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1. Introduction

Integral equations and integro-differential equations arise in many branches
of physics and engineering. For example, in potential theory, acoustics, elas-
ticity, fluid mechanics, radiant transfer, and population theory. For the past
decade, many attempts to solve the nonlinear Hammerstein, Hammerstein—
Volterra, and Volterra integral equations were carried out by different studies
using numerical methods, since these equations arise in many applications
on physics, mathematics, and chemistry, such as stereology, heat conduction,
crystal growth, and heat radiation from a semi-solid. Various methods have
been used to approximate the solution of such integral equations. For exam-
ple, in [1], a variation of the Nystrom method is introduced; in [2], they work
with the classical method of successive approximations; in [3] and [4], some
collocation methods were developed. On the other hand, the bounded varia-
tion functions have been suitable in the study of optimal control problems, as
well as in the calculus of variations. Furthermore, these functions are useful
for image retrieval problems and are well adapted to the study of parameter
identification problems, such as the coefficients of an elliptical machine or a
parabolic operator.
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In [5] Ered, Giménez, and Pérez studied the solutions of nonlinear
Hammerstein and Volterra-Hammerstein integral equations in the space of
functions of bounded variation in the sense of Shiba, denoted by A,BV. The
proofs of their results were based on the Banach Contraction Principle. They
considered the Hammerstein equation defined as

+)\/Kts ($)ds, Ae Lte I=[0,8],  (L1)

and the Volterra—-Hammerstein equation
t

x(t) =g(t) + ; K(t,s)f(x(s))ds, t € I =10,b], (1.2)

where the integration is taken in the sense of Lebesgue, and they assumed
the following hypotheses:

Hy) g: I — Ris a function of Ap-bounded variation.
H,) f:R — R is a locally Lipschitz function.
Hs) K : I x I — R is a function, such that

Va, (K (-, 8),I) < M(s), forae. secl,
where M : I — R is an LP integrable function, and K (t,-) is Lebesgue
integrable for each ¢t € I = [0, b].

Together with some additional hypotheses, they showed that there exists a
number 7 > 0, such that for every A with |[A| < 7, the Eq. (1.1) has a unique
solution in A, BV ([0, b])

In a similar way, in [5], they studied the solutions of Volterra equation

/Kts (s))ds, t € I = [a,b], (1.3)

in the space of functions A,BV, and the proofs of their results were based
on the Leray—Schauder Alternative theorem. Under the hypotheses H;) and
H,), and the additional hypothesis

Hy) Let K : {(t,s) € [a,b] X [a,b] : s <t} — R be a function, such that
[K (s, )
(M)7
where h : I — Ry is an LP integrable function, and K(t,-) is Lebesgue
integrable on [a, t] for each ¢ € [a, ]],

Vi, (K (-, 8) : [s,b]) < h(s), for a.e. s € [a,b],

they proved that there exists a unique solution z € A, BV for the Eq. (1.3).

Motivated by the paper [5], in this work, we consider the Hammerstein
Eq. (1.1), the Volterra—Hammerstein integral Eq. (1.2), and the Volterra Eq.
(1.3). Under certain hypotheses, we study the solutions of these equations
in the class of functions of bounded second variation in the sense of Shiba,
(A2BV) with 1 < p < co.

This paper is structured as follows: Sect. 2 on preliminaries, which pro-
vides the necessary results for the proofs of the main theorems. Section 3
presents the existence and uniqueness results for Hammerstein equation and
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Volterra-Hammerstein integral equations, whose proofs are based on the Ba-
nach Contraction Principle. In addition, the existence and uniqueness of solu-
tions for Volterra equation are proved using the Leray—Schauder Alternative
theorem. In Sect. 4, an application problem is presented; finally, some con-
clusions are drawn at the last section.

2. Preliminaries

This section is a review of the preliminary results which are fundamentals
for the development of the main theorems. For the purpose of studying the
solutions of the nonlinear integral Eqgs. (1.1), (1.2), and (1.3), we consider the
following hypotheses:

(f[l) f I — R is a function of (A,2,p)—th bounded second variation
on [a,b], that is, f € A2BV([a,b]).
(Hy) K :Ix 1 — Ris a function, such that
Vaop(K(-8),I) < M(s), forae. sel,
where M : I — R is an LP integrable function, and {K(t,-)},.; is
bounded in L'(I), which is to say that there exists C' > 0, such that

1K (¢t )] < C for every t € I. The variation Va2,p(-, I) will be defined
below.

The following two theorems are used in the proof of the main results to
guarantee the existence and uniqueness of solutions of the integral equations
to be studied, and are stated here, so the paper is self-contained.

Theorem 2.1. {Banach Contraction Principle.} Let f: X — X be a contrac-
tion mapping on a complete metric space and B C X be a closed subset, such
that f(B) C B. Then, [ has a unique fixed point in B.

Theorem 2.2. {Leray—Schauder Alternative.} Let U be an open subset of a
Banach space (X, ||.||) with 0 € U. Suppose there exists a nondecreasing con-
tinuous function ¢ : [0,+00) — [0,400) satisfying ¢(z) < z for z > 0. The
function H : U — X is such that verifies |[H(z) — H(y)|| < ¢ (||z —yl|) for
all 2,y € U, where U is the closure of U in X. In addition, H(U) is bounded,
and x # AH (z) for all x € OU (boundary of U) and X € (0,1]. Then, H has
a fized point in U.

Next, we present the theory needed in this paper such as definitions,
remarks, and lemmas that will be strongly used in the proofs of the main
theorems.

In [6] is introduced the concept of the classes of functions of bounded
second variation in the sense of Shiba, where it is shown that this class of
functions, denoted by AZQ,BV, is a normed vector space. In [7], it is proved in
addition that this is a Banach space. The following definitions were considered
in these papers.

