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Abstract. We consider a contact model with two contact zones, for lin-
early elastic materials, under the small deformation hypothesis. We pay
attention to four possible variational formulations: one of them is a vari-
ational inequality of the second kind and the other three are mixed vari-
ational problems governed by variational inequalities on convex sets of
Lagrange multipliers. We study the existence and the uniqueness of the
solution for each of the four variational formulations. Some connections
between these four weak formulations are also discussed. Our approach
requires a background knowledge in the variational inequalities theory
as well as in the saddle point theory.
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1. Introduction

In the present paper, we draw attention to the possibility to deliver alternative
variational formulations for contact models with multi-contact zones. Thus,
depending on the motivation we have, one of several possible variational
formulations can be picked. To exemplify, we consider a contact model with
two contact zones, as follows.

Problem 1. Findu: Q) — R3 and o : Q — S?, such that

Dive + f, =0 in Q,

o =¢&e(u) in £,

u=0 on T'y,

ov=f, on T'y,

w, =0, ol < g, 0r = —g 25 if ur 0 onTs,
o,=0,0,<0, u, <0, o,u, =0 on Iy,
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where u = (u;) is the displacement field and o = (0;;) is the Cauchy stress
tensor. Here, Q C R? is a bounded domain with smooth boundary I' parti-
tioned in four measurable parts, Iy, I's, I'3, I'4, such that all the parts have
positive measure; Q = Q UT. We denote by f, : @ — R? the density of
the volume forces, by f, : I'ys — R? the density of the surface traction, by
e = e(u) = (g45(u)) the infinitesimal strain tensor, e;;(u) = % (g:; + 31;’>
for all 4,5 € {1,2,3} and by & the elastic tensor. As usual, v is the out-
ward unit normal vector to the boundary I'. Also, by -, we denote the inner
product on R3, and by :, we denote the inner product on S?, where S? is the
space of second-order symmetric tensors of R? and by || - [|gs and || - ||gs we
denote the Euclidean norm on R3 and S?, respectively. The operator Div is

the divergence of a tensor, Divo = (ij:l aazi_j ), @ € {1,2,3}.
J

Problem 1 models the deformation of a body in contact with two rigid
foundations. On I's, the contact is frictional bilateral with a positive friction
bound g, and on I'y, we have a frictionless unilateral contact condition. It is
worth to underline that on I's, we do not know a priori in which points the
friction force vanishes, while I'y is a potential contact zone, because we do
not know a priori in which points we have contact. Recall that v, = u - v,
Ur =uU—u,V,0, = (0V) V,0, =0V —0,V,0V -U=0,U,+ 0 Ur.
For a background on the mathematical theory of contact mechanics models,
see, e.g., [7,13,18].

If our interest consists only in computing the displacement field w, then
we can choose the primal variational formulation consisting in a variational
inequality of the second kind, or, for a more efficient approximation of the
weak solution, we can choose a mixed variational formulation consisting of a
variational equation and a variational inequality.

If, in addition to u, we are interested to compute the friction force
o, then a mixed variational formulation governed by a Lagrange multiplier
related to o can be helpful. Or, if we are interested to compute the reaction
of the foundation —o,, then a mixed variational formulation governed by a
Lagrange multiplier related to o, becomes convenient. In the last two cases,
the weak formulations consist of systems of two variational inequalities.

The solvability of the weak formulations we deliver is based on the
theory of variational inequalities and requires some elements of the saddle
point theory. For a background on the variational inequalities of the second
kind, the reader can consult, e.g., [18,19], and for useful elements in the theory
of the saddle point theory related to the solvability of mixed variational
problems, we refer to, e.g., [1,2,6,8]. Relevant to the matter are also the
papers [4,5,11,12].

The present paper is structured as follows. In Sect. 2, we review four
abstract results related to a variational inequality of the second kind and three
saddle point problems. In Sect. 3, we introduce the functional setting and the
working hypotheses. In Sect. 4, we deliver four weak formulations. Section 5 is
devoted to the weak solvability of these four variational formulations paying
attention to the connection between them.
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2. Preliminaries

Everywhere in this section (X, (-, )x, |- ||x) and (Y, (-,")y, || - ||y) are Hilbert
spaces. We make the following assumptions:

A 1l. a: X x X — R is a symmetric, bilinear form, such that
(i) there exists M, > 0: |a(u,v)| < M, |lullx ||v||x for all u,v € X;

(ii) there exists m, > 0: a(v,v) > m, |[v|% forallve X.

