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A Quadratic B-Spline Collocation Method
for a Singularly Perturbed Semilinear
Reaction—Diffusion Problem with
Discontinuous Source Term

Zhongdi Cen, Jian Huang and Aimin Xu

Abstract. In this paper, a quadratic B-spline collocation method is devel-
oped to solve a singularly perturbed semilinear reaction—diffusion prob-
lem with a discontinuous source term. The discontinuous source term
leads to a jump in the second-order derivative of the exact solution at
the discontinuous point. A quadratic B-spline collocation method on a
Shishkin-type mesh is used to discretized the singularly perturbed prob-
lem on the left and right sides of the discontinuous point, respectively.
The collocation equations at the discontinuous point are obtained using
the conditions satisfied at the discontinuous point. It is shown that the
scheme is stable and almost second-order uniformly convergent. Numer-
ical experiments support the theoretical results.
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1. Introduction

B-Spline collocation methods are a family of important methods for solv-
ing singularly perturbed initial/boundary value problems. These methods
not only give the numerical solutions of singular perturbation problems, but
also give the continuously differentiable approximate solutions. There are
many literatures using B-spline methods to solve singularly perturbed ini-
tial/boundary value problems, such as Blatov et al. [2], Kadalbajoo et al.
[8-11], Lodhi and Mishra [15], Luo et al. [16], Shivhare et al. [18,19], Singh
et al. [20]. However, as far as we know, there is no literature using B-spline
collocation method to solve singular perturbation problems with non-smooth
data (discontinuous source term/convection coefficient).
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In this paper, we present a quadratic B-spline collocation method to
solve the following singularly perturbed semilinear reaction—diffusion problem
with a discontinuous source term:

Tu(z) = —eu’(z) + b(z,u) = f(z), z€(0,d)U(d,1),
u(x—) =u(x+), x=d, (1.1)
VE (W (a=) — o (a+)) = 0, v =d, '
u(0) =70, u(l) =1,
where 0 < £ < 1 is a small parameter, 7y and ~; are two constants, b is a
sufficiently smooth function satisfying b, > § > 0 on [0,1] x R, f(x) is a
smooth function on [0,d) U (d, 1] while it has a discontinuity at = = d. It is
shown in [3] that the problem (1.1) has a unique solution u(z) € C*[0,1] N
C"*2((0,d) U (d,1)) if f(z) € C™((0,d) U (d, 1)) for n > 0. The semilinear
problem (1.1) can be rewritten as
Lu(z) = —eu”’(z) + bu(z, 0(x)w)u(z) = f(x) — b(z,0), =z € (0,d)U(d,1),
u(z—) =u(zt+), z=d,
Ve (W (z—) — v/ (z4)) =0, z=d,
u(0) =0, u(1l) =1,
where 0 < 0(x) < 1. It has been proved in [3] that the maximum principle
for (1.2) holds true. The stability result is derived in [3] using the maximum
principle as follow
-1
s o) < 67 oo 80,01+ goo 1]

0<x< <z

Furthermore, using the maximum principle and the inequality estimation
techniques, it is proved in [3, Lemma 1] that the exact solution u(x) and its
derivatives satisfy the following bounds

) - C 1+e_k/Ze_Bw/ﬁ+€_k/26_ﬁ(d’_z)/ﬁ} , z € (0,d), k=0,1,...,q,
‘u (z)| | C 1+67’“/267‘7(171)/*5+57k/2e75(’”7d)/‘/ﬂ ,x€(d,1), k=0,1,...,q,
(1.3)

where C is a sufficiently large positive constant, the maximal order ¢ depends
on the smoothness of function f(z) on [0,d) U (d, 1].

The existing literatures mainly use the finite difference methods on layer
adapted meshes to solve the singularly perturbed problems with non-smooth
data (see for example [1,4-7,12,13]). So far, the B-spline collocation method
has not been applied to solve the singularly perturbed problem with non-
smooth data.

