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Abstract. In this article, we investigate more general nonlinear bihar-
monic equation

Au+ Va(z)u = pf(z)u”" + g(@)u? " in RY,

where A% := A(A) is the biharmonic operator, N > 1, A > 0 is a
parameter, 0 < « < 1. Different from previous works on biharmonic
problems, we suppose that V(z) = Aa(z) — b(z) with A > 0 and b(z)
could be singular at the origin. Under suitable conditions on Vi(z), f(z)
and g(x), the multiplicity of solutions is obtained for A > 0 sufficiently
large and some new estimates will be established. Our analysis is based
on the Nehari manifold as well as the fibering map.
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1. Introduction

The purpose of this paper is to consider the following biharmonic equation:

At Viahu = pf(ahu " + g™, mRY,
u >0, in RV, ’

where A? := A(A) is the biharmonic operator with N > 1, and 0 < v < 1,
2<p <22 = %) A, > 0 are parameters and the potential V) (x) =
Aa(z) — b(x). We assume that a(z) and b(z) satisfy the following conditions:
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(V1) a € C(RY) and a(z) > 0 for all x € RY and there exists ag > 0 such
that the set

{a < ap} := {z € RN|a(z) < ag}
has finite positive Lebesgue measure for N > 4 and

AN
{a < ag}| < S22 (14—20) for N <3,

where | - | is the Lebesgue measure, Sy is the best Sobolev constant for
the embedding of H*(RY) in L>*(RY) with N < 3, and Ag is defined in
Lemma 2.1;

(Vo) Q = int{x € RV : a(x) = 0} is nonempty and has a smooth boundary
with Q = {z € RN : a(z) = 0};

(V3) b(x) is a measurable function on RY and there exists 0 < by < 7 such
that 0 < b(x) < 2 for all z € RV, where 5 := Y017
Hardy-Sobolev constant.

The potential V) satisfies (V1), (V2) is called the steep well potential,
which was first introduced by Bartsch and Wang [4] in the study of the
nonlinear Schrédinger equations.

When  is a bounded domain of RY, the researchers mainly focused on
the following Navier boundary value problem:

A%y + cAu = f(x,u), z € Q, (1.2)
u=Au=0, x € 9N, '

is a critical

which arises in the study of traveling waves in suspension bridges, see [5,9,14]
and the study of the static deflection of an elastic plate in a fluid. In the last
decades, many authors have attached their attention to the existence and
multiplicity of nontrivial solutions for biharmonic equations, we refer the
readers to [2,6,10,12].

Recently, biharmonic equations on unbounded domain RY have at-
tracted a lot of attention. Especially, the researchers mainly investigated the
following problems with the steep potential:

{ A%y — Au+ AV (2)u = f(x,u) in RV,

u € H2(RN). (1.3)

With the aid of A\, they proved that the energy functional possesses the prop-
erty of being locally compact, see [8,11,16,18] and their references therein.
Especially, Ye and Tang [18] assumed that f(z,u) was superlinear and sub-
critical at infinity, when A\ was large enough, they obtained the existence
and multiplicity of nontrivial solutions. Later, Zhang, Tang, Zhang and Luo
[19] improved their results and obtained the existence of infinite nontrivial
solutions when A > 0 was large enough. Badiale, Greco and Rolando [3] ob-
tained two nontrivial solutions for the case f(z,u) = g(z,u) + pé(x)|u|P~2u
when g(z,u), £(x) satisfied some assumptions, A was large enough and p was
small enough. Mao and Zhao [13] considered (1.3) with Kirchhoff terms and
concave-convex nonlinearities, existence and multiplicity of solutions were
proved using the variational method.
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Very recently, replacing Laplacian with p-Laplacian in (1.3), Sun, Chu
and Wu [15] studied the following biharmonic equation

A2y — BApu+ AV (2)u = f(x,u) in RY,
{ u € H2(RY),

where N > 1, p > 2 and 8 > 0 small enough or 8 < 0. Using the mountain
pass theorem, and under some suitable assumptions on V(z) and f(x,u),
they obtained the existence and multiplicity of nontrivial solutions for A large
enough. Later, Jiang and Zhai [7] supplemented their results, when 5 € R
and AV (x) was replaced by Vy(z), which was singular, the multiplicity of
nontrivial solutions was obtained.