A 2. b: X xY — Ris a bilinear form, such that
(a) there exists My > 0 : |b(v, u)| < My ||v||x ||p]ly for all v e X, p €Y,

. . b(v,
(b) there exists o > 0 : inf ey, 20, SUD,e X020 ||11||(X’u) > a.

lelly —

A 3. ¢: X — Ry is a convex functional. Moreover, ¢ is a Lipschitz continu-
ous functional, i.e., there exists Ly > 0:

|p(v) — d(w)| < Ly [[v —w||x forall v,w e X.
A 4. A is a closed, convex subset of Y that contains Oy-.
A 5. K is a closed, convex subset of X that contains Ox.

First, we focus on the following variational inequality of the second kind.

Problem 2. Given f € X, find u € K, such that
a(u,v —u) + ¢(v) — p(u) > (f,v—u)x forall ve K C X.

Theorem 1. The assumptions A 1, A 3 and A 5 hold true. Then, Problem 2
has a unique solution, u € K.

For a proof of Theorem 1, the reader can consult, e.g., Theorem 3.1 in
[19].

Notice that the unique solution of Problem 2 is the unique minimum of
the functional

TiK R, J()= galv,0) +6(0) - (F0)x.

To proceed, we review three useful saddle point problems, Problems
3,4, 5, below.

Problem 3. Given f € X, findue X and A€ A CY, such that
a(u,v) +b(v, ) = (f,v)x forallve X
b(u,p—A) <0 for all € A.

Theorem 2. The assumptions A 1, A 2 and A 4 hold true. Then, Problem 3
has a unique solution, (u,A) € X x A.

For a proof, we send the reader to, e.g., Corollary 2 in [4].



228 Page 4 of 16 M. Chivu Cojocaru, A. Matei MJOM

Notice that a pair (u, A) € X X A is a solution of Problem 3 if and only
if it is a saddle point of the following functional:

1
Ly :XXAHRv Ll(vvu):ia(v7v)_<f7v)X+b(Uvﬂ);

this motivates us to consider Problem 3 a saddle point problem.
Problem 4. Given f € X, findu e K C X and A€ A CY, such that
a(u,v —u) +blv —u,A) > (fv—u)x  foralveK
blu,pp— X)) <0 for all p € A.
Theorem 3. The assumptions A 1, A 2 (a), A 4 and A 5 hold true. If, in

addition, A CY is a bounded subset, then Problem 4 has a solution (u,\) €
K x A, unique in its first component.

For details, see, e.g., Remark 3 in [4].
Notice that a pair (u, A) € K x A is a solution of Problem 4 if and only
if it is a saddle point of the following functional:

1
Ly KX A—R,  La(v,0) = 5a(v,0) — (£,0)x +b(o, ).
Thus, Problem 4 can be considered a saddle point problem.

Problem 5. Given f € X, findu e X and A€ A CY, such that
a(u,v —u) +b(v —u, ) + o(v) — p(u) > (f, v —u)x forallve X
blu,p—A) <0 for all p € A.

Theorem 4. The Assumptions A 1-A 4 hold true. Then, Problem 5 has a
solution (u,\) € X x A, unique in its first component.

For a proof, we send the reader to, e.g., Theorem 3 in [4]. Similar tech-
niques can be found in, e.g., [5,11].

Notice that a pair (u, A) € X x A is a solution of Problem 5 if and only
if it is a saddle point of the following functional:

L Xx AR, Lyfv,m) = a(v,0) +6(0) — (f,0)x +b(o, ).

Hence, Problem 5 is a saddle point problem, too.

