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Abstract. In this paper, we provide a representation of local isometries
when defined between certain general subspaces of scalar-valued and
vector-valued continuous functions. Based on the description mentioned
above, we are able to prove the algebraic reflexivity of the group of
isometries of the subspace of absolutely continuous vector-valued func-
tions and of the subspace of continuously differentiable complex-valued
functions.
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1. Introduction

A linear map T defined between two normed spaces A and B is said to be
locally surjective or simply local if, for every a € A, there exists a surjective
linear map T, : A — B, such that T'(a) = T,(a).

Local isometries have attracted considerable attention recently since the
publication of [8,18,19]. The main goal when dealing with local isometries is
usually to obtain their surjectivity, which is equivalent to the study of the
algebraic reflexivity of the set of surjective isometries of such spaces. This
is a very basic problem in analysis: getting global conclusions from local
hypothesis.

Molnér and Zalar [19] proved that for the space C(K,C) of complex-
valued continuous functions on a first countable compact space K (see [17]
for the locally compact case), any local isometry is a surjection. First count-
ability is essential in this result [18, Remark 3.2.2]. The proofs of such re-
sults strongly depend on the Gleason-Kahane-Zelazko theorem or on the
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Russo—Dye theorem, which are only applicable to complex-valued functions.
Therefore, much less is known about local isometries of spaces of real-valued
continuous functions. Even so, Cabello-Sanchez [7] proved similar results for
various classes of locally compact spaces K in this real-valued context and
showed that any local isometry on Cy(K,R) is surjective. Such classes include
totally disconnected locally compact spaces whose one-point compactification
is metrizable and manifolds with and without boundary. More recently, Oi
[20] has studied local isometries between complex Banach algebras using a
new version of the Kowalski-Stodkowski theorem.

In this paper, we provide, using straightforward concepts, a represen-
tation of local isometries when defined between certain general subspaces
of continuous functions for both scalar-valued and vector-valued functions.
However, it seems intricate to obtain a general result concerning the algebraic
reflexivity for the sets of surjective isometries of subspaces of continuous func-
tions. Despite this and based on the description mentioned above, we are able
to prove the algebraic reflexivity of the group of isometries of the subspace
of absolutely continuous vector-valued functions and of the subspace of con-
tinuously differentiable complex-valued functions.

2. Preliminaries

Let X be a compact Hausdorff space and E be a real or complex normed
space. By C(X, E), we denote the space of all continuous E-valued functions
defined on X. When F is the scalar field K (R or C), we simply write C(X).

Let A be a linear subspace of C(X, E). It is said that € X is a peak
point for A if there is a function f € A, such that ||f|lec = ||/ (@)]] > |If(¥)]|
for all y € X\{z}, where || f||» stands for the supremum norm of f. We shall
write Pk(A) to denote the set of peak points for A.

Tt is said that x € X is a strong boundary point (or weak peak point)
for A if, for every neighborhood U of z, there is a function f € A, such that
1flloe = IF @) > £ (9)]] for all y € X\U.

Let A be a linear subspace of C'(X). It is said that A separates (resp.
strongly) the points of X if, given two distinct points z,y € X, then there
exists f € A with f(x) # f(y) (vesp. |f(x)] # |f(y)|). We also recall that
a non-empty subset X’ of X is called a boundary for A if each function in
A attains its maximum modulus within X’. In particular, Ch(A) stands for
the Choquet boundary of A, i.e., a boundary for A consisting of the set of
all z € X, such that the evaluation functional §, at z is an extreme point of
the closed unit ball of the dual space of (A, ||.||)-

Furthermore, a closed subspace A of C(X) is said to be completely
reqular if any = € X is a strong boundary point for A.

It is worth mentioning that, in a first countable context, for a closed
subspace A of C(X), strong boundary points coincide with peak points. To
see this, assume that x is a strong boundary point for A. Let {U,} be a
countable neighborhood basis at z, such that U, C U,, when m < n. For
each n € N, take f, € A, such that f,(z) = 1 = ||fnlleo and |fn] < 1 on
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X\U,. Now, define f = >0 (fn/2"). Clearly, f € A, since A is closed,
f(z) =1, and for each 2’/ # z, |f(2’)| < 1. Thus, x is a peak point for A, as
claimed (see also [10, p. 447] or [6, p. 97]).

3. Local Isometries on Subspaces of Scalar-Valued Continuous
Functions

Let X and Y be first countable compact Hausdorff spaces. Let A and B be
closed strongly separating subspaces of C(X) and C(Y), respectively, such
that Pk(A) and Pk(B) are non-empty. Let us remark that the existence of
peak points is not a strong assumption. For example, by Bishop [4], for a
closed separating subspace A of complex C'(X) which contains the constants,
PEk(A) is not only non-empty, but it is also a boundary for A. Furthermore,
when X is metrizable, according to [22, Corollary 8.4], the set of peak points
of each closed separating subspace A of C(X) containing the constants is
dense in the Choquet boundary of A. Moreover, from [3, Proposition 7], for
any closed separating subspace A of real C'(X) which contains the constants,
not only Pk(A) # () but also the closure of Pk(A) contains the Choquet
boundary (see also [3, Theorem 3] for more results giving function spaces
for which the set of peak points is not empty). Similarly, in the absence of
the constants, Rao and Roy proved that if A is a separable, closed strongly
separating subspace A of complex C(X), such that functions in A have no
common zero, then Pk(A) is dense in Ch(A) [23, Proposition 4].