The aim of this work is to study the possibility of using a quadratic
B-spline collocation method on a Shishkin-type mesh for solving the singu-
larly perturbed problem with a discontinuous source term (1.1). The singular
perturbation parameter and the discontinuous source term lead to the exis-
tence of boundary and interior layers in the exact solution, and a jump in the
second-order derivative of the exact solution at the discontinuous point. Since
the second-order derivative of the exact solution is discontinuous, the colloca-
tion equation at the discontinuous point cannot be obtained directly from the
first equation in (1.1). On a Shishkin-type mesh, we construct the quadratic



MJOM A Quadratic B-Spline Collocation Page 3 of 12 269

B-spline collocation equations on the left and right sides of the discontinu-
ous point by using the method given in [14], respectively. Then, combined
with the conditions satisfied at the the discontinuous point, the collocation
equations are obtained at the discontinuous point. By solving the collocation
equations, we can get the approximate solution with piecewise quadratic dif-
ferentiability. It is proved that the scheme is stable and almost second-order
uniformly convergent. Numerical experiments support the theoretical results.
As far as we know, this is the first time that the B-spline method is applied
to solve the singularly perturbed problems with non-smooth data.

Notation. Throughout the paper, C' stands for a generic positive con-
stant independent of the discretization parameter N and C'in different places
can represent different constants. To simplify the notation, g; = g(x;) and
gi—1/2 = 9((xi—1 + x;)/2) for any function g are denoted on [0, 1] and |- is
denoted as the (pointwise) maximum norm on [0, 1].

2. Discretization Scheme

In this section, we construct a discretization scheme based on a quadratic B-
spline collocation method to solve the singularly perturbed semilinear reaction—
diffusion problem with discontinuous source term. Since problem (1.1) has
boundary and interior layers, we use a Shishkin-type mesh to adapt the
boundary and interior layers. Let N be the discretization parameter divisible
by 8 and the mesh transition parameters o7 and oy be defined as

. [d 4y/e . [1—d 4y/¢
Ulzmm{4,:8[1n]\f}, ngmln{ll,\’[lnl\f}.

Then the domain [0, 1] can be divided into six subintervals [0, 1], [o1,d — 09] ,
[d—03,d],[d,d+ 03], [d+ 02,1 —01] and [1 — 01,1]. & mesh elements are
placed in each of the subintervals [0,01],[d — 02,d] ,
[d,d+ o5],[1 —01,1] and & mesh elements are placed in each of the subin-
tervals [o1,d — 03], [d + 02,1 — 01] respectively. Let QY = {z;]0<i < N}
be the constructed Shishkin-type mesh. Thus, the mesh sizes h; = x; — ;1
for 1 <14 < N satisfy

8o - N 7N
#7 Z—l,...,g,?,...,N,
4(d—o1— .
4d=g1-02) & o2) z:%—l-l,. ,—38,
h; = (2.1)
8aa i = 3N 1 q 5N
X i = >3 oo g
4(17d70’170’2) - __ BN N
N =g L g

The quadratic B-spline basis functions B;(z), as given in [14], are defined
as
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hi—(z,—x)? (z—xq
N * h3 B (hl+h2)h ) To S @ S @,

(Zi—z)” <z<z

Bo(x) = T > TOSESTL,  poy (@ —x)?
o(®) {O, ' otherwise, 1@ (hathy)hi? TS @S @,
0, otherwise,
(v=wi2) . .

(it )iy Ti-2 ST S Tioy,

(z—zis)(@i—2) | (zipa—=)(z—zia) <2< 3 N N
Bi(z) = it T (dhg)h, 0 T STS T o oy o 5 g T2Si<N,

M <z <z

(h’l+hl+‘)h’1+] ’ =% =it

0, otherwise,

M rN_o <z < xTN_1

(hy—i+hy)hn_a’ == -
BN(‘T) = (a:N 1 z)

i G (z—xn)?
Rz (hv+h1\ Ohn zn-1 <z < TN,

0, otherwise,

and
(wn—1—)
B _ h2 awN—ISxSx]\H
Nt1(w) = N

0, otherwise.

