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Abstract. In the present paper, we discuss the rate of the approximation
by Marcinkiewicz-type matrix transform of Vilenkin—Fourier series in
LP(G2,) spaces (1 < p < o0) and in C(G2,). Moreover, we give an
application for functions in Lipschitz classes Lip(a, p, G?n) (a>0,1<
p < 00) and Lip(a, C(G2,)) (a > 0).
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1. Introduction and Auxiliary Propositions

At first, we give a brief introduction to the theory of Vilenkin-Fourier anal-
ysis. We follow the notation and notion of the book [24]. Denote by N the
set of positive integers, N := N, U{0}. Let m := (mg, m1,...) be a sequence
of positive integers not less than 2. Denote by Z,,, :={0,1,...,m, — 1} the
additive group of integers modulo m,,. Define the group G,, as the complete
direct product of the groups Z,,, with the product of the discrete topologies
of Zy,, ‘s. It has countable base given by the family

Iy (z) := Gy,
I(z):={y € Gm | yo =20, Yn-1 =Tn—1} (¥ € Gp,n € N;).

The direct product p of the measures

Hn ({J}) = 1/mn (Je Zmn)

is a Haar measure on G,, with u(G,,) = 1.
If the sequence m is bounded, then G,, is called a bounded Vilenkin
group; otherwise, it is called an unbounded one. In case of m = (2,2,...), we
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get G2, the so-called Walsh group. The elements of GG, are represented by
sequences

= (20, X1y s Tnyev.) (T €L, -

Let us denote I, := I, (0) for n € N. We define the so-called generalized
number system based on m in the following way:

My :=1, Myy1 :=m,M, (neN).

Then, every n € N can be uniquely expressed as n = chzo ng Mj,, where
ng € Zm, (k € N) and only a finite number of ny‘s differ from zero. For
a given n € N, the order of n is defined by |n| := max{j € N : n; # 0}.
Therefore, it is a natural number, such that M, <n < M, 1.

Next, we introduce on G, an orthonormal system which is called
Vilenkin system. At first, we define the complex-valued functions ri: G,, —
C, the generalized Rademacher functions, by

ry, (z) == exp (2mazy/my) (= -1, € G, k EN).

Let us define the Vilenkin system ¢ := (¢, : n € N) on G, as the
product system of generalized Rademacher functions

on(T) = H ¥ (x) (neN).
k=0

Specifically, we call this system the Walsh—Paley system when m =
(2,2,...).

The usual Lebesgue spaces on G,, are denoted by LP(G,,) with the
corresponding norm ||.||,. The space of continuous functions on G, is denoted
by C(G,,) with the norm ||f|loo := sup{|f(x)| : z € Gy }.

The modulus of continuity in L? (1 < p < o) of a function f € L? is
defined by

wp(f,0) == sup |[f(. +8) = fF()llp, >0,

|t]<d
with the notation
K2
x| = for all z € G.
2 ; M; 1

Analogically, the modulus of continuity in C' is denoted by wuo(f,d). Since,

the modulus of continuity is constant at the intervals ( M1+1 , ﬁ (n €eN),

it is possible to choice it as a continuous parameter 6 > 0. We note that the
original definition of Vilenkin was a sequence-type definition which reflects
the group structure [28].

The Lipschitz classes in LP(G),) for each a > 0 are defined by

Lip(a, p, Gp) == {f € LP(G.,) : wp(f,0) = O(6) as § — 0}.
Moreover
Lip(o, C(Grp)) :={f € C(Gn) : |f(x+y) — f(x)| < Cly|% x,y € G}
Furthermore, for the simplicity, we write Lip(a, 0o, Gy, ) := Lip(a, C(G)).
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In dimension two, for z = (z',2%) € G2, we define |z| by |z|? =
(z1)? + (2%)2. Thus, the modulus of continuity w,(d, f) is well defined for
d >0 (1 < p<o0). The partial modulus of continuity is defined by

wp(f,0) := sup || f(a! +1,2%) — f(z",2?)],,

[t|<é
wp(f,0) = sup |If(",a® +1) = f(",2?)p
[t|<d
(6 > 0) for f € LP(G2)). In the case f € C(G?,), we change p by oo. The

mixed modulus of continuity is defined as follows:
wll,’Q(él, 6o, f) == sup{||f(. + 2, +2?) — f(. + ')
—floHa?) + FC ) s |2t < o, ]a?] < 82},
where §1, 09 > 0.
The Vilenkin system is orthonormal and complete in L? (Gy,,) (see [28]).

The elements of the Vilenkin system are precisely the characters of G,,, i.e.,
nonzero continuous functions f: G,, — C, such that

fx+y) = f(@)f(y)
for all z,y € G,,. It holds if and only if f(x) = ¢, () for some n € N (see
[24]).
The nth Dirichlet kernel is defined by

n—1
Dn = Z Pk,
k=0
where n € N, Dy := 0. The M,th Dirichlet kernel has a closed form

0, ifzdI,0),

M,, ifxz € I,(0). S

D, () = {
Let {gx : k > 0} be a sequence of non-negative numbers. The nth
Norlund mean of the Vilenkin—Fourier series is defined by

