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Bi-space Global Attractors for a Class
of Second-Order Evolution Equations
with Dispersive and Dissipative Terms
in Locally Uniform Spaces

Fang-hong Zhang

Abstract. This paper deals with the asymptotic behavior of a class of
second-order evolution equations with dispersive and dissipative terms’
critical nonlinearity in locally uniform spaces. First of all, we prove
the global well-posedness of solutions to the evolution equations in the
locally uniform spaces Hi,(RY) x HL(RY) and define a strong con-
tinuous analytic semigroup. Secondly, the existence of the (H(R™) x
HY,(RY), HY(RY) x H) (RY))-global attractor is established. Finally, we
obtain the asymptotic regularity of solutions which appear to be optimal
and the existence of a bounded subset(in HZ, (R™Y) x HZ (RY)), which at-
tracts exponentially every initial H, (R™) x Hi, (RY)-bounded set with
respect to the H{, (RY) x HE, (RN )-norm.
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1. Introduction

In this paper, we investigate the long-time behavior of the solutions for the
following second-order evolution equations with dispersive and dissipative
terms in locally uniform spaces:

uge — Au — Aup — BAuy + aug + Au+ f(u) = g(x), in RN x Rt,
(1.1)
with the initial data
u(z,0) =wup, u(z,0) =uy, z e RN, (1.2)
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where g(z) € L2 (RN) with N > 3. The nonlinearity f(s) € C*(R) satisfies
the following conditions: Dissipative condition

F s
llir‘n inf (23) >0, where F(s) = / f(r)dr, (1.3)
s|—oo S 0
—aF
1|ir‘n inf sf(s)—zoz(s) >0, where a>0. (1.4)
s|—o0 S

Growth condition
|f(s) = f(R)| <Bls—h[(L+][s|?+[h|?), Vs,heR,

where 0 >0, 0 <¢g <

N3 (1.5)

Equation (1.1) is a special form of the so-called improved Boussinesq
equation (see [5,19-21,26]) with damped term —Au;, which was used to de-
scribe ion-sound waves in plasma, e.g., see [20,21], and also known to repre-
sent other sorts of ‘propagation problems’ of, for example, lengthways waves
in nonlinear elastic rods and ion-sonic waves of space transformations by a
weak nonlinear effect (see [5,14]).

In bounded domains, there is a vast literature concerning the attrac-
tors for the second-order evolution equations with dispersive and dissipative
terms equations. For instance, in [27,28], Xie and Zhong investigated the
existence of global attractors with critical exponential growth nonlinearity
using the new method named “Condition C”. Carvalho and Cholewa in [11]
presented systematic results including the existence uniqueness and long-
time behavior by using the semigroup approach. Sun et al. in [24] studied the
asymptotic regularity of the solutions and obtained the existence of exponen-
tial attractors. For the (nonautonomous) semi-linear second-order evolution
(1.1) with memory terms, Zhang et al. in [32] constructed the existence of ro-
bust family of exponential attractors, while the nonlinearity is critical. In our
previous work [33], we showed the existence of pullback attractors in the Ba-
nach spaces for the multivalued process generated by a class of second-order
nonautonomous evolution equations with hereditary characteristics and ill-
posedness.

On unbounded domain, up to now, there are few results. Only Jones and
Wang in [18] applied the cutoff method and a decomposition trick to obtain
the existence of random attractor for the stochastic second-order evolution
equations (1.1) with subcritical nonlinearity.

To our best knowledge, for critical nonlinearity, the long-time dynam-
ics for Eq. (1.1) on unbounded domain have not been considered by any
predecessors. There are some barriers encountered. On the one hand, the
Sobolev embeddings are not compact on unbounded domains, and hence
the asymptotic compactness of solutions cannot be obtained by simply us-
ing Sobolev embeddings and regularity of solutions. On the other hand, the
number ¢+ 1 = % in (1.5) is called a critical exponent, since the nonlin-
earity f is not compact even in the bounded case, and hence the methods
for subcritical nonlinearity cannot be used to derive the asymptotic com-
pactness for our problem. Thirdly, Eq. (1.1) contains the term —Auwuy,; if the
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initial data z(0) = (u(0), u.(0)) belongs to HE (RY) x HL (RY), then the so-
lution z(t) = (u(t), us(t)) is always in H} (RY) x H} (RY) and has no higher
regularity, which will cause some difficulties.

The main contributions of this paper are that:

(i) We overcome the above difficulties (less regularity; lack of compactness;
the equation itself), establish the well-posedness (Theorem 3.1), and
prove the existence of bi-space global attractors for the second-order
evolution equations with dispersive and dissipative terms Eq. (1.1) on
RY (Theorem 4.9).

(i) We obtain the asymptotic regularity of solutions on RY, which appears
to be optimal (Theorem 5.8). To our best knowledge, this is the first
time to obtain the regularity for Eq. (1.1) on unbounded domain with
both subcritical and critical nonlinearity, and maybe it is a basis for
further considering the asymptotic behavior of the solutions.

The presentation of this paper is follows: In Sect. 2, we recall some basic
definitions about the locally uniform spaces and iterate some definitions and
abstract results concerning the global attractor. In Sect. 3, we prove the
existence of global attractors for the second-order evolution equations with
dispersive and dissipative terms in locally uniform spaces, and the asymptotic
regularity of the solution will be established in Sect. 4.

2. Preliminaries

In this section, we first recall some basic definitions about the locally uniform
spaces.

Following [1-3,7,8,22,29], we consider a strictly positive integrable we
ighted function p : RN — (0, 00): for 1 < p < oo, setting

Ly(RN) = {so € L (RY) : gl ppasy = ( / ) p(x)ga(xnpdx)P < oo},

let 7yp(z) = py(z) = p(z —y), y € RV, and consider the locally uniform
spaces

L},(RY) = {weLbc(R )+ lelly vy = sup llllez, @) <<><>}
yeR

LY, (RY) = {p € L},R™) : |my — ollog, mny — 0 as Jy| — 0},

where qu(RN ) is the closed subspace of LP (RY) consisting of all its el-
ements that are translation continuous. The locally uniform Sobolev spaces
WP (RN) and WP (RN) are defined, respectively, by L (RN) and LF (RV)
in a way similar to the standard WT’p(RN).