Definition 2.3. A sequence of positive real numbers A = {)\;}2; is a W-
sequence if {\;}22; is nondecreasing, and > (1/);) = +oc.
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Definition 2.4. TI3([a,b]) denote the set of partitions 7 = {z;}"_, of the in-
terval [a, b] containing at least three points, (7 € I5([a, b])).

Definition 2.5. Let 1 < p < oo, and let A = {)\;}?°, be a W-sequence. The
(A, 2, p)-th variation of f on [a,b] is defined by

(nzf |Q1(f; zit2, wit1) — Qi(f; $¢+1,«’Ei)p) v

Va2,p(f;a,0]) = Va2,p(f) = sup

™

i=0 Ai

where Q1(f; 3, a) = %, and the supremum is taken over all the par-

titions m = {x;}}_, € II3([a,b]). The sum above is called an approximated
sum for Va 2 ,(f;[a, b]).

We say that f has (A, 2, p)—th bounded second variation on [a, b] when-
ever Vi 2,(f;[a,b]) < co. We denote the space of such functions by A2BV

([a b])-

Remark 2.6. A2BV ([a,b]) together with the norm || f|[a.2.p = I flloc + Va2,p
(f;]a,b]) is a Banach space. See [7].

The following three lemmas have been proved in [6], and are highly
useful results for some of the main theorems.

Lemma 2.7. Let 1 <p < oo, f,g € A2BV([a,b]), and A € R. Then

VA,Q,p(f + /\g) < VA,Q,p(f) + |>‘|VA,2,p(g)-
Lemma 2.8. If 1 < p < oo and f € A2BV([a,b]), then Q.(f;-,-) is bounded
on [a,b] X [a,b].

Remark 2.9. It can be easily shown from the Lemma above that if f €
A2BV ([a,b]), then f is bounded.

Lemma 2.10. If f € A%BV([a, b)), where 1 < p < oo, then f is Lipschitz and
hence is continuous on [a,b].

Remark 2.11. Denote L%(f) the Lipschitz constant of a function f : [a, b] —
R, that is

Li(f) = sup{‘f@cz)—f@cl)

T2 — I

X1, 9 € [a, bl # acg}.

The following lemma is proved in the same way as Lemma 2.8 in [6].

Lemma 2.12. Let K : I x I — R. If K(-,s) € A2BV([s,b]), then there exists
a function C(s), such that |Q1(K (-, 8);-,-)|" < C(s) on [s,b] x [s,b].

In [7], it is shown that if g € A2BV ([a,b]) is strictly increasing, and if
f € A2BV ([g(a), g(b)]), then the composition fog € AZBV([a,b]). Here, we
prove this result by removing the requirement that g is strictly increasing.

Lemma 2.13. If g € A2BV([a,b]), and f € A2ZBV([g(a),g(b)]), then
fog e A2BV([a,b]).



MIOM Volterra—Hammerstein in the Space Af BV Page 50f 23 151

Proof. Let A = {\;}i>0 be a W-sequence. Let us consider a partition 7 =
{ti}y € I3([a,b]) such that a =tg < t; < -+ < tp—1 <ty =b. We need to
consider several cases for the proof.

e Suppose g(tir2) = g(tiy1) and g(tiy1) = g(t;), and thus

0 o |?
|Q1( 0 g;tita, z+1) Q1(f09;ti+1,ti)|p _ tito—tit1 tig1—ts -0
e Suppose g(tit+2) # g(ti+1) and g(tit1) = g(t;), then
|Q1(f o gstita, tiv1) — Qi(f o gitiv1, ti)[P
Y
Flaltiva)) = flo(tiz)) |P f(g 1+2)) J(9(tit1)) o g(tit2)=g(ti+1) P
tivo—tiy1 (tig2)—g(tit1) tiyo—tit1
SlgCtiva))=F(g(tiz)) |P ‘ g(tip2)—g(tiza) |P
_ g(tit2)—g(tit1) tivo—tit1
i
‘g(ti+2)*g(ti+1) _ 9(tiy1)—g(ts
tri —ti tz‘ _ti
= [Q1(f;9(tit2), g(tit1)) " x - iy —
‘g(ti+2)—g(ti+1) _g(tis) =gt |P
< (Ml)p % tito—tit1 tiv1—tq ’
by
where My = sup{Q1(f; 5, a); o, € [g(a),g(b)]} is assured by Lemma
2.8.

e A similar argument to above applies when ¢(t;12) = g(ti+1) and g(t; 1)

# g(t:)
|Q1(f o gstiya tiv1) — Qu(fogitivr ti)|P

Ai
g(tit2)—g(tit1)  g(titv1)—g(ti) P
tivo—t; tiy1—t;
< (My)P x 2 +

Ai ’

where Ml - Sup{Ql(f ﬁv )7 aB € [ ( )79( )]}
e For the case g(t;42) # g(tix1) and g(t;+1) # g(t;), the proof is identical
to that of Theorem 5 in [7]

|Q1(f097 429 H—l) Ql(foga H—lat )|p

Ai
‘g(ti+2)*9(ti+1) _g(tig1)—g(ts) P
fivo—ti tig1—t;
< 2P (Ml)p +2—tit1 . 1
Fla(tira)) = flo(tisr))  Fla(tar))—fla(t:)) |P
+2P (My)P x g(tita)—g(tiyr) g(tit1)—g(ti)
2

g

Therefore
Va2p(fogila,b]) < 3Mi Vi p(g;la,b]) + My Vao,(f;[g(a), g(b)]) < oo,
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with My = sup{Q1(g; 8, a); «, € [a,b]}, so we can conclude that
fog € A2BV([a,b)).
O
Lemma 2.14. Suppose that f and K satisfy hypotheses H, and ﬁg, respec-

tively. Let F be defined as F(x = fI x(s))ds for every x €
AZBV(I), with I = [0,b]. Then

Va2p(F(2) <07 [|flloe (/1 (M(s))" ds>; < 400.