3. Functional Setting and Working Hypotheses

To start, we remind some useful Hilbert Lebesgue spaces.
o L2(0) = {v = (v;)| vi € L?(Q2), 1 < i < 3} endowed with the inner
product (u,v)r2(q)s = Z?Zl Jouivide = [, u-vda and the associated

5 1/2
norm v 12(q)s = (Zi:l Jo i v dx)

o L2033 = {7 = (74;)| 7ij € L*(R), 1 < i,j < 3} endowed with
(0, 7T)r2()sxs = Z?,j:l JoijTijdz = [, o @ Tdr and the correspon-

. ) 1/2
ding norm |7 z2(q)sxs = (Zij:l fQ Tij Tij dx) .
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o L2()*3 = {1 = (145)| 745 = 75: € L*(Q), 1 < i,j < 3}, endowed
with (o, T)r2()psxs = (0, T)r2(Q)sxs, and the norm |lo||p2(q)sxs =
HO'HL2(Q)3><3.

Subsequently, we introduce some useful Hilbert Sobolev spaces.
e HY(Q)? = {v = (v;)| vi € HY(Q), 1 < i < 3} endowed with the
canonical inner product
3 3
(u,v)g1(o)s = Z(ui,vi)Lz(Q) + Z(Vuh Vi) L2()s,
i=1 i=1
and the associated norm

3
0]l 0y = vaznm + ) IVoill3e g
=1

Furthermore, H'(Q)? can be endowed with the following particular
inner product:

((u,v))H1(Q)3 = (U,,'U)L2(Q)3 + (E(u),E(U))L2(Q)3x3 for all u,v € Hl(Q)B
and the associated norm
ol @y = ([olZ2)s + le(@)l|72(qpexs)/? for all v € H'(Q)?,

where € : H'(Q)3 — L%(Q)**3, e(u) = 2(Vu + Vu’) is a linear and
continuous tensor; see, e.g., [18].

Recall that there exists a constant ¢ > 0, such that, for all v € H'(Q)3?,
we have

3 3 3
Z/ v; v do +Z/ Vo; - Vv, dz <C<Z/ v; v; do + / e(v):s(v)dx); (1)
i=179 i=178 i=1"% /2

see for instance [9]. Thus, we deduce that || - || z1(q)s is equivalent with
Il Il zr1 ()2 - Therefore, the space (H ()3, ((-, N @yss - | )s) is
a Hilbert space.

HYA(T) = (1))
= {w = (w1, ws, w3)" | w; € HY*(), 1<i<3}.

This space is endowed with the following inner product:

3
(X W) g2(rys = Z(Xi, Wi) /2 (r)
3 .
Z Yis wz L2() + Z/ / X’L Xi |x))_(y7“(3:l7) wl(y))ds(a:)ds(y)

and the corresponding norm

_ 2 1/2
|wll 12 (0ys = (||w||2L2 ()3 +/F/F(w<m)w(7mds(sc)ds(y)> )

e -yl
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For more details about the Hilbert spaces HY/?(T') and HY/?(T')3, the
reader can consult, e.g., [7,14]. Relevant to the matter are also, e.g.,
[10,15].

Recall that v : H'(Q)® — L2?(T")% is a linear, continuous and com-

pact operator and v : H'(Q)? — H'Y2(I')® is a linear, continuous and
surjective operator. Furthermore, there exists a linear, continuous operator
1: HY2()? — HY(Q)3, such that v(1(€)) = & for all & € H/?*(T). The
operator [ is called the right inverse of the trace operator =y.

To proceed, we introduce useful closed subspaces of the space H'(£2)3.

o Xg={ve H (Q)?|vyv=0ae onl}, meas(I'y) > 0; see, e.g., [18].

Recall that there exists cx = cx(2,T1) > 0, such that
||€(’U)||L2(Q)3><3 > CKH|'U|||H1(Q)3 for all v € Xj. (2)

This is the Korn’s inequality and for a proof of it the reader can consult,
e.g., [16]. Let us introduce the following inner product:

(), = [ e efo)do = (e(u).e(0) o

with the corresponding norm

1/2
follx, = ([ etw) e)ar) " = ew)laap

Using Korn’s inequality, we get the equivalence between |||- ||| 1 (q)s and
Il - Il x,- Therefore, (Xo, (-, ) x,, | - || x,) is & Hilbert space. Furthermore,
there exists a positive constant cg, such that
7ol 2(ry)s < col|v|x, forall v € Xo. (3)
Let us introduce a subspace of the space X as follows:
X={veXy|v,=0ae onTs}, (4)
where v, = yv - v. As it is known, the space (X, (-, )xo, | - l|lx,) is a

Hilbert space; see, e.g., [18].