Motivated by the above papers, in the present paper, we consider a
biharmonic problem with steep well potential and singular nonlinearity. To
the best of knowledge, few works concerning this case up to now. To this
end, we need some assumptions on f(z) and g(x) and make the following
hypotheses:
(F) fe LT (R™) is a positive continuous function.
(G) g € L=®(RY) is a sign-changing function such that |g¥|., > 0, where
g* = max{g(x), 0},

Now, we state our main result.

Theorem 1.1. Let 0 < v < 1 and 2 < p < 2**. Suppose that f, g and V)
satisfy (F), (G) and (V1) — (V3), then there exist A* > 0 and p* > 0 such
that problem (1.1) has at least two solutions for all (A, u) € [A*, +00) x (0, u*).

Remark 1.2. From the condition (Vj3), it is easy to obtain that the function
b(x) could be singular at the origin. Moreover, the improved Hardy—Sobolev
inequality (see Lemma 1.1 in [17]) gives

2 u2 bO 2
b(x)u“dx < by ——dx < 5 |Au|dz.
RN

RN ry |2z]*

2. Preliminaries

Let
X = {u € H*(RY)| /}RN(|AU|2 + a(z)u?)dz < +OO}
be equipped with the inner product and norm
(u,v) = /N(AUAU + a(z)uwv)dz, ||ul| = (u,u)*/?.
For A > 0, we also neﬂjd the inner product and norm
(u,v)y = /RN(AUAU + Aa(@)uv)dz, ||ullx = (u,u){7?.
It is clear that ||ul| < ||u|[x for A > 1. For simplicity, we let

HU”?\V = /N (JAul*dz + Vau?) dz,
R
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then by Remark 1.2, one has

o —1

—ul. 4> 0. 2.1)

[ullX = llull} v =
where g = 7~ > 1. Hence, ||ul[x.v and [|ul|x are equivalent in X, where
here p b70 1. H i d 1 X h
X, = {u c H?(RN)|/ (1Auf? + Aa(z)u)dz < +oo} .

RN

Lemma 2.1 ([15]). Under assumptions (V1), (Va), the continuous embedding
Xy = L"(RY) is compact for 2 < r < 2**, and there holds / lul"dz <
N

R
O, ||ully for A > A, where

o —r/2
S22 [+ 4t - 82 a < ao) i N <3

r/2
0r =157 (1+4) if N =4,
- r/2
CoI (14 ) it N> 4,
and
% if N <3,
)\* — 2(1+B§|{a<a0}‘) if N = 47

ag
LCiHa<aoll™ e N g
agp ’
where Ag, By, Cy are positive constants, and S, is the best Sobolev constant
for the embedding of H*(RY) in L"(RN) for 2 <r < 2**.

In this paper, we make use of the following notations: the L"-norm
(1 <r < +400) by |- |r. C denotes various positive constants, which may
vary from line to line. By (V4), (V2), the Holder inequality and the Sobolev
inequality, we have

177’)/ —
[ ot <151 e 0,7l (22)

p+vy—1

The energy functional corresponding to (1.1) given by

1 1 p _
I = — 2 _ - b 2d _ / 1 'Yd
) = Sl = 3 [ sanlar - L [ e

_% fRN g|u‘pd$, for u € X)\.

It is clear that I, is a C' functional. Since I, ,, is not bounded below
on X, it is useful to consider the functional on the Nehari manifold

Ny = {u e X\\{0} : <I§\)#(u),u> = 0}.

