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Generating the Mapping Class Group by
Two Torsion Elements

Oguz Yildiz

Abstract. We prove that the mapping class group of a closed connected
orientable surface of genus g > 6 is generated by two elements of order
g. Moreover, for g > 7, we obtain a generating set of two elements, of
order g and ¢’, where g’ is the least divisor of g greater than 2. We
also prove that the mapping class group is generated by two elements
of order g/ gcd(g, k) for g > 3k* + 4k 4+ 1 and any positive integer k.

Mathematics Subject Classification. 20F65.

1. Introduction

The mapping class group Mod(X,) of a closed, connected orientable surface
Y, is the group of orientation-preserving diffeomorphisms of ¥, — 3, up to
isotopy. Dehn [3] showed that Mod(X,) is generated by 2g(g — 1) many Dehn
twists. Afterwards, Lickorish [12] decreased this number to 3g— 1. Humphries
[6] introduced a generating set consisting of 2¢g + 1 many Dehn twists and
proved that this is the least such number.

Note that, the above-generating sets contain only elements of infinite
order. Maclachlan [15] proved that Mod(3,) can also be generated by only
using torsions. Wajnryb [20] proved that Mod(X,) can be generated by two
elements; one of order 4g+ 2 and the other a product of opposite Dehn twists.
In this paper, we study the problem of generating Mod(X,) by two torsion
elements of small orders. Korkmaz [8] found a generating set for Mod(X,)
consisting of two torsion elements of order 4g+ 2. He also posed the following
problem [10]: for which k£ < 4942, Mod(X,) can be generated by two elements
of order k (A similar question is also asked by Margalit [16])? In particular,
what is the smallest such k?

We first prove that Mod(X,) is generated by two elements of order g if
g =>6.

Theorem 1. The mapping class group Mod(X2,) is generated by two elements
of order g for g > 6.
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We also obtain generating sets consisting of the elements of smaller
orders.

Theorem 2. For g > 7 the mapping class group Mod(3,) is generated by two
elements of order g and order g where g’ is the least divisor of g such that
g > 2.

Theorem 3. For g > 3k? 4+ 4k + 1 and any positive integer k, the mapping
class group Mod(X,) is generated by two elements of order g/ ged(g, k).

Since there is a surjective homomorphism from Mod(X,) onto the sym-
plectic group Sp(2g,Z), we have the following immediate result:

Corollary 4. The symplectic group Sp(2g,Z) is generated by two elements of
order g for g > 6.

See [2,7,15,17] or [14] for generating sets consisting of involutions, [11,
13,18] or [4] for generating sets consisting of torsions and [19] or [1] for other
generating sets for the mapping class groups.

2. Preliminaries

Throughout the paper, we always consider ¥4, where all genera are depicted
as in Fig. 1. Note that the rotation by 27/g degrees about z-axis, denoted
by R, is a well-defined self-diffeomorphism of 3,. Following the notation
in [21], we denote simple closed curves by lowercase letters a;, b;, ¢; and
corresponding positive Dehn twists by uppercase letters A;, B;, C; or with
the usual notation t,,,ts,,t.,, respectively. All indices should be considered
modulo g. For the composition of diffeomorphisms, fifo means that fo is
first and then f; comes second as usual.

Commutativity, braid relation and the following basic facts on the map-
ping class group are used throughout the paper for many times: For any
simple closed curves ¢; and ¢ on X, and diffecomorphism f : X, — 3,
fte, f = tr(er); €1 1s isotopic to cg if and only if t., = t., in Mod(X,); and
if ¢; and ¢ are disjoint, then t., (c2) = ca. We always refer to [5] for all the
remaining properties of the mapping class groups.

Now, let us present Humphries minimal generating set for Mod(X,):

Theorem 5. (Dehn-Lickorish-Humphries) The mapping class group Mod(Z,)
is generated by the set {Ai, As, B1,Bs,...,By,C1,Ca,...,Cq_1}.

It is easy to see that the rotation R satisfies that R(ax) = ap+1, R(bg) =
brt1 and R(cg) = ¢x+1. Deducing from Theorem 5, Korkmaz [9] showed that
the mapping class group is generated by four elements. Note that his first
element is the rotation R and others are products of one positive and one
negative Dehn twists.

Theorem 6. If g > 3, then the mapping class group Mod(X,) is generated by
the four elements R, A1A2_1, BlBgl, 0102_1.

The next result easily follows from Theorem 6.
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Figure 1. The curves a;,b;,c; and the rotation R on the
surface X,

Corollary 7. If g > 3, then the mapping class group Mod(%,) is generated by
the four elements R, Ay By, BiCy*,C1 By .

Proof. Let H be the subgroup of Mod(X,) generated by the set
{R,A;B{',B,C; 0By '}

It is enough to show that H contains the elements A; Ay ', By By ' and
C,C5 ' by Theorem 6.

It is easy to see that BoA, ' € H since BoAy' = R(BiA]Y )R~ € H
and BoCy ' = R(BiC;y R € H.

One can also show that By B, ' = (B,C; 1) (C1 By ') € H. Similarly, we
have that C1C5 ! = (C1 By 1) (B2Cy ) € H and we also have that
Ay AT = (A1 By Y(B1By Y (Bo Ay ) € H.

