find one component which
satisfies a property which arbitrarily well approximates the SSD2P,,. Thanks
to these characterizations, we show that, for example, the Banach spaces
co(N>2, 4, (k) and £oo(N>2, £, (k)) enjoy the SSD2P,; (see Example 2.4).

We also investigate the behavior of the SSD2P,, under projective tensor
products. Namely, we prove that the Banach space X®,Y has the SSD2P,.,
whenever X and Y enjoy the property.

We conclude Sect.2 by studying the difference in the behavior of the
transfinite SSD2P compared to the finite SSD2P. In particular, we prove
that, for the transfinite case, it is not possible to replace the functionals
with relatively weakly open sets in Definition 1.2, even though it is possible
for the traditional SSD2P (see Fact 2.5 (ii)). Moreover, we prove that an
equivalent internal description of the SSD2P (see Fact 2.5 (iii)) also fails in
the transfinite case.

Section 3 is dedicated to extending the class of known examples which
possess the transfinite SSD2P. To this aim, we search for a description in
the class of Cy(X) spaces, whenever X is a Hausdorff locally compact space.
The main result of this section states that the Banach space Cy(X) fails the
SSD2P,,, where & is the successor cardinal of the density character of X, but
it enjoys the 1-ASSD2P,,, where p is the cellularity of X (see Theorem 3.1).

Thanks to this result, new examples are provided, e.g. C[0,1] and £
fail the SSD2Py,, C(SN\N) enjoys the 1-ASSD2P,x, and ¢ (k) has the
1-ASSD2P,., whenever k > Ng.

1.2. Notation

Given a sequence of Banach spaces (X,,) we define
Lo (N, X)) = {m € H X, : (Vn eN) z(n) € X, and sup ||z(n)] < oo}
n=1 n
endowed with the usual supremum norm. Moreover, we set
co(N, X,,) i= {x € lo(N, X,,) : lim [J2(n)]| = o} .

Finally, given a cardinal k, we define cf(x) its cofinality and st its
successor cardinal.

2. Stability Results

In this section, we investigate the behavior of the transfinite SSD2P with
respect to operations between Banach spaces.
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2.1. Direct Sums

Given a sequence of Banach spaces (X, ), it is known that the ¢y sum ¢o(N, X,)
is always ASQ [1, Example 3.1] and, therefore, has the SSD2P. Moreover, it
was proved in [3, Proposition 4.3] that the ¢y sum ¢o(o, X,) of a family
of Banach spaces {X, : a € &/} is SQ|,| and thus has the 1-ASSD2P| |,
whenever |#7| > Rg. For these reasons, in the following, we will focus only on
countable ¢y sums with respect to the SSD2P,, for k > Ng.

Theorem 2.1. Let (X,,) be a sequence of Banach spaces and k > Wo. If, for
every r € [0,1), there is n € N such that, for every set A C Sx: of cardinality
< K, there exist B C Bx, andy € Bx, such that ||y|]| > r, B r-norms A and
Bty C By, then co(N, X,,) enjoys the SSD2P .. If in addition cf(k) > Ry,
then the converse also holds.

Proof. Fix aset A C Sy, (v xx) of cardinality < x and £ > 0. Let {zf :ae g}
be an enumeration of A and find m € N as in the statement for r = (1 —g)2.

By assumption, there are y™ € Bx, and 27 € Bx, such that ||y™| >
1—¢, 2™ +y™ € Bx,, and z%(m)(2™) > (1 — )2 ||z*(m)]| hold for every
a€d.