Let T': A — B be a linear isometry. For a peak point xg for A, we can
define

Coo ={f €A1 =]l =If(z0)]}-
For any f € A, let

L(f)={y e Y Tfllo=ITHw}
and let

By [2, Lemmas 2.3 and 2.4], we know that I, # 0, and furthermore
Loy ={y €Y : [(Tf)(y)] = |f(20)|,Vf € A}.

To make the paper self-contained, we adapt the techniques used in [2,
Theorem 3.1] to prove the following theorem.

Theorem 3.1. Let X andY be first countable compact Hausdorff spaces. Let A
and B be closed strongly separating subspaces of C(X) and C(Y), respectively,
such that Pk(A) and Pk(B) are non-empty. If T : A — B is a linear
isometry, then

(THy) = aly)f((y))
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forall f € A and ally € Yy := UmEPk(A) 1., where a : Yo — K is a contin-
wous unimodular function and ¢ : Yo — PEk(A) is a continuous surjective
map.

If, furthermore, T is surjective, then Yy = Pk(B) and ¢ : Pk(B) —
Pk(A) is a homeomorphism.

Proof. Let T': A — B be a linear isometry. We prove the result through
several claims.

Claim 1. Fix xy € Pk(A). If f € A satisfies f(z) = 0, then (T'f)(y) =0
for all y € I,,. Furthermore, | f(x0)| = [(Tf)(y)| for all f € Aand all y € I,,,.

Suppose, contrary to what we claim, that there is a function f € A
with f(xo) = 0, such that (T'f)(yo) # 0 for some yg € I,. With no loss of
generality, we can assume that ||f|lcc =1 and (T'f)(yo) = k > 0.

Since x¢ is a peak point for A, there exists g € A, such that |g(xo)] =1 =
lglloc and |g(x)] < 1 for all x € X\{zp}. In addition, since yo € I,,, we can
suppose that (T'g)(yo) = 1. Let U = {z € X : |f(x)| > k/2}. As U is clearly
compact and g ¢ U, then we can consider s = sup{|g(z)| : x € U} < 1.

Next, choose M > 0, such that 1 + Ms < k+ M. If z € U, then
|(f + Mg)(z)] < 1+ Ms < k+ M. On the other hand, if x ¢ U, then
|(f + Mg)(z)] < k/2+ M. As a consequence, ||(f + Mg)||co < k + M, but

k+ M= (Tf)(yo) + (MTg)(yo) < [IT(f + Mg)|oe,

which is a contradiction with the isometric property of T'.

Let us suppose that there exists f € A, such that |f(zo)| # [(Tf)(yo)|
for some yo € I,. Then, since z( is a peak point, we can define a function
m(z) = f(x) — f(zo)l(z) in A where | € A with ||l||c = 1 = I(x0). Hence,
m(zg) =0, but (Tm)(yo) = (Tf)(yo) — f(x0)(T1)(yo) # 0 which contradicts
the above paragraph.

Claim 2. Define Yy := Uxepk(A) I, and a surjective map ¢ : Yy —
PE(A) as ¢¥(y) :== z if y € I,. Then, v is continuous.

It is apparent that v is well defined by the strongly separating property
of A.

Let (yq) be a net in Yy converging to yo and let (¢(y3)) be a subnet
of (¥(ya)) converging to some x; € X. Also, take xg € Pk(A), such that
Yo € Iy,. If we suppose that xg # x1, then we can find g € A, such that
lg(x1)] # |g(zo)| = 1. By the continuity of Tg, we can assume that

1(T9)(ys)| — 1(Tg)(wo)ll < w

for each 5. Hence, by Claim 1, we have

lo(wiys)] 1] < LI
which would contradict the continuity of g.
Claim 3. For all f € A and all y € Yy, we can write (T'f)(y) =
a(y)f((y)), where a : Yy — K is a continuous unimodular function.
Let a : Yy — K be a function defined as a(y) := (T fo)(y) where fo € A,
such that fo(¢(y)) = 1. It is apparent, from Claim 1, that a is well defined
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and unimodular. Furthermore, for given f € A, let g := f — f(¢¥(y)) fo, where
fo is any function in A, such that fo(¢(y)) = 1. Hence, since g(¥(y)) = 0, by
Claim 1, we infer that (T'g)(y) = 0, and consequently, (T'f)(y) = a(y) f (¢ (y)).

Claim 4. Assume that T is bijective. Then, Yy = Pk(B) and v :
Pk(B) — Pk(A) is a homeomorphism.

Let us first check that if xy is a peak point for A, then yy € I, is a
peak point for B. That is, Yo C Pk(B).

Let V' be a neighborhood of yy, which is the only element of I, due to
the strongly separating property of T(A) = B. Then

N LHcV,

which is to say that

() L) | nx\V) =0

FECu,

Thus, since X\ V is compact, we can find finitely many functions { f1,..., fn} C
Cy,, such that

n

(L(fi) V.

i=1
Assume, multiplying by a constant is necessary, that f;(zg) =1,i=1,...,n.
Then, we can define a function f := Y | f; for which f(z9) = n and
(Tf)(y)| < Tflleo =nforall y ¢ V. Consequently, yo is a strong boundary
point for B. Since Y is first countable and B is closed, yq is a peak point for
B (see Preliminaries).