We consider strictly positive integrable weighted functions p € C?(R™)
satisfying
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2

O )
8903-8:1%

3xj

< p0p<x)a

(x)’§P10($)7 VI‘ERN,]',]C:LQ,...,N,

(2.1)

with certain positive constants pg, p1. In this paper, we consider the exem-
plary weighted functions

N
p(x) = (1 +ex®)™%, with s > 5 €> 0. (2.2)

Obviously, p € C2(RY), then one can obtain the estimates that |Vp| < c¢;1/ep
and |Ap| < ecap.
Now, we recall the uniform space W;;”(RY), s € RT U {0}, and the
Banach space consisting of all ¢ € W2'P(RY) such that
H¢||W5’p(RN) = sup ”d)HWf,’p(B(y,l)) < 00, (2.3)
yeRN

where B(y,1) = {x € RY : |z —y| < 1}. In addition, the following two norms
are equivalent: there exist C;, C» such that for all u € L?

Jullyy, = sup [ ple = lua)Pda

lu’

<) sup / lu(z) Pd < Caljul, -
B(y,l) lu

yERN

Note that for k € NU{0}, uniform space W/ (RY) and locally uniform
space I/Vlku’p (R™) coincide algebraically and topologically when the weighted
function p satisfies (2.1). Furthermore, by intermediate spaces, we know that
the same holds for W ;P(RY) and W;>P(RY) with s € RT U {0}, and we will
use this equivalence frequently in this paper.

In addition, we need the following embedding lemma, interpolation in-
equalities in the weighted spaces and locally uniform space.

Lemma 2.1. [1]
(i) If s1 252 >0,1 <p; <py <00 and81_%282_pﬂ2, then
W[S]l »P1 (RN) s W52’p2 (RN)
15 continuous.
(ii) If p satisfies (2.1), then the inclusion
Wi # (RY) < Wiers (RY),
provided that so € N, 51 > s9, 1 < p; < p2 <00 and s1 — pﬂl > 859 — %.

Lemma 2.2. [1] For any p € [2, 2X.] and 0 € [0,1], we have

) N—2
lellzz < Cllelgn Ielz,’,

and

||<P||L5 < C”@”Hl“@‘ L’ )

r
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Lemma 2.3. [31] there exist Cy, Cy such that for allu € Lh (1 < p < 00),

o / p()|uz)Pdz < / oy / 2)Pdady < Cs / p(@)u(z)Pdz.
RN B(y,l) RN

Next, we iterate some definitions and abstract results concerning the
global attractor, which are necessary to obtain our main results; we refer to
[4,6,9,16,22,23,25] for more details.

Definition 2.1. A set A C X, which is invariant, closed in X, compact in Z
and attracts the bounded subsets of X in the topology of Z, is called an
(X, Z)-global attractor.

Definition 2.2. Let {S(¢)};>0 be a semigroup on Banach space X. A set By C
Z, satisfying that, for any bounded subset B C X, there is a T = T'(B), such
that S(t)B C By, for any t > T, is called an (X, Z)-bounded absorbing set.

Definition 2.3. Let {S(¢)}+>0 be a semigroup on Banach space X. {S(¢)}+>0
is called (X, Z)-asymptotically compact, if for any bounded (in X') sequence
{zn}22, € X and t, > 0, ¢, — 00 as n — o0, {S(tn)xn}52; has a conver-
gence subsequence with respect to the topology of Z.

With the usual notation, hereafter let |ul, | - |p, || - | Wmers |- e, | -
lwze» and ||-||w.» be the norm of L2(RN), LP(RN), WP (RN), WP (RN),
WP(RYN) and W™ P(RYN), respectively. Also, let (-,-) be the usual inner
product in L?(RY). Let C be an arbitrary positive constant, which may be

different from line to line and even in the same line. For convenience, without
loss of generality, we always assume o« = 3 = A = 1 hereafter.

3. Global Well-Posedness

In this section, we will investigate the well-posedness of system (1.1)—(1.2).

Theorem 3.1. (Global well-posedness) Assume that f satisfies (1.3)—(1.5),
g(z) € LE,(RN). Then for any T > 0 and (ug,u1) € HL(RY) x HE (RV),
there is a unique solution (u(t),u:(t)) of Egs. (1.1) and (1.2) such that

u(t) € C([0, T): Hiy (RY)), ue(t) € C([0, T); Hyy (RY)).

Moreover, the solution continuously depends on the initial data.

Proof. We divide the proof into three steps:
Step 1 Local well-posedness

Setting v = (I — A)u and v; = w, we can rewrite Eq. (1.1) into the
following system:

L)) () o

f(z):<f0((1+z4)olv)+g(w))'

where
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By the growth condition (1.5), f(-) is local Lipschitz in H{ (RY) x HL (RY),
which is equivalent to (0, f o ((I + A)~!v) + g(x))T. The abstract semigroup
theory about local well-posedness (e.g., see [3,10,11,23,25,26,29]) of an ab-
stract parabolic equation leads to a local solution to system (1.1)—(1.2).
Step 2 Global existence

By the a priori estimates given in Lemma 4.1 below, we infer

)1y, + s Ol < Ce™ Oy + IOl +C [ pyllaf +1)

This implies that for each local solution (u(t),us(t)) of system (1.1)—(1.2)
corresponding to initial data (ug,u1) € HL (RN) x HL (RY), its H (RY) x
Hllu(RN )-norm cannot blow up at finite time, which implies the global exis-
tence of solutions.
Step 3 Lipschitz continuity

Let u!(t), u*(t) be two solutions of system (1.1)—(1.2) corresponding to
the initial data (ug,u}), (ud,u?) € HE(RY) x HE(RY) and denote z(t) =
ul(t) — u?(t), then z(t) satisfies

2t — Az — Az — Dzgy + 20 + 2+ f(u!) — f(u?) = 0. (3.1)
We set m = z; + 1n2(0 < n < 1) and rewrite the Eq. (3.1) as follows:
my+ (1 —nm+ (1 —n+n%)z— (1 —-n+n?)Az
—(1 —n)Am — Amy + f(u') — f(u?) = 0. (3.2)
Multiplying (3.2) by p,m, we infer
(me, pym)+(1=n)(m, pym)+1=n+1)(z, pym)—(1=n+1°)(Az, pym)