Since the source term f(z) has a jump at point = d, the second-order
derivative of the exact solution is discontinuous at point z = d, which leads
to the special technique that needs to be used to construct the collocation
equation at this point. To this end, we introduce the following four basis

ITN/2-2 <z < ITN/2—15

TNj2—1 S o < T2,

otherwise,

s N2 S @ < Tnj2qa,

functions
(731\//2—2733)2
(hN/2—1+hN/2)hN/2—1’
B;,/Q(m) = h?v/Q*(IN/271*I)2 . ($_-73N/2)2
?v/2 (hN/2+hN/2—1)hN/2’
0,
(IN/z 1*1)2
- _ s, N1 S < Tny2
BN/2+1( z) = Rz P . ®
0, otherwise.
7(%]/2“7 =)’ T <z<=zx
B}\'}/2(.’IZ) — hN/z+1 s LN/2 _. >~ LN/241,
0, otherwise,
and
h?\7/2+1*(“”N/2+1*9”)2 _ (33*901\7/2)2
N h3 /a1 (hny2+1thn/242) b2t
BN/2+1(9”) = (rn/2q2—2)

(hnj241+thNj242)hN/241]
0

)

TN/l ST < Tnjaqa,

otherwise.

The approximation solution U(z) to the exact solution u(z) of problem

(1.1) is constructed as

U(z) = {

U (),
U (),

0<z<d,
d<xz <1,

(2.2)
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where
N/2—1
1 1 - 1 —
v @)= 3 af Bi(2) + ag\f}2BN/2(x) + agv}2+1BN/2+1v z € [0,d],
=0
N+1
2 2 2
UD(2) = a0),BY n(@) +alg)y (Bl jnr + 2. ol Bi(a), z € [d,1].
i=N/2+2

and they satisfy the following collocation equations

{TU(I)(%‘—l/Q) = fi—1/2, 1S¢S%, {TU(Q)(mi—1/2) = fi—1/2, % + 1<i<N,

UM (z0) =0, U (zn) =0,
(2.3)
and
au™ du®
U(l)((pN/z) = U(2)($N/2)7 9 (CLI(mN/Q_) — do (LUN/2+)> = 0,
(2.4)
which are equivalent to
[TNa(l)}i,1/2 = fi71/27 1 S 1 S %a
1) _ (2
Onj241 = Ony2o
\@ _ag\}/)z + ag\}}2+1 + ag\?}z . a5\332+1 -0 (2 5)
hny2 hny2 hnyay1 hnjayr ) = 77 ’
N _ N -
[T 3(2)}i71/2—fi,1/2, 7+1§ZSN5
1 2
) =, =0
T T
witha® = (af,..a),,) a® = (aQ),.aldh1)
(k) _ (k) (k) _ (k)
[TNa(k)] _ . 2 <ai+1 a; ) B 2 (ai ai—l)
i—1/2 hi (hi + hi1) hi (hi—1 + hy)
+b (xi—1/2,qi_a,(-li)1 + (1 —q; — qj') zzgk) + qj'agﬁ)l) , k=1,2
and
h; h;
Pl S A— +t_ % hao = h —0.
q; 4(hi71 +hz)7 q; 4(h1 +hi+1)7 0 N+1
L _ T _ () ) @) @ \"
et a = (ap,a1,...,an+3) = [ag s UGNy ONG )

Then, the linearized form of discrete Eq. (2.5) can be written as
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e [ - Hammh | b i€ e

+(1—a; —qf)ai+afai] = ficipp —b(xi1/2,0), i=1,...,N/2,

a; — a1 =0, i=N/2+1,
e Ve (-ig b 4 - ) =0, i= N2

I e e R R

. {q;zai,l + (1 — 45— ‘Ltz) a; + qz‘tzaﬂrl}

= fica—1/2 — b(®i—2-1/2,0), i=N/2+3,...,N+2,

(2.6)

where & = \; [q;ai,l + (1 —q; —q;r) a; —|—qi+az-+1] for 1 < i < N/2 and
Si=Xilg g0ia+(1—q 5 —q 5)ai+q 5ai] for N/24+3 <i < N+2
with 0 < \; < 1.

The following theorem gives the stability of the discrete scheme.