Proof. By Lemma 2.13, we have that f oz € AZBV([0,b]). Even more, f
is continuous on [0,b], because f is Lipschitz, and hence f is Lebesgue in-
tegrable. Since K(t,.) is Lebesgue integrable for every t € I, we have that
K(t,)f(xz(-)) is Lebesgue integrable for every ¢ € I. Thus, the function F(x)
is well defined. Let A = {\;};>0 be a W-sequence, and 7 = {t ., € II3([0,0])
a partition, such that 0 =ty <t; < --- <t,_1 <t, =b. Let us study

1/
Va2 (F( —Sup (Z |Q1(F(2); tiya, tivr) — Qu(F(); z+1,t)|P> p.

i
Assume that

Ai = |Q1(F(x);tive, tig1) — Qu(F(z);tipr, t)["

_ ‘F( )(tive) — F(@)(tiv1)  F(@)(tiv1) — F(@)(t) |
tivo —Tit1 tiy1 —t;
_ K(t2+2> ) K(t2+1> ) . K(tlJrle)_K(tivS) (s Sp
B /1 [ (tige —tiv1) (tit1 —ti) ] flats)d
p K 1+27 - ( l+175) _ K(ti-i-lvs)*K(tivs) SP
= Sup F (&) / (tig2 — tig1) (tiyr —ts) d

Now, since p > 1, and the function zP is convex on [0, +00), we can use the
normalization and Jensen’s inequality to get

A < sup | f(a |p/\Q1 e tipr) — QuUE ()i tign, )7 ds.
Thus
'rL—2é
1=0 i
<§bp supger [f(@(s)[” [ 1Q1(K(8);tiva, tiv1) — QK (-, 8); tiv1, t:)|" ds
i=0
et |Q1(K (- 8)s tita, tigr) — Qu(K (- 8)itiva, ti)|”
iy |5 v .
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1
Raising both sides of the inequality to the power — yields
p

(Z ;‘) < b"5" sup |f(a(s))

sel

2 QUK 8); tiva, tivr) — QUK (-, 8); tigs, )| ’
X </IZ N ds) ,

taking supremum in the above inequality, and by Hypothesis ﬁg, it follows
that Va o, (K(-,s) : I) < M(s), where M is LP integrable, so we conclude
that:

1
p—1 P
Vaap(F@) <07 1l ([ 01067 as) " < hoc.
I
This completes the proof. O

Lemma 2.15. Suppose that f and K satisfy hypotheses fIl and ﬁg, respec-
tively. Assume F(x) is the integral function for every x € AZBV(I), with
I =10,b], defined as in the previous lemma. Then, for every x,y € A%BV(I),
the inequality

Va2p(A(F(z) = F(y)))

1
P P

<V B sl ([ 107as) L AT,

holds, where LY(f) is the Lipschitz constant associated with f restricted to
the interval I.

Proof. Let x,y € A2BV(I), A = {\;}i>0 be a W-sequence, and 7 = {t;}]" €
I15([0,b]) a partition, such that 0 =ty < t; < -+ < t—1 < t, = b. By the
definition, we have

Va2p(A(F(z) — F(y)))

QA (F(2) = F(y) s tisa, tis1) — QUA(F(2) = F(y)) s tis, t)|P v
Z A ’

= sup
™ \i=0

Thus

Q1A (F(z) — F(y));tit2, tit1)
_ AF(@) = Fy)) (tir2) = A (F(z) = F(y) (tiy1)

tivo —tit1
_ A K (tive,s) = K(tia,8)] f(2(s))ds — [} [K(tit2, 5) = K(tit1,5)] £(y(s))ds]
tivo — tit1
_ A [K(tiga,s) = K(tiv, s)] [ (2(5) = f(y(s))] ds] . (2.1)

tiyo —tir1
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Analogously, we have that
Q1A (F(z) = F(y)) s tit1, ti)
S K (tiga,s) = K(ti,8)] [ (x(s)) = f(y(s))] ds] 22

tit1 — ¢

We proceed now as in the proof of Lemma 2.14. By replacing (2.1) and (2.2),
we have

Bi = |Q1(M (F(x) = F(y)) ;tiya, tiv1) — QN (F(x) — F(y)) s tiy1, ta)|”
MK (tiga, s) — K(tigr, s)] [f(2(s) = f(y(s))] ds]

tivo —Tit1
NSy [ (tir, 5) = Kt 9)] [F(2(5)) = f(y(s)] ds] |/
tiy1 —t;

p

)

'/\fl tiv2, tiv1, tiy s) [f(z(s)) — fy(s))lds
(tivo —tiv1)(tiy1 — 1)

where
H(tizo, tiz1,ti,8) = (tix1 — ti) [K(tig2,8) — K(tit1,5)]
—(tiva — tiv1) [K(tiy1,8) — K(ti, 8)] -

By Lemma 2.10, f is Lipschitz, and thus

Bi < |AP (LS(f))pSsléI; |z(s) — y(s)[?

J

K(ti+278) — K(ti+178) K(ti+17s) — K(tz,s) p

(tiyo —tiy1) - (tig1 — 1) as
= [APP (Lg(f))psup|x(8)
OF [ 11K s)stiratin) = QulK (- s)stivn, b ds.

Again, since p > 1, and z? is convex on [0, 00), we can normalize and use the
Jensen’s inequality to have

"iz [Qi(AN(F(z) — F(y)) s tiva, tiv1) — QN (F(x) — F(y)) s tit1, ti)|”
i=0 Ai

2 AP (LG(F))" sup,eq 2(s) — y(s )\p/ [Q1(K( 8)stiva, tiv1) — Qu(K(+, 8)i i, )" ds
Ai

<5

< vt (Lh A s (o) — u()l)

X/i |QuUK (s 8)i tigas tiva) = Qu(K (5 8)itigr, ta)|" ds
4 i
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1 ~
Raising to the power —, and by Hypothesis Hy, we get
p

T =

SN (F(2) = F(y)) stise, tis1) — QuA (F(x) — F(y)) s tira, ta)[”
.Z Ai

p=1 4
<b P Lo(f)A ]|z — yHA,2,p

1

QUK ) tiva, i 1 i+1,4i)|" ds v
X(/,Zlm( Jtisn ) = QU (o) v, )1 d)

<67 LD 1z = lly (/ (M(s))? ds); .