It follows from Theorem 6 that H = Mod(X,), completing the proof of
the corollary. O

3. Twelve New Generating Sets for Mod(X,)

In this section, we introduce twelve new generating sets consisting of two
elements of small orders for the mapping class group. Following the ideas in
[9], we construct generating sets consisting of R, an element of order g, and
another element which can be expressed as a product of Dehn twists.

The corollaries in this section are mainly the corollaries of Theorem 6.
We use the first four corollaries to create generating sets of elements of order
g. We use Corollaries 12, 13, 14, 15, 16 and 20 to create generating sets of
elements of order g and ¢’, where ¢’ is the least divisor of g greater than 2.
In the following, we give four new generating sets to prove Theorem 1.

Corollary 8. If g = 6, then the mapping class group Mod(X,) is generated by
the two elements R and C’1B4A6A1_135_1C'2_1.

Proof. Let Fy = ClB4A6Aleg10§1. Let us denote by H the subgroup of
Mod (%) generated by the set {R, F} }.

If H contains the elements A1A2_1, B;LB;1 and 0102_1, then we are
done by Theorem 6 (Fig. 2).
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Figure 2. Proof of Corollary 8

Let
Fy = R, R~}
= R(C1B4AcAT B 'Coy R
= RCiR'RB,R'RA¢R'RAT'R'RB; 'R™'RC;'R™!
= Rto, R"'Rty, R 'Rtq,R™"Rt,'R™'Rt, 'R™"Rt ' R
= tRen) TR0 ER(00) (e Rbs) T R(c)
= leytogtarty, by to)
= CoBs A1 Ay By 'Oyt
and
Fy = Fy ' = C3Bg A AT B 1Oy
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We have F3F(cs,bg, az,a1,bs,ca) = (by, ag, as, a1, bs, c2) so that
Fy = ByAgAs AT B 1 Cy ' € H. Note that F3Fy(c3) = by since
tryFy (es) = (FsFy)te, (F3Fy)
= 3 C5F] ' Fy
= (3B,C3B; ' Cy !
= (teston)tes (testn,)
= ttcstb4(C3)
=ty,.
We get F1F; " = C1Ay" € H. Hence, by conjugating C; A,y ' with R

iteratively, we get C; A, _:1 € H for all 1.
Let
Fs = Fy(CoA7Y) = BiAgAs AT By 1AL,
Fo = RFsR™' = Bs A1 A3A; "Byt ALY
and
Fy = F5Fs = ByAgBg " A"
Hence, (C4A5 )F7(C47a5) (bg,as5) so that B4A € H. We then get
B;A7Y € H for all i and B;C; ' = (B;A; ) (Ai1C; ) € H for all i
Similarly, we see that (A4B3 ") Fyr(a4,b3) = (by, b3) so that ByB; ' € H
implying that BIHB* € H for all 4. In particular, we get BlB;1 € H.
Fmauy, we have clc ! (C1 D (B1B; ) (B:Cyt) € H and
A1A7 (AIBG )(BGBl )(BlA ) E H.
Tt follows from Theorem 6 that H = Mod(Xg), completing the proof of
the corollary. O

Corollary 9. If g =7, then the mapping class group Mod(%,) is generated by
the two elements R and C1ByAgA; ' By 'Cy ' Fig. 3.

Proof. Let Fy = ClB4A6AngglC§1. Let H denote the subgroup of
Mod(X7) generated by the set {R, F} }.
Let

= RFIR™' = C4Bs A, A7 ' By ' Cy !
and
Fy=Fy' = C3BsA1 A7 By 'Oy

We have F3F1(63, bﬁ, a,ar, b5, CQ) = (b4, ae, a1, ay, b5, CQ) so that
Fy = BiAgA1 A7 By 1Oy !
Let

Fs = REyR™ = Bs A7 A, A ' By 'O ?
and
Fo=F;' = C3BsA1A; A7 By .
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Figure 3. Proof of Corollary 9

We get FsFy(cs,bs, a1, a2,ar,bs) = (bs, ag,ay,az,ar,bs) so that
Fr = ByAcA A YA B € H.
Let

Fy = RF;R™' = Bs A7 A A AT By
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and
Fo=Fg' = BgAj A3 A A B L
Hence, we have FyFy(bg, a1, as,as,ar7,bs) = (ag, a1, as,az, ar,bs) so
that Fio = AgA1 Az Ay ' A7 B! € H.
We then see that FioFg = A6B6_1 € H and by conjugating AGBﬁ_l with
R iteratively, we get A;B; L'e H for all i.
Let

P = (BsAg ) Fy = BaBe A1 A7 ' By 'Cy !
and
Fio = RT'F1 R = B3Bs A7 A ' B 'O L.
We also have FioF; = BgC’gl € H and then Bi+1C;1 € H for all 1.
Let
Fi3 = (BeAg ") F1(A7B; ') = C1B4BsB; ' By 'Oy
and
Fiy = RF ;3R = CuBsB,B; 'B; ' C5 .
Finally, F13F14(C3B; ") = C1 By € H which gives C;B; ' € H for all

It follows from Corollary 7 that H = Mod(X7), which finishes the proof.
O

Corollary 10. If g = 8, then the mapping class group Mod(X,) is generated
by the two elements R and B104A7A8_1C'5_1B2_1 Fig. 4.