S =vX)={w=~v aeonT, ve X} Wesent the reader to,
e.g., Proposition 2.1 in [12] for a proof of the fact that ~(X,) and
~(X) are closed subspaces of the Hilbert space H'/?(T")%. Therefore,
(S, (', ')H1/2(F)3, || . HH1/2(F)3) is a Hilbert Space.

e Y =5’ Y being the dual of S.
e We also need a convex subset of X as follows:

H 1.
(a)
(b)

H 2.

K={veX|v,<0 ae. onTly}. (5)
The set K is a nonempty, unbounded, closed, convex subset of X con-
taining Ox.
In the study of Problem 1, we admit the following hypotheses:
E = (Eijr) : S* — S% is a fourth-order tensor, such that
Eo:T=0:E1 forall o,7€S?
there exists mg > 0 such that ET: 1 > mgHTH§3 for all T € S3.
fO € L2(Q)31 f2 € L2(F2)3a g > 0.
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4. Weak Formulations

Let w and o be smooth enough functions which verify Problem 1. For all

v € X, we have
/Divo‘~vdx+/f0~vdx:0.
Q Q

Using a Green formula for tensors, see, e.g., page 89 in [18] and taking into
account the boundary conditions, we get

/a’u~'yvdI‘—/cr:e(v)dx—i—/fo-vdw:() for all v € X.
r Q Q

Notice that ov - yv =0, v, + 0+ - v+ = 0+ - v, on I's. Furthermore,
since v; = yv — v, = ~yv on I's, we obtain that ov -yv = o, - yv on I's.
Consequently

/au-'yvdF:/ o, -~yvdl' forall veX.
Ts T

On the other hand, ov - yv = 0, v, on I'y. Therefore
/ ov-~vyvdl :/ oyv-~yovdl for all v € X.
F4 1—‘4

Then, for all v € X, we obtain

/ Ee(u) : e(v)dx —/ o, -yvdl —/ oy - yv dl'
Q F3 Iy

= [ fo-vdr+ fo-yovdl. (6)
Q I

By (6), for all v € X, we can write

/ Ee(u): (e(v) —e(u))dz — / or - (yv —~yu)dl
Jo

JI'g

*/Qfo'(v*u)dw*/mﬂw-(‘rv*VU)dF=/FZf2-(—yvf'yu)dF. (7)

Let us define a bilinear form as follows:
a: X xX >R, alu,v)= /Qé'e(u) ce(v)dr  forall w,ve X. (8)
The form a is well defined. Indeed
/Q Ee(u)(@) : e(v)(@) dz = (Ne(e(w)), e(v))p2(aysss.

where Ng : L2(Q)%3 — L2(Q)**3, Ne(e(u))(z) = E(e(u)(x)) for ae.
x € Q is the Nemytskii operator; see, e.g., page 370 in [17].

In addition, by the Riesz’s representation theorem, we define f € X as
follows:

(f,v)X:/ fo-vde+ fo-yvdl for all v e X. (9)
Q I
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4.1. The First Weak Formulation

Due to the boundary conditions on I'y, by taking v € K, we can write

—/ auu~(7v—’yu)dF:—/ o,v-yodl <0.
F4 F4

Based on relations (7), (8) and (9), for all v € K, we get
a(u,'u—u)—/F or (yo—~vyu)dl' > (f,v —u)x. (10)
Let us define a functionzl as follows:
6:X =Rps 0v) = [ gllorlzsar. (11)
We observe that for all v € K 3
[ orwdr < [ Jorlslroldr < [ glorfwdr = ofo).
T I I

[ ot = [ glurfdr = o).
Fg FS
As a result
o)~ 0w = - [ o0 (o= qur.
I's
Therefore, we arrive at the following weak formulation.