1

1

Q. 2
where @, := Zz;é gr (n > 1) and Si(f;x) denotes the kth partial sum of
the Vilenkin—Fourier series of f. It is always assumed that gg > 0 and

lim @, = cc. (3)

n—oo

In this case, the summability method generated by {g;} is regular (see [16,
32]) if and only if

lim =1 — o, (4)

n—oo n
Méricz and Siddiqi [20] studied the rate of the approximation by Nérlund
means t,(f) of Walsh-Fourier series of a function f in LP(G2) and in C(G3)
(in particular, in Lip(«,p,G2), where @ > 0 and 1 < p < o00). As special
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cases, Moricz and Siddiqi obtained the earlier results given by Yano [31], Jas-
trebova [17], and Skvortsov [26] on the rate of the approximation by Cesaro
means. The approximation properties of the Walsh—Cesaro means of nega-
tive order were studied by Goginava [13], and Vilenkin case was investigated
by Shavardenidze [25] and Tepnadze [27]. In 2008, Fridli, Manchanda, and
Siddiqi generalized the result of Moricz and Siddiqi for homogeneous Banach
spaces and dyadic Hardy spaces [10]. Recently, the first author, Baramidze,
Memi¢, Persson, Tephnadze and Wall presented some results with respect
to this topic [2,7,18]. See [9,29], as well. Avdispahi¢ and Pepié¢ proved some
results also for Vilenkin system in the paper [1]. For the two-dimensional
results, see [6,21-23,30].

Let {px : k& > 1} be a sequence of non-negative numbers. The nth
weighted mean T,, of Vilenkin—Fourier series is defined by

Tu(fio) = o S meSi(fi), )
" k=1

where P, := Y"}'_; pr (n > 1). In particular case T}, are the Vilenkin-Fejér
means (for all k set pr = 1). It is always assumed that p; > 0 and
lim P, = oo, (6)
n—oo
which is the condition for regularity [16,32].

Moéricz and Rhoades [19] discussed the rate of the approximation by
weighted means of Walsh—Fourier series of a function in LP(G2) and in C(G3)
[in particular, in Lip(«,p, G3), where @ > 0 and 1 < p < oo]. As special
cases Moricz and Rhoades obtained the earlier results given by Yano [31],
Jastrebova [17] on the rate of the approximation by Walsh—Cesaro means.
A common generalization of this two results of Méricz and Siddigi [20] and
Moricz and Rhoades [19] was given by the authors in the paper [4]. Recently,
the generalization for linear transform of Vilenkin-Fourier series was proved
by the authors [5].

Let T := (t’i;j);‘j‘zl
supposed that matrix 7' is triangular. Let us define the nth linear mean (or
matrix transform mean) determined by the matrix T

be a doubly infinite matrix of numbers. It is always

O-n(f,x) = Ztk,nsk<f;x)7
k=1

where Si(f;x) denotes the kth partial sums of the Vilenkin—Fourier series of
f. For matrix transform method, the conditions of regularity can be found
in Zygmund’s book [32, page 74] and in [16].

Since, the nth row of the matrix T" determines the linear mean o,, and
its definition contains only finite number of entries; for the simplicity, we say
{tkn : 1 <k <mn, k€ N;} is a finite sequence of numbers for each n € N.

In the further part of this paper, let {tx, : 1 < k < n, k € Ny} be
a finite sequence of non-negative numbers for each n € Ny. The nth matrix
transform kernel is defined by
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= Z tk,nDk (,I)
k=1

It is easily seen that
On / F)KL (u+ 2)dp(u).

It follows by simple consideration that the Norlund means and weighted
means are matrix transforms.

Our paper is motivated by the work of Méricz, Siddiqi [20] on Walsh—
Norlund mean method and the result of Méricz, Rhoades [19] on Walsh
weighted mean method. It is important to note that in the paper of Chripké
[8], a generalization for Jacobi-Fourier series was discussed, and the authors
found some ideas in this paper. Recently, the rate of the approximation by
linear transform means o, (f) of Vilenkin—Fourier series is examined in spaces
LP(Gp) (1 < p < o0) and C(Gyy,) [5]. The authors generalized the means and
the system of the Fourier series, as well. Other aspects of these methods with
respect to Walsh—Fourier series are treated in the papers [9,29].

Fejér kernels are defined as the arithmetical means of Dirichlet kernels,
that is

7
-
[
\
(]
>
e
=

k=1

In dimension 2, the Marcinkiewicz kernels are defined as follows:

Kale.) o= S Di(w) Diy).

k=1

Let us define the Marcinkiewicz-type linear transform means and kernels as
follows:

ol (fiz,y): Ztknskk fizy), Kl(zy): ZtknDk Dy (y).

k=1

Our main aim is to investigate the rate of the approximation by two-
dimensional Marcinkiewicz-type matrix transform in terms of modulus of
continuity. Moreover, our main theorem (Theorem 1) gives a kind of com-
mon two-dimensional generalization of the two results of Méricz, Siddiqi on
Norlund means [20] and Méricz, Rhoades on weighted means [19]. Moreover,
we generalized the system, as well (see [21,23]). In this section, the two-
dimensional kernels K (z,y) are decomposed and two useful Lemmas are
proved. The main theorem follows in Sect. 2, and the results are reached
for two class of means. The results are stated for non-decreasing and non-
increasing generating sequences {t, : 1 < k < n} (n € P). At the end, we
present an application for Lipschitz functions.

For more about the original Marcinkiewicz—Fejér means, see e.g. [3,11,
14,15].
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For two-dimensional variable (z,y) € G, X G, we use the notations
ru(@,y) = ru(), Dp(2,y) = Du(w), Ky (2,y) = Ku(2),
r(@,y) = ra(y), Di(z,y) = Daly), K (z,y) = Ka(y),

for any n € N. More generally
Py (x,y) = Pu(x), Py(z,y) = Pa(y)

for any Vilenkin polynomial P, = Zz;é cxpr- Let us denote the set of
Vilenkin polynomials with order less than M,, by Pas,. The two-dimensional
Vilenkin polynomials are defined analogically. That is
n—1m—1
Pom(@y) =Y crign(@)oi(y).
k=0 1=0
Let us denote the set of two-dimensional Vilenkin polynomials with order
less than (M,,, M,,) by P, M, -
We introduce the notation Aty ,, 1=ty , — tkt1,n, where k € {1,...,n}
and t,41., := 0. In the next Lemma, we give a decomposition of the kernels
K (z.y).