Proof. Let Fy = BlC4A7A§1C’5_182_1 and let H be the subgroup of Mod(Xg)
generated by the set {R, F}}.
Let us consider the elements
Fy = RF\R™ = BoCs AgA; ' Cy ' By !
and
Fy = Fy' = BsCs A1 AgPCi ' By L.
We have F3F(bs,cg,a1,as,cs,ba) = (b3, cg, b1, as, s, ba) so that
Fy = B3CsB1Ag'C5 ' By € H.
We get that F4F3_1 = B1A;! € H and then by conjugating By A7 with
R iteratively, we get B;A; ' € H for all i.
Let
Fs = RPFLR% = B3Ce A1 Ay 'O B,
Fo = F; ' = ByCr A2 AT 'O ' B!
and
Fr = (Be Ay V) Fs(A1By ) = B4CrBo By 'Oy ' By .
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Figure 4. Proof of Corollary 10

We also have F7F(by, c7,ba,b1,c6,b3) = (ca,c7,b2,b1, g, b3) so that
Fy = C4C7BoBy'Cy ' By € H. Tt is easy to check that FyFy ' = C4B; ' €
H and then we get C’iBi_1 € H for all 4.

Let

Fo = RF;R™' = BsCyB3B, 'C; ' B!
and

Fio = (C4By Y )Fy 1 (BsCs ) = C4C7Bo By 'O PO
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Similarly, we see that F10F8(64, Cr, bg, bg, Cg, 65) = (64, Cr, bg, bg, bl, 05)
so that Fyy = C4C7BoB; ' By 'Cy! € H. Thus, Fiy'Fiy = CsB;' € H and
then we get Ciqu_ll € H for all i.

It follows from Corollary 7 that H = Mod(Xs), completing the proof of
the corollary. O

Corollary 11. If g > 9, then the mapping class group Mod(%,) is generated
by the two elements R and CyByA7A3'B5'Cy* (Fig. 5).

Proof. Let Fy = ClB4A7A8_1B5_1C2_1. Let us denote by H the subgroup of
Mod(X,) generated by the set {R, F} }.
Let
Fy = RFR™ = CyBsAg Ay ' B; 'C3 !
and
Fy = Fy' = C3BgAgAg ' B 'Oyt
We have F3F1 (03, bﬁ, a9, as, b5, 62) = (b4, bﬁ, a9, as, b5, 02) SO that
Fy = B4BsAgAg' By 'Cy ' € H.
Hence, we see that FyFy 1 = B,Cy ! ¢ H and then by conjugating
B4C3_1 with R iteratively, we get Bi+1Ci_1 € H for all 7.
Let
Fy = Fy(C2B; ') = B4BgAg Ay ' By ' By !,
Fs = R™2F5R* = ByBy A7 Ay ' By ' By?
and
F; = F;' = BiB3AgA; ' By 'By .
We get F7F5(b1, b3, ag, a7, b4; b2) - (bla b3a bﬁa a7, b47 b2) so that
Fy = B1B3BsA;'B;'B; ' € H.
We also have FyF; ' = BgAg' € H and then B;A; ' € H for all i.
Let
Fy = F5(AsBg ") (BsC;') = B4BsAyC; ' By ' By,
Fio = R™'FyR = B3BsAsC; 'B; ' By *
and
Fi1 = Fjy' = BeB4Cs Ay ' By ' By .
Hence, we have F‘uF‘g(bQ7 b4, Cg, 08, b5, bg) = (bg, b4, bﬁ, as, b5, b3) so that
Fio = BoByBsAg'B; By ' € H.
Finally, we see that FioF;' = BsCg ' € H and then B;C; ' € H for all i.

It follows from Corollary 7 that H = Mod(X,), completing the proof of
the corollary. O

We introduce six new generating sets in Corollaries 12, 13, 14, 15, 16
and 20 to prove Theorem 2.

Corollary 12. If g = 8, then the mapping class group Mod(X,) is generated
by the two elements R and B1A5C'5C’7_1A;1B3_1.
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Figure 5. Proof of Corollary 11

Proof. Let Fy = BlAg,Cg,C’;lA;lBgl. Let us denote by H the subgroup of
Mod(X,) generated by the set {R, F} }.
Let

Fy = RF\R™ = ByAcCoCy ' A B!
and

Fy = Fy ' = ByAgCsCy P A ' By .
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We have F3F1(b4, as, cg, Cg, Ug, bg) = (b4, as, bl, Cg, UG, bg) so that
Fy = B4AgB,C5 " Ag'By € H.

We get F4F?f1 = Bngl € H and then by conjugating Bngl with R
iteratively, we get Bi+1C’Z—_1 € H for all 7.

Let

Fs = REyR™ = BsA;B,C; A By
We also have F5Fy(bs,aq,bs,c7,a7,b3) = (bs, b1, b2, c7,a7,b3) so that
Fo = BsB1BC; ' A;'By ' € H.
Hence, we get F(;F5_1 = BlAl_1 € H and then BiAi_1 € H for all 1.
Let
F; = (C4By Y Fs(C7Bg ) (A7B; ') = C4B,BoB; 'Bg ' B, !,
Fy = RF;R™' = CsByB3B; ' By ' B!
and
Fy=Fy'=ByBiB4B; ' By 'Cy .

Similarly, check that F9F7(b8, bl, b4, bg, b2, 65) = (bg, bl, Cy, b37 bg, 05) SO
that Fig = BsB1C4B; ' By 'C5 ' € H.

Finally, we see that FioFy ' = C4B; ' € H and then C;B; ' € H for
all 7.

It follows from Corollary 7 that H = Mod(Xs), completing the proof of
the corollary. O

Corollary 13. If g = 9, then the mapping class group Mod(X,) is generated
by the two elements R and B1A;CsCy ' Az ' By .