Problem 6. Given f € X, findu € K C X, such that
a(u,v —u) + ¢(v) — p(u) > (f,v—u)x forallve KCX.
4.2. The Second Weak Formulation

Let us introduce the Lagrange multiplier Ay € X’ as follows:

(A2, v)xr.x = —/ o ~'yvdF—/ oyv, dl’ for all v € X,

F3 F4
where (+,-)x/ x denotes the duality pairing between X’ and X; herein and
everywhere below, X’ stands for the dual of X.

Let us introduce the following set of the Lagrange multipliers:

N ={peX'| (pv)x x < / gllvr||rs AT for all v € K}.
I's

Keeping in mind the boundary conditions on I's and I'y, we immediately
deduce that Ay € Ay. Afterwards, we define a bilinear form

b:X x X' >R, g(v,u):(u,v)xz,x forall ve X, pe X'. (12)
According to (6), we can write
a(u,v) +b(v, X)) = (f,v)x forall v e X,

where the forms a and b were defined in (8) and (12), respectively, and f was
introduced in (9). On the other hand

) < [ gllurlesdl forall e A
Ir's
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and

b(ua )\2) = ()\25 u)X',X

—/ O'T-'yudF—/ oy, dI'
Fg F4

/ gllus lgsdT.
s

blu, b — Ag) <0 for all p € As.

As a consequence

Therefore, we can state the following variational formulation.

Problem 7. Given f € X, find u € X and Ay € Ay C X', such that
a(u,v) +b(v,Ay) = (f,v)x forallve X
Z(U,H—AQ) <0 for all p € As.
4.3. The Third Weak Formulation
Let us define the Lagrange multiplier A3 € Y

Az, w) = —/ o, -wdl for all w e S;
s

228

herein and everywhere below, (-,-) denotes the duality product between Y

and S.
We also define a set of Lagrange multipliers as follows:

As={peY | (pw)< / g ||lwl||gs AT for all w € S}.
I's

Due to the boundary conditions on I's, we deduce that A3 € Ag.

We define now a bilinear form as follows:

b: X xY — R, bv,p) = (u,yv) forall ve X,ueY.
According to (10), we can write

alu,v —u) +b(v—u,A3) > (f,v—u)x forall vekK,

(14)

(15)

(16)

where a and b are the forms introduced in (8) and (15), f € X is the element

defined in (9), and K is the set defined in (5).
Furthermore

b(u, ) < / gllur||gs AT for all p € As.
r's
On the other hand
b(uaA?)) = <A3u’7'u’> = _/

o qudl = [ gl s ar
T3 I's

As a consequence
b(u,pu—A3) <0 forall pe As.

By (16) and (17), we arrive at the following weak formulation.

(17)
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Problem 8. Given f € X, findu € K C X and A3 € A3 C Y, such that
alu, v —u) +b(v —u,A3) > (f,v—u)x forallve K
blu,pp—A3) <0 for all p € As.
4.4. The Fourth Weak Formulation
Let us consider a Lagrange multiplier A4 € Y, such that

<A4,w>:—/ o,w-vdl' forallwe S
Iy

and the set of the Lagrange multipliers as follows:
A={peY | (p w)<0 forall wesS suchthat w v <0 a.e. ony}.

Since o, < 0 a.e. on I'y, it results that Ay € A4.
Keeping in mind (7), (8), (9) (11) and (15), we get

alu,v —u) +b(v —u,A\y) + ¢p(v) — p(u) > (f,v—u)x forallveX.

(18)
Furthermore
b(u,pu) <0 forall pe Ay
and
b(u,Ag) = (Mg, yu) = —/F oyyu -vdl = 0.
As a result 4
blu,pu—Ay) <0 forall pe Ay (19)

By (18) and (19), we arrive at the following variational problem.

Problem 9. Given f € X, findu € X and Ay € Ay C Y, such that
alu,v —u) +b(v —u,A\y) +d(v) —p(u) > (f,v—u)x forallveX
blu,p—Ay) <0 for all p € Ay,

where a, ¢, f, and b are those introduced in (8), (11), (9), and (15).

5. Main Results

In this section, we focus on the weak solvability of Problem 1 using succes-
sively the four variational formulations delivered in Sect.4. Our first result is
the following existence and uniqueness result regarding Problem 6.