We analyze N, in terms of the stationary points of fibering maps N, :
(0, +00) — R given by

No(t) = I, (tu), t > 0.
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Then for each u € N, ,, we have
Nty = tluly — 7 [ sl e -0t [ glulpa,
’ RN RN

NI(t) = [[ul3.y + prt = / ful*da — (p— 1) / glul’dz.
’ RN RN
It is easy to see that
N =l — ' [ Sl et [ glulrd,
’ RN RN

and for v € X,\{0} and ¢ > 0, then tu € N, , if and only if N/ (¢) = 0,
that is, the critical points of N, (t) correspond to the points on the Nehari
manifold. In particular, u € Ny , if and only if N/, (1) = 0. Then we define

N ={ueNy,: N/(1) >0},
Ny, ={u €Ny, : NJ(1) =0},
Ny, ={u €Ny, NJ(1) <0}

The existence of solutions to (1.1) can be studied by considering the existence
of minimizers to Iy ,, on Ny ,. Furthermore, for each u € Ny ,,, we know that

NLW) =l [ Al e - 1) [ glupda
RN RN
=+ Nuliy = +v-1) | glulde
RN
— @l + o+ -1) [ 1l e,
(2.4)

Lemma 2.2. The energy functional Iy , is coercive and bounded from below

on Ny,

Proof. For u € Ny, we have

[ul3,v *H/ f|U\1M’dCE*/ gluPdz = 0.
RN RN
Therefore, by (2.1), (2.2), (2.3) and Lemma 2.1,

1 1 p+’y
fk,uw):(— p) .y / Flu['da

2
(p—2)(po — 1) u(p+7 e
> lull} = \fl = 1@ 377
2ppio p(l—v) 77
For 0 < v < 1, thus we get the conclusion. O

Before the following lemma, we define

I (7 V) (10 = 1)(1 +7) )

M o
1= —1)]gt]c®
o(p+~ — 1|f] e 1@p po(p +y gt 00Oy

Lemma 2.3. Suppose that (F), (G), (V1) — (V3) are satisfied. Then the set
N3, is empty for (A, p) € [A*, +00) x (0, pu*).
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Proof. It Ny , # 0, by (2.4), we have

A+ uly - (p+v—1) /R gz =0
and
@—p)luly +np+y-1) / =0,
By (2.1), (2.2) and Lemma 2.1, we get that

po —1 p+y—-1 pty—1
——ul} £ = | glufde < =" |Opllull}
/J/o ]RN

147 1+~
and
- + o
o =Ly < 2029 [ g < M2ET 2D an
b= p—=
Then we get
1
(o — 1)(1 +1) P2
full = u=a)
ro(p+7 = 1)[g% Oy
and
1
pop(p +v —1) o)
lullx < ——————*VI © ~
(o —D)(p—2)" 7=
Hence, we obtain p > p*, which is impossible. Thus we get the conclusion.

O
Lemma 2.4. Suppose that (F), (G), (V1) — (V3) are satisfied. Then
) zf/ glulPdx < 0, then there is a unique 0 < tT < tpax, such that
RN
ttu € N:{':u and

I>\7H(t+u) = %gg I>\7,L(tu);

(44) zf/ glulPdx > 0, then there are unique t* and t= with t~ > tymax >
RN
t+ >0, such that t“u € Ny ,, tTu € N/\qu and

Donttu) = _jof  Dou(tw), Du(t7w) = sup Dyu(tu).

Proof. Fix u € X \{0} with / flul*~7dz > 0. Note that
RN

N.(t) = tlulZy — ut™ / flul'~de — 2 / glulde.
RN N

R
For ¢t > 0, we define

H(t) = ulR — 7 [ fluf
R
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Then for t > 0 and tu € Ny, if and only if ¢ is a solution for H(t) =
Jan glufPdr, and H(t) — —oco as t — 0%, H(t) — 0 as t — oo. Since

H'(0) = =l =t =9 =9 [ flul' e,

then H (t) possesses a unique maximum point

_1
A (u(l — 5 D) o fUIl‘”dw>

2 —p)lul} v
and

(u(12_7 p)>Tp_M(M(1(2—7p) p)) B

M 1y l=o—p
> Wil 22 (15252) T (Glap)'T

H(tmax) =

2(1=v=p)
v+1

} (fon flult=7da) 0

l[ull,

Moreover, H (t) is increasing on (0, ¢yax) and decreasing on (fmax, 00).

(1) if/ glulPdz < 0, then there is a unique 0 < t* < tyay, such that
RN

(2.5)

H(tT) = / glulPde, H'(t+) > 0.
RN
Thus, tTu € Ny, and one has

N4, (1) = @ =p)(E P iy + plp +7 - D(E)' / fluf~Vda
— t1+pH/(t+) > 0.