Taking supremum yields

1

Vi AEF(@) = F() <05 L{(NIN |2 = yllx s, </1 (M(s))" dS) "

and the proof is complete. O

The following lemma is a special case of the triangle inequality. The
proof is a consequence of the Lemmas 2.14 and 2.7.

Lemma 2.16. Suppose that f and K satisfy hypotheses ﬁl and ﬁg, respec-
tively. Let G : A2BV (I) — A2ZBV (1) be defined by G(x)(t) := g(t)+AF(x)(t),
where F(x) is defined just as in Lemma 2.14, and X € I = [0,b]. Then

1G(@) 52, < N9lla 2, + AIE@)A 2, -

Lemma 2.17. Let T = {(t,5) : 0 <t <b,0<s<t},and K : T - R be a
function, such that K(-,s) € A2BV([s,b]). If k(s,s) = 0 for every s € [0,D]
or if there exists a function Ly : [0,b] — [0,400), such that ( (s)
for every s,t € [0,b], with t # s, then for

= _ [ K(ts), 0<s<t
K(t’s)_{o t<s<b;

we have that
VA,2,p ([?(a 3)’ [07 b])
< <<L1<s>>” +(1+21) C(S)>

o=

o + VA,Q,p (K(v S), [S, b]) ) (23)
where C(s) is guaranteed by the Lemma 2.12. In the case that K(s,s) = 0,
we consider Li(s) =0 in (2.3).

Proof. Let A = {X\;}i>0 be a W-sequence, s € [0,0] and 7 = {;}, €
I15([0,b]) be a partition, such that 0 =ty < t; < -++ < tp—1 < t, = b, then
$ € [ty, tr4+1] for some r, with 0 <7 <n — 1. Thus
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n—2 ?(ti+2,8)7?(ti+1,8) _ ?(t,H,l,S)*f(\(ti,S) p

Z tivo—tit1 tit1—t
Ai

1=0
K(t2,8)—K(t1,s)  K(t1,8)—K(to,s) |”
to—1t1 t1—to
Ao
K(ts,s)—K(ta,s)  K(ta,s9)—=K(t1,s) |”
tz—t2 to—t1
+
A1
‘E(t,,+1,s)4?(t,,,s) _ K(trys)=K(tr—1,8) |
t7~+1—tr tr—tr_1
4+ -+
Arfl
f(\(twrz,s)—l?(twrl,s) B f(\(twrl,s)—f(\(tms) p
tryo—try1 try1—tr
+
A
‘?(tT+3,s)—I?(tr+2,s) _ K(tr42,89)~K(trp1.9) |7
trysz—tri2 trypo—tri1
4+t
>\r+1
‘E(tms)*g(tn—l,s) _ K(tn-1,5)~K(tn-2,5) |”
tn_tn—l tn—l_tn72
4+ -+
An72
K(try1,8) |7 | K(trao,8)=K(trg1,s) _ K(trga,s) P
| et trgpo—tri1 trgp1—tp
)\rfl Ar
K(tr43,8)—K(try2,8)  K(trg2,8)—K(tra1,s) [P
tr43—triy2 trq2—tria
+
>\r+1
K(tn,s)=K(tn_1,5)  K(tn—1,8)=K(tn_2,5)|"
tn—tn—1 tn—1—tn—2
ot
An72

Now, from Lemma 2.12, there exists a function C(s), such that
QLK (- 5); )" < C(s) on [s,b] x [s,].

Hence, by the case ’%‘ < Ly(s) for every s,t € [0,b], we have

n—2 /Iz(ti+2,s)ffK\(ti+1,S) _ ?(ti+1,s)7E(ti,S) p

Z tiyo—tiy1 tiv1—t;
Ai

=0

(La(s))" | 2PT1C(s) | 1
Ao + Ao +VA72»IJ (K (- s),[s,0])

< ILa(s)” N (1+2PFH)C(s)
= Xo

<

+ V/{),Q,p (K(7 5)7 [Sa b]) .

MJOM
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For the case in which K (s, s) = 0 for every s € [0,b], we have

g | E(tizs,s)=K(tiz1,5) _ K(tiy1,8)=K(tis) |”

Z tivo—tit1 tit1—t;
Ai

=0
‘K(tﬂ_l,s)fK(s,s) p op | K(tri2.8) = K(tri1.5) op | K(tri1,8)=K(s.5) p
try1—8 tryo—tri1 try1—s
< + +
Ao Ao Ao
K(tri3,8)—K(try2,5)  K(try2,5)=K(tri1,5) P

trysz—try2 trp2—trta

+
)\T+1
K(tn,s)=K(tn-1,58) _ K(tn-1,8=K(tn—2,5) |"
tn—tn—1 tn—1—tn—2
4+
An72

_ (1427 C(s)
P

Therefore, in both cases, the inequality

+ V/fﬁ,p (K(, S), [Sv b]) :

n

o | K(tise,s)=K(tis1,s)  K(tiyi,s)—K(ti,s)|?
tiyo—tit1 tit1—t;

Aq

(Li(s)" | (1+27) C(s)
Ao Ao

«
I
o

< +V/1\7’2’p (K('78)7[37b])7

holds. Raising to the power %, and taking supremum, we have
Va2,p (I?(, s), [0, b])

. <<L1<s>>f’ L (2 Ofs)