Theorem 5. We admit hypotheses H 1 and H 2. Then, Problem 6 has a unique
solution, u; € K.

Proof. We note that X defined in (4) is a Hilbert space. Obviously, K defined
in (5) is a closed, convex subset of X, such that it contains Ox. Therefore,
the assumption A 5 holds true.

The form a in (8) is a symmetric and bilinear form. Moreover, (i) in the
assumption A 1 holds true. Indeed
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/QSE (v)(z) dz

< [ Iee@(@lles le(w)(@) s do
mas (€ / Je(w) @)l (o) (@) do

1/2
maxw”kz(/ le(u ||Sa) (/ le(w Sedx)

max [E;jl [|u]l x, [|v]lx,-
1,5kl

a(u,v)| =

I A

I A

Thus, we can choose M, = max; j k.1 |Eijkil-
To prove (ii) in the assumption A 1, we evaluate

a(v,v)

Ee(v)() : € M>/mﬂ€ 2)|% de
Q

= mslls(v)llizm)sxs = mel|v[|%,.

We can take m, = mg. Therefore, the assumption A 1 holds true.

Furthermore, the assumption A 3 is fulfilled. It is obviously that the
functional ¢ in (11) is convex. Let us show that ¢ is a Lipschitz continuous
functional. We write

p(v) — d(u)| = ‘/F (gllvr (®)]lrs — gllur (2)]|rs) AT

<g / o7 () — 1y () e T

< gv/meas(Ta)lvo — yullpaqryys
< ¢o gv/meas(Ts)||v — ul|x,,

where ¢y > 0 is the constant in (3). Therefore, we can take Ly, =
co gv/meas(Ts).
Therefore, we can apply Theorem 1. 0

To proceed, we focus on the solvability of Problem 7.

Theorem 6. We admit the hypotheses H 1 and H 2. Then, Problem 7 has a
unique solution, (U2, A2) € X x As.

Proof. The assumptions A 1, A 2 and A4 are fulfilled. Hence, we can apply
Theorem 2. 0

Subsequently, we deliver a characterization of the solution (s, A2) in
terms of the unique solution of Problem 6, u;.

Let u; € K be the unique solution of Problem 6. Next, we define A\; €
X' as follows:

A, v)x x = (f,v)x —a(ug,v) forallve X. (20)
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Proposition 1. If u; € K is the unique solution of Problem 6 and A1 is the
element of X' defined in (20), then (w1, A1) is the unique solution of Problem
7.

Proof. Setting v = 0 and v = 2uq, respectively, in Problem 6, we deduce
that

a(ur, ur) + ¢(ur) = (f, 1) x. (21)
And from this, keeping in mind Problem 6
a(uy,v) + ¢(v) > (f,v)x for all v € K.
As a result
o(v) > (f,v)x —a(uy,v) for all v € K.

Hence, keeping in mind (20), we immediately observe that A; € As.
On the other hand, by (20), it is straightforward to see that

a(uy,v) +b(v, A1) = (f,v)x for all v € X. (22)
Moreover, for all p € Ao, keeping in mind the definition of Ag, we have
b(us, 1) < Hlur). (23)
Due to (21), we can write
¢(u1) = (f,u1)x —a(ug, u).
Using now (20), we get
b(ui, A1) = ¢(uy). (24)
By (23) and (24), we get
blug, p— A1) <0 forall p€ As. (25)

As a consequence, due to (22) and (25), the pair (w1, A1) € K X Ag where
u; is the unique solution of Problem 6 and A; is defined in (20) is a solution
of Problem 7. However, Problem 7 has a unique solution (w2, A2) € X x As.
We conclude that us = uq and Ay = Aq. O

Remark 1. According to Proposition 1, the first component of the unique
pair solution of Problem 7 is the unique solution of Problem 6. Also, it is
worth to underline that us € K.