Proof. Let Fy = BlAgcg,CglAng;l. Let us denote by H the subgroup of
Mod (%) generated by the set {R, F} }.
Let

Fy=RFIR™' = ByAyCeCy ' A7 B
and
Fy=Fy ' = BsA;CoCy ' A By L.

We have that F3F1(b5,a7,09,06,a4,b2) = (05,a7,b1,c6,b4,b2) so that
Fy = C5A:B,Cy'B;'By ' € H.
Let

Fs = RF,R™' = CsAsByC; ' By ' By ?
and
Fo = F;' = BsB;C;By A O

We get FgFy(bs,bs,c7,ba, as, cg) = (b3, cs, 7, b2, as, cg) so that
Fr = BgC5C7B2_1A8_106_1 € H.

We see that F7Fg1 = C’5Bg1 € H and then by conjugating C’5Bg1 with
R iteratively, we get C;B;' € H for all 4.
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Let
Fy = (B;C; ") Fs(CsBg ') = BsBs By By ' Ag ' By !,
Fy = RFyR™' = B4BsBsB; ' Ay ' B *
and
Fio=Fy ' = B;A¢B3Bg 'B; ' B .
We also have F10F8(b7, ag, b37 bg, b6, b4) = (b7, ag, b3, as, bG, b4) so that
Fi1 = By AgB3Ag'Bg B € H.
Finally, we have FfllFlo = Angl € H and then AiB;I € H for all 1.
Check Fy(B4A;)Fy(BsCy') = BiCy' € H and then B;1C; ' € H for all
i.

It follows from Corollary 7 that H = Mod(Xg), completing the proof of
the corollary. O

Corollary 14. If g = 10, then the mapping class group Mod(X,) is generated
by the two elements R and A1C'1B3B7_105_1A5_1.

Proof. Let Fy = AlC'lBgB;nglAgl. Let us denote by H the subgroup of
Mod(X10) generated by the set {R, F}.
Let
Fy=RF\R™' = AyCyB,Bg 'Cy ' Ag .

We have F2F1 (CLQ, Co, b4, bg, Ce, ag) = (ag, b3, b4, bg, b7, (16) SO that
Fy = AyB3ByBg'B- At € H.
Let
F, = R*F3R™* = A¢B;BgB; "By ' A}
and
Fs = F;' = A1gB1ByBg ' By P A L.
We get F5F3(aio,b1,b2,bs,b7,a6) = (a10,b1,az,bs, by, ag) so that
Fs = A10B1A2B§1B;1Ag1 € H.
We see that F6F5_1 = AyBy ' € H and then by conjugating A, B, !
with R iteratively, we get AiBfl € H for all 1.
Let
Fr = (B2Ay ) (A3 By 1) F3(Br A7 ') (As By ') = B2 A3 BaBg ' A7 Bg ',
Fy = RFyFy; 'R Fy = By AsCsC; P A By
Fo = Fy' = BeA7C7C5 A By
and
Fio = R*FyR™ = B1yA,C1C; A Bt
We also have FyoF3(bio, a1, c1,c7,a7,bs) = (b1g, a1,ba, c7,a7,bs) so that
Fi = Bl()AlBQC;IA;lBgl € H.
We then get 11 Fyy' = BoCy ' € H and then B;1C; ' € H for all i.
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Let
Fig = (Bo Ay Y F3(AeBg M) (BsCy M) (Br A7) (B Ag ) = BoBs By AP AT O
Fi3 = F,' = CsA7AsB;'B;'By !
and

Fiy = RF;3R™' = CsAgAgB; 'B; ' By .

Hence, we have Fi4Fi5(cs,as,ag,bs,bs,b3) = (cg,as,a9,cs5,bs,b3) s0
that F5 = C@AgAgCngilBgl € H.

Finally, we see that Fj;' F1,=CsB; ' € H and then C;B; " € H for all i.

It follows from Corollary 7 that H = Mod(X1¢), completing the proof
of the corollary. O

Corollary 15. If g > 13, then the mapping class group Mod(X,) is generated
by the two elements R and Ay B4sCsCry' Bg A3

Proof. Let Fy = Ay B4CsCyy' Bg A3, Let us denote by H the subgroup of
Mod(X,) generated by the set {R, F} }.
Let
Fy = RF\R™' = Ay BsCoC' By P ALY
and
Fy=Fy' = AyB;C11Cy "By A
We have F3F1 (a4, b7, C11, Co, b57 CLQ) = (b47 b7, C11, Co, b5, CLQ) SO that
Fy = B4B;C1;Cy 'B; ' Ay € H.
We see that F4F3_1 = B4AZ1 € H and then by conjugating B4AZ1 with
R iteratively, we get BZ-A;1 € H for all 1.
Let
Fs = R?F{R™? = A3BsC10C, By ' A5 *
and
Fo = Fy' = AsBsC1201' By 1 Ay
We also have F6F1 ((15, bg, C12,C10, b6, a3) = (a5, Cg,C12,C10, b6, ag) so that
Fr; = A568012Ci)1B51A§1 € H.
We get FrF; ' = C3Bg ' € H and then C;B; ' € H for all 4.
Let
Fy = (A4B; ") Fi(A3By ') = A1 AuCsCr' Bg ' By Y
Fy = R*)FyR™> = A4A;C,C3' By ' B
and
Fio = Fy ' = BeBoCy3C P A7 ALY
Hence, check that FioFs(bs, by, c13,c11,a7,a1) = (b, cs, c13, c11, a7, aq)
so that I = 366801301—11147—1/121 € H.
Finally, we have F1,Fj," = CsBy ' € H and then C;B;}, € H for all i.
It follows from Corollary 7 that H = Mod(X,), completing the proof of
the corollary. 0
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Corollary 16. If g > 12, then the mapping class group Mod(X,) is generated
by the two elements R and BlAgC(;CfOlA;lBgl.