=

% o+ <K<-,s>,[s7bn>

Since p > 1, (a + b)% < ar + b holds. Then
Va2 (I?(, s), [0, b])

. ((Ll(s))p + (1 + 2041) C(s))

S

+ VA72,p (K(v 5)7 [S’ b]) ’

Ao

and this complete the proof. O

3. Main Theorems

In this section, the main theorems of this paper are proved, which guarantee
the existence and uniqueness of continuous solutions of the Egs. (1.1), (1.2),
and (1.3) in the space of functions of (A, 2, p)-th bounded second variation,
A2BV(I). In addition to the hypotheses considered in Sect. 2, we consider
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Hs) Let T = {(t,s) : 0 <t < b0 <s < t}, K: T — R be such that
K(t,-) € L*([0,t]), | K(t,")|l1 < C for each t € [0,b], and K (-, s) satisfy
the hypotheses of Lemma 2.17, such that

(L1(s))? + (1 +20F1) C(s)
Ao

-

) p + Vazp (K(9),[s,0]) <m(s),

where m : I — R is LP integrable.

Hy) Let T = {(t,s) € [a,b] x [a,b] : s < t}, K : T — R be such that
K(t,-) € L' ([a,1]), || K(t,)|1 < C for each t € [a,b], and K-, s) satisfy
the hypotheses of Lemma 2.17 for every s € [a, b], such that

((Ll(s))p + (1+2741) O(s)
Ao

> | + VA,Q»IJ (K("S)’ [57b]) < h(8>7

where h : [a,b] — R is LP integrable.

Theorem 3.1. Suppose that f,g satisfy Hypothesis ﬁl, and that K satisfies
Hypothesis H,. Then, there exists a number T > 0 such that for every A
satisfying |\| < 7, the Eq. (1.1) has a unique solution in A2BV (I), defined
on I =1[0,b].

Proof. Let A = {\;}i>0 be a W-sequence, and = = {t;}, € II3([0,b]) a
partition, such that 0 =t <t; < --- <t,_1 <t, =b. Take r > 0, such that
llglla,2,p < r. Choose a number 7 > 0, such that

G b ( /I (M(s))Pds>;

O1b (/(M(s))pds);] <1, (3.2)

I

lgllaz2p + 7l fllo <r and  (3.1)

TLy(f)

where C is assured by Hypothesis ﬁg, and by Lemma 2.10, there exists
the Lipschitz constant L§(f) restricted to the interval I. Define the function
G : A2BV(I) — AZBV(I) by G(x)(t) = g(t) + A [, K(t,s)f(x(s))ds. For
the proof, we use Theorem 2.1, the Banach Contraction Principle. For this
purpose, we denote the closed ball of center 0 and radius r in the space
A2BV (I) by B,.. We show first that G(B,) C B,. Indeed, for every z € B,
it follows from Lemma 2.16 that:

1G@)a2,p < 9llaz, + AHIE@) 42, (3.3)

However
[F(@)[s2, = [F@)x + Vazp (F(z))
= sup [F(@) ()] 4+ Vazp (F(2))

= sup
tel

< Ifllcsup ([ 15001 as) + iz, (F)

/IK(t, s)f(x(s))ds

+Va, (F(2))
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< flloe C + Vi (F()) - (3.4)

Thus, by Lemma 2.14, the inequality (3.4) yields

Gt (/I (M(s))” ds> ’1“] .

Replacing the above inequality in (3.3), and by the inequality (3.1), we obtain

G+ (/I (M(s))” ds);]
Gt (/I (M(s))pds>é]

Thus, G(B,) C B,. Now, we prove that G is a contraction mapping. Take
x,y € B,, then

1G(2) = GW)lla 2, = G(@) = G(Y)]loo + Vi, (G(z) = G(y))

]A [ HEAUE) ~ S6DIs]| + Vazy O (F) - F)

o0

1 ()]

rzp < Il

1G(@) a2, < M9lla 2y + Al

< lgllazp + 71 fllo

<.

A / K(t, )/ (x(s)) — F(y(s))]ds

= sup
tel

+ Va2p (A (F(x) = F(y))) -

By Lipschitz condition of f, hypothesis .7/172)7 and Lemma 2.15 we have that

1G(2) = GW)lA 2,

< LMo = olosup [ 15091 as)
0" LN Mz~ gy, ( / (M(s))" ds);

co ([ <M<s>>”ds)’l’] Iz = Yl

I

< TLG(f)

Therefore, by (3.2), G is a contraction mapping, and by Theorem 2.1, G has
a unique fixed point in B,., which is to say that there exists a unique = € B,.,
such that

)+ X [ K(t,9)f(a(s)ds = (0.
I
Therefore, x is the only solution of the Eq. (1.1). O

Remark 3.2. By the previous theorem, the solution x of the Eq. (1.1) belongs
to space A2BV(I), this implies that x is continuous, by Lemma 2.10.
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Theorem 3.3. Suppose that g satisfies the Hypotheszs Hl, K satisfies the Hy-
pothesis H3 and that f satisfies the Hypothesis Hl, such that

1 b %
Ls(f) |C+o' 7 (Z;@n@gwds> <1,

where LY(f) is the Lipschitz constant associated with f restricted to the in-
terval [0,b] and C is assured by Hypothesis Hs. Then, the Eq. (1.2) has a
unique solution in AiBV, defined on I = [0,b].