To prove the converse, consider the inverse of T', which is an isometry

from B onto A. Then, by the above claims, we can define a non-empty set

Xg = U I,
yEPk(B)

such that Xo C Pk(A) and a continuous surjective map ¢ : Xg — Pk(B),
such that

(T g)(z0)| = lg(p(x0))]

for all g € B and zy € X. Consequently

[f(zo)| = [(T'f)(p(x0))|

for all f € A, which is to say that ¢ (¢(xg)) = x9. Thus, one can infer that
v : Pk(B) — Pk(A) is a homeomorphism. O

We recall that a linear map T defined between two normed spaces A and
B is said to be a local isometry if, for every f € A, there exists a surjective
linear isometry Ty : A — B, such that T'f =T} f.
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Theorem 3.2. Let X and Y be first countable compact Hausdorff spaces. Let
A and B be closed strongly separating subspaces of C(X) and C(Y'), respec-
tively, such that Pk(A) and Pk(B) are non-empty. If T : A — B is a local
isometry, then

(TF)y) = aly) f(P(y))

for all f € A and ally € PE(T(A)), where a : Pk(T(A)) — K is a continu-
ous unimodular function and ¢ : Pk(T(A)) — Pk(A) is a homeomorphism.

Proof. Let T : A — B be a local isometry. From Theorem 3.1, there exist
a continuous unimodular function a : Yy — K and a continuous surjective

map v : Yo — Pk(A), such that

(THy) = aly)f(&(y))

forall f € Aand all y € Yy := UxePk'(A) I,,. We continue the proof through
several claims.

Claim 1. If zy € Pk(A), then I, is a singleton.

To this end, let us suppose that there exist y; and ys in I, with y; # yo.
Since x is a peak point, there exists f € A, such that f(xo) =1 and |f| <1
on X\{zo}.

As T is a local isometry, we can find a linear surjective isometry 7' :
A — B, such that Tf = T f. By Theorem 3.1, we can write (Tt f)(y) =
ar(y)f(Yyr(y)) for all f € A and all y € Pk(B), where ay : Pk(B) —
K is a continuous unimodular function and ¢y : Pk(B) — Pk(A) is a
homeomorphism. Hence, (T'f)(y1) = (T¢f)(y1) which yields

a(y1) f((y1)) = a(yr) f(zo) = ap(y1) f(Pr(y1)),

and consequently

L= [f (o)l = [ (5 (y1))]-

Similarly we infer 1 = |f(zo)| = |f(¥¢(y2))|, which means that ¢;(y;) =
xo = ¢ (y2), a contradiction, since 1)¢ is injective.

Claim 2. Let xy be a peak point for A. If yy € I,,, then yy is a peak
point for T'(A). That is, Yy C Pk(T(A)).

Let V' be a neighborhood of yg, which is the only element of I,,. Then,
ﬂfecwo L(f) Cc V, and so

() L) | n(x\V) =0.

FECa,

Thus, since X \V is compact, we can find finitely many functions {fi,..., fn}
C Cy,, such that N, L(f;) C V. Assume, multiplying by a constant is
necessary, that f;(zg) = 1, ¢ = 1,...,n. Then, we can define a function
f = Y, fi for which f(zo) = n and [(Tf)(y)| < [|[Tf|lec = n for all
y ¢ V. Consequently, yg is a strong boundary point for T'(A). Since Y is first
countable and T'(A) is a closed linear subspace of B, yg is a peak point for
T(A) (see Preliminaries).
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Claim 3. Let yo be a peak point for T'(A). Then, yy € I, for some
xo € Pk(A). That is, Pk(T(A)) C Y.

Since yo is a peak point for T'(A), there exists f € A, such that [(T'f)(yo)|
=1and [(Tf)(y)| = |f(¥(y))| <1 for any y € Yo\{vo}. Hence, by Theorem
3.0, 1 = [(TH)0)| = |(Ty o)l = 1£(%s(y0))] and, besides, it turns out
that s (yo) is a peak point for A. Hence, by Claim 1, we know that Iy (,,)
is a singleton. If we suppose that {yo} # {y1} = Iy, (y,), then, by Claim 1 in
Theorem 3.1, we infer 1 > [(T'f)(y1)| = |f(¥¢(v0))| = 1, a contradiction.

As a consequence of Claims 1, 2, and 3, we deduce that v is a continuous
bijective map from Pk(T(A)) onto Pk(A). Let us see that, indeed, such map
is a homeomorphism.

Claim 4. ¢ : Pk(T(A)) — Pk(A) is a homeomorphism.

Since we already know that 1 is continuous, it suffices to check that
=1 Pk(A) — Pk(T(A)) is continuous. To this end, fix xg, a peak point
for A, and let (z4) be a net in Pk(A) converging to xg. Let us consider the
net (yo) := (¥~ (z,)) in Pk(T(A)). Let (yg) be a subnet of (y,) converging
to some y; € Y and assume that 1~!(z¢) = yo # y1. Since y is a peak point
for T'(A), there exists f € A, such that [(T'f)(y1)| < (T f)(yo)| = 1.

