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Global Higher Integrability of the Gradient
of Weak Solutions of a Quasilinear Elliptic
Equation
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Abstract. In this paper, we establish global higher integrability of the
gradient of the solution of the quasilinear elliptic equation ΔAu =

div
(

a(|F |)
|F | F

)
in R

n, where ΔA is the so called A-Laplace operator.
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1. Introduction

We are interested in higher integrability of the gradient of the solution of the
following problem:

(P )

{
u ∈ W 1,A(Rn),
ΔAu = div (Θ(F )) in R

n

where n � 2, F = (F1, . . . , Fn) ∈ LA(Rn), ΔAu = div (Θ(∇u)), Θ(X) =
a(|X|)

|X|
X, and A(t) =

∫ t

0
a(s)ds, with a a function in C1((0,∞)) ∩ C0([0,∞)) satis-

fying a(0) = 0, and the condition

a0 � ta′(t)
a(t)

� a1 ∀t > 0, a0, a1 positive constants. (1.1)

Without loss of generality, we shall assume that a0 < 1 < a1.
We call a solution of problem (P ) any function u ∈ W 1,A(Rn) that

satisfies ∫

Rn

Θ(∇u).∇ϕdx =
∫

Rn

Θ(F ).∇ϕdx ∀ϕ ∈ D(Rn)
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We recall the definition of the Orlicz space LA(Rn) and its norm (see
[10])

LA(Rn) =
{

u ∈ L1(Rn) :
∫

Rn

A(|u(x)|)dx < ∞
}

,

||u||A = inf
{

k > 0 :
∫

Rn

A
( |u(x)|

k

)
dx ≤ 1

}

The dual space of LA(Rn) is the Orlicz space LÃ(Rn), where Ã(t) =∫ t

0
a−1(s)ds and a−1 is the inverse function of a.

The Orlicz–Sobolev space W 1,A(Rn) and its norm are given by

W 1,A(Rn) =
{

u ∈ LA(Rn) : |∇u| ∈ LA(Rn)
}

, ||u||1,A = ||u||A + ||∇u||A.

Both LA(Rn) and W 1,A(Rn) are reflexive Banach spaces.
The following useful inequalities can be easily deduced from (1.1) (see

[9])

ta(t)
1 + a1

≤ A(t) ≤ ta(t) ∀t ≥ 0, (1.2)

sa(t) ≤ sa(s) + ta(t) ∀s, t ≥ 0, (1.3)
min(sa0 , sa1)a(t) ≤ a(st) ≤ max(sa0 , sa1)a(t) ∀s, t ≥ 0, (1.4)

min(s1+a0 , s1+a1)
A(t)

1 + a1
≤A(st)≤(1 + a1) max(s1+a0 , s1+a1)A(t) ∀s, t≥0.

(1.5)

Using (1.5) and the convexity of A, we obtain

A(s + t) = A

(
2.

(
s + t

2

))
≤ (1 + a1)21+a1A

(
s + t

2

)

≤ (1 + a1)2a1(A(s) + A(t)) ∀s, t ≥ 0 (1.6)

We also recall the following monotonicity inequality (see [3])

(
Θ(X) − Θ(Y )

)
.(X − Y ) � C(A,n)|X − Y |2 a

(
(|X|2 + |Y |2)1/2

)

(|X|2 + |Y |2)1/2

∀(X,Y ) ∈ R
2n\{0} (1.7)

where C(A,n) is a positive constant depending only on A and n.
There is a wide range of functions a(t) satisfying (1.1). In particular,

we observe that we have a0 = a1 = p − 1 if and only if a(t) = cta0 for some
positive constant c. In this case, we have A(t) = ctp

p and ΔA = cΔp, where
Δp is the p−Laplace operator. We refer to [4] for more examples of these
functions.

Definition 1.1. We say that a function A : [0,∞) → [0,∞) is an N−function
if A′ ∈ C1((0,∞)) ∩ C0([0,∞)), A′(0) = 0, and A′ satisfies (1.1).

Here is the main result of this paper.
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Theorem 1.1. Let B : [0,∞) → [0,∞) be a function such that B ◦ A−1 is
an N−function and let u ∈ W 1,A(Rn) be a solution of problem (P ). If F ∈
LB(Rn), then we have |∇u| ∈ LB(Rn) with

∫

Rn

B(|∇u|)dx ≤ C

∫

Rn

B(|F |)dx

where C is a positive constant depending only on n, A, and B.

Remark 1.1. We would like to mention that this regularity is well known for
the Laplace equation (see [8]). For the p-Laplace equation, we refer to [8] and
to [5] for systems.