Proof. Let Fy = B1A3CsC7,' A7 ' By !, Let us denote by H the subgroup of
Mod(%,) generated by the set {R, F; }.
Let
Fy = RF\R™ = By AyC,C P A B!
and
Fy = Fy' = BeAgC11C; A By .
We have F3F(bs, as, c11,c7,a4,b2) = (¢, ag, 11, C7, a4, bz) so that
Fy = CsAsC11C7 A ' By € H.
We get F4F§1 = CGBgl € H and then by conjugating CGBgl with R
iteratively, we get C; B, L' e H for all i.
Let
Fs = Fi(C19Byy ) (BsCy ') = B1A3C By A7 1 C5 !
and
Fo = R?FsR™? = B3 AsCs By Ay ' C L.
We also have F6F5(b3, as, Csg, b12, ag, 07) = ((13, as, Csg, b12, ag, 67) so that
Fr = A3A5C8B;21A§107_1 € H.
We get FyF; ' = A3B; ' € H and then A;B; ' € H for all i.
Let
Fg = (Clel)(BgAgl)Fl(Bg,Cgl) = ClBBC6Cﬂ)1A;1C;1
and
Fy = RFyR™' = 02 B,C7C1* AT CO
Then check that FgFg(CQ, b4, Cr,C11,08, 06) = (bg, b4, Cr,C11,08, 06) SO
that Fo = B3B,C7;C'Ag'Cy ! € H.
Finally, we have FlOFg_1 = B302_1 € H and then BH_lC'i_l € H for all
i.
It follows from Corollary 7 that H = Mod(%,), completing the proof of
the corollary. O

Lemma 17. If g > 11, then the mapping class group Mod(X,) is generated by
the two elements R and AlBgC4CgillB!;13A;}4.

Proof. Let Fy = AlBgC4Cg_leg_f3A;4. Let us denote by H the subgroup
of Mod(X,) generated by the set {R, F1 }.

Let
Fy = RF\R™" = A, BsC5Cy ' B 1, AL
We have FQFl(CLQ, bg, Cs5,Cg, bg_g, ag_g) = (bz, b3, Cs5,Cgq, bg_g, bg_3) SO
that F3 = ByB3C5Cy B, B,y € H.
Let

Fy = R'F3R = B B,C,C, ' B ;B !,
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and
Fy=F;' =B, 3B, 20,05 'B; By "

We also have F5F4(bg_3, bg_g, Cg, Cs, bg, bg) = (bg_3, bg_g, bl, Cs, b3, b2)
so that Fs = B, 3B, 2B1C5'B;'By* € H.

We see that FSF5_1 = Bng_l € H and then by conjugating Bng_l
with R iteratively, we get BH_lCi_l € H for all 1.

Let

Fr = (Cy—3B,15)(Cy-aBy5) Fs = Cy—3Cy—4B:1C5 ' By ' By
and
Fy=R*F;R?=0C, 1Cy_9B3C; "By ' B, "

We have FgFy(cg—1,cq—2,b3,¢7,b5,b1) = (cg—1,cq—2,b3,¢7,¢5,b4) sO
that Fo = Cy,_1C,_oB3C;'C5y'B; ' € H.

We then get FoFy ' = C5B5 ' € H and then C;B;' € H for all 4.

Let

Fig = Fl(Bg—3Cg__13) = A13204Cg__110;_1314;_14
and
Fi1 = RFy R~ = Ay BsC5C ' ClL, A
Hence, we see F'11 F1g(az, bs, s, ¢g,cq—2,a9-3) = (b2, b3,¢5,¢4,Cq—2,04_3)

so that Fiy = 32330509_169_—1214;13 € H.

Finally, we have FioF;;' = BoA;' € H and then B;A;' € H for all 4.
It follows from Corollary 7 that H = Mod(X,), completing the proof of
the lemma. O

Lemma 18. If g > 13, then the mapping class group Mod(X,) is generated by
the two elements R and AlBQC4C;_IQB;_14A;_15.

Proof. Let Fy = AlBgC4Cgilngil4Agil5. Let us denote by H the subgroup
of Mod(X,) generated by the set {R, F} }.
Let

Fy = RFR™" = A3B3C5C, B 1A,
We have FyF (a27 b3, C5,Cg—1, bg—37 ag—4) = (b27 b3, C5,Cg—1, bg—37 bg—4)
so that F = ByBsCsC B, ';B !, € H.
Let

Fy=FyF;' = AyBy A By g,
Fs = RFyR™' = A3By ' A '3By 3,
Fo = FsF3 = BoAsC5C, L A1 B,
Fr = RT°FsR* = ByA1CsC, A B
and

Fs=F;" =By ¢Ag_5Cy_3C5 AT B
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We get FgF6(bg—6,ag—5,C4—3,¢3,a1,by) = (bg—6,a9-5,Cy—3,C3,a1,C4-1)
so that Fy = By_Ag_5Cy-3C5 'AT'C Y € H.