Remark 2. Proposition 1 allows us to give a new characterization of the
unique solution of Problem 6. Indeed, the unique solution u; of Problem 6 is
the first component of the unique saddle point (ug, As) of the functional

1
L:XxA—R, Lv,u)= ia(v,v) —(f,v)x +b(v, ).
Afterwards, we pay attention to Problem 8.

Theorem 7. We admit the hypotheses H 1 and H 2. Then, Problem 8 has a
solution (us, A3) € K X Ag, unique in its first component.
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Proof. The form b defined in (15) is bilinear. To verify (a) in the assumption
A 2, we can write
b(v, )| = [{p y0)| < lplly Vol ey < ellplly vl e
< cycllelylllvlllm@ps < k' e ellplly vlx,,

where ¢k > 0 is the constant in the Korn’s inequality (2), ¢ > 0 is the
constant in (1) and ¢, > 0 in the constant in the trace theorem. We can
choose My = cl}l Cy C.

The assumptions A 1, A 2 (a), A 4 and A 5 hold true. We claim that
A3z in (14) is a bounded set. Indeed, let u € Az. Then

(yv) _ Sy 9lor s AT _ g \/meas(Ts) [vollueey s

lvllx, ~ vl x, vl x,
< cogv/meas(Ts),

where ¢o > 0 is the constant in (3). Consequently

llelly < co gy/meas(Ts) for all p € As.

As A3 is a bounded subset of the Hilbert space Y, we can apply Theo-
rem 3 to obtain the existence of a solution (uz, A3z) € K x Az which is unique
in its first component. g

Remark 3. We observe that us € K. However, the equality us = wu; is left
open.

Finally, we address Problem 9.

Theorem 8. We admit the hypotheses H 1 and H 2. Then, Problem 9 has a
solution (ug, Ag) € X X Ay, unique in its first component.

Proof. Clearly, the set of the Lagrange multipliers A4 is a closed, convex
subset of Y which contains Oy .

In addition, A4 is an unbounded subset of Y, since there exists a
sequence (fin)n C A4, such that ||u,lly — oo as n — oo. Indeed, we can
construct a sequence (g, )n, such that for each positive integer n, p, = n o,
where 1o € Ay is defined as follows:

(1o, w) = () -v(z)dl' forall weS.
Iy
If w € S, such that w - v <0 a.e. on I'y, then
(x) - v(x)dl <0.
Iy
Thus, pg € Ay. As aresult, p, =npug € Ay for all n € N.
Furthermore, for all positive integers n
[nlly = nllpolly-

Passing to the limit as n — oo in this last relation, we are lead to ||, |y — oo.
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Let us prove the inf-sup property of the form b, i.e., (b) in the assumption
A 2. Using similar arguments with those used in [3,12], we can write

_ (B, w) b(z, p)
|plly =  sup ——— < T
weS, w#0g ||U’||Hl/2(r)3 z€X,vz#£0g ||’YZ||H1/2(F)3
b(l b(l
< s (Uvz), 1) <& sup (Uvz), 1)
zeX,v2#0s V2| 2y zex,i(v=)20x ILY2)[|m ()3

- b(v,
<q sup (v N).
vEX,v#0x ||'UHX0

Thus, we can take a = ¢ ' to conclude that the assumption A 2 (b) is
fulfilled.

Since the assumptions A 1- A 4 hold true, we are going to apply Theo-
rem 4 to get the conclusion. 0

Remark 4. The equality w4 = u; is an open question.

Author contributions Both authors have contributed equally in writing this
article. Both authors approved the final manuscript.

Funding None.
Availability of Data and Materials Not applicable.

Declarations

Conflict of Interest The authors have no competing interests to declare.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

Springer Nature or its licensor holds exclusive rights to this article under a
publishing agreement with the author(s) or other rightsholder(s); author self-
archiving of the accepted manuscript version of this article is solely governed
by the terms of such publishing agreement and applicable law.