—(L=n){Am, pym) — (Amy, pym) + (f(u') = f(u?), pym) = 0.
(3.3)

Next, we deal with each term of (3.3) one by one as follows:

(mespym) + (1= n)(m, pym) omP =) [ gyl
R

T 2dt e
(3.4)
1d 9 9
(oogm) = Gopyletn) = 25 [ P [ plefs 65)
RN RN
1d
(—=Az, pym) = (=Az, py(z +12)) = 5&/ py|V2|? "‘77/ py|V2|?
RN RN
+/ Vszyzt—f—n/ VzVpyz, (3.6)
RN RN
(—Am, p,m) :/ py|Vm|2—|—/ VmVpym, (3.7
RN RN
1d )
(=Amy, pym) = S — py|Vm|” + VmiVpym. (3.8)
2dt RN RN

/Vszythrn/ Vszyng’ﬁ/ py (|V 2|2 +|2e| 2+ 2]?), (3.9)
RN RN RN
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[ TmSom<ove [ oV +mP) (3.10)
RN RN

(=) [ ImVom< Ve [ p(TmP + mP) (3.11)

By the Sobolev embedding H'(B(r)) — L ¥z (By(r)) and H} (RN) —
2N

L~=2(RY), we have

/ py(f(ut) — F(u2)
RN

g/ py(@) (14 [u |77 + [u?| 52 ) |22 de
RN

g/ py(r) (/ (1+|u1|5¥*3+u2w“z)|z2dx> dr
RN Bl(’l‘)

N-2
N

< C/ py(T) </ |z|13N2dx> dr
RN Bq(r)

2
< C/]RN py(r)|2 5 (B, (ryydr

< c/ oy (V22 + |22)de, (3.12)
RN

and

/ py(f(u}) = F(u2))z
RN

< [ oota) (1755 425 ozl
RN

§/ py(T) (/ (1+|u1|1]§+§+u2w42)|z||zt|dx> dr
RN Bl(’l‘)
N-—-2
<c [ o) (/ z|15”2dx>
RN B (r)

2N
< C/RN Py (7)1 2| E1 (B () |26 H (By () AT

N-2
2N

</ |zt13N2‘dx> dr
Bl(T’)

gc,,/ py(|v2\2+\z|2)dx+n/ (Va2 + |2P)de.  (3.13)
RN RN

From (3.3)—(3.13), we get
1d 2 2 2
- 1—
53 (/Rprlml +(L=n+n )/Rpr\Zl
+(1—77+772)/ pyIVZ|2+/ pyIVmZ)
RN RN

=) [ pupmPnonn) [ o (eF + V) + [ ol TmP
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< C’ﬁ/N py(\Vz|2 + 12 + |22 + |[Vme® + Im|? + [Vm]?)
R

e / py(IV? + 2) +1 / Pyl + |4f?). (3.14)
RN RN

In particular, we infer
d

G [ pmP 4 1mP 2 - V2P)
dt Jax

<C [ plmP o 9mfP w1 9P (315)
RN

By the Gronwall Lemma, for any 7' > 0, we get
s (0l + Ie0ly) < ey + 1Oy (316)
ThlS completes the proof. O
Remark 3.2. Theorem 3.1 implies that the solution of Egs. (1.1)—(1.2) gener-
ates a C° semigroup {S(¢)}+>0 defined by
S(t) : Hi,(RY) x Hy, (RY) — Hy, (RY) x Hy, (RY)
and  S(t) : (ug,ur) — (u(t), u(t)).
Moreover, the semigroup {S(t)};>o satisfying the Lipschitz continuity: given

any R > 0 and any two initial data (u},ul), (u3,u?) € HE (RYN) x H{ (RY)
with ||(u6,u’i)”Hllu(RN)lelu(RN) < R, i=1,2, it holds that:

1S (t) (ug, ur) — S() (ug, ui)ll e

lu

< 7 (ug, up) — (up, u?)

(RN)x HE (RN)

H,(BN)x H,®N), V120

4. Global Attractor

In the section, we will prove the existence of global attractor for a class
of second-order evolution equations with dispersive and dissipative terms in
locally uniform spaces.

4.1. Dissipation Estimates

Lemma 4.1. Assume that [ satisfies (1.3)(1.5), g(z) € L (RN). There is
a positive constant g1 such that for any bounded subset B C I/Vl1 2(].RN)
WiQ(RN) there exists a positive constant Ty = Ty (B) such that

el + e < o1 forallt >Ty and (ug,u1) € B.  (4.1)

Proof. We set v = u; + 6u(0 < § < 1) and rewrite Eq. (1.1) as follows
vi+(1=8)v+(1—=6+8)u—(1-0+6%)Au
—(1—=98)Av — Avg + f(u) = g(z). (4.2)
Multiplying (4.2) by p,v, we infer
() + (1= 6){0, py0) + (1= 6+ 62)(u, pyo) — (1 — 6+ 62)(Aat, py0)
—(1 = 06)(Av, pyv) — (Ave, pyv) + (f(u), pyv) = {9(x), pyv). (4.3)
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Next, we deal with each term of (4.3) one by one as follows:

1d
(wepyt) + (1= 0oy = 55 [ alP =0 [ P (@)
RN RN
1d 9 9
() = (wopy(n+60) = 55 [ pleP s [ pleP @)
RN

1d
(~Bu.py) = (Bupyun + 50y = 55 [ o ITuP 5 [ g TP
RN RN

+/ Vquyut—i-(S/ VuVpy,u, (4.6)
RN RN
(—Awv, pyv) :/ py|Vv|2—|—/ VoV pyv, (4.7)
RN RN
1d ,
(—Avy, pyv) = 5& py|Vv| + Vvthyv, (4.8)

(f(u),pyv> = <f( ) py(ut + 5u

:%/R —|—5/ pyf(u (4.9)

@) o) << [ oo+ C [ nilal® (4.10)
From (4.3)-(4.10), we get

d
SULontpra=see) [ pll+a-5+6 [ pval
dt RN RN RN

+/ Py|vv|2+2/ PyF(u)>
RN RN

12-3-9) [ ol +250-5+8) [ plup
RN RN

+26(1 — 6+ 62)/ py|Vul?
RN

+2(1 -6 +6%) VuVpyuy
RN

+25(1 — § + 6%) VuVpyu
RN

+2(1 — 5)/ py|Vo[? +2(1 — 6)/ VoVpyv + 2/ VeV pyv
RN RN RN

42 [ pru

<c. | mlaP. (4.11)
]RN

Noting that
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21—-6+ 52)/ VuVp,uy +26(1 — 6+ 52)/ VuVpyu
RN RN
<ove / Py + [ue]? + Juf?), (4.12)
]RN

