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Abstract. Our main objective in this paper is to find all Pell-Lucas
numbers that are sum of same power of consecutive Pell numbers. So
we find all the solutions of the Diophantine equation

Py+ P+ + Popg1 = Qm

in positive integers m,n, k,x, where P; is the ith term of the Pell se-
quence and @Q; is the jth term of the Pell-Lucas sequence.

Mathematics Subject Classification. 11B39, 11J86.

Keywords. Pell numbers, Pell-Lucas numbers, linear form in logarithms,
reduction method.

1. Introduction
Let (P,)n>0 be the Pell sequence given by
Py=0,P =1 and P42 =2P, 1+ F,, for n>0.
The initial terms of this sequence are
0,1, 2, 5, 12, 29, 70, 169, ....
Its companion sequence is the Pell-Lucas sequence (Q,,),>0 given by
Qo=2 Q1=2 and Qni2=2Qn+1+ Qn, for n>0,
which initial terms are
2,2, 6, 14, 34, 82, 198, 478, 1154, ....
The Binet’s formulas for Pell and Pell-Lucas numbers are as follows:
P, — a’;\—/iﬁn and  Q, = a" + ", (1.1)

where o = 1++/2 and 8=1- /2 are the roots of the characteristic quadratic
equation 2 — 2o — 1 = 0. This easily implies that the inequalities

Q" ?< P, <ot forn>1 (1.2)
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and
a" < Q, <a™?t, forn>2. (1.3)

It is easy to prove that

P,
Pn+1

< forn > 2. (1.4)

\UC».')

The sequences (P,,)n>0 and (Qy)n>o satisty the following well-known prop-
erties (see [1, pp. 193-194]):

Qn=2(P,-1 + P,), (1.5)
P,i1—1
ZP — +—+17 (1.6)
and
" Py, + P +7
2 12n 2n+1
Sopp = Pl T (L.7)
where 7 = —1 if n is even and 7 = 1 otherwise.

In 2011, it has been proved that a term of the Pell sequence is never
a perfect higher power of another term and that a sum of same powers of
two consecutive terms cannot be a term apart from the family of identities
P2+ P2, = Pany1 (see [5]). Earlier, in 2020, some of the authors of this
paper gave a nice extension of this result, proving then that the Diophantine
equation

P4 PE 4+ Pfy = P

has only trivial solutions (see [3]).

In this paper, we look for all Pell-Lucas numbers that are sum of same
power of consecutive Pell numbers. So we investigate the following Diophan-
tine equation

PY4 Pl +- -+ Py =Qm. (1.8)
It is obvious that (m,n, k,z) = (1,2,1,1) is a solution of equation (1.8) since

= 1. Such a solution is called a trivial solution. We prove the following
theorem:

Theorem 1.1. The Diophantine Eq. (1.8) has only the trivial solution
(m,n,k,z) = (1,2,1,1) in positive integers (m,n, k, ).

We use Baker’s method to prove our main result.



MJOM Pell-Lucas Numbers as Sum of Same Power Page 3 of 17 252

2. The Tools

2.1. Linear Forms in Logarithms

The proof of our main theorem uses lower bounds for linear forms in loga-
rithms of algebraic numbers and a version of the Baker—Davenport reduction
method. So, let us recall some results. For any non-zero algebraic number «
of degree d over Q, whose minimal polynomial over Z is ag Hle (X — a(i))
(with ag > 0), we denote by

d
1
hia) = p <log ag + ; log max (1,
the usual absolute logarithmic height of a.

Let ay,as be two non-zero algebraic numbers, and multiplicatively in-
dependent. We consider the linear form

A :=bylog as — by log aq, (2.1)

NO)

where by and bs are positive integers. Without loss of generality, we suppose
that || and |as| are > 1. Put

D = [Q(ar, o2) : Q]/[R(ay, a2) = R].
Let By, By be real numbers larger than 1 such that

loga;| 1 .
o%a|7D}7 for 1=1,2,

log B; > max {h(ai),

and put
I |b1| |b2|
" DlogBy; DlogB;’
We note that A # 0 because o7 and as are multiplicatively indepen-

dent. The following result is due to Laurent, Mignotte and Nesterenko |2,
Corollary 2, p. 288].