Lemma 1. Let n > 2 be a positive integer, then we have

[n|=1m;—11-1 -1 M;—1 )
2452 1 2
Z Z Z th"‘k”(rJ (TJ') Dh; Dia;
j=0 [1=1 s1=0s2=0 k=0
In]—1m;—1 |—1
+ E E ) (7" DM Wl,]’
j=0 1=1 s'=0
In|—1m;—1 [—1 In|—1m;—1
+§ SN eped) ‘W, D3 +§ § D D Wi
7=0 I=1 s2=0

Ny —1 -1 1—1

M, —1
1 2
Z Z Z thlnHrkv"(Tlln\)S (T\an)s DIlW|n\D12W|n\
1—142—1 k=0

, ;
+ (i)™ (rin) Dy, Qi

=1 -1 Njp|—1

+ i) )T QEaD3r + Y p) () Quin
=1

N="N | Min| Njn| =1 N5 =1

1 1,2 21 2
+ Z Z Z t”ln\M\nH‘k,"(r\nl)S (Tlnl)s DMMDMW

k=0 sl=0 s2=0
Mn|— n|n‘—1
1 \s'/ 2 \n 1 2 1 \n 2 \s? pl 2
+ E (T\nl) (T|n|) ‘nlDM‘n‘Rn_‘_ E (r|n\) ‘n‘(mn\) RnDM‘n‘
s1=0 $2=0

12

_’_(r‘ln')nln\ (Tﬁnl)n\mRn —. ZKzn

i=1
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with the notation VVl,j,n = Zi\/[:]o_l thj—o—k.,nDk; lejm = ZQQO_I th_7'+k,n
D]](:'DI%7
M, -1 M, -1
Qin = z tim,,, +knDiy Qun 1= Z th|n|+k,nD]iD]2m

k=1 k=1
n—"npn| My =1y M|

R, = Z tiy My +hn D and Ry, 1= Z tiy My -+ DD
k=1 k=1

Proof. Let us set 0 < k < M; and 0 <[ < mj, then

1—1 M;—1 -1
Diniy 1 = Z Z PsM+i + Z OIM;+i = ZT“;DMj + Dy (7)
s=0 =0 s=0
We write
[n|—1 Mjq1—
=> Z tin DI D} + Z tinDi D} = K} + K2.
Jj=0 =M, I=Mp

For the expression K, the equality (7) yields

In|—1m;—1M;—1

K} = Z Z Z L4k, nDlM +leM +k

j=0 I=1 k=0
[n|—1m;—1 M;—1 -1 -1
1\s' 01 252
= 2 2 > tunein 3 ()" Diy 3 ()
j=0 I=1 k=0 s1=0 52=0
In|—1m;—1M;—1 -1
+ZZ ZUMHmZ( ;) DM( H'Dy,
j=0 1=1 k=0 s1=0
|n|—=1m;—1M;—1 -1
NNl 2\s
+ Z Zth+k:n g)Dk Z(T])
j=0 I=1 k=0 52=0
|n|—1m;—1M;—-1
2\l 11 2
+ Z Z tung; ke (T )(Tj) Dy Dy
j=0 =1 k=0

el 1,2 1,3 1,4
= K, +K,”+K,”+ K"
For the expression K12, we write

[n]—1m;—1 1—1

=2 > 2 () (r3) Diy Wi

7j=0 I=1 s1=0
We apply the notation of our Lemma for the expressions K3 and K4
analogically. Applying Abel’s transformation, we have
M;—2

Wijin = Z Ating; 1k nk Ki + tagnyng -1, (M — 1) K1 (8)
k=1



165 Page 8 of 27 I. Blahota and K. Nagy

and

M;—2

Wijn = Z Ating; 4k n kK + tagryng —1,0(My — DK, -1

k=1
For the expression K2, we write
n7M|n‘

1 2
E, tM\n,Hrk,nDMW+kDMW+k
k=0
TL‘,L|—1 M‘n‘ —1

1 2
Z Z th\n\+k,nDlM|n|+l~chM|n|+k

I=1 k=0
n="pn| Mn

K2

1 2
+ Z t”\n\M\n\+kv"D"\n|M\n\-i-kDmn\M\n\-i-k
k=0

= K2t + K22,

Moreover, equality (7) yields

Nyn|—1 Mjn—1 —1 -1
2,1 _ 1 st 1 2 \s2 2
Kit= ) Z th\nHrk"Z(Tln\) Diy,, > (f)* Dis,
=1 s1=0 $2=0
mn|—1 -1 My, —1
S
+ Z Z That) 7“|n\) DM‘ ‘ Z tiM, 0 +kn D
sl=0 k=1
"w—l -1 M =1
1\l 2 \s? 2 1
+ Z (")) Z(ﬂn\) Dy, Z tiMy +k,n Dy
1=1 52=0 k=1
N =1 M| -1
T Z ) ()" Dtk DR DR
=1 k=1

. 2,1,1 2,1,2 2,1,3 2,1,4
=K+ K"+ K;°+K;

and

=1 | Min Nn| =10, —1

MJOM

(9)