Proof. Take r > 0, such that

1

~ p—1 b ?
1glla.2.0 + [ flloo C+bP<A(m@Wﬂ% < (3:5)

where C is assured by Hypothesis PAI3 Let A = {\;}i>0 be a W-sequence,
and m = {t;}{_y € II3([0,8]) a partition, such that 0 = to <t <+ <tp_1 <
t, = b. Define the functions G(z)(t) = g(t) + F(z)(t), where F( )(t) =
fot K(t,s)f(x(s))ds with ¢ € [0,b], z € AZBV, and

~ [ K(t,s), 0<s<t

K“”%‘{o t<s<b. (3.6)
To prove the theorem, we use the Banach Contraction Principle. We begin
by showing that G(B,.) C B,. For all z € B, by Lemma 2.16, we have that

|6, <lalnzy +||F@), , . (3.7)
but
|F@,, = 1F@+ Vi (Fl))
:g/Km (5))ds| + Vaop(F(a))
< [l sup ( / |K<t,s>|ds) T Vazp(F@)
< C|lflle + Vazp(F(a)). (3.8)

To compute ‘/,\72,1,(}~7 (z)), we apply a similar argument to that in the proof
of Lemma 2.14

1/p
Viaop(F(x)) = = sup (Z |Qu(F(x);tits, z+1))\ Qu(F(x);tis1,t )|p> .

Consider

A; = ‘Ql tivo tiv1) — Qi(F(x);t z+1,t)p

_ ﬁ(‘r)(tiJrQ) — F(@)(tix1)  F(@)(tiv1) — F()(t:)

p

tita — tit1 tit1 — ¢
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0 K (tia ) f(@(9))ds = 3 K(tirr, ) f(a(s))ds

tivo —tit1
S K (b 5) f(a(s))ds — [ K(ti,s)f(x(s))ds |
tiy1 — 1
| [Btiras) - Bt 9)] fla(s)ds
B tito — tiy1
Jy [R(tisn ) = Bt )] fats)ds|
a tiv1 —1;
"|R(tiva,s) = Kl(tivn,s)  K(tier,s) = K(ti,s)|”
u p _
= e ()] tiv1 — tit1) (tiy1 —t:) as
= sup|f(z |P/ QURC ) tiv2,ti41) — QuR (- 8): . 1) .
sel

By normalizing and applying the Jensen’s inequality, we obtain

A < b sup|f( / ‘Q1 ,8)itiva,tiv1) — Qu(K( 5);ti+1ati)pd5~

sel

Now, proceeding as in the proof of Lemma 2.14, by Lemma 2.17, and Hy-
pothesis Hs, we have

B - b v
Vazp(F (@) <077 || fllo (/O (m(S))pdS> : (3.9)

Replacing (3.8) and (3.9) in the inequality (3.7) yields

|G@|,, <lalay+ 17l |C 40" ( / b(m(s))?ds) p

<.

To show that G is a contraction mapping, we argue as in the proof of Theo-
rem 3.1. For z,y € B,, we have that
= |F@) - P _ + Voo (F@) - Fiw)

|60 -¢wl,,,

b ~ p=1 ’ P —
< Ih(f) |C+0" ( | ms) ds> o = Yllaz, -
0

By hypothesis, we have that G is a contraction mapping, by Theorem 2.1,
G has a unique fixed point in B,., which is to say that there exists a unique
T € B,., such that
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/ K(t,s)f(z(s))ds = z(t).

Therefore, Z is a unique solution of Eq. (1.2). O

Theorem 3.4. Suppose that g satisfies the Hypothesis ﬁl, K satisfies the Hy-
pothesis Hy and that [ satisfies the Hypothesis Hy, such that

Lh(f) |E b5 ( / b(m(s))?ds> <

where LY (f) is the Lipschitz constant associated with f restricted to the in-
terval [a,b] and C' is assured by Hypothesis Hy. Then, the Eq. (1.3) has a
unique solution in Af,BV, defined on I = [a,b].

Proof. The proof is analogous to the proof of the previous theorem, using
Banach Contraction Principle. O

For a different proof, the following theorems are proved, using the al-
ternative Leray—Schauder Theorem.

Theorem 3.5. Suppose that g satisfies the Hypotheszs Hl, K satisfies the Hy-
pothesis H4 and that f satisfies the Hypothesis H1, such that

L) |C+b" 5 </b(m(s))pds>p <1,

where LY (f) is the Lipschitz constant associated with f restricted to the in-

terval [a,b] and C is assured by Hypothesis H4 Then, there exists a solution
T € A2BV for the Eq. (1.3).

Proof. The idea of the proof is to verify the hypothesis of Theorem 2.2,
Leray—Schauder Alternative. To this end, we use an analogous argument to
that of the proof of Theorem 3.3. Let r > 0, such that

1
P

(h(s))pds> <. (3.10)

b

lgllazp =+ Ifllse |C+ (b—a)F (/

Take A = {\;};>0 be a W—sequence7 and m = {t;}1o € II3([a,b]) a partition,
such that a =ty < t; < - < tn—1 < tn = b. Define the functions H(z)(t) =
g(t)+F(z)(t), where F(z) f K(t,s)f(x(s))ds with t € [a,b], 2 € AZBV,
and

~ [ K(t,s), a<s<t
K(t,s)_{o t<s<b (3.11)

by the technique used to prove Theorem 3.3, for all € B,, we can show
that
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[1H ()]

A,2,p
~ p—1 b %
< llgllazp + 1flloc [C 4 (b—a) > (/ (h(S))”dS> <r (3.12)

[1H(x) = H(y)lla 2,

1

b A PR = ’ P ’ _
< LY |C+ (- (/ (k) ds> o= vl (313)

Define the function ¢ : [0, +00) — [0, +00) as

1

b P
(z)=|C+(b—a)T </ (h(s))pds> 2.