Example 1.1. Assume that Φ is an N−function with Φ′ = ϕ and let B =
Φ ◦ A. Then, B is an N−function as a compose of two N−functions, namely
Φ and A. Moreover, B ◦A−1 = Φ is also an N−function. Hence, the following
functions satisfy the assumption of Theorem 1.1:

• B(t) = (A(t))p with p > 1, (Φ(t) = tp).
• B(t) = (A(t))α ln(βA(t) + γ) with α, β, γ > 0, (Φ(t) = tα ln(βt + γ)).
• B(t) = (A(t))p(A(t)), (Φ(t) = tp(t)), provided p(t) satisfies for all t > 0:

α0 � t ln(t)p′(t) + p(t) − 1 � α1, for some positive constants α0 and α1.

Corollary 1.1. Under the assumption of Theorem 1.1, if moreover, the inte-
gral

∫ ∞
1

B−1(t)

t
n+1

n

dt is finite, then we have u ∈ Cμ(Rn), where μ(t) =
∫ ∞

t
B−1(s)

s
n+1

n

ds

and Cμ(Rn) is the space of continuous functions with μ as a modulus of con-
tinuity.

Proof. From Theorem 1.1, we know that u ∈ W 1,B(Rn). Since the integral∫ ∞
1

B−1(t)

t
n+1

n

dt is finite, the result follows from the embedding W 1,B(Rn) ⊂
Cμ(Rn) (see [1, Theorem 8.40]). �

Remark 1.2. Since (B◦A−1)′ satisfies (1.1), using (1.5) with t = 1 and s = 1
t ,

we see that there exist two positive constants μ > 1 and K such that

0 ≤ B ◦ A−1

(
1
t

)
≤ K

tμ
for all t ≥ 1.

Therefore, the integral
∫ ∞
1

B ◦ A−1
(
1
t

)
dt is finite. This property will be used

in the proof of Theorem 1.1 in Sect. 3.

In the sequel, we will denote by u a solution of problem (P ). In Sect. 2,
we recall some well known results about A−harmonic functions and establish
a few Lemmas to pave the way for the proof of Theorem 1.1 which will be
given in Sect. 3.
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2. Some Auxiliary Lemmas

Let x0 ∈ R
n and R > 0. For each open ball BR(x0) in R

n of center x0 and
radius R, let v be the unique solution of the following problem:

(P0)

⎧
⎪⎨
⎪⎩

v ∈ W 1,A(BR(x0)),
ΔAv = 0 in BR(x0),
v = u in ∂BR(x0)

First, we recall some properties of the solution of problem (P0).

Lemma 2.1. ∫

BR(x0)

a(|∇v|)|∇v| ≤ 2a1+2

∫

BR(x0)

a(|∇u|)|∇u|dx

Proof. See [3], Proof of Lemma 3.1. �
Remark 2.1. Using (1.2) and Lemma 2.1, we obtain∫

BR(x0)

A(|∇v|)dx ≤
∫

BR(x0)

a(|∇v|)|∇v|dx

≤ 2a1+2

∫

BR(x0)

a(|∇v|)|∇v|dx

≤ (1 + a1)2a1+2

∫

BR(x0)

A(|∇u|)dx

Lemma 2.2. There exists a positive constant C1 = C1(n, a1) such that

sup
BR/2(x0)

A(|∇v|) ≤ C1

Rn

∫

BR(x0)

A(|∇v|)dx

Proof. See [9], Lemma 5.1.
For each function f : Rn → R (Rn), let (f)x0,r = 1

|Br(x0)|
∫

Br(x0)
fdx and

(f)r = (f)0,r. Then we have the following property of the
function v. �
Lemma 2.3. There exist two positive constants α = α(n, a1) < 1 and C2 =
C2(n, a1) such that we have for any r ∈ (0, R)

–
∫

Br(x0)

A(|∇v − (∇v)x0,r|)dx ≤ C2

( r

R

)α

–
∫

BR(x0)

A(|∇v − (∇v)x0,R|)dx

Proof. See [9], Lemma 5.1. �
Remark 2.2. Using (1.6), Remark 2.1, and Jensen’s inequality, we obtain

–
∫

BR(x0)

A(|∇v − (∇v)x0,R|)dx ≤ –
∫

BR(x0)

A(|∇v| + |(∇v)x0,R|)dx

≤ (1 + a1)2a1

(
–
∫

BR(x0)

A(|∇v|)dx + A(|(∇v)x0,R|)
)

= (1 + a1)2a1

(
–
∫

BR(x0)

A(|∇v|)dx + A

(
–
∫

BR(x0)

|∇v|dx

))
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≤ (1 + a1)2a1

(
–
∫

BR(x0)

A(|∇v|)dx + –
∫

BR(x0)

A(|∇v|)dx

)

= (1 + a1)2a1+1 –
∫

BR(x0)

A(|∇v|)dx

≤ (1 + a1)222a1+3 –
∫

BR(x0)

A(|∇u|)dx (2.1)

Combining (2.1) and Lemma 2.3, we obtain

–
∫

Br(x0)

A(|∇v−(∇v)x0,r|)dx ≤ C2(1+a1)222a1+3
( r

R

)α

–
∫

BR(x0)

A(|∇u|)dx

The next lemma is the key tool in the proof of Theorem 1.1.