2,2 251 2
K™= Z bnj M +h,m Z Z T\nl ) rlnl) Dy Py

k=0 sl=0 s2=0
Nn| = =1 Mjy
Ny 1 2
+ Z ) ()M D D tupay Mk DR
sl=0 k=1
Nyn|—1 =" Mn
1 \n, 1
)™ D0 ) DRy DD tugaaaka D
52=0 k=1

’I’L*’n‘n|M‘n|

+(Tllnl)nw(TIQM)”‘”‘ Z t”ln|M|n|+k»”DliDl%'
k=1
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Now, we use Abel’s transform for the expressions @, and Q;, in formula
K21 We have
= Z Ath\n\Hf’nkKk +t(l+1)Mw—1,n(M|n\ _1)KMW*1v (10)
k=1
Qun= Y Atingy, e nkKi+tasnnn, cn My —1D)Kag, 2. (11)
k=1
Later, in the proof of the main Theorem, we will substitute the result to the
expressions K212 K213 and K214 Moreover, we apply Abel’s transform
for the formulas R,, and R,,

nfan‘n‘ —1

Ry = Z Aty My 4k kK + tnn (00— 1o Min) ) Kn—ny, My, (12)
k=1
nfn‘n‘M‘n‘fl
Rn = Z Atn‘n‘lﬂ|n|+k,nkl€k +tn,n(n_n\n\M|n\)ICn—nm‘1M|n‘~ (13)
k=1
It completes the proof of Lemma 1. O

Lemma 2. Let P € Py, f € LP(G%)(A€P, 1 <p<ox)orfeC(G2).
Then

for any s,q € N, where q # kma, k € N (for f € C(G2,), we change p by
00).

/GQ (f(+w) = FO)rd ()i (w?) P(u') Dag, (u®)dp(u)

p

< mallPlw, (f,1/Ma)

Proof. We carry out the proof in spaces LP(G2) (1 < p < o00), in space
C(G?)) the proof is similar, even simpler

L, TG P Dar, )+ ) FO)uo)

p
/ mo—1 ma—1—1
™ | yg=0 yh_,=0

=

x / P () (u2) Dy (u2)(f () — f())dp(u)

du(ﬂﬁ))
du(fﬂ))

A(y')xIa
mo—1 ma—1—1
< Z N

yh_1=0

(/

/, Pty (62 Ma( @+ 0) — F())dpu(u)

Ayt)xIa
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mo—1 ma—1—1
=D > PO
%=0  yh_,=0

/ P () (u?) M f (& + ) dp(a)
Ta(y')xIa

(/

For any fixed y!, let us investigate the expression

du(ﬂﬁ)) = (+).

2
m

I(y') = / P ) ) F (2 + u)dpa(a)]
IA(yl)XIA
We write
ma_1 2myhq 9
=Y [ exp ()mu )+ u)du(u) .
yh=0 JTat1 (W) x1a ma

We set y' = (g, ... Y4-1,0,4%41,--.), where the Ath coordinate of y' is
changed by 0. Let us set, e4 := (0,...,0,1,0,...) (only the Ath coordinate

is 1, the others are 0), 6541) :=(e4,0) (0 € G,,) and e := exp (27”‘1), we get

ma

-3 / s (u%) exp (ﬁfq) F o+ u)du(u)

im0 YT1ari(yt +hea)xIa

mA—l

= / 5 (u?) Z e fe+u+ keg))d,u(u)
Tayi(

yll)XIA k=0

Ap1(yt)xTa

- /[ 5 (u?) ( Z_ (fz+u+keQ)) = fla+u+ (k+ 1)e(A”>

k=0
k ] ma—2
XZeJ + flx+u+ (my —1)e(Al)) Z ek
j=0 k=0

e f(wtu+ (ma — 1)el)))dp(u)| .

Since, e is an nth root of unity, we have

ma—1 k

i .
E =0 d 0< E Iy < . 14
2 € o e gy | (S ()

These yield

ma—2

1w < [ ma
Tagi(yt) Z

*Ia k=0

< |(f@+u+keD) = fla+ut (k+1)e)| du(u)
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—mAZ

Tata(yY)xIa

x’(f(x—l—u-i—keA ) — f(m+u+(k+1)eA )‘dy( ).

< mA/
IA(yl)XIA

The generalized Minkowski inequality gives

(f(@+u) = o +u+ed))| dulw).

mo—1 ma—1—1
y5=0 yi_,=0
P »
x(/ (/ MA‘(f(x+u)—f(x+u+eA)‘du( )) du(x)>
G2, Ta(y')xIa
mo—1 ma—1—1
yb=0  yh_ ,=0 Ta(yt)xIa

1

(e u) = flatu+ ef?)\”du(x)) " du(u)

XMA (/
Gh

< s mil...m/§1|p(yl)|/ dp(ut) W (f, A;)

1
yi=0 y%71:0 Ta(yt)

mo—1 ma—1—1

=ma Y Y /IA(yl)|P(u1)ldu<u1>wé (f’ ﬁ)

y5=0 Ya_1=0
— P 1 1
= mal| ||1Wp f,m .
This completes the proof of Lemma 2. O
Analogically, we prove the next Lemma.

Lemma 3. Let P € Py, f € LP(G2) (A€P,1<p<oo)or feC(G2).
Then

for any s,q € N, where s # kma, k € N (for f € C(G2,), we change p by
00).