Take a subnet (x.,) of (zg), such that

1—[(Tf)(y
)]~ 1o < DL
Hence
1= |(Tf)
1) )| - 1) < L IEDG
which implies that (7'f)(y,) cannot converge to (T'f)(y1), a contradiction
with the continuity of T'f. O

Let us recall here that a topological space is said to be incompressible [13]
if it admits no homeomorphism onto a proper subset of itself. Closed mani-
folds without boundaries are examples of incompressible spaces [11, Corollary
5.1.19].

Corollary 3.3. Let X be a first countable compact incompressible space and
let A be a completely regular subspace of C(X). If T : A — A is a local
isometry, then

(THy) = aly)f(&(y))

forall f € A and ally € X, where a : X — K is a continuous unimodular
function and ¢ : X — X is a homeomorphism.

Proof. Since A is a completely regular subspace, Pk(A) = X. As a con-
sequence of Theorem 3.2, there are a homeomorphism 1 between X and its
subset Pk(T(A)) and a continuous unimodular function a : Pk(T'(4)) — K,
such that (Tf)(y) = a(y)f(¥(y)) for all f € A and all y € Pk(T(A)). Since
X is incompressible, we infer that Pk(T(A)) = X and we are done. O
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Theorem 3.4. Let X be a first countable compact Hausdorff space and let A
a be closed strongly separating subspace of C(X) with Pk(A) # 0. Assume
there exists a function fo € A, such that |fo| is injective.

If there exists T : A — A a local isometry, then

(THy) = aly) f(&(y))

forall f € A and ally € Pk(A), where a : Pk(A) — K is a continuous uni-
modular function and v is a selfhomeomorphism of Pk(A). If, furthermore,
PE(A) is a boundary for A, then T is surjective.

Proof. Suppose that T : A — A is a local isometry. By Theorem 3.2,
(THly) =aly)f(P(y)) forall f € Aandy € PE(T(A)), wherea : Pk(T(A)) —
K is a continuous unimodular function and ¢ : Pk(T'(A)) — Pk(A) is a
homeomorphism.

Since 1" is a local isometry, there exists a surjective linear isometry 1',,
such that T'fo = Ty, fo. Hence, by Theorem 3.1, (T fo)(y) = (T, fo)(y) =
as, (y) folyr, (y)) for all y € Pk(A), where ay, : Pk(A) — K is a continuous
unimodular function and ¢z, : Pk(A) — Pk(A) is a homeomorphism. Then,
for each y € Pk(T(A)), we have

ag,(y) fo(s, () = Tfoly) = aly) fo(¥(y)),

which implies that fo(¢s,(y)) = fo(¥(y)), since foy is a positive function and
lag, (y)] = la(y)| = 1. Thus, ¢, (y) = ¥(y) because of the injectivity of fo.
Now, again from the above relation, it follows that a(y) = ay,(y) for all
y € Pk(T(A)). Now, we prove that Pk(T(A)) = Pk(A). Contrary to what
we claim, assume that yo € Pk(A)\Pk(T(A)). Since v is surjective, there
is a point y € Pk(T(A)), such that ¢4, (yo) = ¥(y). From the above part,
Vs, (y) = ¥(y), and so, ¥y, (y) = ¥, (yo) which contradicts the injectivity of
¥y, Therefore, Pk(T(A)) = Pk(A).

From the above discussion, one can deduce that Tf = ay, f o ¢y, on
Pk(A) for each f € A. Since Pk(A) is a boundary for A, it follows that
Tf=Tyf (f € A), and consequently, T is surjective.

O

It seems difficult to obtain a general result for the algebraic reflexivity
of the isometry groups of subspaces of continuous functions. However, if we
restrict to certain important subspaces, we can apply the above results to
obtain such algebraic reflexivity.

Let X be a compact subset of R with at least two points and E be a real
or complex normed space. A function f : X — FE is said to be absolutely
continuous on X if given € > 0, there exists a § > 0, such that

lef flai)l <e,

for every finite family of non-overlapping open intervals {(a;,b;) : i =1,...,n}
whose extreme points belong to X with > | (b; — a;) < 6. We denote by
AC(X, E) the space of all absolutely continuous E-valued functions on X.
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When E = C, we write AC(X) instead of AC(X,C). Furthermore, note that
the total variation of each absolutely continuous function f is finite, that is

V(f) = Sup{2|f(xi) — f(zi1)] i n e Nz, x1,..., 2, € X,
i=1

.’1?0<3?1<-"<1‘n}<00.

Corollary 3.5. Let X andY be compact subsets of R with at least two points,
and let T : AC(X) — AC(Y) be a local isometry with respect to the norm
I oo + V(). Then, T is a surjective linear isometry.