For each m #n € Nand a € &, find 27} € By, satisfying 2% (n)(a?) >
(1 —e)2]ja%(n)|. Moreover, since z¥ € £(N, X}), there exists nq > m such
that

> leaml = (-2

1<n<ng
Now define
Ty i= Z Toen € Beym,x,)
1<n<ng
and y :=y"em € Bey(v, x,)-
Notice that
* * 1 *
wiwa) = D )@l > (-2 Y |ain)>1-¢,
1<n<ng 1<n<ng

which means that the set {2, : @ € &} (1 — €)-norms A.
On the other hand, |ly|| = ||| > 1 — € and

[za £yl = max {le?.? +y™[,  sup fﬂZl} <1
1<n#m<ng
holds for all « € 7. Therefore, ¢o(N, X,,) enjoys the SSD2P,..
For the converse, fix ¢ > 0 and, for every n € N, A,, C Sx: of cardinality
< k. Define

A= {z"e,:n € Nand 2" € A,} C Sp,(v,x)

and notice that |A| < Vg -sup|A4,| < k, because cf(k) > Ry. Therefore, there
exist a set B C Bgyx,x,), which (1 —¢)-norms A, and y € B (v x,) such
that [|y|| > 1 —cand Bty C Beyw,x,)-
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Since ||ly|| > 1—¢, there exists n € N satisfying ||y(n)|| > 1—e. Moreover,
from the fact that, in particular, B (1 — ¢)-norms the set {z*e, : 2* € A,},
we deduce that the set B, := {z(n): x € B} C Bx, (1 —¢)-norms A,,.

Finally, notice that, given z(n) € B,,

z(n) £y(n)[| < llz £yl <1,
which concludes the proof. O

Notice that the same proof can be adjusted to £, sums too. As a matter
of fact, it is not needed to find n, as in the proof of Theorem 2.1 and one
can define

(o]
Ty 1= Z Toen € By (nx,)-
n=1
By doing so, the following theorem is easily proved, up to a few minor
changes.

Theorem 2.2. Let {X, : « € &} be a family of Banach spaces and k > Ry.
If, for every r € [0,1), there is o € &/ such that, for every set A C Sx:
of cardinality < k, there exist B C Bx, and y € Bx, such that ||yl > 7,
B r-norms A and B £y C Bx_, then {o (2, X,,) enjoys the SSD2P .. If in
addition cf(k) > ||, then the converse also holds.

Corollary 2.3. Let X and Y be Banach spaces and k > Ng. Fither X orY
enjoy the SSD2P if, and only if, X ® Y enjoys the SSD2P,.

Proof. Apply Theorem 2.2 with |.«7| = 2. O

Ezample 2.4. Let k > Ro. We claim that co(N>o, £,,(k)) enjoys the SSD2P,,
despite the fact that it is a sum of reflexive spaces. To this aim, observe that
the claim is immediately achieved thanks to [3, Example 3.1], but, for the
sake of providing an application of Theorem 2.1, let us prove it here again.
Notice that, it suffices to show that the Banach spaces ¢, (k)’s satisfy the
hypothesis of Theorem 2.1. To this purpose, fix € > 0 and choose any m € N
satisfying 2m < 1+4¢e. Now fix a set A C S¢,.(r)+ of cardinality < s and let
{z¥ : o € &/} be an enumeration for A. Moreover, find, for each a € &,
To € 8y, (x) satisfying 27, (z4) > 1 — €.

Since the support of the z,’s is at most countable and x > g, there
exists an ordinal p < k such that z,(u) = 0 holds for all € &. Let
Y € By, (x) be defined by y(u) := 04 and notice that

1

[za £yl = (Z |Ia()\)|m—|—1> —om <l+4¢

ALK

holds for every a € o. Notice that, up to a small perturbation argument, we
showed that the Banach spaces ¢,,(k)’s satisfy the hypothesis of Theorem 2.1,
thus the claim is proved.

It is then clear that also the Banach space o (N>o, ¢, (k)) enjoys the
SSD2P,, thanks to Theorem 2.2.
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2.2. Tensor Product
It is known that the SSD2P is preserved by taking projective tensor products

[10, Theorem 2.2]. In the cited paper, the authors’ proof relies on the following
characterization of the SSD2P.

Fact 2.5. [8, Theorem 2.1] Let X be a Banach space. The following assertions
are equivalent:
(i) X has the SSD2P.
(ii) Given non-empty relatively weakly open sets Uy, ...,U, in Bx and & >
0, there exist x1,...,Tn,y € Bx such that |ly|| > 1—¢, 2; £y € Bx
and z; € U; for all 1 <1i < n.
(iii) Given x1,...x, € Sx, there exist nets (y.) and (z,) in Sx such that
lim ||y, 4 24| = 1 and, with respect to the weak topology on X, lim z, = 0
and limyéK =x; hold for all 1 < i <n.