We see that FgFg1 = C’g_lBg_1 € H and then by conjugating C’g_lBg_1
with R iteratively, we get C’iB;}l € H for all 4.

Let

Fio = F5(Cy—1B, ") = BaBsCs B, ' B, 3B,
and
Fiy = R°FyoR™* = B4B;C7B; 'B, ! | B, .

We also have F11Fig(ba, bs, c7,b2,by-1,bg—2) = (ba, c5,¢7,b2,by—1,bg2)
so that Fip = B4C5C7 By 'B, !\ B!, € H.

We then get FlgFﬁl = C’5Bg1 € H and then CiBfl € H for all 1.

Let

Fi3 = F1(Bg—4Cg__l4) = A13204C;_1209__14A;_15
and
Fiy = RFi3R™ = Ay B3C5C, 1 C 1AL

Hence, Fi4F13(az,b3,c5,¢5-1,¢4-3,a9-4) = (b2,b3,¢5,¢9-1,¢4-3,a4-4)
so that Fy5 = BQB3C5C$]__110;_13A;_14 € H.

Finally, we have Fi5F;,' = BoA;' € H and then B;A; ' € H for all 4.

It follows from Corollary 7 that H = Mod(X,), completing the proof of
the corollary. O

Lemma 19. If k> 7 and g > 2k + 1, then the mapping class group Mod(%,)

is generated by elements R and A1B204C’g_fk+4Bg_jk+2A;k+l.

Proof. Let F; = AlBgC4C!;1k+4Bgilk+2A;}kH. Let us denote by H the

subgroup of Mod(X,) generated by the set {R, F}.
Let

Fy =R\ PR = Ap_5Bj,1Crn Oy "B LAY,
and
F3 = Fz_l = Ag—2Bg—1clck_-&1Bk_—11A1;—12'

F5Fy(ag—2,by—1, €1, Ckt1, bp—1,ax—2) = (ag—2,bg—1,b2, Cht1,bk—1, k—2)
so that Fy = Ag_sBy_1BC, B Y AL, € H.

We get F4F§1 = Bngl € H and then by conjugating Bngl with R
iteratively, we get B;11C; Ve H for all i.

Let

Fs = Fl(Bg—k+2Cg_—1k+1) = A1B204Cg_—1k+4cg_—1k+1‘4;—1k+1

and

Fs = RFsR™' = A3B3CsC L, (CoY LAY L

FsFs(ag, b3, ¢5,Cq—kots, Cg—iy2, Qg—kr2) = (b2, b3,¢5,Co—ki5,Coiit2s
Ag—k+2)
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so that F7 = B2B305C_1 C_l A_l

g— k50 g2y ko € H.

We then get F;Fy ' = BoAy' € H and then B;A; ' € H for all i.
Let

Fy = RF2F4R?> ™% = AyBy1ChysCy ' Cgt A

g
and
Iy = Fs_l = AgOgCSCk_—lgBk_ilAlzl-
We have FQFG(agv Cgv C3,Ck+3, bk+1a ak) = (ag7 Cgv b37 Ck+3, bk+17 ak)
so that Fig = A,CyBsC; 1B At € H.
Finally, we see that FloFgl = B;;C’?f1 € H and then BZ-C;1 € H for
all 7.

It follows from Corollary 7 that H = Mod(3,), completing the proof of
the lemma. 0

Corollary 20. Ifk > 5 and g > 2k+1, then the mapping class group Mod (%)
is generated by elements R and A1B204C’g__1k+4Bg__1k+2A;_1k+1.

Proof. Tt directly follows from Lemmas 17, 18 and 19. O

4. Main Results

In this section, we prove the main results of this paper. The following Lemma
is useful to decide the order of an element.

Lemma 21. If R is an element of order k in a group G and if x and y are

elements in G satisfying ReR~" =y, then the order of Rxy~' is also k.
Proof. (Rxy= ')k = (yRy=")* = yRky~! = 1.

On the other hand, if (Rry~1)! = 1 then (Rzy~!)! = (yRy Y = yRly~ ' =1
i.e. R' =1 and hence k | [. O

Now, we are ready to prove Theorem 2.

Proof. For g = 10, we let Hip be the subgroup of Mod(X19) gener-
ated by the set {R, R*A,C,B3B;'C5 A} We get Hyp = Mod(X19) by
Corollary 14. Then we are done by Lemma 21 since R*(A;C;B3)R™* =
AsC5B7. Note that, order of R* is clearly 5 and hence order of the ele-
ment R*(A;01B3)(AsCsB7)~ " is also 5 by Lemma 21 since R*(a;) = as,
R4(Cl) = ¢5 and R4(b3) = by implies R4(A10133)R74 = A5C5B7.

For g = 9, we let Hg be the subgroup of Mod(Xg) generated by the
set {R, R®B; A305C5 *Ag ' By '}. We have Hy = Mod(Xg) by Corollary 13.
Then we are done by Lemma 21 since R3(ByA3C5)R™3 = B4 AgCs.

For g = 8, we let Hg be the subgroup of Mod(Xg) generated by the set
{R, R2BlA5C'5C7_1A7_133_1}. Hence, Hg = Mod(Xg) by Corollary 12. Then
we are done by Lemma 21 since R?(B;A5C5)R™2? = B3A;C5.