Theorem 2.1. (Laurent, Mignotte, Nesterenko) With the above notations, as-
suming that aq, as are real and positive,
21 1

log|A| > —24.34D* <max {log v +0.14, =

2
L 2}) log By log Ba. (2.2)

2.2. Continued Fraction

In this subsection, we will present a property of continued fractions used in
this paper to reduce the upper bounds on x or m of the Diophantine Eq.
(1.8). We begin by recalling the following classical result in the theory of
Diophantine approximation, which is the well-known Legendre criterion (see
Theorem 8.2.4 in [4]).

Lemma 2.2. (i) Let 7 be real number and u,v integers such that

u 1
- — —. 2.3
‘T v‘ < 202 (2:3)
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1
P . S—
v‘ ~ (ags1 +2)02

(ii) If u,v are integers with v > 1 and

Then, u/v = pi/qx is a convergent of 7. Furthermore,
‘ u

[T — u| < |gxT — P,
then v > qpy1-

Finally, we recall the following lemma (see Theorem 8.2.4 and top of
p. 263 in [4]):

Lemma 2.3. Let p;/q; be the convergents of the continued fraction [ag,aq, . ..]
of the irrational number . Let M be a positive integer and put ap; :=
max{a;| 0 < i < N + 1} where N € N is such that qv < M < qny1. If
u,v € Z with uw > 0, then

1

m, fO’f' all w < M.
M

luy —v| >

3. Setup

In this section, we will study the cases of k € {1,2} and z € {1,2} and we
will give an inequality for m in terms of n, k, and x.

3.1. The Small Values of k

It is convenient to rule out the small values of k. We will later rule out the
case of small values of  in Sect. 7.

Note that it is well-known and it is easy to prove that P, is even if
and only if [ is even (see Lemma 2 in [6]). So, for every positive integer
n, P, + P,_1 is odd. From this, we deduce from (1.5) that for any positive
integer m, va(Qnm) = 1 (where v2(Q,,) denotes the 2-adic value of @), which
implies that the equation @,, = a® has no solutions in positive integers with
x > 2. In particular the Diophantine equation Q,, = P? (which corresponds
to our main equation for k& = 1) is not possible if x > 2. So, the case k = 1
leads to solve the Diophantine equation @,, = P,,. Observe that

Qn + Qn—l
4 )

P, = for n>1

and that

Qn72 < Qn +4Qn71
which implies that the Diophantine equation @,,, = P, has no solution with
n > 3. So, we check that the only solution in positive integers of the equation
Qm = P, is (m,n) = (1,2), so we obtained that the only solution of Eq. (1.8)
with k = 1is (m,n, k,z) = (1,2,1,1), as given in Theorem 1.1.

For k = 2, our main equation is Py + P7, | = Qp,, which has no solution
in positive integers since for each positive integers n and z, P + Py, | is odd
while @, is even for each positive integer m. So, we assume from now on
that k£ > 3.

<Qn_1, for m >3,
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3.2. An Inequality for m in Terms of n, k, x

Recall that we are working on Eq. (1.8) and we are now assuming that k& > 3
and z > 1. It is also easy to check by induction that

Pi+--+ P, <Py, forn>1. (3.1)
This and (1.2) give the inequalities
PI+ Py +- 4Pl > Py > ot
and
Pi+P;  + 4P < (Po+Pi+Po+- 4 Pryp1)”
<Py < o=l
Thus, we obtain
amth=8e < pr oy pr 44 PE < alrtRele
This and (1.3) give
m+k—=3)zx<m<(n+k—1)uz.
We record this as a lemma.
Lemma 3.1. If (m,n,k,x) is any nontrivial solution of (1.8) in positive in-
tegers, then we have the inequalities
m+k-=3)x<m<(n+k—1)z
3.3. The Case of Small Values of x

As for k, we find it convenient to rule out the case of small values of x, namely
the cases when z € {1,2}.
For x = 1, our Eq. (1.8) is