Proof. According to [21, Theorem 2.10], each surjective linear isometry 7 :
AC(X) — AC(Y) is of the form 7 f = Tfop for all f € AC(X), where 7 is
a unimodular scalar and ¢ : Y — X is an absolutely continuous homeomor-
phism. Therefore, since T' is a local isometry, it is an isometry with respect
|| c-

Next, we claim that T : AC(X) — AC(Y) can be extended to an
isometry T : C(X) — C(Y). To this end, for any f € C(X), we can take a
sequence {f,} in AC(X), such that ||f,, — f|lcc — 0 because of the sup-norm
density of AC(X) in C(X). Hence, taking into account that T is an isometry
with respect to ||.|loo; We get || Tfn — Tiflloo = |fn — fmllec — 0, and so,
{T f.} is a Cauchy sequence in C(Y"). We put Tf = limT'f,,. Now, it is easily
checked that the definition of T f is independent of the choice of the sequence
{fu}.

Then, since T'1 is a unimodular constant function, say A, from Theorem
3.1, it follows that there are a subset Y of Y and a continuous surjection
1 Yy — X, such that

(TH) = (@(y)  (f € AC(X),y € Yo).

Obviously, AC(X) has a positive injective function, for example, fo(z) =
x —a+ 1, where ¢ = min X. Then, similarly to the proof of Theorem 3.4,
one can see that T'f = Ty, f = Ay, f o ¥y, which implies that T = T, is
surjective. O

Let X be a compact subset of R, such that X coincides with the closure
of its interior. For any n € N, let C(™)(X) be the Banach algebra of all n-
times continuously differentiable complex-valued functions f on X, with the
norm || f|l o = maxzex (3 p_o(|f*)(2)|/k!)). In the following, we show that
the isometry groups of C(™(X)-spaces are algebraically reflexive (see [16,
Corollary 1] and also [20, page 409]).

Corollary 3.6. Let X and Y be compact subsets of R, such that X and Y
coincide with the closures of their interiors. If T: CU(X) — C(Y) is
local isometry with respect to the norm || - ||c, then T is a surjective linear
1sometry.

Proof. From [24, Theorem 4.4], T: C™(X) — C™(Y) is a surjective linear
isometry if and only if there exist a function a: Y — C with |a(y)| = 1 and
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a/(y) =0 for all y € Y, and a homeomorphism ¢: Y — X with |[¢'(y)| =1
and ¢"(y) = 0 for all y € Y, such that

(TH) =aw)f@(y)  (yeY, fec(x)).
This especially implies that 7' is an isometry with respect to ||.||co. Now,

taking into account that C'(™)(X) = C(X) and C™(X) has positive
injective functions, by an argument similar to the previous result, we can
infer that T is surjective. O

ll-lloo

4. Local Isometries on Subspaces of Vector-Valued Continuous
Functions

Let X and Y be first countable compact Hausdorff spaces and let E and F
be strictly convex normed spaces.

Definition 4.1. Let 2 be a linear subspace of C(X, E) and let T be a linear
isometry of 2 into C(Y, F'). If e € Sg, where Sg is the unit sphere of E, and
r € X with F(z,e) ={f eq:|fllo =1 and f(z)=-e} #0, then we
set

I(z,e):={yeY |[(Tf)(y)]| =1forall feF(x,e)}.

Moreover, put I(z) := U, cg, {(z,€).

The proof of the following lemma is standard (see, e.g., [12, Lemma 1]).

Lemma 4.2. With the same hypothesis as in Definition 4.1, I(x,e) is non-
empty.

Definition 4.3. Let A be a regular closed linear subspace of C(X) with Pk(A) #
(). We will denote by A(X, E) any linear subspace of C'(X, FE) which contains
theset {f-e: f € Aee Sg}.

Let us recall that that A is reqular if it separates any closed subset C' of
X from any z ¢ C' in the sense that there is a function f € A with f(z) =1
and f =0 on C.

Theorem 4.4. (i) Let T be a linear isometry of A(X, E) into C(Y, F). Then,
there exist a continuous mapping 1 from Yy := UwEPk:(A) I(x) onto
PEk(A), and a bounded linear map w(y) from E into F and (Tf)(y) =
w(y)(f(¥(y))) for ally € Yy and all f € A(X, E).

(ii) Let T be a linear isometry of A(X, E) onto such a subspace B(X, E)
of C(Y,F), where A and B are regular closed subspaces of C(X) and
C(Y), respectively. Then, there exist a homeomorphism ¢ of Pk(B)
onto Pk(A), and a linear isometry w(y) of E into F and (Tf)(y) =
w(W)(f(¥(y))) for ally € Pk(B) and oll f € A(X,E).

Proof. (i) Claim 1. Let y € I(x) for some x € Pk(A). If we take f € A(X, E),
such that f(x) =0, then (T'f)(y) = 0.
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Take xg € Pk(A). From the definition of peak point, we know that
there is f1 € A with 1 = fi(z0) = | f1]| and |f1| <1 on X\{zo}. Hence, by
Lemma 4.2, I(xz() is non-empty.

Fix e € Sp and yg € I(xg,e) and let fo € A(X,E), such that fo
vanishes on some open neighborhood U of zg. Let us check that (T'f2)(yo) = 0.
Dividing f> by a constant, if necessary, we can assume both that || fa[|,, <1
and |fi| <1— | fa]|, on X\U. Let us define the functions

g=fot+fi-e

and

h:= %(g—i—fl -e).