For g =7, we let H7 be the subgroup of Mod(X7) generated by the set
{R, RC1 B4A¢A;'B; 'Cy*}. We have H; = Mod(2;) by Corollary 9. Then
we are done by Lemma 21 since R(C;ByAg)R™ = CyB5A.
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The remaining part of the proof is the case of g > 11. Let k = g/¢’ so
that k is the greatest divisor of g such that k is strictly less than g/2. Clearly,
the number k can be any positive integer but three.

If k = 2, let Ky be the subgroup of Mod(X,) generated by the set
{R,R?A,B,CsCyy' By ' A3 '} We get K> = Mod(%,) by Corollary 15. Then
we are done by Lemma 21 since R?(A; B4Cg)R™2 = A3B¢Chp.

If £ = 4, let K4 be the subgroup of Mod(X,) generated by the set
{R,R*B1A3CsC' A7 B5 M. We get Ky = Mod(X,) by Corollary 16. Then
we are done by Lemma 21 since R*(B; A3Cs)R™* = B5A7C}p.

If k=1or k=5, let K5 be the subgroup of Mod(X,) generated by the
set {R, R=°A1B,C4C, 1 B 13 A, b We get K5 = Mod(%,) by Corollary 20.
Then we are done by Lemma 21 since R™°(A1 BoCy)R® = Ay 4By_3C,_1.

If £ = 6, let K¢ be the subgroup of Mod(X,) generated by the set
{R,R™5AB,C,C, ", B, A} We get Kg = Mod(X,) by Corollary 20.
Then we are done by Lemma 21 since R7%(A1 ByCy)R® = Ay 5B, 4Cy_o.

If K > 7, let K be the subgroup of Mod(X,) generated by the
set {R, R™"A1ByCyC Y Bl A ) We get K = Mod(S,) by
Corollary 20. Then we are done by Lemma 21 since R™*(A;ByCy)RF =

Ag—i+1Bg—i+2C5—k+a. O
Finally, we prove Theorem 1.

Proof. If g = 6, let Hg be the subgroup of Mod(Xs) generated by the set
{R,RC1B,AcA; ' B;1C5 Y. We get Hg = Mod(Xg) by Corollary 8. Then we
are done by Lemma 21 since R(C1ByAg)R™1 = C3BsA;. Note that, since
R(c1) = o, R(by) = by and R(ag) = ay, we have R(C1B4Ag)R™1 = CoBsA;
which implies order of the element R(CyB4Ag)(CoBsA1)~ ! is g.

If ¢ = 7, let H; be the subgroup of Mod(X7) generated by the set
{R, RC1B4A¢A; ' B5 'Oy '}, We get Hy = Mod(X7) by Corollary 9. Then we
are done by Lemma 21 since R(Cy;B4Ag)R™1 = CyB5A7.

If g = 8, let Hg be the subgroup of Mod(Xg) generated by the set
{R,RB,C4 A7 A OBy 'Y We get Hg = Mod(Xg) by Corollary 10. Then
we are done by Lemma 21 since R(B1C4A7)R™1 = ByC5 As.

If ¢ > 9, let Hy be the subgroup of Mod(X,) generated by the set
{R, RC1B4A7AZ'B5 10y} We get Hy = Mod(X,) by Corollary 11. Then
we are done by Lemma 21 since R(C;B4A7)R™1 = CyB5 As. O

5. Further Results

In this section, we prove Theorem 3 which states as: for ¢ > 3k? +4k+1 and
any positive integer k, the mapping class group Mod(%,) is generated by two
elements of order g/ ged(g, k).

Korkmaz showed the following result in the proof of Theorem 6.

Theorem 22. If g > 3, then the mapping class group Mod(%,) is generated
by the elements AiA;17 BiBj*l, Ciijl for alli,j.
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Sketch of the proof is as follows: Ay Ay 'BiB;*(a1,a3) = (b1,a3).
A31C1Cy (b1, a3) = (c1,a3). Korkmaz then showed that A3 can be gen-
erated by these elements using lantern relation. Hence, A; = (A; A* )As,
B; = (B;By')(B1A;1) A3 and C; = (C;C7Y)(C1A; 1) As are generated by
given elements. This finishes the proof.
Now, we prove the next statement as a corollary to Theorem 22.

Corollary 23. If g > 3, then the mapping class group Mod(%,) is generated
by the elements A;B; *,C;B; !, CiBifl for all i.

Proof. Let us denote by H the subgroup generated by the elements
A;B7 ', 0B, OB for all i

We have B;B; ' = (B;C; ") (CiB; ) -+ (B;—1C;4)(C;1B; ') € H for
all 4, j, we also have C’Z-C;1 = (CiBifl)(Bl-ijl)(BjC;l) € H for all 4,7 and
A AT = (ABY)(BiBy ) (B A7) € H for all d, 5.

It follows from Theorem 22 that H = Mod(3,), completing the proof
of the lemma. O

Theorem 24. If g > 21, then the mapping class group Mod(¥,) is generated
by the elements RQ,B1B2A5A801101401_6101_31141_01147_1BZlBa—l.

Proof. Let Fy = B1ByA5AgCy1C1406 Crit Ajg A7 By ' B3t Let us denote
by H the subgroup of Mod(X,) generated by the set {R?, F} }.
Let

Fy = R*FyR™? = B3B4A7A 001301605 Cit ATy Ag ' By ' B3 !
and
Fy = Fy ' = BsBAgA12C15C180 6 Crgt Ajd A7 ' By Byt

We have F3F1(b5,b6,.. b3> (a5,b6,...,b3) so that
Fy= A5B6A9A1201501801610131A101A 'By'By' e H.