2(1— 5)/ VoVpyv + 2/ Vv Vpyv
RN RN
<CVE [ pu(ITo + ol +1of). (4.13)
RN
By (1.3)—(1.4), we infer

[ ootz [ pFasnf pll-c, [ o @1
RN RN RN RN

and

/]RN pyF(u) > —co /]RN Py- (4.15)

Substituting the estimates (4.12)—(4.15) into (4.11), and choosing € and ¢
small enough, we infer that

d
4 / py|v|2+<1—5+52>/ py|u\2+(1—6+62>/ oy Va2
dt ]RN RN RN

[ v [ pyF<u>>
RN RN

+</ plof +(1=6+8%) [ P4 1-548) [ pyIVul
RN RN RN

4 / plVel 2 / ) pyF<u>>

< s / pylal® + C, (4.16)
]RN

where v is a positive constant which depends on § and u.
Denoting

81<t>=/ py\v|2+<1—6+62>/ pyluf?
RN RN

H1-5+8) [ pvuts [ pivePez | pF.
RN RN RN
(4.17)

we can obtain that

GaO+va0<c [ oo+, (4.18)

Using the Gronwall lemma, we infer

(1) < e 1€, (0) + C/RN oy (g2 + 1). (4.19)



MIOM Bi-space Global Attractors Page 11 of 27 219

Noting that & (t) ~ Hu(t)”%{llu + ||ut(t)H12LI11u’ this completes the proof.

Remark 4.2. Lemma 4.1 implies that the C° semigroup {S(¢)}:>o has
a (HL(RN) x HE (RN), HE (RY) x HL (RY))-bounded absorbing set in the
locally uniform space H} (RY) x HL (RYN).

Lemma 4.3. Assume that f satisfies (1.3)~(1.5), g(z) € L (RN). There is

u

a positive constant po such that for any bounded subset B C VVﬁf(]RN) X
Wﬁl’Q(RN), there exists a positive constant Ty = To(B) such that

e g +Hlwee ()] gy <02 for allt > Ty and (ug,u1) € B. (4.20)
Proof. Multiplying (4.2) by p,v;, we infer

(v, pyoe) + (1= 8) (v, pyvr) + (1 = &+ 8%) (u, pyoe)
(1= 54+ 82) (A, pyue) — (1 - 6)(Av, pyue) — (Av, pyu)
H(f(u), pyve) = (g(x), pyos)- (4.21)

Next, we deal with each term of (4.21) one by one as follows:

1-0d
rpyoe) + (1= wpe) = [ pylul+ =525 [ b
RN 2 dt RN

(4.22)
=5+ wpudl <5 [ mluf+C [ il
<o [ nluf +Con, (4.23)
]RN
(1 6+ 62)(~Au, py o)
=(1-6+0%) [ VuVpu+(1—-56+6% [ Vup, Vo,
RN RN
§§/ Py|vt|2+</ Py|VUt‘2+C</ py|Vu|2
RN RN RN
< §/ /)3,/|U1t|2 + </ Py|vvt‘2 + Cey 6,01
RN RN
(4.24)
(1 —6)(—Av, pyvs)
=(1-9) VoVpyve + (1 — 6)/ Vup, Vo,
RN RN
1-6d
<o mlubac [ alvl+ 05 [ P
RN RN RN
1-6d
<o [ ol 2500 [ aIVeP + Coan (4.25)
RN RN
~@upu = [ TuTput [ vl (4.26)
RN RN

/ Vi Vpyvr < CoyvVe([Vu? + [vg]?). (4.27)
RN
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| | ot < [ o0 ( K u|f’¥f3>|vt|dx> dr
RN RN Bi(r)
S/ py(7) (/ (1+ |u|ﬁ+§)ﬁfz> </ |vt|N2N2dx> dr
]RN Bl(’!‘) B1(T)
N2 1341\»; 2N oN %
< / py(T) </ (1 + Mm) ) (/ |vt|N—2dm> dr
]RN Bl(T‘) Bl(r)

< [ ol el iy
RN

<< [ plul+Coluliy,
RN v

< §/ Py|Ut|2 +Cc o,
RN
(4.28)
(9(), pyve) << / pylurl? + C / pulal?. (4.20)
RN RN

Substituting the estimates (4.22)—(4.29) into (4.21), and choosing € and ¢
small enough, we get that

d
Gla=o [ nppea-o [ o)
RN RN
#2155~ Cu o) [l 20— 0o ) [l

< Cc/ py‘g|2 + Cey 5,01 (4.30)
RN

In particular, we have

(-0 [oprra-o [ awr)

< Cc/ py|9|2 + Cey 5,01 (4.31)
RN
We infer that
[ob0P+ [ pivewpr<cee [ ok @
RN RN RN
This completes the proof. O

4.2. Decomposition of the Equations

For the nonlinear term f, following the idea in [12,13,15,29-31], for a C!-
function f(-) satisfying (1.3)—(1.5), the following decomposing properties
hold: there are constants C' > 0 and + satisfying 0 < v < ¢ + 1 such that f
can be decomposed as

f=fh+h
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with fo, f1 € CY(R) satisfying
[fo(s)l < O(s| +[s|7h), ¥ s € R, (4.33)
fO( )S > O Vse Rv ( )
[fi(s)| < C(1+[s]"), VseR withsomey<qg+1, (4.35)
JleR, Fi(s) > -1, VseR, (4.36)
Jk; > 1, fi; > 0 such that V,ul- (0, 1;], 3C,,, € R,
kiFy(s) + pis® — Cp, < sfi(s), forall s € R, (4.37)
where F(s) = [ fi(r)dr, i =1,2.
NOW we decompose the bOluthH into the sum
S(t)(TLQ, ’U,1) = D(t)(uo, ul) + K(t)(uo, ul),
where (z(t),2:(t)) = D(t)(uo,u1) and (w(t),w(t)) = K(t)(ug,u1) solves the
following equations, respectively:

20— Az — Azg — Az + 20 + 2+ fo(2) =0,
{ 2(0) = ug, 2:(0) = uy, (4.38)
and
{ wy — Aw — Awy — Awy +wy +w + f(u) — fo(2) = g(z), (4.39)
w(0) = 0,w:(0) = 0.