Lemma 2.4. There exist two positive constants γ = γ(n, a0, a1) and m =
m(α, n, a0, a1) such that for each δ ∈ (0, 1), we have for any x0 ∈ R

n, R > 0
and r ∈ (0, R):

–
∫

Br(x0)

|A(|∇u|) − (A(|∇u|))r|dx ≤ γ

δa1(1+a1)

(
R

r

)m

–
∫

BR(x0)

A(|F |)dx

+γ

(
δa0+1 +

1
δa1(1+a1)

( r

R

)α
)

–
∫

BR(x0)

A(|∇u|)dx

The proof of Lemma 2.4 requires several lemmas. �

Lemma 2.5. Let G : R
2n\{0} → R defined by

G(ξ, ζ) =
∫ 1

0

a(|θt|)
|θt| dt, θt = tξ + (1 − t)ζ.

Then there exists two positive constants ca1,n depending only on n and
a1, and Ca0,n depending only on n and a0 such that:

∀(ξ, ζ) ∈ R
2n\{0}, ca1,n

a(|ξ| + |ζ|)
|ξ| + |ζ| ≤ G(ξ, ζ) ≤ Ca0,n

a(|ξ| + |ζ|)
|ξ| + |ζ|

The proof of Lemma 2.5 is based on the following lemma proved in [2]
for n = 2 and whose proof extends easily to n ≥ 3.

Lemma 2.6. Let n � 2, p > 1 and let Fp : R
2n\{0} → R defined by

Fp(ξ, ζ) =
∫ 1

0

|tξ + (1 − t)ζ|p−2dt

Then, there exists two positive constants c(p, n) < C(p, n) depending only on
p and n such that:

∀(ξ, ζ) ∈ R
2n\{0}, c(p, n)

(|ξ|2 + |ζ|2)
p−2
2 ≤ Fp(ξ, ζ) ≤ C(p, n)

(|ξ|2 + |ζ|2)
p−2
2

Proof of Lemma 2.5. For (ξ, ζ) ∈ R
2n\{0}, we set

X0 =
ξ

(|ξ|2 + |ζ|2)1/2
, X1 =

ζ

(|ξ|2 + |ζ|2)1/2
.
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It follows that

θt = (|ξ|2 + |ζ|2)1/2(tX0 +(1− t)X1), |θt| = (|ξ|2 + |ζ|2)1/2|tX0 +(1− t)X1|.
Then, we have by inequality (1.4)

a(|θt|) ≤ max
(|tX0 + (1 − t)X1|a0 , |tX0 + (1 − t)X1|a1

)
a
(
(|ξ|2 + |ζ|2)1/2

)

min
(|tX0 + (1 − t)X1|a0 , |tX0 + (1 − t)X1|a1

)
a
(
(|ξ|2 + |ζ|2)1/2

) ≤ a(|θt|)

Note that since |tX0 + (1 − t)X1| ≤ t|X0| + (1 − t)|X1| ≤ t + (1 − t) = 1
and 0 < a0 ≤ a1, we have |tX0 + (1 − t)X1|a1 ≤ |tX0 + (1 − t)X1|a0 . Hence
we get

|tX0 + (1 − t)X1|a1a
(
(|ξ|2 + |ζ|2)1/2

) ≤ a(|θt|)
≤ |tX0 + (1 − t)X1|a0a

(
(|ξ|2 + |ζ|2)1/2

)

which leads to

Fa1+1(X0,X1)
a
(
(|ξ|2 + |ζ|2)1/2

)

(|ξ|2 + |ζ|2)1/2
≤ G(ξ, ζ) ≤ Fa0+1(X0,X1)

a
(
(|ξ|2 + |ζ|2)1/2

)

(|ξ|2 + |ζ|2)1/2
.