Then ttu € NIH. Since for 0 < t < tpax, one has

d
St = tfuldy — " [ flufde et [ glupe—o
RN RN

and

d2
S hulte) = = Pl v + o +y = DE [ flul'de >0
R

for ¢ = ¢T. Therefore, I ,(ttu) = infy~q I, (tu) holds.
(44) if/ glu|Pdz > 0, by (2.2),(2.5) and p € (0, u*), we have
RN

0</ g\u|pd:n<( )p/2|g+|oo@p||u||
RN
2—p
1—|—’y ( p—2 )1+w( o 1y g)ﬁ
— * 7+1 u 2 P () v
() ||wp+7_1 L) (e
<H(tmax)-

There are tT and ¢t~ such that 0 < tT < tyax < 17,

() = [ gluPde = 1)
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and
H'(tT)>0>H'(t).
As in (i), we have ttu € NY , t7u € Ny, and Iy, (t7u) > I ,(tu) >

Iy, (tTu) for each t € [tT,t7] and Iy, (tTu) = info<o<t,n. Inu(tu), In (" u
= SUP;>y,,.. I u(tu). Thus we get the conclusion.

o=

max

We remark that from Lemmas 2.3 and 2.4, one has N, ,, = N/{tu UNT,
for all (A, ) € [\*,4+00) x (0, u*). Since NIM and N;M are non-empty, thus,
by Lemma 2.4, we may define

+

= inf+ I u(u), oy = inf I . (u)

ue ue

A, A p

Then we have the following results.

Lemma 2.5. Suppose that the functions f, g and V satisfy the conditions
(F), (G) and (V1) — (V3). Then for (A, p) € [\*,+00) x (0, u*), there exists
a positive constant Cy such that c;\ryﬂ <0< Cy< W

Proof. (i) Let u € N;:u C N, i, then we have

A+ ulZy - @+y—1) / gz > 0.

It follows that

1 1
Dt = gllt =5 [ dawitde— Lo [ pude = [ gl
1+~ p+y— 1/ »
= —_-—— - d
2(1 )” ”)\V p(l—’y) szg|u| 4
2)(14
< LA, <o

Therefore, c/\ L, < 0.
(i) Let u € Ny, then we have

A+ Duly — (p+7-1) / gz <0,

According to (2.1), we get

po—1, o 2 pty—1 pty—1
m ullx < lullxv < 11y fan glulPdz < ﬁlfﬁloo@pllmli-

Therefore, we can show that

(o — (L +7) )
ully > (G =C.
Iell (uo(p+7—1)|g+oo r

Then, we know

Do) z EE =D g HOZ A

S o1 [%01#1 pp—1+7) Ifl_—»_OL77] = (.

_ 1—
P ’y”uH)\ 7

2ppo (=) Mlg= 1+7
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Since (A, p) € [As, +00) x (0, p*), we can verify that Co > 0. Hence I ,(u) >
Co >0 for all u € N):“ and the proof is completed. O

Lemma 2.6. Suppose that the functions f, g and V satisfy the conditions
(F), (G) and (Vi) — (V3). Then Ny, is a closed subset in X for (A, p) €
[As, +00) X (0, p*).

Proof. In order to prove that N " is a closed subset in X, let us con-
sider a sequence {u,} C Ny, such that u, — u in X,. It is obvious that
(13, (u),u) = 0. By the proof of Lemma 2.5, we have

fuls = lim flunll = € >0,
Thus, u € Ny ;. By the definition of N, it holds
W+ unldy = (p+7—1) / gz <0,
Combining with Lemma 2.1, one has
(Dl - (47 -1) [ glupds <o,
R

which implies that u € Ny , UNY . By Lemma 2.3, we know N

0.
Therefore, u € /\/}:#. Thus, N):# is a closed subset in X). O

Lemma 2.7. Suppose u € N;u and v € Ny, are minimizers of Iy, on N;L,“
and N/\_’M. Then for every nonnegative w € Xy, we have

(i) there exists g > 0 such that Iy ,(u +ew) > Iy, (u) for all 0 < e < .
(ii) t- — 1 as e — O, for e > 0, where t. is the unique positive real number
satisfying t-(v +ew) € Ny .