Note that ... refers to the elements remaining fixed under the given
maps.

We also have FyF; " = As 5_1 € H and then by conjugating AsB;
with R? iteratively, we get A21+1B2i}&-1 € H for all i.

Let

Fs = R*FyR™* = B3 BgAgA15015013C5 Ct AT AL By B!

and
Fs = (A7B7 ) F5 1 (Bs Ay )
= A7BSA11A14C’170200181Cg}A;zlAngglAgl.
We then have FgFi(ar,bs,a11,...,bs,a5) = (ar,as,ai,...,bs, as) so

that Fy = A7 AgA11 A14C17C50Crg Crit Ay Ag ' Bg P AT

F7F(;1 = Angl € H and then by conjugating Angl with R? itera-
tively, we get AgiBQil € H for all 4.

Hence, we get A;B; ' € H for all i.
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Let
Fy = (B12A, ) Fy = AsBgAgB12C15C150 6 Crit Ajg A7 ' By ' By .
We then get FgFi(...,b12,...) = (...,c11,...) so that
Fy = A5B(5A901101501801?31017311417011477134713371 € H.
We have FgFg1 = CllBﬁl € H and then by conjugating 01131—21 with
R? iteratively, we get Co; 1B}, € H for all i.
Let
FlO - (B11A1_11)F7 = A7A8B11A1401702001_8101_51141_21149_136_1145_1~
Similarly, we have FioFi(...,b11,...) = (..., c11,...) so that
Fi1 = A7AgC11 A1017Co0 Ot Ot A Ag P B P A € H.
Hence, we get FHFfO1 = CuBfll € H and we get CgiHB;i}rl € H for
all 4.
Let

Fiy = (B15C5 ) Fy = AsBgAgA12B15C15Cs Crt Afg A7 ' By Byt
We also have Fi2Fy(...,b15,...) = (...,c14,...) so that
Fi3 = A5BGA9A120140180f61CglAfolA;lBnggl € H.
Check that F13F131 = CMBE)I € H and then we get C’giBzﬁH € H for
all ¢. Hence, we have C’iBl-lll € H for all i.
Let

Fiy = F7(Ci5Byg') = A7AgA11 A14C17Co0Crg Bl Al Ag ' B A
We then get F14Fi(...,b16,...) = (..., C16,-..) SO that
Fi5 = A7A8A11A140170200f81CiilAleA;lBglAgl € H.
Hence, we see that FE)IFM = Clng(Sl € H and then we get Cgl-B;il eH
for all ¢. Finally, we have C;B; L'e H for all i.

It follows from Corollary 23 that H = Mod(X,), completing the proof
of the theorem. O

Corollary 25. If g is even and g > 22, then the mapping class group Mod(X,)
is generated by two elements of order g/2.

Proof. Let H be the subgroup of Mod(X,) generated by the set

{R2, R?By By A5 AsC11C14C1 Ot AT A7 ' By By .

We get H = Mod(X,) by Theorem 24. Then we are done by Lemma 21 since
R?(B1ByA5AgC11C14) R™? = B3B4A7A190C13C16. O

Generalization of Theorem 24 and Corollary 25 is as follows:

Theorem 26. For k > 2 and g > 3k + 4k + 1, the mapping class group
Mod(X,) is generated by the elements R*, REF(RFF~1R™%) where F =
B1By ... ByAoky1A3k12 - Apz ok Crzy3k41Cr2pany2 - - - Copzyar Fig. 6.

Proof. We define an algorithm to prove the desired result.

Let F' = BiBgy--- BrAogr1Askt2 - A2k Cr2 g3k 11Ck2 a2 - Corz as
and Iy = F(RFF7'R™%). Let us denote by H the subgroup of Mod(%,)
generated by the set {R*, F}}.
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Figure 6. Generator for Theorem 3

A) Use conjugation of Fy with RF R?* ... ,sz with proper multipli-
cations to get AkHBkjl € H, A;ﬁgBka e H, ..., A2k—135k1,1 € H,
Anggkl € H, respectively. Hence, we have A;B; L'e H for all i.

B) Follow the next k steps.

1) Use conjugation of F; with R* for some positive integers I’s with
proper multiplications to get Cik"rlBi_k}i-l € H and OikHBi_k}w € H for all 1.

2) Use conjugation of F; with RF! for some positive integers I’s with
proper multiplications to get C’ik+gBi_,€£rQ € H and Oik+2Bi_ki—3 € H for all i.

k) Use conjugation of Fy with R* for some positive integers I’s with
proper multiplications to get Clkai_kl € H and Cisz‘_k}s-l € H for all 1.
Hence, C’iBi_1 € H and CiB;rll € H for all 4.

It follows from Corollary 23 that H = Mod(X,), completing the proof
of the theorem.

See Theorem 24 for an example application of the algorithm. O

Now, we prove Theorem 3.
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Proof. For k > 2 and g > 3k? + 4k + 1, let H be the subgroup of Mod(X,)
generated by the set {R¥, RFF(RFF~1R=¥)}. Then H = Mod(X,) by The-
orem 26. Hence, we are done by Lemma 21 since the orders of R* and
RFF(RFF~'R™*) are g/d where d is the greatest common divisor of g and
k. If k =1, we are done by Theorem 1. O

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
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