Now, if we apply Lemma 2.6 with p = a0 + 1 and p = a1 + 1, we get
since |X0|2 + |X1|2 = 1

Fa0+1(X0,X1) ≤ C(a0 + 1, n)
(|X0|2 + |X1|2

) a0−1
2 = C(a0 + 1, n)

Fa1+1(X0,X1) ≥ ca1+1,n

(|X0|2 + |X1|2
) a1−1

2 = c(a1 + 1, n)

Finally, we obtain

c(a1 + 1, n)
a
(
(|ξ|2 + |ζ|2)1/2

)

(|ξ|2 + |ζ|2)1/2
� G(ξ, ζ) � C(a0 + 1, n)

a
(
(|ξ|2 + |ζ|2)1/2

)

(|ξ|2 + |ζ|2)1/2

Since the two norms |ξ| + |ζ| and (|ξ|2 + |ζ|2)1/2 are equivalent, the
lemma follows using (1.4) �

Lemma 2.7. For any X,Y ∈ R
n, we have:

A(|X|) ≥ A(|Y |) + 〈Θ(Y ),X − Y 〉

Proof. Let X,Y ∈ R
n. First, we have

A(|X|) − A(|Y |) =
∫ 1

0

d

dt
[A(|tX + (1 − t)Y |)]dt

=
∫ 1

0

A′(|tX + (1 − t)Y |).< tX + (1 − t)Y,X − Y >

|tX + (1 − t)Y | dt

=
∫ 1

0

a(|tX + (1 − t)Y |).< tX + (1 − t)Y,X − Y >

|tX + (1 − t)Y | dt
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=
∫ 1

0

〈Θ(tX + (1 − t)Y ),X − Y 〉 dt

Next, using (1.7), this leads to

A(|X|) − A(|Y |) =
∫ 1

0

1
t

〈Θ(tX + (1 − t)Y ), t(X − Y )〉 dt

≥
∫ 1

0

1
t

〈Θ(Y ), t(X − Y )〉 dt

= 〈Θ(Y ),X − Y 〉
which achieves the proof. �

Lemma 2.8. For any δ ∈ (0, 1), X,Y ∈ R
n, we have:

|A(|X|) − A(|Y |)| ≤ C3

δa1(1+a1)
A(|X − Y |) + C4δ

a0+1(A(|X|) + A(|Y |))
where C3 = (1 + a1)Ca0,n and C4 = (1 + a1)2a1C3

Proof. Let δ ∈ (0, 1), X,Y ∈ R
n. First, we have

|A(|X|) − A(|Y |)| =
∣∣∣∣
∫ 1

0

d

dt
[A(|tX + (1 − t)Y |)]dt

∣∣∣∣

=
∣∣∣∣
∫ 1

0

A′(|tX + (1 − t)Y |).< tX + (1 − t)Y,X − Y >

|tX + (1 − t)Y | dt

∣∣∣∣

=
∣∣∣∣
∫ 1

0

a(|tX + (1 − t)Y |).< tX + (1 − t)Y,X − Y >

|tX + (1 − t)Y | dt

∣∣∣∣

≤ |X − Y |.(|X| + |Y |).
∫ 1

0

a(|tX + (1 − t)Y |)
|tX + (1 − t)Y | dt

Next, we get by using Lemma 2.5

|A(|X|) − A(|Y |)| ≤ Ca0,n|X − Y |.(|X| + |Y |).a(|X| + |Y |)
|X| + |Y |

= Ca0,n|X − Y |.a(|X| + |Y |) (2.2)

We observe that we have by (1.2)–(1.4), for s, t ≥ 0 since δ ∈ (0, 1)

sa(t) =
s

δa1
.δa1a(t) ≤ s

δa1
.a(δt) ≤ s

δa1
.a

( s

δa1
.
)

+ δta(δt)

≤ s

δa1
.

1
(δa1)a1

a(s) + δtδa0a(t) =
sa(s)

δa1(1+a1)
+ δa0+1ta(t)

≤ 1 + a1

δa1(1+a1)
A(s) + (1 + a1)δa0+1A(t) (2.3)

Using (2.2) and (2.3), with s = |X − Y | and t = |X| + |Y |, we get

|A(|X|) − A(|Y |)| ≤ (1 + a1)Ca0,n

δa1(1+a1)
A(|X − Y |) + (1 + a1)Ca0,nδa0+1

A(|X| + |Y |) (2.4)
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Using (1.6), we get from (2.4)

|A(|X|) − A(|Y |)| ≤ C3

δa1(1+a1)
A(|X − Y |) + (1 + a1)22a1Ca0,nδa0+1

(A(|X|) + A(|Y |))
Hence, the lemma follows. �

Lemma 2.9. There exist two positive constants C5 = (1+a1)2
a1
2

C(A,n) and
C6 = (1 + a1)2a1

(
1 + (1 + a1)2a1+2

) (
C5 + 1+a1

4

)
such that we have for

each η ∈ (0, 1) , x0 ∈ R
n, R > 0 and r ∈ (0, R):