As we will later demonstrate, Fact 2.5 doesn’t hold true for the SSD2P,,
whenever k > . Therefore, a different proof is required to extend [10,
Theorem 2.2] to the transfinite setting.

Theorem 2.6. Let X and Y be Banach spaces and £ > Rg. If X and Y have
the SSD2P,., then the projective tensor product X®,Y enjoys the SSD2P,..

Proof. Fix a set 2 C S(xg_y)~ of cardinality < x and € > 0. Recall that the
Banach space (X®,Y)* is isometrically isomorphic to the space of bounded
bilinear forms acting on X X Y [13, Theorem 2.9], hence, for every B € £,
there exists xp @ yp € Sx ® Sy satisfying B(zp Q@ yg) > (1 — s)é.

Given B € 4, define

_ B(®ys)
IB(-@yp)|
Since X has the SSD2P,,, there are x and z'y’s in Bx such that ||z|| >

(1—¢)z and, for all B € B, 2y + x € Bx and B'(zy) > (1 —¢)5.
Now, given B € %, define

B € Sx~.

_ Blap®)
1Bz @)
Since Y has the SSD2P,, there are y and y%’s in By such that |y|| >
(1—¢)z and, for all B € %, y, +y € By and B"(y}}) > (1 —¢)3.
Define up 1= 3 ® yp € Byg y and v =2 ®y € Byxg . Notice that
vl = lz|[lyll = 1—e. Moreover, the fact that up v € Byg y is due to [12,

Lemma 2.2]. Finally, let us prove that the set {up : B € %} (1 — €)-norms
B.

B(ug) = B(al ® ys) > (1 — )3 | B(zls ® )| = (1 — )" B(as ® yp)
>(1-e)f|B(oyp)|>1-e)iBlapoyp) >1—¢

B" . € Sy-~.

which proves the claim and thus concludes the proof. O
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Remark 2.7. It is known that requiring only one component to have the
SSD2P is not enough in order to ensure the projective tensor product enjoys
the SSD2P [11, Corollary 3.9]. Up to a few changes, the same ideas can
be used to show that requiring in the statement of Theorem 2.6 only one
component to enjoy the SSD2P,; is not enough. Let us sketch the argument
required to prove this statement.

We will later show that ¢ (k) has the 1-ASSD2P,; (see Example 3.3),
nevertheless, we claim that the Banach space X := {,(k)®,¢3 doesn’t enjoy
the SSD2P,..

Since £3 is not finitely representable in /1, it is not finitely representable
in ¢1(k) either (notice that each finite-dimensional subspace of ¢;(k) is iso-
metrically isomorphic to some finite-dimensional subspace of ¢1, and con-
verse). Thanks to a simple transfinite analogue of [11, Lemma 3.7] (replac-
ing finite dimensional spaces with spaces of density < k) we conclude that
01 (k)®-(£3)* is not k-octahedral (see [4, Definition 5.3]), moreover, we can
infer that X = ({1(k)®.(£3)*)* [13, Theorem 5.3]. Therefore, by applying [5,
Theorem 3.2], we conclude that X fails the SSD2P,,.

2.3. Some More Remarks

Previously we claimed that the transfinite analog of Fact 2.5 doesn’t hold
true. Let us now prove this statement for the implication (i) <= (ii) by
continuing the investigation that we began in Example 2.4. As a matter of
fact, the Banach space c¢o(N>2, £, (k)) enjoys the SSD2P,.. Nevertheless, we
claim that it fails condition (ii) from Fact 2.5 with respect to ®;. This claim
follows from the following theorem:

Theorem 2.8. Let (X,,) be a sequence of Banach spaces. If, given any se-
quence of relatively weakly open sets (Uy,) in Bey x,,) and € > 0, there exist
(75) andy in By, x,) such that ||y|| > 1—¢, x,+y € Beyn,x,,) and z, € Uy
for all m € N, then there exists m € N such that X, is not uniformly convex.
Proof. Let A := {x; : n € N} C Sy (nx=), where the z;;’s are any chosen
elements satisfying the following conditions:

xy(m) # 0 and ||z (n)]| > ||z; (m)|| for all n,m € N.
Now consider the relatively weakly open sets

Unom = {z € Beyn.x,,) : @3 (x) > 1 —m™ |z} (m)]|}
Fix € > 0 and find 4, s, € Upm and y € Bg(w,x,,) such that [|y|| > 1 —¢ and
Y £ Tnm € Beyn,x,,) hold for all n,m € N.

Since ||y|| > 1 — €, we can find p € N such that ||y(p)|| > 1 — . On the
other hand, since x,, ,, € Up.m, we have that

1—mHap(m)]| < @) (@pm) < Y lap)l + 25 (p) (@pm (1))

n#p
=1— |zl + 25(D)(@p,m (),

hence

25 (P) (@p,m (p) = llzp (P | = m ™" g ()],
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therefore
S 10 -
[z (p)]]
Now, the fact that z, » +y € B x,) implies
1> |lzpm £yl 2 [lzp,m(p) £ y(0)|-

Finally, let us compute the modulus of convexity of X,.

[2pm@) =1 —m

Ox, (2 —2€) = inf{l - ”;r”

< inf (1 M pm(p) + y(p) + (2pm(p) — y(p))|>

H tu,v € Bx, and ||u — || >2—25}

2
— inf(1 — [y (p)]) < infr?
= O,
which implies that X, is not uniformly convex. U

Let us now turn our attention to the implication (i) <= (iii) from
Fact 2.5. We claim that also this fails in the transfinite context.

Ezample 2.9. We will prove that ¢ (k) fails the SSD2P .+ (see Example 3.3).
Nevertheless, condition (iii) from Fact 2.5 is satisfied in a very strong way. In
fact, fix x € Sy (), an ordinal p < k and define y; := x — x(u)e, € By (x)
and z, := e, € Sy (). It is then clear that y; + 2z, € Sx and that, with
respect to the weak topology, limz, = 0 and limy,; = z holds for every
T € Sy_(x)- In other words, since |[( (k)| = 2", we showed that £, (k) satisfies
condition (iii) from Fact 2.5, where, instead of fixing a finite set in the unit
sphere, we can fix any subset of the unit sphere of cardinality at most 2~.

Despite Theorem 2.8 and Example 2.9, it is possible to recover some
transfinite analog of Fact 2.5, but only for the 1-ASSD2P,.

Proposition 2.10. Let X be a Banach space and k > Ry. Consider the follow-
ing statements:

(i) X has the 1-ASSD2P,.

(ii) Given a family % consisting of < k many relatively weakly open sets in
Bx, a relatively weakly open neighborhood V' of 0 in Bx and e > 0, there
are {zy :U € %} andy € VN Sx satisfying xy € U and xy £y € Bx

forallU € % .
(i) Given A C Sx of cardinality < k, there are nets {(y%) : x € A} and
(2a) in Sx satisfying im ||zo = yZ|| = 1 and, with respect to the weak

topology, lim z, = 0 and limy® = x for all x € A.
Then (i) = (ii) = (ii1).
Proof. (1) = (ii). Fix a family % consisting of < x many relatively weakly

open sets in By, a relatively weakly open neighborhood V of 0 in Bx and
e > 0. For every U € %, thanks to Bourgain’s lemma [7, Lemma II.1], we
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*

no.u € Sx+, eu > 0 and convex coefficients

can find functionals =7 ;;,..., =
TLU,---,Tny,U Such that

ny
{Zrixi cxip(xi) >1—eyforall 1 <i < nU} cU.
i=1

Moreover, we can find z7 v/, ..., 2,y € Sx- and ey > 0 satisfying
{reBx:|rjy(z)|<eyforall 1 <i<ny}CV.