Note that {D(t)}:>0 also forms a semigroup, but {K(¢)};>o may not.

4.3. A Priori Estimates

Lemma 4.4. Assume that fo satisfies (4.33)—(4.34), (4.37). Then there is a
positive constant ps such that for any bounded subset B C VV1 2(]RN)
WiZ(RN), there exists a positive constant Ts = T5(B) such that

lze@l % + llza 7 < 03, V2 Ts, (ug,u1) € B. (4.40)

The proof of this Lemma is a repeat of Lemma 4.3, and we omit the
details.

Remark 4.5. D(t) maps the bounded set of W, 2(RN) x W1 2(IRN) to be a
uniformly (w.r.t. time t) bounded set; that is, for any (uo,u1) € H. x H}

lu?
ID(#) (wo, un) 7 = 1217 + Iz ()17
< Q([[ (uo, ua) |l

For the solutions (z(t), z:(t)) = D(t)(ug,u1) of Eq. (4.38), we also need
the following exponential decay result.

Lemma 4.6. Assume that fo satisfies (4.33)—(4.34), (4.37). Then there exists
a positive constant v such that for every t > Tj,

1) (o, un) 5, = 12Oy, + 127y, < Qulll(wo, un)llyy 0 e,
(4.42)

forallt > 0. (4.41)

1yl )7
Hiy X Hiy

where Q1(-) is an increasing function on [0, 00).
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Proof. We set ¢ = z; + 02(0 < 0 < 1) and rewrite the Eq. (4.38) as follows:
G+ (1=0)g+(1—=6+6)z—(1—-56+0")Az—(1—-06)Aq— Agy
+fo(z) = 0. (4.43)

Multiplying (4.43) by pyq, we infer that

(g0, pyq) + (1= 0){q, pyq) + (1 = 0+ 6%)(2, pyq) — (1 = 6+ 6%)(Az, pyq)
—(1 = 0)(Aq, pyq) — (Aaqr, pyq) + (f(2), pyq) = 0. (4.44)

By some standard calculations, we infer that
d
Gl Lol a=s+8) [ plPra-s+8) [ pvap
dt \ Jp~ RN RN

+/ py|Vq|2+2/ pyFo(z)>
RN RN

2200 [ plaP+250-5+8) [ pyel
RN RN
+25(1—5+62)/ py| V2|
RN

+2(1 -6+ 52)/ V2V, 2t +26(1 — 6 + 6%) VzVpyz
RN RN

#20-0) [ pIVaP+20-0) [ VoVng
RN RN

+2/ Vg Vpyv + 25/ pyfo(2)z
RN RN

=0. (4.45)
Noting that

[2(1 -0+ 62)/ VzVpyzi +26(1 — 6 + 62)/ VzVpyz|
RN RN
<CVE [ plITaP 41l +1aP), (4.46)
]RN
2(1 - 5)/ VszszrQ/ V2 Vpyz
RN RN
<CVE [ p(ITal +al +[2P). (4.47)
]RN
By (4.33), Lemma 4.4 and Remark 4.5, we infer that
2 2N
puFo(2) < C [ o122 + |21#2)
RN RN
_4
<Cllg? [ ollaP +193P)
u RN

< Cltupsaly e | PP +IVER) (448)

1 1
Hiy X Hiy



MIOM Bi-space Global Attractors Page 15 of 27 219

Note that
fo(z)z >0, VzeR,; Fy(z) >0, VzeR. (4.49)

Hence, choosing € small enough, we infer that

d
dt(/ plaf + (1=6+8) [ pyleP s (1-546) [ paf
RN RN RN

+/ py|Vq|2+2/ pyFO(z)>
RN RN

+(/ plaf +(1=6+8) [ gyl (=546 [ paf
RN RN RN

+/ pyIVq|2+2/ PyFO(Z)> <0, (4.50)
RN RN

where v is a positive constant which depends on §.
Applying the Gronwall Lemma, we get

/py\ql2+/ py\2|2+/ py|V2|2+/ py|Val?
RN RN RN RN

< Q1 (I (uo, wa)l e (4.51)

This completes the proof. O

1 1 )
Hiy X Hiy

Remark 4.7. Based on Lemmas 4.1, 4.3-4.6, the solutions (w(t),w:(t)) =
K (t)(ug,u1) of Eq. (4.39), we infer that there exists a positive constant o4
such that

leo@ gy + ()2 + w3 < o1 Ve >0 and (ug,ur) € B.
(4.52)

Lemma 4.8. Assume that [ satisfies (1.3)~(1.5), f1 satisfies (4.35)—(4.37),
g(x) € LE (RN). Then there exists a positive constant k such that for every
t>0,
||K(t)(uo7u1)||illu+a = Hw(t)|‘§{11u+a + ||wt(t)||fgllu+a
< Qull(uo. )l - lolliz)e, (458)
where Qs (-) is an increasing function on [0,00), o = min{1, W},
where v is given in (4.35).
Proof. Let 6 be a smooth function satisfying 0 < 0(s) < 1 for s € [0,00) and
1
f(s)=1 f0r0§s§§; f(s) =0 fors>1.
Set 8, (z) = 0(]z — y|) and A = —A.
We set m = wy + 0w(0 < § < 1) and rewrite the Eq. (4.39) as follows:
me+(1—=08)m+(1—6+6)w—(1—-65+06)Aw— (1—-6)Am — Am,
+f(u) = f(2) + f1(z) = g(2). (4.54)
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Multiplying (4.54) by 6, A%(8,m), we infer that
(me, 0y A7 (Oym)) + (1 = 8){m, 0, A7 (0ym)) + (1 — 6 + 6%){w, 0, A7 (6,m))
—(1 =6+ 6*)(Aw, 0,A7(0,m)) — (1 — §)(Am, 0,A7 (0,m))
—(Amy, 0, A%(0ym)) + (f(u) = f(2) + f1(2), 0, A% (6ym))
= (g(x), 0, A% (0ym)).