–
∫

Br(x0)

A(|∇u − ∇v|)dx ≤
(

R

r

)n ( C5

η1+a1(1+a1)
–
∫

BR(x0)

A(|F |)dx

+C6η
a0 –

∫

BR(x0)

A(|∇u|)dx
)

Proof. We observe that by translation, it is enough to prove the lemma for
x0 = 0. Using w = (u − v)χBR

as a test function for problems (P ) and (P0)
and subtracting the two equations and using (2.3), we get for η ∈ (0, 1):

∫

BR

(
Θ(∇u) − Θ(∇v)

)
(∇u − ∇v)dx

=
∫

BR

a(|F |)
|F | F.∇wdx ≤

∫

BR

a(|F |).|∇w|dx

≤ 1 + a1

ηa1(1+a1)

∫

BR

A(|F |)dx + (1 + a1)ηa0+1

∫

BR

A(|∇w|)dx (2.5)

Using (2.5) and (1.7), we get

C(A,n)
2

a1
2

∫

BR

a(|∇u| + |∇v|)
|∇u| + |∇v| .|∇w|2dx ≤ 1 + a1

ηa1(1+a1)

∫

BR

A(|F |)dx

+(1 + a1)ηa0+1

∫

BR

A(|∇w|)dx

or ∫

BR

a(|∇u| + |∇v|)
|∇u| + |∇v| .|∇w|2dx

≤ C5

ηa1(1+a1)

∫

BR

A(|F |)dx + C5η
a0+1

∫

BR

A(|∇w|)dx (2.6)

By (1.2), we can write
∫

Br

A(|∇w|)dx ≤
∫

Br

|∇w|a(|∇w|)dx

=
∫

E1,r

|∇w|a(|∇w|)dx +
∫

E2,r

|∇w|a(|∇w|)dx (2.7)

where E1,r = Br ∩ { (|∇u| + |∇v|)a(|∇w|) ≤ |∇w|a(|∇u| + |∇v|) } and
E2,r = Br ∩ { (|∇u| + |∇v|)a(|∇w|) > |∇w|a(|∇u| + |∇v|) }.
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From the definition of E1,r, we see that
∫

E1,r

|∇w|a(|∇w|)dx ≤
∫

E1,r

a(|∇u| + |∇v|)
|∇u| + |∇v| .|∇w|2dx (2.8)

Using the monotonicity of a, the definition of E2,r, and Young’s inequality,
we get
∫

E2,r

|∇w|a(|∇w|)dx ≤
∫

E2,r

a(|∇u| + |∇v|).|∇w|dx

≤
∫

E2,r

(
a(|∇u| + |∇v|)
|∇u| + |∇v| .|∇w|2

) 1
2

. ((|∇u| + |∇v|)a(|∇u| + |∇v|)) 1
2 dx

≤ 1
η

∫

E2,r

a(|∇u| + |∇v|)
|∇u| + |∇v| .|∇w|2dx +

η

4

∫

E2,r

(|∇u| + |∇v|)a(|∇u| + |∇v|)dx

≤ 1
η

∫

E2,r

a(|∇u| + |∇v|)
|∇u| + |∇v| .|∇w|2dx +

(1 + a1)η
4

∫

Br

A(|∇u| + |∇v|)dx

(2.9)

Combing (2.6), (2.7), (2.8), and (2.9), and using (1.6) and Remark 2.1,
we arrive at
∫

Br

A(|∇w|)dx

≤ 1
η

∫

Br

a(|∇u| + |∇v|)
|∇u| + |∇v| .|∇w|2dx +

(1 + a1)η
4

∫

BR

A(|∇u| + |∇v|)dx

≤ C5

ηa1(1+a1)+1

∫

BR

A(|F |)dx + C5η
a0

∫

BR

A(|∇w|)dx

+
(1 + a1)η

4

∫

BR

A(|∇u| + |∇v|)dx

≤ C5

ηa1(1+a1)+1

∫

BR

A(|F |)dx +
(

C5η
a0 +

(1 + a1)η
4

)∫

BR

A(|∇u| + |∇v|)dx

≤ (1 + a1)2a1

(
C5η

a0 +
(1 + a1)η

4

) (∫

BR

A(|∇u|)dx +
∫

BR

A(|∇v|)dx

)