Since X has the 1-ASSD2P, and [{z} : 1 <i <ny and U € Z U{V}}| <

N - |%]| < K, there exist {z;y : 1 <i<nypandU € Z U{V}} and y in

Sx satisfying x;kU('TlU) >1l—¢ecpandx;y £y € Sx forall 1 <i<ny and

Uew J{V}. Now, given U € %, define

nu

Ty = E T U € By
i=1

and notice that zy € U. Moreover,

nu

< rillwiu £yl =1
i=1

nu

ZTi(fEi,U +y)

i=1

e £yl =

In order to conclude, it only remains to prove that y € V. But this is
clear because for every 1 < i < ny, we have that

L= lziv £yl| = 2y (ziv £y) = 1 —ev 27y (y),

which means that |z}, (y)| < ev, hence y € V.

(ii) = (iii). Fix a set A C Sx of cardinality < x and temporarily fix
a weak neighborhood U of 0. Define % := {(z + U) N Bx : € A} and find
{yf; s @ € A} C Bx and zy € UNSx satistying yf; € x+U and yj; +2y € Bx
for all z € A.

Now semi-order the family of weakly open neighborhoods of 0 with
respect to the inclusion and consider the nets (y;) and (zy). It is clear that
limyf; =z, limzy = 0 and lim |2y £ y7|| = 1 holds for all € A. Moreover,
up to a perturbation argument, we can assume that all y{;’s belong to Sx.
Thus the claim is proved. U

Let us show that the implication (iii) = (ii) from Proposition 2.10
fails. As already witnessed by Example 2.9, () satisfies condition (iii) in
a very strong way, nevertheless it fails the SSD2P, +. Therefore, we only need
to notice that condition (ii) with respect to k™ clearly implies possessing the
SSD2P,.+, thus the claim is proved.

It remains unclear whether the implication (ii) = (i) holds.

Remark 2.11. One might have wondered whether Theorem 2.1 can be pushed
further and used to obtain ¢y sums which possess the 1-ASSD2P,,. Unfortu-
nately, this doesn’t happen, as a matter of fact, the space co(Nx>a, £, (k)) fails
the 1-ASSD2P,, because, if it had the property, then Theorem 2.10 would ap-
ply and this would lead to a contradiction when combined with Theorem 2.8.
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3. Cy(X) Spaces

In [2], it was proved that Cy(X), for X infinite Hausdorff locally compact,
always has the SSD2P. In this section, we aim to extend the class of exam-
ples that enjoy the transfinite SSD2P by trying to characterize under which
conditions Cy(X) spaces have this property. Before doing so, let us introduce
a bit of notation about some cardinal functions.

Let X be a topological space. Define the density character of X as

d(X) :=min{|2]| : 2 C X is dense} + Ry.

A cellular family in X is a family of mutually disjoint open sets in X. Define
the cellularity of X as

¢(X) :=sup{|¥| : € is a cellular family in X} + No.

It is well known that ¢(X) < d(X). We refer the reader to [9] for a detailed
treatment of these cardinal functions and more.

Before stating the main result of this section, let us recall that, thanks to
the Riesz—Markov representation theorem, every continuous linear functional
on Cy(X) admits a unique representation as a regular countably additive
Borel measure on X.

Theorem 3.1. Let X be a Hausdorff locally compact space.
(i) Co(X) fails the SSD2P4(xy+ .
(ii) If c(X) > Ro, then Co(X) has the 1-ASSD2Px.

Proof. (i). Let 2 be dense in X. Consider the set {0, : * € Z} C S¢,(x)-
and suppose for contradiction that Co(X) has the SSD2P4(x)+. Then we can
find functions {f, : © € 2} C Be,(x) and g € Be,(x) satisfying
lgll = 2/3, fo(z) =2/3 and | fe £ 9] < 1.
Since Z is dense, then we can find x € 2 such that |g(x)| > 1/3, which
contradicts the fact that |f.(x) £ g(z)| < 1.
(7). Fix A < ¢(X) and a set .# C Sc,(x)- of cardinality A. Find a

cellular family ¢ in X of size A < |€| < ¢(X) and, given any m € N and
w € A, define

Gy =1{C €C : |p|(C) >m '}
Notice that
{€mp:meNand pe A} <Ny X< €]

Therefore, there is C € € satisfying |p|(C) = 0 for every p € .#. Notice
that, without loss of generality, we can assume that |u|(C) = 0. In fact, if
that’s not the case, then we can replace C' with some non-empty open set C’
satisfying C" C C.