It is clear that ¢(z) < z, by the hypothesis. Now, let us assume that there is
x € B,, such that z = AH (z) for some \ € (0, 1]. We wish to show that z is
an interior point of the ball. Indeed

[zlla2p = AMH @) a2, < [1H ()22,

From the preceding expression and the inequality (3.12), it follows that
lz]|A,2,p < 7,50z is an interior point of the ball. On the other hand, H(z) is in
A2BV, because both g and ﬁ(m) belong to the space, so H(z) is bounded by
Remark 2.9, and by Theorem 2.2, Leray—Shauder Alternative, H has a fixed
point, which is to say that there exists Z € AZBV, such that H(Z)(t) = Z(t).
Thus, Z is a solution of the Volterra Eq. (1.3). O

Theorem 3.6. Suppose that g satisfies the Hypothesis Ig'l, K satisfies the Hy-
pothesis Hy and that [ satisfies the Hypothesis Hy, such that

LY(f) C+b"5 </b(m(s))pds> ' <1, and

b v
LE(f) |2(b—a) sup |K(s7s)|+4(b—a)27% (/ C(s)ds)

s€la,b]

1
P

+4(0)% (b= a)® b < / (h(s))pds> <1,

where LY(f) is the Lipschitz constant associated with f, C is assured by
Hypothesis Hy, sup,e(qp) [K (s, 58)| < 400, and C(s) is as in the Lemma 2.12.
Then, there exists a unique solution T € Af,BV of the equation (1.3), defined
on I =[a,b].

Proof. Let A = {\;}i>0 be a W-sequence, s € [a,b], 7 = {t;}I", € II5([a, b))
a partition, such that a = t) < t; < -+ < tp_1 < t,, = b, then s € [t;,t;41]
for some i, 0 < ¢ < n — 2. Theorem 3.5 guarantees the existence of a solution
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of the Volterra Eq. (1.3). So assume for the sake of contradiction that there
exist two different solutions of the Eq. (1.3), say Z, y. First, notice that
P

90) / K(t, )/ @(s) — [(@(s))]ds
< (t—ap? / (K (t,5)[” | £ (§(s)) — F(&(s))]" ds

b
< O—ay ™t [ IR SP ELDP 56) ) ds.

Raising both sides of this inequality to the power % yields

1 b P
5(t) —2(1)| < (b—a)F L4(f) (/ (K (t,s)" [9(s) — Z(s)[” d8>

b »
< (b-a)7 Ly()IF 2l (/ IK(t,S)I"dS> :

Taking supremum on ¢ € [a, b]

15— Zlloo < (b—a) 7 La(N)IF Tl sup,

o~
m
F
/\
\
=
H~
o
_’B
(oW
»
N~
8=

Then, it follows that:

1< (bfa)pr%lLb sup (/ |K(t,s |pds> . (3.14)
tE[a b]
On the other hand, notice that, for 7 € [s, b]
Q1R (,9)0.7) = QUE( )i 7.9)|
Ao
n=2 ’Ql(k('75)5t1+27 tiv1) — Qu(K (- 5)itisn,t:) '
- i=0 Ai

< Vs, (R (.9),10,8]).
Thus, by Hypothesis [, we obtain
QR 9):75) = QR (5):b,7)|
< () Vag (K9, la,b)

((Ll(s))p + (1 +2041) C(s)> v

< P

+ VA,Z,p (K(a 3)’ [57 b])]

< (Mo)7h(s).



MIOM Volterra—Hammerstein in the Space A?BV Page 19 of 23 151

Then, by Lemma 2.12, we have

QB )i7,9)| < (C()F + (Do) Ph(s).
Thus
[R(r,5) = R(s,9)| < [(C())7 + Qo) Ph(s)] I o
= (€))7 Ir = sl + ()| = slh(s)
< (C(s) b= al + (%) [b = alh(s),
and hence

[K (7, 8)] < |K(s,8)] + (C(s))7[b— al + (Ao) 7 [b — alh(s).
Therefore, we have that
[K (7, 8)[" < 27 |K(s,5)[" + C(s) (4b — al)” + Xo (4]b — a|h(s))" .

Thus

t
/ |K(t,s)" ds

t
S/ sup |K(7,s)|"ds

TE[s,b]
b
< / 2P [ sup |K(s,s)[” + C(s) (2]b — a|)” + Xo2P|b — al? (h(s))"| ds
a s€la,b]

=2P(b—a) sup |K(s,s)|" +4P(b—a)?
s€la,b]

b b
></ C(s)ds + M4 (b — a)p/ (h(s))Pds.

It follows that:

(b—a) 7 Lb(f) sup </ |K(t,s |pds)
tEab

< LE(f) |2(b—a) sup |K(s,s)|+4(b—a) </ C(s >

s€(a,b]

b b
F400)E (b —a)> 3 ( / (h(s))”ds)

Therefore, from the hypothesis and the inequality (3.14), we get a contradic-
tion. Therefore, it is guaranteed the uniqueness of the solution of the equation
(1.3), which completes the proof. O
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4. Application

In this section, we present an application problem, where the nonlinear
Hammerstein—Volterra integral equation is solved by means of numerical
methods. Here, it guaranteed the uniqueness and continuity of the solution
in the space of functions of bounded second variation in the sense of Shiba.

Ezample. (Application) Since several problems in mathematics, physics, and
chemistry are modeled by the integral Eqs. (1.1), (1.2), and (1.3), diverse
numerical methods have been used to approximate solutions of nonlinear
Hammerstein—Volterra integral equations, such as the successive approxima-
tion method introduced in [2], a collocation-type method developed in [4].
In [3], Brunner proposed a collocation-type method for the nonlinear in-
tegral Eq. (1.2), and discussed its connection with the iterated collocation
method; in [8], it is studied an approximation by means of the fixed point
method for the nonlinear Hammerstein—Volterra integral equation. Consider
the Hammerstein—Volterra integral equation

a(t) =t — 1t + 2 — 1+ fot(t2 —s2)2%(s)ds, con0<t<1. (4.1)

Let us show that there is a continuous unique solution in the space of bounded
second variation functions in the Shiba sense, considering 0 < ¢ < %

We verify the hypotheses of Theorem 3.3.

1. In [7], it is shown that f(t) = t? € A2BV/([0, 3]).
2. In [6], it is proved that A2ZBV([a,b]) contains all affine functions, and in
[7], it is proved in addition that AZBV ([a,b]) is a Banach algebra. Thus,

2 o 1
we have that g(¢) = <t6 — ottt - 1> e AZBV([0,3)).