+
C5

ηa1(1+a1)+1

∫

BR

A(|F |)dx

≤ (1 + a1)2a1

(
C5 +

1 + a1

4

)
(1 + (1 + a1)2a1+2)ηa0

∫

BR

A(|∇u|)dx

+
C5

ηa1(1+a1)+1

∫

BR

A(|F |)dx

Hence, the lemma follows. �

Proof of Lemma 2.4. Let δ ∈ (0, 1), R > 0 and r ∈ (0, R). First, we have by
Lemma 2.8 used for X = ∇u(x) and Y = ∇u(y)
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–
∫

Br

|A(|∇u|) − (A(|∇u|))r|)dx

= –
∫

Br

∣∣∣∣ –
∫

Br

(A(|∇u(x)|) − A(|∇u(y)|))dy

∣∣∣∣ dx

≤ –
∫

Br×Br

|A(|∇u(x)|) − A(|∇u(y)|)|dxdy

≤ C3

δa1(1+a1)
–
∫

Br×Br

A(|∇u(x) − ∇u(y)|)dxdy

+C4δ
a0+1

(
–
∫

Br×Br

A(|∇u(x)|)dxdy + –
∫

Br×Br

A(|∇u(y)|)dxdy

)

=
C3

δa1(1+a1)
–
∫

Br×Br

A(|∇u(x) − ∇u(y)|)dxdy

+2C4δ
a0+1 –

∫

Br

A(|∇u(x)|)dx

≤ C3

δa1(1+a1)
–
∫

Br×Br

A(|∇u(x) − (∇u)r| + |∇u(y) − (∇u)r|)dxdy

+2C4δ
a0+1 –

∫

Br

A(|∇u|)dx

This leads by (1.6) to

–
∫

Br

|A(|∇u|) − (A(|∇u|))r|dx

≤ C3(1 + a1)2a1

δa1(1+a1)

(
–
∫

Br×Br

A(|∇u(x) − (∇u)r|)dxdy

+ –
∫

Br×Br

A(|∇u(y) − (∇u)r|)dxdy

)

+2C4δ
a0+1 –

∫

Br

A(|∇u|)dx

=
2C3(1 + a1)2a1

δa1(1+a1)
–
∫

Br

A(|∇u − (∇u)r|)dx + 2C4δ
a0+1 –

∫

Br

A(|∇u|)dx

(2.10)

Using (1.6) again, we get

–
∫

Br

A(|∇u − (∇u)r|)dx

≤ –
∫

Br

A(|∇u − ∇v| + |∇v − (∇v)r| + |(∇u)r − (∇v)r|)dx

≤ (1 + a1)2a1

(
–
∫

Br

A(|∇u − ∇v|)dx

+ –
∫

Br

A(|∇v − (∇v)r| + |(∇u)r − (∇v)r|)dx

)
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≤ (1 + a1)2a1 –
∫

Br

A(|∇u − ∇v|)dx

+(1 + a1)222a1

(
–
∫

Br

A(|∇v − (∇v)r|)dx + –
∫

Br

A(|(∇u)r − (∇v)r|)dx

)

(2.11)

Using Jensen’s inequality, we derive

–
∫

Br

A(|(∇u)r − (∇v)r|)dx = A

(∣∣∣∣ –
∫

Br

(∇u − ∇v)dx

∣∣∣∣
)

≤ –
∫

Br

A(|∇u − ∇v|)dx (2.12)

From (2.11) and (2.12), we obtain

–
∫

Br

A(|∇u − (∇u)r|)dx

≤ (1 + a1)2a1(1 + (1 + a1)2a1) –
∫

Br

A(|∇u − ∇v|)dx

+(1 + a1)222a1 –
∫

Br

A(|∇v − (∇v)r|)dx (2.13)

Combining (2.10) and (2.13), we obtain

–
∫

Br

|A(|∇u|) − (A(|∇u|))r|dx ≤ C7

δa1(1+a1)
–
∫

Br

A(|∇u − ∇v|)dx

+
C8

δa1(1+a1)
–
∫

Br

A(|∇v − (∇v)r|)dx + 2C4δ
a0+1 –

∫

Br

A(|∇u|)dx

(2.14)

where C7 = 2C3(1 + a1)222a1(1 + (1 + a1)2a1) and C8 = 2C3(1 + a1)323a1 .
Finally, by taking into account Remark 2.2 and Lemma 2.8, we obtain

from (2.14) for any η ∈ (0, 1)

–
∫

Br

|A(|∇u|) − (A(|∇u|))r|dx ≤ C7

δa1(1+a1)

(
R

r

)n

( C5

η1+a1(1+a1)
–
∫

BR

A(|F |)dx + C6η
a0 –

∫

BR(x0)

A(|∇u|)dx
)

