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On Affine Minimal Translation Surfaces
and Ramanujan Identities
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Abstract. In this paper, using the Weierstrass–Enneper formula and the
hodographic coordinate system, we find the relationships between the
Ramanujan identity and a generalized class of minimal translation sur-
faces, known as affine minimal translation surfaces. We find the Dirichlet
series expansion of the affine Scherk surface. We also obtain some of the
probability measures of affine Scherk surface with respect to its log-
arithmic distribution. Next, we classify the affine minimal translation
surfaces in L

3 and remark the analogous forms in L
3.
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1. Introduction

A surface in the Monge form represented by its height function z(x, y) is a
minimal surface whenever

(1 + z2
y)zxx − 2zxzyzxy + (1 + z2

x)zyy = 0. (1.1)

The Weierstrass–Enneper (W–E) representation gives a general parametric
form solution of a minimal surface in the neighbourhood of a non-umbilical
interior point in the following form:

⎧
⎪⎪⎨

⎪⎪⎩

x(ξ) = x0 + � ∫ ξ

ξ0
R(ω)(1 − ω2)dω

y(ξ) = y0 + � ∫ ξ

ξ0
ιR(ω)(1 + ω2)dω

z(ξ) = z0 + � ∫ ξ

ξ0
2R(ω)dω,

(1.2)

where ξ is a complex parameter, � ∫ is the real part of the integral and R(ω)
is a meromorphic function. In this parameterization (ξ1, ξ2) acts as isothermal
parameterization, where ξ = ξ1 + ιξ2.
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Now let ϕ = ϕ(x, y) be the local form of a surface in Lorentz–Minkowski
space (L3) with the metric g = dx2

1 +dx2
2 −dx2

3. The mean curvature formula
is given by

H = ε
EN − 2FM + GL

2(EG − F 2)
, (1.3)

where ε = 1 for a spacelike surface and ε = −1 for a timelike surface. The
H ≡ 0 is equivalent to the following differential equation

(1 − z2
y)zxx + 2zxzyzxy + (1 − z2

x)zyy = 0, (1.4)

satisfying z2
x+z2

y < 1. Similar to the minimal surface, the W–E representation
for a maximal surface is given by (for instance see [5])

⎧
⎪⎪⎨

⎪⎪⎩

x(ξ) = x0 + � ∫ ξ

ξ0
R(ω)(1 + ω2)dω

y(ξ) = y0 + � ∫ ξ

ξ0
ιR(ω)(1 − ω2)dω

z(ξ) = z0 + � ∫ ξ

ξ0
2R(ω)dω,

(1.5)

In 3-dimensional Euclidean space (E3), a surface ϕ(x, y) is called a translation
surface if ϕ(x, y) can be written as

ϕ(x, y) = f(x) + g(y), (1.6)

where f and g are two planar (and/or non-planar) smooth curves lying in
orthogonal (and/or non-orthogonal) planes, such that f ′ × g′ �= 0. These two
curves (f and g) are called as the generators of the surface. Depending upon
the location and nature of generators, lots of research has been done with
respect to such minimal translation surfaces.

In the case of planar curves where the generating curves lie in the or-
thogonal planes, Scherk proved that, apart from planes, the only minimal
translation surfaces are the surfaces with the height function:

ϕ(x, y) = log
cos y

cos x
. (1.7)

Recently, López and Perdomo obtained a classification of the long-standing
problem of minimal translation surfaces where both the curves are non-planar
[12].

Kobayashi [9] studied the minimal translation surfaces in L
3 and proved

the following:
Every maximal spacelike translation surface in L

3 is either a spacelike
plane or is given by

ϕ(x, y) = log
cosh y

cosh x
, (1.8)

where tanh2 x + tanh2 y < 1. This surface is called the surface of Scherk of
the first kind.

A Born–Infeld soliton is a very close look alike of (1.4) satisfying the
following equation [14]:

(1 + z2
y)zxx − 2zxzyzxy + (z2

x − 1)zyy = 0. (1.9)
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The minimal (maximal) surfaces and the Born–Infeld solitons are very closely
related in the sense that a minimal surface is obtained by a wick rotation in
the variable y ↔ ιy in Born–Infeld soliton equation and vice-versa [3]. In the
same way, wick rotating x by ιx in the Born–Infeld soliton equation, we get
maximal surface equation and vice-versa [5].

Thus a soliton version of the height function of (1.8) is given by

ϕ(x, y) = log
cosh y

cos x
. (1.10)

Now coming towards the actual theme of the paper, in recent times,
various relations between the minimal surfaces and the Ramanujan identi-
ties have been explored. The first such relations were found by Kamien [7],
wherein using Ramanujan’s identities, Kamien obtained a decomposition of
the height function of the Scherk’s first surface. At the moment, a minimal
surface is equivalent to finding a solution of second-order partial differential
equation (1.1). Dey simplified the study by using the hodographic coordi-
nates and discovering a much simpler first-order analogous form of (1.1) in
the following expression:

ξ2z̄ξ + zξ = 0. (1.11)

Using (1.11), Dey rederived the W–E representation formula of minimal sur-
faces (see [1]).

In her next paper [2], Dey dedicated a major part of [2] to find non-trivial
identities for Scherk surfaces using Ramanujan’s identities, W–E representa-
tion and the technique developed by her in the earlier paper [1]. In the same
paper, she also derived the series expressions for (1.10).