It is obvious that g(xo) = h(zo) = fi(zo) - e. Furthermore, || f1 - €| =
ll9ll« = |7l = fi(xo) = 1. Hence, as yo € I(xo,€), we have ||T(f1 - e)(yo)| =
(Tg) (o)l = (Th)(yo)|| = fi(xo) = 1. Since F is strictly convex, T'(f; -
e)(yo), (T'9)(yo) and (Th)(yo) belong to Sg, and (Th)(yo) is on the segment
which joins T'(f1-€)(yo) and (Tg)(yo)), we infer that T(f1-¢€)(yo) = (T9)(yo)
and, as a consequence, (T f2)(yo) = 0.

Let T4 : A(X,E) — F and @, : A(X,E) — E be the functionals
defined by the requirement that Ty (f) := (T'f)(yo) and Zo(f) := f(xo),
f € A(X,E). Tt is straightforward to check that the functions in A(X, F)
that vanish on a neighborhood of x( are dense in ker(zg), since A is regular.
Furthermore, ker(Zg) is closed since the functional g is continuous. Conse-
quently, the above paragraph yields the inclusion ker(zg) C ker(TAyAO); this is,
it f(xo) =0, then (T'f)(yo) = 0, as was to be proved.

Claim 2. [(x1) N I(z2) = 0 for z1, x5 € Pk(A).

Suppose that there are z1,20 € Pk(A) and y € Y, such that y €
I(x1) N I(z2). Choose f € A, such that f(z1) = 1 and f(z2) = 0. Since
(f-e)(xz2) =0 for every e € E, we have, by Claim 1, that T'(f - ¢)(y) = 0 for
alle € E.

On the other hand, there exists e; € Sg, such that y € I(z1,e1) and, as
x1 is peak point for A, there is a function 0 # g € A(X, E), such that g(x1) =
llg]| o -€1- By Claim 1 and since (g— f-g(z1))(z1) = 0, we infer (T'g)(y) = T'(f-
g(x1))(y). Besides, by the above paragraph, (T'g)(y) = T(f - g(z1))(y) = 0.
However, from the definition of I(xz1, 1), we know that |[(T'g)(v)| = |9, #
0, which is a contradiction.

Claim 3. Let « € Pk(A) and e € Sp. If f(z) =e for f € A(X, E), then
I )] = llel =1 for all y € I(z,e).

Since x is a peak point, there is a function g € A with 1 = g(z) = ||g|| .-
Define a function h in A(X, E) by h := f — g-e. The clear fact that h(xz) =0
and Claim 1 yield (Th)(y) = 0. By the linearity of T, we have (Tf)(y) =
T(g-€)(y). Finally, from the definition of I(x,e), [[(Tf)(y)|| = 1T (g - e)(y)| =
lg-ello, = llel = 1.

Let us define a mapping ¢ from Yy := UJ,cpy(a) I(z) onto PE(A) by
Y(y) := x, where y € I(x).
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Let y € I(x) for some x € Pk(A) and let g € A, such that g(z) =1 =
llgllco- Then, we can define a linear map w(y) from E into F as w(y)(e) :=
T(g-e)(y) for all e € E. It is clear that the definition of w does not depend
on the choice of g by Claim 1. Moreover, from Claim 3, it is obvious that
w(y) is a bounded linear map with |w(y)|| = 1.

Claim 4. ¢ : Yo — Pk(A) is a well-defined surjective continuous map-
ping and (T'f)(y) = w(y)(f(¢(y))) for all y € Y; and all f € A(X, E).

By Claim 2, 1 is a well-defined mapping. To obtain the multiplicative
representation of T, let x € Pk(A) and y € I(x). Choose any function £ € A,
such that £(z) = 1 = ||{]|co. For every f € A(X, E), the function f —¢ - f(x)
vanishes at z. Thus, by Claim 1, we infer that (Tf)(y) = T(& - f(z))(y) =
w(y)(f(z)) for every f € A(X, E).

To check the continuity of 1, let (y,) be a net convergent to y in Y.
Assume, contrary to what we claim, that (¢(y,)) does not converge to 9 (y).
By taking a subnet if necessary, we can consider that (¢ (ys)) converges to
an x in the compact space X. Let U and V be disjoint neighborhoods of
x and ¥(y) in X, respectively. There exist an g, such that ¥(y,) € U,
for all @ > ag, and, since A is regular, a function f € A(X,E), such that
coz(f) € V and |(Tf)(y)|| # 0, where coz(f) = {z € X : f(x) # 0}. For
a > ag, Y(Ya) € coz(f). Hence, by Claim 1, (T'f)(ya) = 0, for all y, > ap.
Consequently ((T'f)(ya)) does not converge to (T f)(y) # 0, which contradicts
the continuity of T'f.

ii) Assume now that T is onto.

Claim 5. Let © € Pk(A) and let y € I(x). Then, = € I(y).

Suppose that = ¢ I(y). Then, since T-! : B(X,E) — A(X,E) is a
linear isometry, we can deduce that there exists 2’ € X, 2’ # x, such that
2’ € I(y). Choose f € A(X, E), such that f(x) = 0. By Claim 1, we infer
that both (Tf)(y) = 0 and T-YTf)(z') = f(2’') = 0. This means that =
and 2’ cannot be separated with functions of A(X, E), which contradicts the
regularity of A.

Claim 6. I(x) is a singleton for z € Pk(A).