+
C8C2

δa1(1+a1)
(1 + a1)222a1+3

( r

R

)α

–
∫

BR

A(|∇u|)dx

+2C4δ
a0+1 –

∫

Br

A(|∇u|)dx

To conclude the proof, we let γ = max(C5C7, C6C7+C2C8(1+a1)222a1+3,

2C4), m = n + (α+n)(1+a1(1+a1))
a0

, and choose η such that ηa0 =
(

r
R

)α+n or

η =
(

r
R

)α+n
a0 . Then we obtain
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–
∫

Br

|A(|∇u|) − (A(|∇u|))r|dx ≤ γ

δa1(1+a1)

(
R

r

)m

–
∫

BR

A(|F |)dx

+γ

(
δa0+1 +

1
δa1(1+a1)

( r

R

)α
)

–
∫

BR

A(|∇u|)dx

�

3. Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. First, we recall that for
each function f ∈ L1(Rn), the Hardy–Littlewood maximal function associ-
ated with f is given by

M [f ](x0) = sup
r>0

–
∫

Br(x0)

|f(x)|dx, x0 ∈ R
n

and the sharp maximal function associated with f is defined by

f �(x0) = sup
r>0

–
∫

Br(x0)

|f − (f)x0,r|dx, x0 ∈ R
n

Proof of Theorem 1.1. We deduce from Lemma 2.4 that we have for every
δ ∈ (0, 1), r > 0, R = r

δ
a1(1+a1)+a0+1

α

, κ = a1(1 + a1) + m(a1(1+a1)+a0+1)
α , and

x0 ∈ R
n

–
∫

Br(x0)

|A(|∇u|) − (A(|∇u|))r|)dx ≤ γ

δκ
–
∫

BRx0)

A(|F |)dx

+2γδa0+1 –
∫

BRx0)

A(|∇u|)dx

which leads to

(A(|∇u|))�(x0) ≤ γ

δκ
M [A(|F |)](x0) + 2γδa0+1M [A(|∇u|)](x0) (3.1)

Now, let B be a function such that B◦A−1 is an N−function and assume
that F ∈ C∞

0 (Rn) and |∇u| ∈ LB(Rn). Then by using (1.6), we obtain from
(3.1) (see [6]) for γ′ = γ(1+ c1)2c1 , where c1 is the equivalent to the constant
a1 for the function B ◦ A−1

∫

Rn

B(|∇u|)dx ≤
∫

Rn

B
(
A−1(A(|∇u|))�(x)

)
dx

≤ 2γ′δ1+a0

∫

Rn

B
(
A−1M [A(|∇u|)](x)

)
dx

+
γ′

δκ

∫

Rn

B
(
A−1M [A(|F |)](x)

)
dx (3.2)

By the Hardy–Littlewood maximal theorem (see [7]), we have for some
positive constant C9 depending only upon n,A and B∫

Rn

B
(
A−1M [A(|F |)](x)

)
dx ≤ C9

∫

Rn

B(|F |)dx (3.3)
∫

Rn

B
(
A−1M [A(|∇u|)](x)

)
dx ≤ C9

∫

Rn

B(|∇u|)dx (3.4)
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We deduce then from (3.2), (3.3) and (3.4) that
∫

Rn

B(|∇u|)dx ≤ 2γ′C9δ
1+a0

∫

Rn

B(|∇u|)dx +
γ′C9

δκ

∫

Rn

B(|F |)dx (3.5)

Now, if we choose δ such that δ ∈
(
0,min

(
1, (2γ′C9)

− 1
1+a0

))
, we get

∫

Rn

B(|∇u|)dx ≤ γ′C9

δκ(1 − 2γ′C9δ1+a0)

∫

Rn

B(|F |)dx (3.6)

This completes the proof when F ∈ C∞
0 (Rn) and |∇u| ∈ LB(Rn). Next,

we will establish it when F ∈ LB(Rn). To do that, we consider a sequence
(Fk)k of vector functions in C∞

0 (Rn) that converges to F in LB(Rn). We
denote by (uk)k the sequence of unique solutions of the following problem

(Pk)

{
uk ∈ W 1,A(Rn),
div

(
Θ(∇uk)

)
= div (Θ(Fk)) in R

n

Since Fk has compact support in R
n, there exists lk > 0 such that

suppt(Fk) ⊂ Blk , and therefore we have for all k

div
(
Θ(∇uk)

)
= 0 in R

n\Blk (3.7)

We will prove that |∇uk| ∈ LB(Rn). Since uk ∈ C1(Rn), it is enough to
show that

∫
{|x|>2lk} B(|∇uk(x)|)dx < ∞. We observe that because of (3.7),

we can apply Lemma 2.3 in B|x|−lk(x) for each x ∈ R
n\B2lk

A(|∇uk(x)|) ≤ C1

(|x| − lk)n

∫

B|x|−lk
(x)

A(|∇uk|)dy (3.8)

As observed in Remark 1.2, there exists two positive constants μ and
K such that

0 ≤ B ◦ A−1(st) ≤ KsμB ◦ A−1(t) ∀s, t ≥ 0. (3.9)

Using (3.8) and (3.9), and taking into account Remark 1.2, we get
∫

{|x|>2lk}
B(|∇uk(x)|)dx

≤ K

(
C1

∫

B|x|−lk
(x)

A(|∇uk|)dy

)µ

.