/G2 (f(+w) = FO)rd ()i (w?) Das, (uh) P(u?)dp(u)

p
< ma||Plwy (f,1/Ma)

It is important to note that in the previous Lemma 3, it is possible
to choose ¢ = kma (k € N), specially ¢ = 0 can be chosen. The situation
changes in Lemma 4.
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Lemma 4. Let P € Pyryms, f € LP(G2) (A€ P, 1 <p<o)orfe
C(G2)). Then

for any q,s € P, where q,8 # kma, k €N (for f € C(G2,), we change p by
00).

/Gz (ra())?(ra(u®)* P)(f(-+u) = f()dp(u)

p
< mA||Pllwy® (f,1/Ma,1/Ma)

Proof. We carry out the proof in spaces LP(G2) (1 < p < 00), in space
C(G?)) the proof is similar

L AP+ ) = £t

m p
mo—1 ma—1—1mg—1 ma_1—1
S VRDIEED VD YR MRS
G | yi=0 va_1=0 v3 y%i_1=0
P b
X/ i (uh)rs (@) (f (x4 w) = f(x))dp(u) d#(ﬂf))
Ta(yh)xIa(y?)
mo—1 ma—1—1mg—1 ma—1—1
<> S D IPEL YY)
y6=0  yh_,;=0 y3=0  y3_,=0

/I( ra(ul )i (u?) fz + u)dp(u) du(%)) = (%).

y)xIa(y?)

(/

For any fixed (y',y?), let us investigate the expression

Iyt y?) =

/ P ) () f )
Ta(yY)

D)xIa(y?)

Following the discussion of the expression I(y!), we write:

ma—2
) = [ ) 3 (s k)
Tat1(yr')xIa(y?) 1o
k .
—flatut (b+1)ey)) > eddu(u)|,
j=0

where yl, is defined in that way as in Lemma 2 we did. Let us set y2/ =
Y8, ¥4-1,0,9% 1, ---), where the Ath coordinate of y? is changed by

0. (e(l) = (ea,0), 6542) = (0,ea), 0 € Gp,), g 1= exp (2”1’1> and e, =
exp (2”?> We introduce the notion F(z + u) := Y 4 2(f(@ + u + keb)
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— fle+u+ (k+ 1)) Zf o€} Applying the same method for the second

variable and inequalities (14), we have

ma—1
1) =Y | L F(x +u)du(u)
=0 JIap1(@")xTatp1(y? +lea)

ma—1

eLF(x +u+ lef))du(u)

/IA+1(y1/)><IA+1(y2/) 1=0
ma—2

/ S (Fa+u+led)
Tavi(y)xTas1(v?) 19

—Flx+u+(l+1)ey, Zedu

and

ma—2

1) < [ S
Tati(yV)xTas1(y?) 150

$ |Fle+u+1eF) = Flo+u+ (1 + 1)) du(w).

It is easily seen that

‘F(m +u+ lef)) —Flx+u+(+ 1)6542))

ma—2
< 3 malfz+ut kel +1e§) — flz+ut (k+ 1)l + 1)
k=0

~f@+ut ke + 1+ De) + fl@+ut (k+1)eld + (1 +1)eld)]
and
I(y",y%)
Smi/ (flz+u) = fla+u+ey)) — flx+u+teld)
Ta(y')xIa(y?)
i@+ ut e + e du(u).

The generalized Minkowski’s inequality gives

ma_1—=1mg—1 ma_1—1

mo—1 .
DoSmh 3o X D X PN (/ |(f (@ +u)
yg=0 yh_,=0 y3=0 y4_,=0 Ta(y')xIa(y?) \/G3,

1

—flz+u+ eA ) flz+u+ e(2>) +flz+u +ef41) + 6542))|pdu(az)> ' dp(uw)

mo—1 mA_1—1mg—1 myg_1—1 1 1
<wA M Y Y e S PG [ duted? (5o )

To(yl)yxI ( 2)
1_ 1 _ 2_ 2 _ AlY Ay
y§=0 yi_,=0 yg=0 y4_,=0
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mo—1 ma—1—1mg—1 ma—1—1 1 1
2 1,2
SECT SESED DEED SRTTED DR N Uy P (e

Ta(yl)xTa(y2)

y5=0 Yh_ 1—0 y3=0 y%-1=0
1
w1 ).
m4 | Plliwy? ( f, i Ma
This completes the proof of Lemma 4. O

From now, we discuss bounded Vilenkin groups, i.e., we suppose that
sup,, My, < 00.

In this case, it is well known that the L(G,,) norm of the Fejér kernels
is uniformly bounded. Namely, there exists a positive constant ¢, such that

[ Kl < e (15)
Next lemma was proved by Glukhov [12].

Lemma 5. (Glukhov [12]) Let ay, ..., oy be real numbers. Then

1/2
Z%Dk )Di(.)|| < (Z Of;g) )

where ¢ is an absolute constant.
As a corollary of Lemma 5, there exists a positive constant ¢, such that

IKnllh < e forall neN. (16)

2. The Main Theorem and an Application

Theorem 1. Let f € C(G2,) or f € LP(G?)) (1 < p < 00). For every n € N,
let {tk.n : 1 <k <n} be a finite sequence of non-negative numbers, such that

n
> tim=1
k=1

is satisfied.
(a) If the finite sequence {tx . : 1 < k < n} is non-decreasing for a fived

n and the condition
1
thn=01[— 17
() (17)

n|—1 mj;—1

low (D) = fllp < e 3 Ms > tara -1 (“’5 (“\2) o <f7 1\2)>
=0 =1 J
+c Z tk,n <W}1, <f7 ]\41> +w2 (f, 1\41 ))
k=M, In] In|
1 1
X (wl{l7 (f7 ]\M) +w§ <f7 M|n| ))

holds (for f € C(G?,)), we change p by o).

is satisfied, then
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(b) If the finite sequence {tx, : 1 < k < n} is non-increasing for a fized
n, then

[n|—1 m

Io5(f) = Tl < ¢ 32 My Zwﬂm( ( ) (fM)>

o 30 (4 () 4 ()

holds (for f € C(G?,)), we change p by o).