Pn+Pn+1+"'+Pn+k:71 :Qm7
which leads to

n+k—1
n +Pn k_l Pnfl'i‘Pn_l
P P— +k—-1 +
Z Z ;
:QnJrk_Qn
4 )

where we used (1.5). Since = 1, from Lemma 3.1, we have that n+k —3 <
m<n+k—1lieme{n+k—-3n+k—2n+k—1}

Assume that m = n + k — 3. Then, we get that Qp+r—3 = w,

i.e.
AQn k-3 = Qnit — Qn = 2Qnip—1+ Qunir—2 — Qn
- 5Qn+k72 + 2Qn+k73 - Qna

which is false as 4Q,41—3 < 5Qnik—2 + 2Qn4+k—3 — Qn.-
Assume that m = n + k — 2. Then, we get

AQnyr—2 = 5Qnik—2 +2Qnir—3 — Qn,
which is false as 4Q,4+1—2 < 5Qnik—2 + 2Qn+k—3 — Qn.-
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For m=n+k—1, we get
4Qn+k71 - 2Qn+k71 + Qn+k72 - Qn7

ie. 2Qntk—1 = Qnik—2 — Qn, which is false since 2Q,1x-1 > Qnir—2 — Qn.
For z = 2, our Eq. (1.8) is

P2+P2+1+ +P+k 1= Qm.
But using (1.7), we have

nfl p2_ i p2_ Donsokot Pongoe1 47 Ponat Pon1+6
J J S S
~ Qopyor—1 — Qan—1 L TZ¢
- 16 8
where 7 = —1 if n+k—1is even and 7 = 1 otherwise, and on the other hand
e=—1if n—11is even and € = 1 otherwise. So, we get

16Qm = Qantor—1 — Qan—1 +2(17 —¢)
= 2Qonyok—2 + Qontor—3 — Qan1 +2(T —¢)
= 5Qany2k—3 + 2Q2n12k—1 — Q2n—1 +2(T7 —€)
= 12Q2n12k—4 + 5Q2nt2k—5 — Qan—1 +2(7 —€). (3.2)

Since x = 2, from Lemma 3.1, we have 2n + 2k — 6 < m < 2n + 2k — 2,
ie.me {2n+2k —6,2n+ 2k —5,2n+ 2k — 4,2n + 2k — 3,2n 4 2k — 2}. We
will check for each possibility of m, whether (3.2) is satisfied or not.

If m € {2n 4 2k — 4,2n + 2k — 3,2n + 2k — 2}, then we have

16Qm > 16Q2n+2k—4 > 12Q2n42k—4 + 5Q2nt2k—5 — Qan—1 + 2(7 — €),

so that 16Q., # 12Q2n+42k—4 + 5Q2nt26—5 — Q2n—1 + 2(7 — ).
For m € {2n + 2k — 6, 2n + 2k — 5}, we obtain

16Qm < 16Q2n 215
< 12Q2n42k—4 + 5Q2nt2k—5 — Qan—1 + 2(T —¢€).

Hence, Eq. (1.8) has no solutions with = 2. So, we assume from now on
that x > 3 and k > 3.

4. Bounds on &, m in Terms of n + k

Recall that k > 3 and « > 3, so n+ k > 4 and m > 6. Now, using (1.1), we
express equation (1.8) in the following form:

o =Pl =P+ Pl g+ P o+ 07
which leads to
|O‘m*P;f+k—1|§Pz+Pm+1+ A+ Pk o+ 8™
Using inequality (3.1), one gets
Pr+P;  ++ P s < (Pho+Pop1+ -+ Puyr3)" <Pl o
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so that Py + Py + -+ Py, o <2P7 ;. 5. Then, we have
‘Oém - Prf—i—k—l‘ <2P7 . o+ 81" <3P7 . .
since P* ., > 1, while |3]™ < 1. If we divide both sides of the above
inequality by P7_, _; and use the inequality (1.4), we obtain
- Pure2\" 3 31
P —1<3 < <53 <3
o™ Py =1 (13n+k._1 93¢ ~ 238 ° 9

Let us now define the following linear form in two logarithms:

Ay :=mloga — xlog Pyyg_1- (4.1)

1
Using the fact that |[A1] < 2 |eA1 — 1| whenever |6A1 — 1| < 5 we get

|A1| <

T (4.2)