References

[1] Boffi, D., Brezzi, F., Fortin, M.: Mixed Finite Element Methods and Appli-
cations, Springer Series in Computational Mathematics 44. Springer, Berlin
(2013)

[2] Braess, D.: Finite Elements. Theory, Fast Solvers, and Applications in Solid
Mechanics, 2nd edition, Cambridge University Press, Cambridge (2001)

[3] Cojocaru, M.C., Matei, A.: Well-posedness for a class of frictional contact

models via mixed variational formulations. Nonlinear Anal. Real World Appl.
47, 127-141 (2019). https://doi.org/10.1016/j.nonrwa.2018.10.009


https://doi.org/10.1016/j.nonrwa.2018.10.009

MJOM Variational Approaches for Contact Models... Page 15 of 16 228

[4] Cojocaru, M.C., Matei, A.: On a class of saddle point problems and convergence
results. Math. Model. Anal. 25(4), 608-621 (2020). https://doi.org/10.3846/
mma.2020.11140

[5] Ciurcea, R., Matei, A.: Solvability of a mixed variational problem. Ann. Univ.
Craiova 36(1), 105-111 (2009)

[6] Ekeland, I., Témam, R.: Convex Analysis and Variational Problems, Classics
in Applied Mathematics, 28, STAM (1999)

[7] Han, W., Sofonea, M.: Quasistatic Contact Problems in Viscoelasticity and
Viscoplasticity, American Mathematical Society/International Press. Studies
in Advanced Mathematics, 30 (2002)

[8] Haslinger, J., Hlavdcek, 1., Necas, J.: Numerical methods for unilateral prob-
lems in solid mechanics, in Handbook of Numerical Analysis, J.-L. L.P Ciarlet,
ed., IV, North-Holland, Amsterdam, pp. 313-485 (1996)

[9] Kikuchi, N., Oden, J.T.: Contact Problems in Elasticity: a Study of Variational
Inequalities and Finite Element Methods. STAM, Philadelphia (1988)

[10] Kufner, A., John, O., Fuéik, S.: Function Spaces, in: Monographs and Text-
books on Mechanics of Solids and Fluids; Mechanics: 406 Analysis, Noordhoff
International Publishing, Leyden (1977)

[11] Matei, A.: Weak solvability via Lagrange multipliers for contact problems
involving multi-contact zones. Math. Mech. Solids 21(7), 826-841 (2016)

[12] Matei, A., Ciurcea, R.: Contact problems for nonlinearly elastic materials: weak
solvability involving dual Lagrange multipliers. ANZIAM J. 52, 160-178 (2010)

[13] Migdrski, S., Ochal, A., Sofonea, M.: Nonlinear Inclusions and Hemivariational
Inequalities. Models and Analysis of Contact Problems, Springer, New York
(2013)

[14] Monk, P.: Numerical Mathematics and Scientific Computation. Finite Element
Methods for Maxwell’s Equations. Oxford University Press, Oxford (2003)

[15] Necas, J.: Direct Methods in the Theory of Elliptic Equations, Springer, New
York (2012)

[16] Necas, J., Hlavdcek, I.. Mathematical Theory of Elastic and Elastico-Plastic
Bodies: an Introduction. Elsevier, Amsterdam (1981)

[17] Renardy, M., Rogers, R.C.: An Introduction to Partial Differential Equations,
2nd edition, Springer, New York (2004)

[18] Sofonea, M., Matei, A.: Mathematical Models in Contact Mechanics. Cam-
bridge University Press, Cambridge (2012)

[19] Sofonea, M., Matei, A.: Variational Inequalities with Applications. A study of
Antiplane Frictional Contact Problems, Springer, New York (2009)


https://doi.org/10.3846/mma.2020.11140
https://doi.org/10.3846/mma.2020.11140

228 Page 16 of 16 M. Chivu Cojocaru, A. Matei

Mariana Chivu Cojocaru

Doctoral School of Sciences

University of Craiova

Al Cuza 13

200585 Craiova

Romania

e-mail: chivumarianaflorentina@yahoo.com

Andaluzia Matei

Department of mathematics
University of Craiova

Al Cuza 13

200585 Craiova,

Romania

e-mail: andaluzia.matei@edu.ucv.ro

Received: November 9, 2021.
Revised: January 22, 2022.
Accepted: August 6, 2022.

MJOM



	Variational Approaches for Contact Models with Multi-Contact Zones
	Abstract
	1. Introduction
	2. Preliminaries
	3. Functional Setting and Working Hypotheses
	4. Weak Formulations
	4.1. The First Weak Formulation
	4.2. The Second Weak Formulation
	4.3. The Third Weak Formulation
	4.4. The Fourth Weak Formulation

	5. Main Results
	References