Proof. (i) Let w > 0 and for each € > 0, set

ole) = ||u+€w|\?\,v +u’y/N flu+ew|* Vdr — (p—1) /N glu+ ew|Pdz.
R R

Then by using continuity of o and ¢(0) = N,/(1) > 0, there exists g > 0
such that o(g) > 0 for all 0 < e < g(. Similar to the proof of Lemma 2.4,

for each € > 0, there exists s. > 0 such that s.(u + cw) € N;‘H, such that

I u(sc(u+ew)) = infeso Iy, (t(u 4 ew)), then for each € € [0, 0], we have
I p(u+ew) > Iy y(sc(u+ew)) > I, (u).
(i1) For each v € Ny, we define J : (0, 00) x R3 — R by
J(t, 1y, 10,13) = It — plot ™ — I3tP7 1,

for (t,11,12,13) € (0,00) x R?. Since v € Ny, one obtains

oJ
(Lol v, [ flol'de, [ glulPdz) = NY(1) <0.
ot RN RN

Moreover, for each € > 0,

J(ter o+ cw]2 . / flo+ ew[' =, / glv + ewlPdz) = 0.
RN RN
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We also have
Il [ 1l e, [ glolrd) = Ny(1) =0,
’ RN RN

Applying the implicit function theorem, there exists an open neighbourhood
A C (0,00) and B C R? containing 1 and (||| v, [gn flo|'~7dz, [ glv|Pdr)
respectively such that for all J(¢,y) = 0 has a unique solution ¢ = j(y) with
j : B — A being a smooth function. Then one has

(Jo +cw]? . / flo+ ew| e, / glv + cwlPdz) € B,
RN RN

and
i+ €w||?\’v,/ flo+ gw‘l—vdx,/ ol + cwlPdz) = 1.,
RN RN
Since
J(te, |lv+ sti V,/ flv+ 5w|1*7d33,/ glv + ewPdx) = 0.
’ RN RN
Thus, by continuity of g, we get t. — 1 as e — 0. O

Lemma 2.8. Suppose u € N;f# and v € Ny, are minimizers of Iy, on J\f;#
and N;u. Then for every nonnegative w € X, we have

(u,wyry — /,6/ fu T Ywdx — / guPwdz > 0,
RN RN

(v,wyry — i fv Ywdx — / gvP " twdz > 0.
RN RN

Proof. Let w € X be a nonnegative function, then by Lemma 2.7, for each
€ € (0,e0), we have

Iy u(u+ew) — Iy u(u)

0<
1 ] (u+ew) =7 —ut=
= E(HU‘FEWH?\V — Jlwl iv) BT /RN f . dx
1 P _ P
_7/ g(u—i—sw) w
D JrN 3

(2.6)
By (G) and the Lebesgue dominate convergence theorem, we have

1 D _ P
1 / Jutewyr -, _ / g wdz.
RN £ RN

For 0 < v <1 and f is a positive continuous function, we have
f((u+ew)' ™ —u'=7) > 0.
It follows from (2.6) that

lim
e—0t p

1—y _ ,,1—v
liming [ W) T

e—0t JpN

dr < oo.
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Then, by (2.6) and Fatou’s lemma, we get

dzx

1—y _ , 1=y
1 fu T Twdr < £ liminf f (u+ew) Y
RN 1-— Yy e—0t RN e

< {u, W),y — guP " wdz,
RN
consequently, for each nonnegative w € X, we have
(u,w)r v — ,u/ fu T wdz — / guP~ wdz > 0.
RN RN

Next, we will show that these properties are also held for v € Ny u For each
e > 0, there exists t > 0 such that t.(v + ew) € N):H. By Lemma 2.7, for
€ > 0 small enough, we get

Iy u(te(v +ew)) = I u(v),
which implies Iy ,(t-(v + ew)) — I ,(v) > 0. Thus, one obtains

utl= (v +ew)=7 — vl t2
me [ dr < 2 (o -+ ewly ~ Iol.)

174 v +ew)P — P
L rerow,
D Jry €

Using the similar argument as in the previous case, we have

(v,w)rv — ,u/ fv Ywdx —/ gvP " twdz > 0.
RN RN

X.