With the goal to get a lower bound for Ay, we apply Theorem 2.1 by fixing
a1 =, a9:=PFP,k-1, by:=m and by:=uz.
With this data we have ay,as € Q(\/ﬁ) Thus, we take D := 2. Since

1
h(an) = og o

and h(az) =log Pryr-1 < (n+k—2)loga,

we take log By :=1/2, log By := (n+ k — 2)log a. Thus,

m vr< (n+k—-1zx
2(n+k —2)log o 2(n+k —2)log o
where we used the fact that m < (n 4+ k — 1)z (see Lemma 3.1), as well as
the fact that (n+k—1)/ (2(n+k — 2)loga) < 1, for n+ k > 4.

Before we can apply Theorem 2.1, we have to show that a; and as are
multiplicatively independent. Indeed, since @ € OQ( /3) Whereas P, 1 does
not, then a7 and as are multiplicatively independent. Thus, Theorem 2.1
implies

log|A| > —24.34 x 2*(1/2)((n + k — 2) log a) max{log(2z) + 0.14,10.5}>
> —172(n + k — 2) max{log(2.4z), 10.5}2.

b=

+x < 2z,

Combining the above inequality with (4.2), we get
rlog(2.3) —log6 < 172(n + k — 2)(max{log(2.4x),10.5})%.

If the maximum in the right above is 10.5, then log(2.4x) < 10.5, which leads
to

x < 15,132. (4.3)
Otherwise, we get
rlog(2.3) —log 6 < 172(n + k — 2)(log(2.4z))>.
So
x < 670(n +k — 2)(logx)?,
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where we used the fact that log(2.4z) < 1.8logx, for > 3. Using the fact
that for A > 100
LQ <A yields y<4Alog® A,
log”y
with A :=670(n + k — 2) and y := x, we get
T < 4% 670(n+ k —2) (log(670(n + k — 2)))?
< 2680(n + k — 2) (6.51 + log(n + k — 2))°
< 2.9 x10°(n + k) log?(n + k), (4.4)

where we used the fact that 6.51 + log(n + k — 2) < 10.4log(n + k — 2),
for n + k > 4. Comparing (4.3) and (4.4), we conclude that inequality (4.4)
always holds. Moreover, inequality (4.4) and Lemma 3.1 give

m < (n4k—1)z < 2.9 x 10°(n + k)2 log?(n + k).
We record this as a lemma.

Lemma 4.1. If (m,n,k,x) is any nontrivial solution in positive integers of
Eq. (1.8) with x > 3, k > 3 and n+ k > 4, then we have the following
inequalities:

x < 2.9 x10°(n + k) log*(n + k)
and

m < 2.9 x 10°(n + k)*log®(n + k).

5. The Case of Small n + k

In this section, we will treat the case when 4 < n + k < 50. In this case, by
Lemma 4.1, we have

x < 2.9 x 10° x 50 x log? 50 < 2.22 x 108
and
m < 2.9 x 10° x 502 x log?50 < 1.11 x 10'°.

On the other hand, by Lemma 3.1, we have m < (n+ k — 1)z < 50z. Then,
from (4.1) and (4.2), it follows that

m log «v ol < 6
log Py k-1 (log Py k—1)(2.31/50)m

6
<
(log P3)(2.31/50)m
3.8
< W. (5.1)
So, we are in situation to apply Lemma 2.3. We choose
1
u:=m, v:=x -y:= ﬁ, (4<n+k<50) and

M :=1.11 x 10'°.



MJOM Pell-Lucas Numbers as Sum of Same Power Page 9 of 17 252

Using Maple package, we obtain that ap; < 177, for 4 < n + k < 50. Then,
Lemma 2.3 implies that

log o 1
—_— | 2| > = 5.2
" (logP,H_k_l) x‘ 179m (52)
If we compare (5.1) and (5.2) and use the fact that m < 1.11 x 10'°, we
conclude that

log(3.8 x 179 x 1.1 x 10'7)
log(2.31/59)
Next, since (n + k — 3)x < m, we have
z<m/(n+k—3)<1780/(n+k — 3).
A computer program with Maple revealed that there are no solutions to Eq.