15 3
3. Define
7 _JK(ts), 0<s<t

where K (t,s) =t — s%. It is clear that K(t,-) is Lebesgue integrable, and

4 1 4
/|Kt8|d8—/|t2—32|ds</(t2+3)ds—§ <z= = C.
0

On the other hand, by Lemma 2.17, we have
- 1 L Py (14920t P
Vs, (K(‘75)7 {0, 2]) . (( 1()) (A ) C(s)
0

Vao, (K(-,s), {s ;D .

=
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To compute Va2, (K(-, ), [s, 3]), consider
|Q1(K (-, 8)s tiva tivr) — QK (- 8)itivr, t)[
g
(e —5°) — (1 —5°) (-5 - -

tiva —tit1 tiv1 —1;
g

B; =

_ tige — i

i ’
( )5
‘ K(z,s Y, )p:

2(;-9)

l\D\»—‘

s0 Vaoyp (K(-8),[s,3]) < , See example 1 in [7]. However

Q1 (K (s
and ‘K(t,s)
t—s

Then, C(s) =1, and Ly(s) = 3 + s. Consequently

lz+ylP <1,

=1t <= .
|+s\_2+s

((3+9)" +(1+24))" 23 —s)

Va, (R(.9),00,1]) < o
JGEorartieeGos)
(A0)?

Therefore, it is evident that M(s) is LP integrable.

. Considering p = 1 and for any W-sequence with A\g > 3.75, in particular
for A\p = 4, we have

/oé (M(s))" ds = /0% <(% o T - S)> non

1

therefore, Lg (f) {6 +0"7 (JF (M(s))Pds) ] = 1[1 4 0.78125] =0.94791

< 1. Note that considering any other value of p, for example p = 2 and for
any W-sequence with Ao > 6.510024, in particular for Ay = 7, we have

/j(M(s))pds:/Oé <( )+(?7’;2(_8)) ds = 1.2917,

so Lg (f) {6+ b5 (it o Pd5>’1’} = 1[+/5VI2917] = 0.97031 <

1. In general, considermg any value of p > 1 and a suitable Ag, it is guaran-
1

teed that Lé(f) [C +b (fo pds) ] < 1. Hence, all conditions

of Theorem 3.3 are satisfied, and thus, the equation (4.1) has a unique

continuous solution in AZBV, which is defined on [0, 3. O
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5. Conclusion

In this paper, we proved existence-uniqueness theorems for nonlinear Ham-
merstein, Hammerstein—Volterra, and Volterra integral equations in the space
of functions of bounded second variation in the sense of Shiba. In addition, we
proved that solutions not only exist but are continuous. For the proofs of the
theorems for nonlinear Hammerstein, and Hammerstein—Volterra equations,
we used the Banach Contraction Principle and for nonlinear Volterra equa-
tion, we used the Leray—Schauder theorem. We also presented an application
problem. We hope that the ideas and techniques used in this paper may be
an inspiration to readers that are interested in studying these nonlinear inte-
gral equations in some new spaces of generalized bounded variation, and that
these results may be also a contribution to different areas whose applications
are modeled by this type of integral equations.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

References

[1] Lardy, L.J.: A variation of Nystrom’s method for Hammerstein equations. J.
Integral Equ. 3, 143-60 (1981)

[2] Tricomi, F.: Integral Equations. Dover Publications, New York (1985)

[3] Brunner, H.: Implicitly linear collocation methods for nonlinear Volterra equa-
tions. Appl. Numer. Math. 9, 235-247 (1992)

[4] Kumar, K., Sloan, I.LH.: A new collocation-type method for Hammerstein inte-
gral equations. Math. Comp. 48(178), 585-593 (1987)

[5] Ered, J., Giménez, J., Pérez, L.: On solutions of nonlinear integral equations in
the space of functions of Shiba-bounded variation. Appl. Math. Inf 14, 393-404
(2020)

[6] Giménez, J., Merentes, N., Pineda, E., Rodriguez, L.: Uniformly bounded su-
perposition operators in the space of second bounded variation functions in the
sense of Shiba. Pubicaciones en Ciencias y tecnologia 10, 49-58 (2016)

[7] Pérez, L., Pineda, E., Rodriguez, L.: Some results on the space of bounded
second variation functions in the sense of Shiba. Adv. Pure Math. 10, 245-258
(2020)

[8] K. Maleknejad, P. Torabi, Appication of fixed point method for solving nonlin-
ear Volterra-Hammestein integral equation, U.P.B. Sci. Bull., Series Avol.74,
(2012) 45-56

J. Ereu

Departamento de Matematicas

Universidad Centroccidental Lisandro Alvarado
Barquisimeto

Estado Lara

Venezuela

e-mail: jereu@ucla.edu.ve



MIOM Volterra—Hammerstein in the Space A[?BV Page 23 of 23

L. Pérez, E. Pineda and L. Rodriguez
Escuela Superior Politécnica del Litoral. ESPOL, FCNM
Campus Gustavo Galindo Km 30.5 Via Perimetral
P.O. Box 09-01-5863
Guayaquil
Ecuador
e-mail: lilireperez@gmail.com;
lrperez@espol.edu.ec

E. Pineda
e-mail: ebner.pineda@gmail.com;
epineda@espol.edu.ec

L. Rodriguez
e-mail: le.rodriguezq@gmail.com;
luzeurod@espol.edu.ec

Received: October 11, 2020.
Revised: May 25, 2021.
Accepted: April 26, 2022.

151



	A Study of Solutions of Some Nonlinear Integral Equations in the Space  of Functions of Bounded Second  Variation in the Sense of Shiba
	Abstract
	1. Introduction
	2. Preliminaries
	3. Main Theorems
	4. Application
	5. Conclusion
	References