We note that in our Theorem, the expression CZZ:M‘  thnwp

(f7 1/M|n‘) can be replaced by O (wp (f, 1/M|n|)). Moreover, we remark that
condition > }_; tx, = 1 is natural, many well-known means satisfy this
condition.

Proof of Theorem 1. We prove the theorem for LP(G?2)) spaces 1 < p < oo.

For C(G?,), the proof is similar. Let us set f € LP(G2)). From the condition
Sheithn = 1, it follows:

lo () = fl = ( L )
: (/@

< Z
= Z Ii,n-
i=1

Using generalized Minkowski’s inequality [32, vol. 1, p. 19] and

inequality

[f (@ +u) — f(2)]
<|f@! +uto® +?) = flat o )+ [ f@h ot 2?) - fah2?)],

P

o (f ) = (x)lpdu(x)>

du(%))

K (u)(f(x + u) = f(x))dp(u)

GQ

i, n + u) - f())dp‘(u)

p

we write that

< (18)

L Das D, ) 0) = FO)dta)

p

G2

m

< [ Dag,(u)Da, (%) ( PRI f(w)l”du(rv)> dp(u)

m

<wp(f71/MJ)+w12J (fal/M])
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Applying inequality (18), Lemmas 2 and 3 for the expressions I ,,, I5, and
Iy ,, we obtain that

In|—1m;—1M;—1

I1n§CZ Z Z ting;+kn (W (f»l/Mj)+w;2;(fa1/Mj))v
j=0 I=1 k=0
Nyp|—1 My —1

Isn <c Z Z th‘,L‘+kn (f71/M|n\) +W;,2; (.fv 1/M\n|))
=1 k=0

n

Se Y tunlep (F1/Mj) + 0 (£,1/Mjuy).

k=M,
and
Iy, <c Z tk,n(wglz (f,l/M\n|)+w; (f,l/Mw)).
k=nn| Min

In case a.), we write that
[n|—1m;—1

Iln <c Z Z Mt(l—i—l)M_—ln( 117(f71/M])+w127 (fﬂl/Mj))
Jj=0 I=1

In case b.), we have that
[n|-1m;—1

Il,n <c Z Z thle,n (fal/M>+w (f71/M ))

j=0 1=1
Inequalities (8), (18), Lemma 3 and (15) give

In|—1m;—1 [—1
I2,n S § E
j=0 1=1 s'=0

X

75 ) D, (W () ) = )

P
In|—1m;—1 j—1 M;—2

CZ Z Z Z |Athj+k,n’kw;(fa1/Mj)

j=0 =1 sl=0 k=1

In]—1 m;—1 -1
+c Z (M; —1) Z Z t(z+1)Mj—1,nW§ (f,1/M;)
j=0 =1 s'=0

1 2
= IQ,n + IQ,n'
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We write in case (a)

M;—2 M;—2
E |Ating; 4 knlk = E (ting; 1 k1, — tind; +h,m) K
=1 k=1

M;—2
= (M; = 2)tayiyam,—1n — Z tIM, +kn
k=1

< Mjtasym;—1,n (19)
and
In|—1 mj;—1
L, <ecd My Y tarnm, 1wy (f,1/M;). (20)
j=0 1=1
We have in case (b)
M, —2 M, —2
Z |Ating, 1in| k= Z ting; ke — (Mj — 2)t 1y m,—1,n
k=1 k=1
M, —2
< Z bin 4k < Mjting, (21)
k=1
and
In|—1 mj—1
I, <c Z M; Z ting mep (f,1/M;).
j=0 1=1

Let us discuss the expression I3 ,,. In case (a), we are ready. That is

In|—1 m;—1

I3, <c Z M; Z tarag 1wy (F,1/M;),
=0 =1

In case (b), we get that

‘nl—l mj—l
Izzm <c Z M; Z tlJVIj,nwg (f, 1/M;),
3=0 =1

We apply analogical method for the expression I3 ,,. In case a.), we have

In|—1 m;—1
I3, <c Z M; Z tasyng,—1.mwp (f, 1/My) .
§=0 1=1
In case (b), we get
In|—1 m;—1

I3,n S & Z Mj Z thj,nwglj (fal/MJ)

=0 =1
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It follows from Lemma 3, equality (10) and (15) that:

P =1 -1
Iﬁn S Z Z
=1 sl=0
x / (P (1) (1) (u2) Dy, () Q1 () (F( A+ ) — £()) dpa(u)
P
=1 1 Mp—2
< Z Z Z ‘A”M\nﬁk’”kx
/ (T‘m(u ) (i (u ) Dy, () K (u?) (1 £+ u) = f())dp(u)
g
M=l -1
(M =1 Y Zt(Hl)M‘n‘—l,nX
=1 sl=0
= f())dp(u)
P

/ (g (@) (rpy (w2)! D, (@) Kongy -1 (w2 (- + )

=1 1 M, —2

—e 3 X X [Atig | K2 1/M)
=1 sl=0 k=1
nn|—1 1

+e(M, — 1) Z Z t(l+1)M|n|71,nw§(f71/M|n\)
=1 sl=0
=t Ign + 1§ -
In case (a), applying (19) for j = |n|, we obtain
’I'L‘n|71

Ig., < cMpy, Z t(l+1)M‘n|—1,an (f,1/M,)
=1

< Mjjtn My —1.0@p (f21/Min))
< cntnynwp (f, l/MM) .