∫

{|x|>2lk}
B ◦ A−1

(
1

(|x| − lk)n

)
dx

≤ Kωn

(
C1

∫

Rn

A(|∇uk|)dy

)µ

.

∫ ∞

2lk

rn−1B ◦ A−1

(
1

(r − lk)n

)
dr

≤ Kωn2n−1

(
C1

∫

Rn

A(|∇uk|)dy

)µ

.

∫ ∞

2lk

(r − lk)n−1B ◦ A−1

(
1

(r − lk)n

)
dr

=
Kωn2n−1

n

(
C1

∫

Rn

A(|∇uk|)dy

)µ

.

∫ ∞

lnk

B ◦ A−1

(
1

t

)
dt < ∞

It follows that |∇uk| ∈ LB(Rn). Therefore, (3.6) is valid for uk and we
have ∫

Rn

B(|∇uk|)dx ≤ γ′C9

δκ(1 − 2γ′C9δ1+a0)

∫

Rn

B(|Fk|)dx ∀k (3.10)
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Since Fk → F strongly in LB(Rn), we deduce from (3.10) that we have
for some positive integer k0∫

Rn

B(|∇uk|)dx ≤ 2γ′C9

δκ(1 − 2γ′C9δ1+a0)

∫

Rn

B(|F |)dx ∀k ≥ k0 (3.11)

Therefore, uk is uniformly bounded in W 1,B(Rn) and consequently has
a weakly convergent subsequence to some function v in W 1,B(Rn). Using
Lemma 2.7 with function B, we get

∫

Rn

B(|∇uk|)dx ≥
∫

Rn

B(|∇v|)dx +
∫

Rn

〈
b(|∇v|)
|∇v| ∇v,∇uk − ∇v

〉
dx

(3.12)
Passing to the limit in (3.11) and taking into account (3.12) and the

convergence for the weak topology, we infer that∫

Rn

B(|∇v|)dx ≤ 2γ′C9

δκ(1 − 2γ′C9δ1+a0)

∫

Rn

B(|F |)dx (3.13)

The proof of the theorem will be complete if we prove that v is a solution
of problem (P ). To this end, we observe that it is enough to show that Θ(∇uk)
has a weakly convergent subsequence in LÃ(Rn) to Θ(∇v). The proof is well
known for monotone and continuous operators. We give it here for the sake
of completeness.

Using w = uk − v as a test function for problem (Pk), we get∫

Rn

Θ(∇uk).(∇uk − ∇v)dx =
∫

Rn

Θ(Fk).(∇uk − ∇v)dx (3.14)

Now, given that ∇uk is uniformly bounded in LA(Rn), Θ(∇uk) is uni-
formly bounded in LÃ(Rn), and, therefore, has a weakly convergent subse-
quence to some vector function V in LÃ(Rn). Moreover, uk ⇀ v weakly in
W 1,B(Rn) and Fk → F strongly in LB(Rn). Therefore, in particular, uk ⇀ v
weakly in W 1,A(Rn) and Fk → F strongly in LA(Rn). Hence, we obtain from
(3.14)

lim sup
k→∞

∫

Rn

|∇uk|a(|∇uk|)dx =
∫

Rn

V.∇vdx (3.15)

At this point, we use (1.7) for X = ∇uk and a vector function Y ∈
LA(Rn) ∫

Rn

(
Θ(∇uk) − Θ(Y )

)
.(∇uk − Y )dx ≥ 0.

Letting k → ∞ and taking into account (3.15), one can check that∫

Rn

(
V − Θ(Y )

)
.(∇v − Y )dx ≥ 0.

Now choosing Y = ∇v − λϑ, where λ is a positive number and ϑ is an
arbitrary vector function in D(Rn), we obtain∫

Rn

(
V − Θ(∇v − λϑ)

)
.ϑdx ≥ 0.
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Letting λ → 0, we get
∫
Rn

(
V − Θ(∇v)

)
.ϑdx ≥ 0. Since ϑ is arbitrary in

D(Rn), it follows that V = Θ(∇v) in R
n. This achieves the proof. �
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