Let us now suppose that I(x) contains two elements, y and y’. By the
above paragraph, x € I(y)NI(y'). Since the range of T separates the points of
Y, there is a function f € A(X, E), such that (Tf)(y) =1 and (Tf)(y') = 0.
From Claim 1, we have T~Y(Tf)(x) = f(z) = 0 and, hence, (T'f)(y) = 0.
This contradiction shows that I(z) is a singleton.

As a straightforward consequence of the above claims, we infer that Y, =
PEk(B) and that ¢ : Pk(B) — Pk(A) is a continuous bijection. Furthermore
T~ induces a continuous bijection of Pk(A) onto Pk(B) which can be easily
checked to be the inverse of 9, whence Pk(A) and Pk(B) are homeomorphic.

Finally, take yo € Pk(B) and let zg € Pk(A), such that {yo} = I,. To
see that w(yp) is a linear isometry of E into F', choose eg € Sg and & € A,
such that 1 = &(x) = [|€]| - It suffices to check that ||w(yo)(eo)|| = 1. Hence,
since I(xzg) is a singleton, {yo} = I(xg,e). In particular, yo € I(x0,ep)-
Consequently

lw(yo)(eo)ll == IT(& - eo)(wo)ll = [I€ - eolloc = 1- =

e€SE
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Theorem 4.5. Let T be a local isometry of A(X,E) into such a subspace

B(X,E) of C(Y,F). Then, there exist ) a homeomorphism of Pk(T(A(X, E)))
onto Pk(A), w(y) a linear isometry of E into F' and (T f)(y) = w(y)(f(¥(y)))

for ally € PE(T(A(X,E))) and oll f € A(X,E).

Proof. Since T is a local isometry, from Theorem 4.4(i), there exist a con-
tinuous mapping ¢ from Yy := ¢ py(a) () onto Pk(A), a bounded lin-
ear map w(y) from E into F and (Tf)(y) = w(y)(f(¥(y))) for all y € Yy
and all f € A(X,E). First, note that for any y € Y, w(y) is an isome-
try. To see, let y € Yy and e € Sg. Since T is a local isometry, we have
lwm) (el =T (g- )W)l = Tye(g- )W)l = llwge(w)(e)ll = [le]l = 1, where
g is a function in A, such that g(z) = 1 = ||¢]|co-

Claim 1. I(x¢) is a singleton for xg € Pk(A).

To this end, let us suppose that there exist y; and yo in I(zg) with
Y1 # yo2. Since xg is a peak point for A, there exists f € A(X, E), such that
[[f(xo)|l = 1 and |[f]| <1 on X\{xo}.

As T is a local isometry, we can find a linear surjective isometry 7' :
A(X,E) — B(Y,F), such that Tf = T, f. By Theorem 4.4(ii), we know
that there exist a 1¢; a homeomorphism of Pk(B) onto Pk(A) and ws(y)
a linear isometry of E into F, such that (T7f)(y) = ws(y)(f(¢s(y))) for
all y € Pk(B). Hence, by Theorem 4.4(i), (Tyf)(y1) = wr(y1)(f(¥r(y1))) =
wy)(f(¥(y1)) = wy)(f(zo)). Consequently, [wr(y)(f(¥r(y1)))ll

= llw(y)(f @yl = llw(yr)(f (xo))[| = 1, which yields |[f(¥(y1))]l = 1,
since wy(y1) is an isometry. Similarly, || f(¢f(y2))|| = 1, which, by the choice

of f, implies that ¢ (y1) = ¥ (y2), a contradiction with the injectivity of 1.
Claim 2. Yy C Pk(T(A(X, E))).
Let 2¢ be a peak point for A. Let V' be a neighborhood of yg € I(xg).
That is, yo € I(xg,e) for some e € Sg. Hence, by Claim 1, yo is the only
element in I(zg, e), and consequently

{yeY: (THWI = Il =1 forall f € A(X, E),
such that f(z) =e} N (X\V)=0.

Thus, since X\V is compact, we can find finitely many functions
{fl, ceey fn} with fi(fﬁo) =€, 1= 1, ey, such that

eV TR = Ifillo=1foral fi, i=1,....n}CV.

Then, we can define a function f := Y I, f; for which f(z¢) = n-e and
(TH) ()] < ||Tf|loo =n for all y ¢ V. Consequently, yo is a strong boundary
point for T(A(X, E)). Since Y is first countable and T'(A(X, E)) is a closed
linear subspace of B, by an argument as in the Preliminaries, we can prove
that yo is a peak point for T(A(X, E)).

Claim 3. Pk(T(A(X, E))) C Yp.

Since yo is a peak point for T(A(X, E)), there exists f € A(X, F), such
that [(Tf)(o)| = 1 and [(T)w)] < 1 for any y € Y\{go}. Hence, by

Theorem 4.4(ii), [|(T'f)(yo)ll = II(T¢.f)(o)ll = I/ (hs(yo))|l = 1 and, besides,
h(yo) is a peak point for A(X, E). Hence, by Claim 1, we know that I, ()
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is a singleton. If we suppose that {yo} # {y1} = I1,(y,), then, by Claim 1 in
Theorem 4.4(ii), we infer 1 > ||(Tf)(y1)|l = | f(hs(y0))|| = 1, a contradiction.