Find functions {fm, : m € Nandp € .#} C Scyx) such that
pw(fm,) =1 —(3m)~! and, since p’s are regular, compact sets {K,, , : m €
Nand g € .#} C X\C satisfying |p|(Km,) > 1 — (3m)~L. Now construct
Urysohn’s functions {gm,, : m € Nand p € .#} and h in S¢,(x) satisfying

gm,p|Km,u =1, gm,u|€ =0 and h|X\C =0.
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Define

_fmp G

) =
ok ”fm,u : gm,u”

and notice that i, , == h € Sc,(x). Moreover, given any m € N and p € A,

€ Scy(x)

(i) > / Frope - Gl > / St — (3m) !
X K

> / fopdpp—2-(Bm)~ ' >1—m™".
X
O

It remains unclear whether the statement of Theorem 3.1 can be written
using only one cardinal function. Namely, we don’t know the answer to the
following two questions:

Question 3.2. Let X be a Hausdorff locally compact space. Is it true that
Co(X) fails the SSD2P(x)+ ? Is it true that Co(X) enjoys the 1-ASSD2Pyx),
whenever d(X) > Vg ?

Ezample 3.3. Let us now employ Theorem 3.1 to produce some new examples
of spaces enjoying or failing the transfinite SSD2P.

(i) Let X be a separable locally compact Hausdorff space. It is clear that
c(X) < d(X) = R, hence Cy(X) fails the SSD2Py; .

(ii) It is known that ¢(8N \ N) = 2% [9, 7.22], therefore C(3N \ N) enjoys
the 1-ASSD2P gy, .

(iii) Let B be a Boolean algebra and let S(B) be the Stone space associated
to B. It is clear that the set {{b} : b € B} C S(B) defines a cellular
family in S(B).

Now let us consider a regular positive Borel measure p over some Haus-
dorff locally compact space X. define B, the set of measurable sets
modulo the negligible sets in X. It is known that L., (u) is isometrically
isomorphic to C(S(B,)) (see e.g. pages 27-29 in [6]), therefore we con-
clude that Lo () enjoys the 1-ASSD2P |y |, whenever |95, > R.

In particular, whenever k£ > Ny and g is the counting measure over &,
|'B,,| = k, thus it follows that (. (k) enjoys the 1-ASSD2P,,, but it fails
the SSD2P,+, because d({oo(K)) = K.

To conclude this section, let us provide a criterion to identify cellu-
lar families in particular classes of topological spaces, including Alexandrov-
discrete spaces.

Proposition 3.4. Let X be a TQ% space and Kk an infinite cardinal. If there
are k many points in X such that every non-empty intersection of at most k
many neighborhoods is still a neighborhood, then ¢(X) > k.

Proof. Let A C X be a set of cardinality x such that every non-empty in-
tersection of at most x many neighborhoods of x is still a neighborhood for
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every ¢ € A. Since X is Ty, for every distinct =,y € A we can find a closed
neighborhood U, , of # which doesn’t contain y. By assumption

U, := m Ugy | N ﬂ X\ Uy
yeA\{=z} yEA\{z}
is an open neighborhood of z. Notice that, given distinct x,y € A we have
that

U:.NU, CUp ,, N(X\Uy)NUy , N (X \Usy) =10
In other words, {U, : x € A} defines a cellular family of size &. O

Notice that the assumption in Proposition 3.4 is far from being neces-
sary. It is consistent with ZFC that SN \ N contains no P-points, that is,
points for which every Gs containing them is a neighborhood, nevertheless,
as already recalled in Example 3.3, 6N\ N has a cellular family of cardinality
2No,
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