(4.55)
We deal with each term above, one by one, as follows:
(me, 0y A% (ym)) + (1 = 6)(m, 6, A% (,m))
1d - o
— 5 [ eAT@mP + =) [ |a%em)
2 dt RN RN
(4.56)
(w,0,A7(0,m))
= (w, 0, A% (0, (w; + dw)))
1 o o
— 5 [ 10ATOuE 43 [ 18,45 0,0)7
2 dt RN RN
(4.57)

—(Aw, 0, A7 (6,m))
= (Aw, 0,A° (0, (wy + dw)))

1d o4l
——— [ AT (0w +2 [ VwVe,A (6w, + (Ab,w, A (0,w;))
2dt RN RN

+6 / |A%S (,w)]? + 26 / VwVo, A% (B,w) + §(A8,w, A7 (6,w)),
RN RN
(4.58)
1d LH 2 o
| SO,mP+2 [ VmVo,A%(0,m)
2dt RN ’ ’
+(AO,my, A% (0,my)),

(—Amy, 0,A% (0,m)) =

(4.59)
—(Am, 0,A° (8,m)) = /R § A (0,m)>+2 [ VmV6,A% (6,m)

H{A,m, A (0,m)). : (4.60)

Noting that o < %, by Remark 4.7, we have

2/ VwVo,A° (0, wy) + (Abyw, A% (0,w;))
]RN

1

< Calul, ( [ 147600

< Coyllwll g wella,
S CC17943
(4.61)
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20 VwVl,A° (0,w) + §(A0,w, A7 (0,w))
RN

< Callwllm ( [ 14°0,007)

< Co lullZy,

é 001,24’
(4.62)
2 [ VmiV0,A% (0,m) + (A,my, A7 (0,m,))
]RN
< Callmell ( [ 14°(0,mP)
< Ce, Imell gy Iml] ;.
< cllmaly + Coy.r Il
<Oty 0m6 (4.63)
and
2 vmve,A° (0,m) + (A0,m, A% (6,m))
RN
< Calmlug, ([ 147 0,mF )
RN
< ComliZ
< Cey e (4.64)
Note that o < W, by (4.35), we get
[(f1(2), 0, A% (0,ym))]|
<C [ 0,1+ 1A 6,m)
]RN
N72213;20 N+221\72r7
<o [ 1ato,my i) (/ 1+|z|V|N+22N—%>
RN B(y,1)
o+1
< O+ 2l )(10ymll2 + [[A7= (Bym)]|2), (4.65)
where B(y,1) = {z € RN : | —y| < 1}.
By virtue of (1.5), we have
|(f(u) = f(2),0,A% (0ym))|
< [ ol (1+1alw2 + 2172 ) 147 (6,m)
]RN
_2420 N—2—20

<o [ aomp=) T ([ sl
RN RN
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2
4 4 N N
([ el el
B(y,1)

o+l o+l
< C (J6,mllzz + 147 0,m) 12 ) (16,0]122 + 147 0,0)]122) .
(4.66)

where 0 < 1 < 822 and B(y,1) = {z e RN : |z —y| < 1}.
Since 0 < %,
(9,0, A% (0ym)) < llgllz [Imllmy - (4.67)

Therefore, by virtue of Lemmas 4.1, 4.3 and Remark 4.7, we have
d a o+1 o+1
G ([ azempra-sre) [ P @ups [ jaF @mpP
dt RN RN RN
<C (/ |A%(9ym)|2+(1—5+52)/ |A“T“(9yw)|2+/ A"il(eymw)
RN RN

RN
+Cllgll 3 e1.02.03.00° (4.68)

Applying the Gronwall lemma, we infer that

[ asemp+ [ 14 @b+ [ 147 mP
< QQ(H(UO7ul)”Hllu,Hgllleu)ekt' (4.69)
This completes the proof. O
Now, we state our main results:

Theorem 4.9. (Existence of global attractor) Assume that f satisfies (1.3)—
(1.5), g(x) € LE,(RN). Then the semigroup {S(t)}i>0 generated by the weak
solutions of Egs. (1.1) and (1.2) with the initial data (ug,u1) € HL(RYN) x
H} (RN) has an unique (H},(RY) x HY (RN), H}(RN) x H(RY)) global at-
tractor A, which satisfies:

(i) A is closed and compact in H) (RN) x H) (RM));

(ii) A attracts every bounded subset of (H{ (RN) x H (RN) with respect to

HY(RN) x HY(RN))-norms;
(iil) A is invariant; that is, S(t)A = A for any t > 0.

5. Asymptotic Regularity

In this section, we will prove the regularity of the (HL(RY)

X H, (RN), H)(RYN) x H}(RY)) global attractor by some bootstrap argu-
ments. Similar to that in Zelik [30,31], based on Lemmas 4.6 and 4.8 above,
for the solution (u(t),u:(t)), we can decompose it as follows.

Lemma 5.1. Assume that f satisfies (1.3)~(1.5) and g(x) € L% (RY), and let

u(t) be the solution of Eqs. (1.1)—~(1.2) with the initial data (ug,u;) € B.
Then for any ¢ > 0, there are positive constants Cc and K., such that

u(t) = z1(t) + wi(t), forallt>0, (5.1)
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where z1 (t), wy(t) satisfy the estimates as follows:

lwr (Ol per < Ko, 20, (5.2)
and for everyt > s > 0,
t

| Il dr << -9+ C., (5.3)

where the constants C. and K. depend on g, o.
Proof. Note that

B= |J S(t)Bo;

tZTBO
by Lemma 4.1, we infer that

31;18||S(t)(u0,u1)\|%111“ < 01, forall (ug,uq) € B.

Now, taking T" > % In %(Where Q;(+) the function in Lemma 4.6),
and in every interval [mT, (m + 1)T), m =1,2,..., we set

z1(t) = z(t) and wy(t) = w(t),

where z(t) is the solution of Eq. (4.38) in the interval [(m—1)T, (m+1)T) with
the initial data (z((m — 1)T), z¢((m — 1)T)) = (u((m — D)T),u((m — 1)T)),
and w(t) is the solution of Eq. (4.39) in the interval [(m — 1)T, (m + 1)T)
with the initial data (w((m — 1)T),w:((m — 1)T)) = (0, 0).
In the interval [0,T), we set
z1(t) = z(t) and wy(t) = w(t),

where z(t) is the solution of Eq. (4.38) with the initial data (z(0), z:(0)) =
(up,u1), and (w(t),w(t)) is the solution of Eq. (4.39) with the initial data
(w(0),w:(0)) = (0,0).