Theorem 2.1. The solution a of the discretization scheme (2.5) satisfies

K

where C' is a positive constant independent of N .

la] < C HLNa

Proof. Let
_ e 2((11“*@1) _ 2(01*01—1) s N
bu(eia ) (1—a —aF) [m(mm) () | T =g
aj — iy, i=4+1,
Qi—2 i i a; . N
[Ad], = ﬁ(‘ he t RS RS T h:) : i=3+2
_ €
bu(zica—1/2.6)(1—a; ,—ai )
2(aipi—ai)  2(ai—a;) ) N
{hhz(h,fﬁhﬂ) B (R ath, o) | 10 =743 N+2

It is easy to see that A is an M-matrix, which implies HA’1 || < 1. Then using
the similar method given in [14, Theorem 3|, we can prove the result of the
theorem holds true. 0

Next we derive the convergence analysis of the quadratic B-spline col-
location method.

Theorem 2.2. Let U(x) be the cubic B-spline collocation approzimation solu-
tion of problem (2.2)—(2.4) and u(x) be the exact solution of problem (1.1).
Then we have the following error estimate

u(z) = U(z)| < CN~2In* N,

where C' is a positive constant independent of N .
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Proof. Let YV () and Y®)(z) be the unique quadratic spline interpolation
functions to the solution u(z) on [0, d] and [d, 1] respectively, where
N/2-1

Y(l)(x) = Z Cgl)Bi(x) + cg\}}QB;,/Q(:B) + cg\l,}QHB;,/Q_H, z € [0,d],
i=0
N+1
2 2) 2
YO (@) = X)oBlo@) + X )o1 Bhjpn+ > P Bilw z € [d,1]
i=N/2+42
and
dy W dy @
Yy (xN/2) =y® (xN/2)a \@( dx (xN/2*) T T dr (zN/2+) =0.

Following the error estimates given in [14, Theorem 2], we have

Hu(m) - Y“)(I)H[O < CN"*I® N, Hu(z) - Y(z)(z)H[dJ] <CON?W®N,

2.7)
\/E‘(u - Y(”)' (zN/r)| < CN2In2N, \/E‘(u - Y(2>>' (a:N/2+)‘ <CN 22N,
2.8)
and
e, max (u - Y“))%l/2 <CN 22N, ¢ R ‘ (u - Y(2)>;'71/2 < CN 22N,

(2.9)

where we have used the bounds of the exact solution and its derivatives
(1.3), the mesh transition parameters o7 and og, and the mesh sizes (2.1).

Let ¢ = (¢p,c1,-- -y cN+3) = (c(()l), . 05\1732—%1’ 5\2,}2, cey ﬁll)T. Then we
have
LY (a; — )
—e (u - Y“)):m + by (wie1)2:71) (u - Y(”)H/2 , i=1,2,...,N/2,
(u—Y(l))i_l—o—(u—Y@))l_l, i=N/2+1,
B Ve (u- y<2>)’ (@i-at) — = (u— Y<1>)’ (io2—), i=N/2+2,
—e (u- Y(z));l271/2 +bu (2i21/2,m5) (u— Y(2)>i7271/2 ,i=N/2+43,...,N+2,

where 7; = p; (u — Y(l))iq/z for 1 <i < N/2and n; = p; (u—Y?)
for N/2+3 <i < N+ 2 with 0 < p; < 1. Thus we can get
la—c| <CN~2In® N, (2.10)

where we have used Theorem 2.1 and the estimates (2.7)-(2.9). Next, it is
easy to see that B;(z) > 0,

i—2—1/2

N/2—1 N+1

Y. Bi(@) + By (@) + Byjpyy =1, Y. Bi@)+ Bl @) + Bl =1
— k=N/2+2
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Hence, we can obtain

R P R e P e
(2.11)
Therefore, combining (2.7) and (2.10)—(2.11), we have

I Ee S A IR
0,d

0,d] [0,d

I LR B M e

d,1] d,1] [d,1]

From the above inequalities, we conclude that the result of theorem holds
true. O

3. Numerical Experiments

In this section, the following numerical example is solved to corroborate in
practice the efficiency of the developed method, which is taken from [3].