Finally, as in Claim 4 of the proof of Theorem 3.2, we can prove that
h: PE(T(A(X, E))) — Pk(A) is a homeomorphism. O

Theorem 4.6. Let X be a first countable compact Hausdorff space and let A
be a regular closed subspace of C(X). Assume there exists a function fo € A,
such that | fo| is injective.

If there exists T : A(X,E) — A(X,E) a local isometry, then there
exist a homeomorphism v of Pk(A) onto itself and w(y) a linear isometry
of E into E for each y € Pk(A), such that (Tf)(y) = w(y)(f(¢(y))) for all
y € Pk(A) and oll f € A(X, E). If, furthermore, Pk(A) is a boundary for
A, then T is surjective.

Proof. By Theorem 4.5, there exists ¢ a homeomorphism of Pk(T(A(X, E))
onto Pk(A), w(y) is a linear isometry of E into E and and (Tf)(y) =
w(y)(f(Y(y))) for all y € Pk(A) and all f € A(X, E). Then, (Tfo-e)(y) =
w(y)(fo-e(®(y))) for all y € PE(T(A(X, E))) and for a fixed e € Sg.

Since T is a local isometry, there exists a linear surjective isometry
Tfy.c, such that (T'fy - e)(y) = (Tfy.efo - €)(y). Hence, by Theorem 4.4,
(Tfo-e)y) = Trefo- e)y) = wrpe(y)(fo - e(Vgoe(y))) for all y € Pk(A),
wr,-e(y) is an isometry for all y € Pk(A), and y,.. : Pk(A) — Pk(A) is a
homeomorphism.

Hence, w(y)(fo - e($())) = wrye(1)(fo - (Wso.c(y))) for all y € Ph(T(A
(X, E))). Since w(y) and wy, (y) are isometries, we infer that || fo-e(1s,.e(y)))|
= \fo - e(t(y))]| for all y € PH(T(A(X, E))). Consequently, |fo(t (1)) =
()| for all y € PE(T(A(X, F))).

Since |fo| is injective, we infer that ¢(y) = ¢ s,..(y) for all y € Pk(T(A
(X, E))). Furthermore, similarly to the proof of Theorem 3.2, one can see
that Pk(T(A(X, E))) = Pk(A).

From the above discussion, it follows that w(y) = wy,..(y) for all y €
PI(A), whence (TF)() = wpo(0)f(bse®)) = (Tef)(y) for all y €
Pk(A). Now, if Pk(A) is a boundary for A, then T'f = Ty,..f on Y. Therefore,
T = Ty,.. is surjective. U

Definition 4.7. A surjective linear isometry T': AC(X, E) — AC(Y, F) with
respect to the norm max (|| ||oo, V(+)) is called a x-isometry if, for each y € Y,
there exists a constant function e in AC(X, E), such that (Te)(y) # 0 (see
[1] and [15] for more details concerning this property).

A linear map T : AC(X,E) — AC(Y, F) is called a %-local isometry
if, for every f € AC(X, E), there exists a x-isometry Ty : AC(X,E) —
AC(Y, F), such that Tf =T} f.

The following result shows that each *-local isometry T : AC(X, F) —
AC(Y, F) is a linear surjective isometry, which yields [14, Theorem 2.1].

Corollary 4.8. Let X andY be compact subsets of R with at least two points,
and let T : AC(X,E) — AC(Y,F) be a *-local isometry. Then, T is a
linear surjective isometry and there exist a monotonic absolutely continuous
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homeomorphism ¢ : Y — X, and a surjective linear isometry J : E — F,

such that (T f)(y) = J(f(¥(y))) for all f € AC(X,E) andy €Y.

Proof. From [15, Theorem 4.1], for each x-isometry 7 : AC(X,FE) —
AC(Y, F), there exist a monotonic absolutely continuous homeomorphism
¢ Y — X, and a surjective linear isometry J : F — F, such that
(THly) = I(f(p(y))) for all f € AC(X,FE) and y € Y, which especially
shows that T is an isometry with respect to ||.||co. Then, T is an isometry
with respect to ||.||oo, Whence similarly to Corollary 3.5, it can be extended
to an isometry T : C(X,E) — C(Y,F). Now, taking into account that
Pk(AC(X)) = X, from Theorem 4.4(i), it follows that there exist a contin-
uous mapping ¢ from Yy := (J .y I(x) onto X and a bounded linear map
w(y) from E into F for each y € Yy, such that (Tf)(y) = w(y)(f(¢(y))) for
all y € Yy and all f € AC(X,E).

Since T is a x-local isometry, Te is a constant function for each e € F
[15, Lemma 3.14], whence (Te)(y) = (Te)(y') for all y,y’ € Yy. Then, we
infer that w(y) = w(y’) for all y,y’ € Yp. Put J = w(y) for some y € Y.
Thus, (Tf)(y) = J(f(¥(y))) for all f € AC(X,FE) and y € Yy. Let e € S
and define fo(z) = x —a+1, where a = min X. Now, by an argument similar
to Theorem 4.6, one can conclude that Yy =Y and T = T},... Therefore, T’
is surjective, v is a monotonic absolutely continuous homeomorphism, and J
is a surjective linear isometry. O
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