Then from Lemma 4.6, we infer that

t
/ 21 ()| 7y dr < (8 = 5) + X0, (5) Qi (1), forallt > s >0,

where xo,7)(s) is the characteristic function of set [0,7'). According to
Lemma 4.8, we infer that

lwr (D740 < Qalll (o, un)llay, <y, gl )e** ™, for all ¢ > 0.
This completes the proof. O

Remark 5.2. According to the proof of Lemma 5.1, we infer that the decom-
position z;(t) can also further satisfy that

||Zl(t)||%{l1/ < Q1(01), forallt>0.
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Lemma 5.3. Assume that f satisfies (1.3)—(1.5), and f1 satisfies (4.35)—(4.37),
g(z) € L (RYN). For any bounded set B C HL (RY) x H} (RN), there exists
a positive constant Jy g, which depends only on the H\ x H} -bounds
Tu

of B, such that
”K(t)(umul)”ilua <J
lu

X HE
[P for all t > 0 and (ug,u1) € B, (5.4)
where o is given in Lemma 4.8.

Proof. Multiplying (4.54) by 6,A(6,m), similar to the proof of Lemma 4.8,
here we only need to deal with the nonlinear term in a different way:

(f(u) = f(2) + f1(2),0,A% (0,m))
= (f(u) = f(2) + f1(2), 0, A7 (60yw + Oywy)). (5:5)
By (1.5), we have

(f(u) = f(2) + f1(2),00, A% (O,w))
= (f(u) = £(2), 00, A7 (0, w)) + (f1(2), 06, A (,w))

< C/RN(I Fu ¥ 4 25520, [w]| A (0,w)| + (f1(2), 0,A° (B,w))

= 24:11-. (5.6)

For I, we infer that

2
n=cf %@MA%%wﬂgnwhg</ fVWM@F>- (5.7)
RN RN
For Iy, using Lemma 4.1, we get

B=C [ [ul¥20,lul|47(0,u)
]RN

<0 [ (a7 + w720, ull470,u)]. (5:8)
RN

By Remark 4.7 and the interpolation inequality, we have

4
L el m 0 w47 0,u)

4
-2 [0y w|| A7 (0yw)]

= 21| ™
B(y,1)
2 N-2-20
an \ N i 2N 2N
<C / |Z1|N—2 (/ ‘6yw‘N—2—20)
B(y,1) RN
N—2420
2N 2N
< ([ 140w )
]RN

1t+o 1+o

<Cllzall 7 (1A= (Byw)| 2 +H|Oywll 22) (1A (Oyw)l| L2+ A% (Byw)l|2)

1to

1+o 1to
<Cocllaly [ 14" @u)P+e [ 1A @) +Co (110l (5.9)
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and by Lemma 5.1 and the interpolation inequality, we infer that

2(N—-2-20)

4 " . . N(N—2)
/ |wi|¥-20,|w||A° (6,w)| < C / |wy | V=227
RY B(y,1)

—2)2—2(N—6)c N—2420

2N (N-2) (NZNW 2N
x(/“\ewmﬁﬁﬂfﬂﬁzﬁ) ([, 14 @)
RN RN

l+a

< Ol GE N0l oo (1A @)lze + 147 @)z
< e/ |AS (0,02 + CKec(1+ [8yw]22). (5.10)
RN
Hence,
Be [ 145008+ Codaly [ 145 0uF
RN
+Ck. pr,e(1 4 [|Oyw]32). (5.11)
For I3, we get
2
N
4 2N
B=C [ s ular@uie( [ (0
RN B(y,1)
N—-2—-2¢0 N—-2+20
2N

([t ) (e )
RN RN

< cllzly? (||a5 6w, + 16,0l
% (45 0wz + 1147 (0,) |12

w3 Lio
< Collzll |A (0yw)* + Cp, (1 + [|0yw]|72). (5.12)
U RN

Note that from Lemma 5.1 and Remark 5.2, we can take T large enough such
that

3 €
1 —= ’ — N N
Izl 7* < e forallt >T (5.13)
U

01

For I4, by (4.35), we infer that
Iy = (f1(2),0,A° (O,w))
<c / (1+ [2]7)0, | A% (B,)
RN

N+2—20
2N

2N~
<C 1+/ 0,|z| ¥+2—27 A% (Oyw
( ol ) 1A @) s
l+o‘ o
< €+ 2l) (147 6l z2 + 1147 @) 1

140
< Conell+ [0uls) e [ 145 (0,0 (5.14)
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Thus,
(F) — F(2) + f2(2), 80,47 (8,0)
<se [ AT OP +Codlaally [ 14 0,0
RN RN
Crte gL+ 10,032, (5.15)

Similarly, we get that
(f(u) = f(2) + fi(2),0,A% (0ywy))

<se( [ @ [ 14% 000
RN RN

1to
+Conellza iy / AT (Ow0) + O, a1+ [10,00]F2 + [10ywr][32)-

(5.16)

We denote that
&)= [ 148 @mP+-0+0%) [ (AT P+ [ 147 6,mP)
RN RN RN
Therefore, we get that

d
&gQ(t) + Cf(l —Cp, ”ZlH?J[lJ)SQ(t) < CK§1‘|9|‘L%]1217Q27931Q4' (5'17)
Applying the Gronwall Lemma and integrating over [1 + T, t], we infer

52(24:) S eij+1 05(17091|‘21(S)I|H[1])dsg2(T+ 1)
OO n () ar

+CK<,H9HL2U,91792,937@4/ ds.