(1.8) in the range n + k € {4,5,...,50}, m € [6,1780] and x € [3,1780/(n +
k—3)].

< 1780.

6. The Bound on =

From now on, we suppose that n+k& > 51. We will prove the following lemma.

Lemma 6.1. If (k,n,m,x) is any nontrivial solution in positive integers of
Eq. (1.8) with k > 3, x > 3, then z < 5.

Proof. We suppose that > 6 in order to get a contradiction. By Lemma 4.1,
we have
T 2.9 x 105(n + k) log®(n + k) 1
2(ntk—1) 2(nh—1) < Sk
where we used the fact that the inequality 2.9 x 10°(n + k)log®(n + k) <
a1t =2 holds for n + k > 23, which is the case for us. We now write

(n+k—1)x _1)ntk-1 z
P A e
n /2 a2(ntk—1)

If n+ k& —1is odd, then

(_1)n+k—1 z B 1 z
1< <1 T a2(ntk—1) =1+ o2(n+k—1)
1

T 1
< exp <7a2(n+k—1)) < exp Py

<1+—an+k,

1 _
because —— < %!
antk

A - N,
Z\t T 2 ) TP e ) TP arw ) T T R

is very small. If n + k — 1 is even, then
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. 1 51 - .
again because —— < a~°! is very small. Hence, we obtain

anJrk —
. B artk—1z (_1)n+k—1 z B antk—1)z ) 1
nbk—1= T grm (T T 2rke1) _W( + ), |C|<W'

In particular, |{| < 1/2, so that
(MR T 8E2 € ((2/3) Py g1, 2Py i1)-
Thus, we obtain

a(n«Hcfl)w nt+k—2

= (Y
j=n

Dividing both sides by a(*+tk=Dz /82/2 we get
amf(n+k71)m8z/2 - 1‘
1 8w/2 8w/2 ntk—2 .
<[¢l+ am <a(n+k1)z) + (a(nJrkl):r) Z PJ’
j=n
The fact that o("Th=1)e /8%/2 € ((2/3)PT |, 2P% ) gives

1 ge/2 _ 3 _ !
am a(n+k—1)m 2. amPrerkfl an—i—k :

Since Py/Pyi1 < 3/7, for £ > 2, it results that
8x/2 n+k—2 N
(Cyuk—n) 2. B
j=n
3 Pn+k—2>x (Pn+k—3>$ ( P, )3?)
<o () (R gy
2 <(Pn+k1 Pn+k71 PnJrkfl
() (+(32) (7))
2 Pn-‘rk—l Pn+k—2 Pn+k—2
< Lo (B) 4 (3) 4
2.3% 7 7
2.23

< .
2.3
Thus, we deduce that

2 2.23 - 5
antk + 2.3 9 3min{z,n+k}"

As x > 6, the above upper bound is smaller than 1/2, so

’amf(n+k71)z8a:/2 . 1’ <

10

|(m — (n+k —1)z)loga — zlog(2v/2)| < S g e i

(6.1)

The expression on the right is smaller than 1/2, so |m — (n + k — 1)z| < 2x.
Next, we apply Theorem 2.1 by taking

(o1,01) == (a,m — (n+k—1x), and (ag,b):= (2V2, ).
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Again K = Q(v/2) has D = 2. We take log By := 1/2, log By := (log8)/2.
Thus,

— k—1 2
b= m = (n+ )x‘+m<—x+x<2x.
log 8 log 8

So, Theorem 2.1 tells us that the left-hand side of (6.1) is bounded by
—203(max{log(2.4x),10.5})2.
This and (6.1) imply that
min{z,n + k}log(2.3) — log 10 < 203(max{log(2.4x), 10.5}).
If the maximum in the right above is 10.5, then log(2.4z) < 10.5 and so
x < 15,132. (6.2)
Otherwise, we get
min{z,n + k} log(2.3) — log 10 < 203(log(2.4x))?,
which leads to
min{z,n + k} < 550log® z,
where we used the fact that log(2.42) < 1.5log x, for x > 6. If
min{z,n + k} = z,
we get 2 < 5501og? . This implies
x < 70,000. (6.3)
Finally, it remains to consider the possibility
min{z,n + k} =n+ k.
In this case, we get n + k < 550log® 2. So, by Lemma 4.1, we get
n+k < 550 (log(2.9 x 10°(n + k) log®(n + k:)))2