3. Proof of Theorem 1.1

Since Iy, (u) = Iz . (|u]), we can assume that v > 0 for every u € X. To get
the main result, it is necessary to prove the following lemmas.

Lemma 3.1. Suppose that 0 < v < 1 and 2 < p < 2**, and the conditions
(F), (G) and (V1) — (V3) are satisfied. Then for (A, pu) € [A*, +00) x (0, u*),
I, has a minimizer ug in N;f# such that Iy ,(ug) = cj\ry#.

Proof. By the Ekeland variational principle ([1]), there exists a minimizing
sequence {u,} C Ny . satisfying
(1) ey < Dnulun) <, + 3
(1) Tnop (1) > Ino(1tn) — Ll — ]
Moreover, by Lemma 2.2, one has {u,} is bounded in X. Then there
exists a subsequence of {u,, }(still denotes{u, }) such that
Up — Ug, in Xy,
U, — ug, in LP(RY), p e [2,2),
with ug > 0. For 0 < v < 1, f € LP+571(RN) is a positive continuous
function, by the Vitali convergence theorem, one has
lim flun|*Vdx = / fluo|*Vda.
N RN

n—oo R
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Stepl: We prove that u,, — ug in Xy and ug € N/\+u'
First, we show that ug # 0. Using the weak lower semi-continuity norm,
we have

I (uo) < linrr_1>i£ff)w(un) = C;u < 0.
If up = 0, then I ,(uo) = 0, which is a contradiction.

Next, we prove that w,, — ug in X. Suppose the contrary, by (2.1), one
has

luoll3 v < liminf fJua |3 v
n—oo

For u,, € N;‘M, one has

ol — s [ fluol o~ [ gluolrde <o (31)
RN RN
Now, we prove that for ug, there exists 0 < ¢t* # 1 such that tTug € /\/';f#.
If / glulPdr < 0, then by Lemma 2.4(7), there exists t= > 0 such
RN
that tTug € NIM and I}, (t"up) = 0. By (3.1), we obtain that I} ,(uo) # 0.
Hence, tT # 1.

If/ gluPdx > 0, then by Lemma 2.4(ii), there exists 0 < ¢+ # 1 such
RN
that tTug € NI#.

Since t*ug is a minimizer of I , in Xy, then
I/\,u(t+“0) < Iyu(uo) < nh_)rgo Iy uun) = C;w
which contradicts c;\r’ﬂ = infuej\/;ﬁu Iy, (u). Then, we obtain u,, — ug in Xy.

Finally, we claim that ug € N, ;“ - Suppose the contrary, assume that
ug € Ny . It follows from (2.4) and ug € Ny, that

/ glug|Pdx > 0.
RN

Then, by Lemma 2.4(i7), there exist unique t* > 0, ¢t~ > 0 with ¢t~ > ¢T > 0,
such that tTug € ./\/’IH, t~ug € N)\_’M and

to) — i - ) —
I (o) —Ogolgfmax I u(tuo), Inu(t uo) —tzsgnpax Iy u(tuo).

For ug € N/\_u’ it suffices to prove that

d d?
%I/\,H(UO) =0, ﬁbw(uo) < 0.
This indicates ¢~ = 1. Also, since
d d?
%IA,;L(t+U()) =0, @I)\,M(t—‘rlb()) > 0,

then there exists ¢t € (¢, 1], such that

C;\r,y < Dt uo) < Inu(tuo) < Inu(uo) = c;\r,;u
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this is a contradiction. Therefore, uy € N. )\+ u
Step2: g is a solution of (1.1).