T+1
(5.18)

According to Lemma 5.1, for every t > s > 0,

t
[ 1m0l dr << -9+ C

Now, we choose ¢ < % and have
Q1

CK@HQHLz ,01,02,03,04 /
v T+1

t s 2
C.(1-C d
o C=Cay I yar |

t

Cyp, Ce Cc(1—Cph,5)(s—t)
< CK:»HgﬂLz ,01,02,03,04€ ¢! / € e ds
u T+1

s—t

t
2
< CK:»HQHL%I,67@1,92,93794/ e > ds

T+1
< CK:»HQHL%16791a927937947

(5.19)

and

¢ Ol @i s g oy

< e 3-T-DCorc gy (T 4 1), (5.20)
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Note that T is fixed, and using Lemma 4.8, we complete the proof. [

Lemma 5.4. Assume that f satisfies (1.3)~(1.5), g(x) € L (RY). Assume B,

u
is an arbitrary bounded set in Hllu"'g X H11u+0. Then there exists a constant

M, (> 0) which depends only on the H\." x H\*-bound of B, such that

HS(t)(uo,u1)||§111u+ale1“+o < M,, forallt>0 and (ug,u1) € By.(5.21)

Proof. The proof of this lemma is completely similar to that of Lemma 5.3,
and we can deal with the nonlinear term by similar calculations used in
Lemma 5.3, so we omit it here. O

In the following, we can perform the bootstrap arguments to obtain the
asymptotic regularity of the solutions. Similar to the proof Lemma 5.3, we
infer the following two lemmas.

Lemma 5.5. Assume that f satisfies (1.3)—(1.5), g(z) € L2 (RY) ando < 0 <

u
1. Then for any bounded By C H11u+9 X H11u+'9. Then there exists a constant

My(> 0) which depends only on the H11u+9 X Hllu"'e—bound of By such that
||S(t)(uovUl)H?{lluwalluw < M,
for allt >0 and (ug,u1) € By. (5.22)

Lemma 5.6. Assume that f satisfies (1.3)~(1.5), g(z) € L (RY) and 0 €
(0,1 — min{o, 2% }], and assume that the initial data set By is bounded in

HEPY x HET? ) then the decomposed ingredient (w(t),wq(t)) satisfies that
HK(t)(uo,ul)Hz:rgHO < Jy, forallt>0 and (ug,u1) € By, (5.23)
where so = min{o, 2%} and the constant Jo(> 0) which depends only on the
H11u+9 X H11Ll+9—bound of By.
We also need the following attraction transitivity lemma.

Lemma 5.7. [17] Let K1, Ko, K3 be subsets of H such that
dlStH(S(t)KhKQ) S Lle_”lt, dlStH(S(t)KQ,Kg) é LQG_UQt,

for some vy, vo >0 and Ly, Ly > 0. Assume that for all z1, z5 € Utgo S(t)K;

(j =1,2,3), there holds
1S(t)z1 — S(t) 22| < Loe™||z1 — 22|
for some vy > 0 and some Ly > 0. Then it follows that
distg (S(t) K1, K3) < Le ™",
where v = —22— qnd L = LoLq + Lo.

vo+vi+tuve

Now, we state the following asymptotic regularity results:
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Theorem 5.8. (Asymptotic Regularity) Assume that f satisfies (1.3)—(1.5),
g(x) € L2 (RYN), and let {S(t)}i>0 be the semigroup generated by the weak so-
lutions of Egs. (1.1)~(1.2) with the initial data (u,u1) € HL (RN) x HE (RV).
Then, there ezists a set B C HZ(RN) x HZ(RYN) (closed and bounded in
HZ (RN) x H2 (RY)), a positive constant v and a monotonically increasing
function Q(-) such that: for any bounded set B C H} (RY) x HL (RY), the
following estimate holds:

dist«(S(t)B, B) < O(||B|| s

lu

where dist, denotes the usual Hausdorff semidistance in HL (RN) x H} (RY).

(RN)lelu(RN))e_yt7

Proof. We denote
B= |J St)B,
tZTBO

where By be the bounded absorbing set stated in Remark 4.2 and T, =
max{T1(B), T3(B), T5(B)}.

According to Lemmas 4.6 and 5.3, we know that there is a set A, which
is bounded in H:T7(RY) x HLT7(RY) such that
dist gy cpp, (S()B, Ay) < distpp ey (D(D)B, Ag) < Qi (1Bl s, ey, Je ™"
Applying Lemmas 4.6 and 5.6 to A,, we see that there is a set A, s which
is bounded in HLF7T*(RN) x HF7T5(RY), such that
diStHfuxHﬁ‘(S(t)BaAo+S) < diStHllufou (D(t)B, AU+S) < Ql(HBHHﬁJXH

where ko depends only on the H x H} -bound of A,. Combining this with
Remark 3.2, we know that the conditions in Lemma 5.7 are all satisfied.
Hence we have

dist s s (S(B, Asys) < COL(IBlg o Je™™!,  (5.24)

lu lu

1 )e_k"t,

lu

for two appropriate constants C' and k.
Note that ¢ = min{7, W} and sy = min{o, 2%} are fixed,
by finite steps (e.g., at most by [1] 4 2 steps) we can infer that there is a

bounded (in H2 (RY) x HZ(RN)) set By C HZ (RY) x HZ(RY) such that
dist g sz, (S()B, Br) < Qi ([IBl g, wrp e ™"

Now, for any bounded set B € H{ (RY) x HL(RY), by Lemma 4.1 and
Remark 4.2, we see that there exist a T such that

St)Bc B, forallt>T.
Hence,
dist gz g2 (S(t)B, By) < Me"e™", (5.25)

where M = sup{[|S(t) Bl gy xmp , 0 <t < T} < oo
Now, we apply the attraction transitivity lemma, i.e., Lemma 5.7, then
again to (5.24) and (5.25), and this completes the proof. O
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Remark 5.9. The (Hp, (RN) x H, (RN), H}(RY) x H}(RY))-global attractor
given in Theorem 4.9 is bounded in the locally uniform space HZ (RY) x
HZ (RY), which appears to be optimal.

Remark 5.10. There exists a bounded (in (H2 (RY) x HZ (R™N)) subset which
attracts exponentially every initial H (RY) x HL (RY)-bounded set with
respect to the H (RY) x HE (RY)-norm.

Remark 5.11. To our best knowledge, this is the first time we obtain the reg-
ularity for Eqgs. (1.1) and (1.2) with critical nonlinearity on the unbounded
domain. Maybe it is a basis for further considering the asymptotic behav-
ior, e.g., based on this result, whether the exponential attractors exist for
Egs. (1.1) and (1.2) with critical nonlinearity on unbounded domain is still
open.
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