< 550 (12.58 + 2log(n + k)))*
< 14,872log*(n + k),

where we used the fact that 2loglog(n+k) < log(n+k) and 12.58+2log(n+
k) < 5.2log(n + k), for n 4+ k > 51. Thus,

n+k<3.4x10°,
So, again by Lemma 4.1, we get
x < 2.9 x10° x 3.4 x 10°log?(3.4 x 10%) < 2.3 x 10M. (6.4)

In conclusion, from (6.2), (6.3) and (6.4), we have inequality (6.4). We now
go back to inequality (6.1) and divide it across by xlog v to obtain
log(2v2)  (n+k—1)z—m 10

— < - . 6.5
log o T x(log o) 2.3min{z,n+k} (6.5)
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Since x > 6, we have 2.37 > (20/log a)x. Furthermore, since n + k > 51, we
have

2.3k 2.351

> 12x 10" > .
(20/log ) ~ (20/log «) e *

To summarize, the assumption x > 6 implies
2.3min{m,n+k}
(10/ log o)

and, therefore, inequality (6.5) gives that

> 2z,

log(2v2)  (n+k—1)z—m 1

log o T 222"

Thus, Lemma 2.2 implies that that ((n + k& — 1)z — m)/x = p;/q; for some
convergent p;/q; of 7 := log(2v/2)/log a. The continued fraction of 7 starts
as

[1,5,1,1,3,3,1,1,7,3,1,1,.. ]

with the 32st convergent pss/qse satisfying gzo > 4.16 x 10** > x. Thus, by
Lemma 2.2, we have

[(m—(n+k—1)z)loga — xlog(Q\@)| > (loga)m — (n+k— 1)z — x|
> (log a)|ps1 — gs17| > 1.83 x 10715,

and now inequality (6.1) shows that

10 x 101°

2.3min{x,n+k}
REEEEE

< 5.5 % 10™.
This gives min{z,n 4+ k} < 40, so x < 40, since n + k > 51. The sequence of
convergents of 7 is

L6 T 13 46 151

57 67 117 397 128’

The only convergents of the form p;/q; with ¢ a divisor of x and z € [6,40]
are the first 5 numbers above. Thus, ¢t € {0,1,2,3,4}. For each one of them,
we get that ¢; |  so ¢ > ¢;. Thus, > max{6, ¢;}. Now, inequality (6.5)
implies that

10
(log o) max{6, q; }2.3max{6.a:} "

log(2v2)  p:
log o qt

We checked that this last inequality fails for ¢t € {0,1,2,3,4}. Thus, the
assumption x > 6 is false, therefore, x < 5 which is what we wanted. 0
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7. Final Computation

From now, we assume that 3 < x <5 and n+ k > 51. We take [ to be some
number in {n,n +1,...,n+ k — 1} such that [ > 25. For example, we can
take I = n+ |k/2] and then certainly [ > (n + k)/2 > 25 since n + k > 51.
Furthermore, if k < 26, then we can take | =n = (n+k) —k > 51 — 26 = 25.
We make these choices more precise later. Let j € {{+1,...,n+k—1}. We
have

T 5 a? 1
<< = —.
27 a2l+2 Q2l+2 a2l

T Oéjz (71)j ’
Py = ]7/2 <1 T2 > :
If j is odd, then

(—1)7\" 1\ 1
T 1
< exp (—azj) < exp 70[21

<1+

We now write

a2l

o2

(=1)7\" al® (2

We now return to our Eq. (1.8) and rewrite it as

1 _50 .. (=1 ’ 2

because —; < a””". If j is even, then 1 > {1 — ’ >1— 5. So, we
«

have

al® al®

= 890/2

ij o 8/2

ntk—1 g n+k—1 Qi
a™ 4 " =P 4 P 4+ PP 4 Z + > <j gw/2>'
Jj= l+1 Jj=l+1

Thus, we obtain

a(Hl)“" n+k—I01—2 .
m 1T
« T «
=0
n+k—1
=[-m+ > (j 8m/2)+P1+Pﬂ1+ -+ P
j=l+1
n+k—1
_am+ >|p 8~"’3/2 +P"’“+P“’+1+ -+ P