Example Consider the following singularly perturbed convection—
diffusion problem with non-smooth data:

—eu(z) + b(z,u) = f(x), =€ (0,1/2)U(1/2,1),

u(z—) =u(x+), x=1/2,
VE (W (3—) — o (a4)) = 0, & = 1/2, (3.1)
u(0) = u(l) =0,

where

» 1—e (=20 0 < g <1/2,
br,u) =1—e", f(flf):{l_e—x/m 1/2<x <1,

The Newton iterative method is used to solve the nonlinear collocation
equation (2.5). The initial guesses for Example are taken as [az(»m)](o) =0 and
the stoping criterion is

max [az(»m)](k) - [agm)](kfl)’ <1075, m=1,2.

0<i<N
The computed solution for Example with ¢ = 2720 and N = 128 is de-
picted in Fig.1, which shows that the solution has obvious boundary and
inner layers. Since the exact solution of the example is not available, the
double mesh principle is adopted to calculate the maximum pointwise er-
ror and the corresponding convergence rate, which are denoted by eV =

maxi<i<n U;L/z — Ui27]\[1/2 and 7V = log, (;—I,VV) for the scheme (2.2)—(2.4)

on the Shishkin-type mesh Q¥ respectively. The numerical results are given
in Table 1, which show that the quadratic B-spline approximate solution con-
verges to the exact solution with almost second-order accuracy. Therefore,
numerical experiments verify the effectiveness of the theoretical results.
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0.7 T T T T T T T T T

Figure 1. The computed solution for Example with ¢ = 2720
and N = 128

Table 1. Error estimates and convergence rates of the
scheme (2.2)—(2.4) for Example

Number of mesh points N

€ 128 256 512 1024 2048 4096

270 1.1953e—6 3.0011le—7 7.5189e—8 1.8818e—8 4.707le—9 1.1771e—9
1.994 1.997 1.998 1.999 2.000 -

271 1.9055e—5 4.7934e—6 1.2020e—6 3.0096e—7 7.5298e—8 1.8832e—8
1.991 1.996 1.998 1.999 , 1.999 -

278 2.9806e—4 7.5895e—5 1.9136e—5 4.8036e—6 1.2033e—6 3.0112e—7
1.974 1.988 1.994 1.997 1.999 -

2712 4.1360e—3 1.1435e—3 2.9805e—4 7.5896e—5 1.9136e—5 4.8036e—6
1.855 1.940 1.973 1.988 1.994 -

2716 1.9043e—2 8.3359e—3 3.0376e—3 1.0003e—3 2.9450e—4 7.5895¢—5
1.192 1.456 1.603 1.764 1.956 -

2720 1.9042e—2 8.3357e—3 3.0375e—3 1.0003e—3 3.1114e—4 9.3523e—5
1.192 1.456 1.603 1.685 1.734 -

4. Conclusion and Discussion

In this paper, a quadratic B-spline collocation method on a Shishkin-type
mesh is used to solve the singularly perturbed problem with a discontinuous
source term (1.1). There is a jump in the second-order derivative of the exact
solution at the discontinuous point due to the discontinuous source term. The
quadratic B-spline collocation equations are constructed on the left and right
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sides of the discontinuous point respectively. The collocation equations at
the discontinuous point are also derived using the conditions satisfied at the
discontinuous point. Then the nonlinear collocation equation is solved by the
Newton iterative method and the approximate solution with piecewise qua-
dratic differentiability is obtained. It is proved that the scheme is stable and
almost second-order uniformly convergent. Numerical experiments confirm
the correctness of the theoretical results. Although the convergence order of
our discrete scheme is lower than some existing literatures, for example [17],
the numerical solution obtained by applying the quadratic B-spline method is
piecewise continuously differentiable, which indicates that our spline method
has some advantages in solving singular perturbation problems. However, it
is still difficult to extend this quadratic B-spline method to the singularly
perturbed convection—diffusion problem, mainly because the convection term
will cause difficulties in the stability analysis of the quadratic B-spline collo-
cation scheme.
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