In the following, we show the solution ug is a weak solution of (1.1). Let
veEXyande>0.%t Qy ={z € RY :up+ev >0} and Q_ = {x € RV :
ug + ev < 0}, then by Lemma 2.8, we obtain that

0< / (AugA(ug + ev) + Va(x)ug(up + €v)) de — p fug " (up + ev)dx

- gub ™ (ug + ev)da
Q4

ool e [ oo~ [ gubda
’ RN RN
+e <<u0,v>>\y — u/ Juy Tvdx — / guglvdw)
RN RN

— (/ (AugA(ug + ev) + Vi (z)ug(ug + ev))dz — u/ fug 7 (uo + ev)dx
o o

_/ gub ™ (ug —|—Ev)dx>.
Q

Then, for the fact ug € N. /\+ . and f (z) is a positive continuous function, we

have
0<e ((uo,v>,\,v — M/ fug Tvdx —/ gug_lvd:v>
RN RN

_5/ (AugAv + Vi (z)ugv) do + / gug_l(uo +ev)dz.
o o

(3.2)

Since the measure of the domain of integration Q_ = {z € RN : ug +ev < 0}
tends to 0 as € — 07, it follows that

| / (AugAv + Vy(z)ugv) dz| — 0.
Q.
Moreover, by (G) and Lemma 2.1, when € — 0, one has
’ / gub ™ (up + ev)da / gluo P vdx
_ Q

Dividing by € and letting € — 0 in (3.2), one obtains

(ug, v)a v — ,u/ fug Tvdx — / gub ™ wdz > 0.
RN RN

Since v is arbitrary, the inequality above holds for —v. Hence, for all v € X,
one has

— 0.

< 19l / gluol?dz + lg|os

(uo, v)a,v — ,u/ fug Tvdx — / gub'vdz = 0.
RN RN

Then wyg is a positive solution for (1.1). O

Lemma 3.2. Suppose that 0 < v < 1 and 2 < p < 2**, and the conditions
(F), (G) and (V1) — (V3) are satisfied. Then for (A, pu) € [A*, +00) x (0, u*),
I, has a minimizer vy in N;# such that Iy ,(vo) = Cx e
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Proof. On account of I, is also coercive on N, , we apply the Ekeland’s

w
variational principle to the minimization problem cy , = inf . NT Iy, (u),

there exists a minimizing sequence {v,} C N, v Oof In with the following
properties
() ex < Duulvn) <3, + 5

(i) Inu(v) = Dau(vn) = 5 llvn —o]-
Moreover, {v,} is bounded in X, then there exists a subsequence of
{vy, }(still denotes{v,}) such that

VU — Vg, in Xy,
Up, — Vg, 1 LP(RN)v pE [232**)7

with vg > 0. Then we have

lim f|vn\1_'yd33:/ flvol*~Vdz
N RN

n— oo R

and

n—oo

lim g|vn|pdx:/ glug|Pdx.
RN RN

We will show that vg # 0. If vy = 0, then v,, converges to 0 strongly in X},
which contradicts Lemma 2.5. Next, we prove that v,, — vg in Xy. If v,, /4 vg
in X then

ool = n [ fluol e = [ gluopda
RN RN
< liminf {|vn||§ v — u/ flop|' ™ Vda —/ gvn|pdx] =0.
n— 00 ’ RN RN
(3.3)
Since {v,} C Ny ,, we deduce from (2.4) that

p(1+ 7)/ Floo|' ™ Vdx + (2 —p)/ glvo|Pdx < 0.
RN RN

Consequently, one has [, glvo|Pdz > 0. Then by Lemma 2.5(ii), there exists
at” > 0 such that I}  (t7vo) = 0 and t7vg € Ny . Note that I}  (vo) # 0
by (3.3). Thus, t~ # 1. Since t v, — t" vy and t~ v, /> t~ vy in X,. Hence,

Iy, (t"vo) < Hminf Iy (¢ vp).
n—oo
Observe that Iy ,(tv,) attains its maximum at ¢ = 1. Thus, one obtains
Ixu(t™vo) < linrr_ligf Dt o) < nh—{)go Iy u(vn) = o
which is absurd. Therefore, we obtain that v, — vy in Xy. Since N, N " is
closed by Lemma 2.6, it follows that vy € N/\_u' By Lemmas 2.7 and 2.8,

similar to Lemma 3.1, we deduce that vy is also a positive solution of (1.1).
O
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Proof of Theorem 1.1. According to Lemmas 3.1 and 3.2, for (A, ) € [A*, +00)
x (0, u*), we know that (1.1) admits at least two positive solutions ug € N;H

and vo € Ny . Since N;H NNy, = 0, the two solutions are different. This
finishes the proof. O
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