In case (b), using inequality (21) for j = |n|, we have that

Z | Ating,, +hn| K < E by, +kn
k=0 k=0

and
’I’L|"|71 MW72

Ié’n <c Z Z th‘n‘Jrk,nw;Q; (fa ]-/M|n|)

=1 k=0
Z tk,nwg (fa I/M\n|) .
k=Min|

We discuss the expression Ig,n
n‘ﬂ| 1

g, <My =1) > tasnyug, —1mwy (F,1/Min) -
=1
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In case (a), we write that

Ig

n S C(M‘n‘ — 1)tn\n\M\n\_1vnw2 (f, 1/M‘n|) S cntn,nwg (f, 1/M|n‘) .

In case (b), we have that

Bn<e D tenwy (£,1/Mpn).
k=Mjn|

We apply analogical method for the expression I7 ,,.

(15),

Iio,n

Let us discuss the expression Ig.,. By the equality (12), Lemma 3 and
we may write that

Ny —1

>

st=0

IN

p

/G2 (i ()% (o ()™ Dy (@) R () (4 w) = £())dpa(u)

N =1 n—nj, M, —1

Z Z ‘Atmn\M|n\+kv"| k

sl=0 k=1

IN

X

/G2 (T|n\(u1))sl (1 (@)™ D, (u) K (W) (F (2 + w) — f())dp(u)

Ny —1

+(n—n|n|M|n‘) Z tn,n

st=0

X

[ ) (1 ) D (0 Ko 1 (0) (a4 ) = (@) dn()
n‘n‘—l =" M, —1 !

c Y Yo |Atug k] ke (F,1/Mn)

sl=0 k=1

IN

Ny —1

+e(n —njy My,)) Z tn,nwi (f,1/M,))

s1=0

1 2
- IlO,n + IlO,n'

First, we discuss I{; ,,. In case (a), we calculate that

and

n7n|n‘M|n‘71

§ : |At"\n\M\n\+kvn} k

k=1
’I’L*’I’L|TL|M|TL|71
= Z (g My L = g M 0en )R

k=1
n—n|y, M, —1
= (n - n|n\M\n| - 1)tn,n - E tn‘n‘M‘n‘—H’c,n
k=1

<ntpn

)

Lo < entnwy (£,1/Mny) -
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In case (b), we have that

n—n|y, M, —1
Z |At"\n\M\n\+kxn’ k
k=1
nfTL'n‘MhL‘fl
= E : tmn|M\n|+k,n —(n— n\nIMln\ - l)tn,n
k=1
nfn‘n‘M‘n‘fl

< Z b My +him

k=1
and
Illo,n S C Z tkmw]% (f, l/M‘n|) .
k=njn| Mn

Now, we discuss the expression I7; ,,. In case (a), we write
I120,n < cntnynwz (f, 1/M‘n|) .

In case (b), we have

n

I120,n <c Z tk»nwi (fv l/Mln\) :

k=nn| Mn

We apply similar method for the expression I3 .
For the expression Iy ,,, equality (9) and Minkowski’s inequality yield

[n]—1m;—1
s | X% / (W) Wit w?) (A1) = F())dpa()
< Z i i |Ating, +x.n| K

j=0 I=1 k=1

/G2 (5 (")) (g (u®) K (u", u®) (F( 4 w) = £())dp(w)

X

P

[n|—1 mj—1

+Z i —1) Zt(lJrlAlfln

/G2 (3 (")) (rg (u®) Kz =1 (u', w?) (F (4 ) = f()dpa(u)

X

P

= Iip+ 15,
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We apply Lemma 4 and (16)

In|—1m;—1 M;—-2

Ij, <c Z Z Z | Ating i kwy? (f,1/Mj, 1/My) [|Kx 12
Jj=0 1=

|n|—1m;—1M;—2

CZ Z Z |Ath+kn’kw’ f,]./ 1/Mj)

7=0 I=1

In case (a), we write that

M;—2 M;—2
Z |Ating +knlk = Z (ting; + k1,0 — ting; +kn )k
k=1 k=1
M;—2
= (M; = 2)tar1)M; 1,0 — Z GUM;+kyn
< Mjtas1ym;—1,n (22)
and
[n|—1 mj—1
Ij, <c Z M; Z tarnyng 1wy (F1/M;,1/M;) .
In case (b), we have
M;—2 M;—2
Z |Ating,4kn| k= Z ting; ke — (M = 2)t g0, -1,n
k=1 k=1
< Z tinj+kn < Myting, n (23)
and
In|—1 mj—1

I4n§cZM Zth wwi? (f,1/M;,1/M;).

Now, we estimate the expression I 427n. Lemma 4 and (16) yield

|n|—1 m;—1

Bo<ed (My=1) Y ey, —1nllKag —alhwy® (f, 1/M;,1/M;)
=0 =1
|n|—1 m;—1

<c Z M; Z La+1)M; —1,nWp V2(f,1/M;,1/M;) .
i—0

=1
Therefore, we are ready in case (a). In case (b), we may write that

n|—1 mj—1

o,<c Y My Y i, mwy® (£,1/M;,1/M;) .
j=0 =1
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Let us discuss the expression Ig,,. Equality (11) and the usual Minkowski’s
inequality yield

nyp—1

Ign < Z/ (P (W) (P (u?) Qun (w0 (F (- + w) — f())d ()

n‘n‘ 1M —2
Z Z |Ath\m+k"|k
=1 k=1
X / (Ppog () (7 (u?) Ko (', 0®) (F (4 w) = £())dp(u)
G2, »
nyp—1
+(My, — 1) Z La+1)M, —1,n
=1
| ) g (02) Ko 1 ()4 ) = £
G2, »
=I5+ 13,

Let us turn our attention to the expression Ié’n. Applying Lemma 4 and (16)
again, we may write that

’I’L‘n‘fl M|T,,|72

Bo<e > D> At pun] kIKCKIwp? (f, 1/ My, 1/ M)
=1 k=1
Nyp|—1 M, =2

<c Z Z |Ath‘n‘+k,n‘szlj’2 (f,l/M|n|,1/M|n‘).