Jj=l+1
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n+k—1 T x
Py P
= E : P
+Jl+1j8m/2+l< <Pl>+<Pl)+>
n+k—1 :
1 adT (2 N 11
ot 2 w(w)*ﬂ (“s*:az* )
j=l+1
1 a(l+1)$ < 9 )n+k -2 ‘
— () Y +25ale (7.1)
m z/2 21
am 8/ a —

In the above chain of inequalities, we used the facts that P;/P;11 < 3/7 <
1/2.3 for i > 2, the fact that 2.3° > 3 since z > 2 and P? < a(=2
Multiplying both sides of the above inequality (7.1) by o~ (*tk=Dzg2/2 we

obtain

n+k—1—2
am—(n+k—1)m8m/2 _ Z a—ix

_ 8 2 "N L 25 x8%/2
— am-i—(n—i—k—l)w + ﬁ z(:) @ + a(n+k—l)$
7=
1 9 n+k—1—2

. 2.5
nthDz T g2l Z O i 12)s

A

N

3.5 3.5 3
a(ntk—1-1.2)z QZZ?’z antk—1-1.2)z +ﬂ

>0
6.5
amin{(n+k—1-1.2)x,21}

In the above, we used the fact that m > (n+k —3)z > 48z (see Lemma 3.1),
so a™ > a*8% > 8%/2 the fact that o > a® > 3, the fact that

7i_§
23 9

i>0

as well as the fact that v/8 < a!2. On the other hand, one has

3
+
ol
M7
|
[ )

Q

|

z

Il

where

1 1
Z ol o Z otT

i=0 i>0 i>n+k—1—1

B 1 1 1 1 1
T 1-1/a® a0tk T ar + a2® T

X

a1

1 1 1 1.5
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Hence, we obtain

amf(n+k71)x8x/2 _ o
ot —1
6.5
< amin{(n+k—1-1.2)x,2l} + |TI|
6.5 1.5
amin{(n+k—1-1.2)z,21} antk=i-1)x
8

< amin{(n+k—1-1.2)z,21} (72)
We want to show that (n+k—1—1.2)x < 5. Suppose that (n+k—1—1.2)x > 6.
Since 2] > 50, inequality (7.2) certainly implies that

o® 8 1

1
1= (73
a® —1 0/5—|—oﬂ“’—1<47 (7.3)

8
am—(n+k—1)z8r/2 —1| < — +
@
since x > 3. So, we obtain
1
|(m —(n+k—1)z)loga — (x — 1)log(2v2)| < 3

Hence, we have that |m — (n + k — 1)a| < 2z. We now take [ := n + |k/2].
Note that 21 > 50 since [ > 25. We then get

8
amin{(k—k/2]-1.2)2,50}

ar
a® —1

amf(n+k71)x8x/2 _

<

We checked that for x € [3,5], there is no integer ¢t := m — (n + k — 1)z,
t € (—2z,2x) such that

atSI/Q o

o® 8

a® —1 ab

The way we checked that was to check numerically that for every z in our
o

a®—1

range and for all t € [-2x 4 1,2z — 1], the minimum of |a!8%/2 — is

> 0.098 > %, which certainly shows that such ¢ cannot exist. This shows
that (k — |k/2] — 1.2)z < 5. Since « > 3, this shows that k — |k/2] — 1.2 <
1.7, so k — |k/2] < 2.9, showing that k¥ < 5. We now take | = n. Then,
l=(m+k)—Fk>51—5> 25, so this choice of [ is also valid. In this case,

we see that n +k —1— 1.2 =k — 1.2 > 0, so inequality (7.2) becomes

m—(nt+k—1)zQx/2 o 8
@ 8 a® — 1 < qmin{ (k—1.2)2,50} °

The preceding argument shows that (k — 1.2)x < 5 and since x > 3, we get
k < 2, which is a contradiction. Thus, there are no solutions with n+k > 51,
and this completes the proof of Theorem 1.1.
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