=1 k=1

In case (a), taking into account inequality (22) for j = |n|, we get

Z ’Ath‘nrHc,n k< M|n\t(l+1)M‘n‘71,n
k=1
and
’I’L|n‘71
I, < M) D tapnym, —10wp” (fi 1/ M, 1/ M)
=1

< CM\nltm M~ 1ney ™ (f 1/ M), 1/ M)
< entp nw), 1,2 (f, l/M‘n| 1/M|n|)
In case (b), applying inequality (23) for j = |n|, we have that

M, —2 M, —2

Z |Athw+k,n|k§ Z LMy, +k,n

k=0 k=0
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and
n‘n‘ 1M‘ 1= —2

B,<cy Z tunt oy tkney” (f2 1/ Mg, 1/ M)
=1 k=0

<c Z t.’c,n"‘)zl;72 (fa 1/M\n|, ]-/M|n|) .

k:M‘n‘

For the expression 1827,1, Lemma 4 and (16) yield that

nyp—1
I, < oMy = 1) > tarnym, —1nll gy hwy® (£, 1/ My, 1/M )
=1
n‘m 1
<My Yty —1nwy” (£, 1/ M), 1/ M) -

I=1
In case (a), we immediately write
2 <cM|n|tanw 10y (f,1/Min) 1/ M)
< entppwy® (f,1/ M), 1/My,) -
In case (b), we have
=1 My —1

I3, <c Z Z thMchw 2 (£:1/Mynp, 1/ M)
=1 k=0

<c Z tk,nwzl;72 (fa 1/M\n|7 1/M|n|) .

k:M‘n‘

At last, we discuss the expression Is ,. Usual Minkowski’s inequality,
equality (13), and Lemma 4 yield that

Loy =

/Gz (7 (uh) ™17 (g ()" R (u, w®) (F (- A+ ) = f()dpa(u)

p
nfn‘n‘M‘n‘ -1

IN

‘Atn‘MMMH»k,n k
k=1

x / (rpng (1) (o (w*)' Ko (u?, 0®) (F (- + ) = F())dpa(w)
G2,

p
Ftnn (N — N Miy,)

></ (g (")) (g (%)) Koo () (FC ) = () dpa(w)
G2

m

P
n—n‘n‘M‘n‘ —1

e > ‘At"wM\n\“ﬂ’”

k=1

kH’Ck”lw}l?’Q (fa 1/M\7L|7 1/M|7L\)

+c(n — 77/|n\M|n\)tn,nHICn—n‘n‘M|n\ lezl;g (f7 1/M\”|7 1/M|"7")
= 1112,71 + 1122,n'
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In case (a), we obtain that
n—n|n‘M|"‘—1

Z ’At"\n\M\nHrkv"‘ k

k=1
n7n|n|M|n|71

k=1
n—n|n|M|n|—1
= (n - n|n\M\n| - 1)tn,n - § tn‘n‘M‘nHrk,n
k=1

< ntpn

)

and
Iun < entp pwy, 1.2 (f,l/M|n| 1/M|n\)

In case (b), we have that
n7n|n|M|n|71
Z |At”\n\M\n\+km’ k
k=1
n—n|n‘M|n‘—1
= Z b Myl — (0= T My = Dt
k=1

n—n‘n‘M‘n‘—l

= Z bn) M +hm

k=1
and
n
1112@ <c Z tk nWp > (f7 1/M\n| 1/J\/[|n|)
k=npn) Mn

Now, we discuss the expression I7, ,,.
In case (a), we write

Il2n <cntnnw (f,l/M‘n|,1/M|n|>
In case (b), we have

Iy < c(n = 1y Mig) Ytnnwp (f,1/ M), 1/ M)

<c Z tknw7 (fa 1/M|n| 1/M|"‘)

k=nn| Mjn)
The well-known inequality
wy? (f,1/M;, 1/M;) < wy, (f, 1/M;) + wy (f.1/Mj)
(j € N) completes the proof of the main Theorem. O

At last, we apply our theorem for Lipschitz functions, we present the
two-dimensional version of the results in the papers [5,19,20] and we gener-
alize the result in [21], as well.
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Theorem 2. Let f € Lip(a, p, GZ)) for some a > 0 and 1 < p < co. For ma-
triz transform o, of Vilenkin—Fourier series, we suppose that the conditions
in Theorem 1 are satisfied.

(a) The next estimate holds

O(n=), if 0 <a<l,
los (f) = fllp = { OQlogn/n), if a =1,
O(1/n), if a> 1.
(b) The equality
In]—1

0205~ Tl =0 [ 32 tag, M 4 M7
7=0
holds.

n
Proof. In both cases, we use that fact the expression ¢ > thnwg (f, 1/M|n‘)
k=M,

can be replaced by O (Wz]; (f,1/Mjy))), where k € {1,2}.
The proof is analogous to the proof of the one-dimensional theorem in
[5]. Therefore, we omit it. O

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.
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