Then in [5], Dey and Singh, using the hodographic coordinates obtained
the W–E formula for maximal surfaces. In particular, following their earlier
paper [2], they obtained the series expression for (1.8) using Ramanujan iden-
tities. For similar studies, see [3,4].

Thus from the above surveys, we observe that the series expressions of
the translations surfaces of the type (1.7), (1.8) and (1.10) has remained the
primary focus of the authors.

In an attempt to generalize the notion of translation surfaces, Liu and
Yu in [11] introduced a new class of translation surfaces given as a graph of

ϕ(x, y) = f(x) + g(y + ax)

for some non-zero real constant a. The generators lie in the non-orthogonal
planes x = 0 and y + ax = 0, therefore acts as a natural generalization of
(1.6). This type of surface is called as affine translation surface. In case of
minimal affine translation surfaces, we have the following:

Theorem 1.1. [10,11] Let ϕ be a minimal affine translation surface. Then ϕ
is either a linear function or is given by a surface with the height function
given by

ϕ(x, y) = log
cos(y + ax)

cos(
√

1 + a2x)
. (1.12)
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The surface in (1.12) is called as generalized Scherk surface or an affine
Scherk surface. For a = 0, we get (1.7).

Following the work of Dey and her collaborators, we extend the study by
decomposing the height function of a generalized class of translation surfaces,
i.e., affine minimal translation surface with the help of Ramanujan identity,
W–E representation formula and hodographic coordinates. We also find their
Dirichlet series expansion and find the probability mass function with the
help logarithmic distribution.

In layered structures Scherk’s first surfaces are used to express large
twist-angle grain boundaries, however small twist-angle grain boundaries are
often traced in the form of an array of screw dislocations. Kamien and Luben-
sky proved that there is no notable difference between these two notions, their
relative energetics are generically dependent on the basic structure of their
screw-dislocation topological defects (see [6]). In [7], Kamien derived a series
decomposition of the height function of the Scherk’s first surface using Ra-
manujan’s identities. He showed that in layered structures Scherk’s surfaces
appear as infinite superposition in topological defects. Thus, looking at the
physical importance of the decomposition of the height functions of minimal
surfaces, in particular Scherk surfaces, we can say that the series decomposi-
tions obtained in this paper may be useful in understanding the topological
defects as in Kamien and Lubensky work [6,7] .

The structure of the paper is as follows. In Sect. 2, we first derive the
meromorphic function R(ω) needed in the W–E representation of general-
ized Scherk surfaces. Then we obtain the series decomposition of generalized
Scherk surfaces using the Ramanujan identity. In Sect. 2.2, we obtain the
Logarithmic distribution of the affine Scherk surface. We also comment on
how to obtain its Born–Infeld soliton version. In Sect. 3, we first derive the
analogous form of generalized Scherk surface in L

3 and then revisit all the
forms in this setting.

2. Affine Scherk Surface and Ramanujan Identity in E
3

Lemma 2.1. R(ω) for the affine Scherk surface is given by

R(ω) =
√

1 + a2(1 + ιa)
(1 + a2) + (1 + ιa)2ω2

+
1

1 − ω2
, (2.1)

where a ∈ R.

Proof. In order to find R(ω), we use the method of hodographic coordinates.
Let z = x + ιy and z̄ = x − ιy be the complex coordinates and u = ϕz̄ =
ϕx+ιϕy

2 , v = ϕz = ϕx−ιϕy

2 . For the affine Scherk surface, we have

ϕx =
√

1 + a2 tan(
√
1 + a2�(x)) − a tan[a�(z) + �(z)], ϕy = − tan[a�(z) + �(z)].

This implies that

a�(z) + �(z) = tan−1 (ι(u − v)) . (2.2)
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and

�(z) =
1√

1 + a2
tan−1

[
(u + v) − ιa(v − u)√

1 + a2

]

. (2.3)

Let ξ =
√

1+4uv−1
2v and ξ̄ =

√
1+4uv−1

2u be two new variables, with the inverse
transformation u = ξ

1−ξξ̄
and v = ξ̄

1−ξξ̄
. In terms of ξ and ξ̄, (2.2) and (2.3)

reduces to

a�(z) + �(z) = tan−1(ιξ) − tan−1(ιξ̄),

�(z) =
1√

1 + a2
tan−1

[
1√

1 + a2

{
ξ(1 + ιa)
1 − ξξ̄

+
ξ̄(1 − ιa)
1 − ξξ̄

}]

. (2.4)

Let ς(ξ) = ξ(1+ιa)√
1+a2 , ς̄(ξ̄) = ξ̄(1−ιa)√

1+a2 , Eq. (2.4) is equivalent to

�(z) =
1√

1 + a2

(
tan−1 ς + tan−1 ς̄

)
.

Thus, we can write
z̄ = F (ξ) + G(ξ̄),

where

F (ξ) =
1 + ιa√
1 + a2

tan−1 ξ − ι tan−1(ιξ),

G(ξ̄) =
1 + ιa√
1 + a2

tan−1 ξ̄ + ι tan−1(ιξ̄).

We know that R(ω) = F ′(ω) (see [1]). This proves our claim in Eq. (2.1).
�

Remark 2.2. In the above lemma, we see that the points ±1,±ι
√

1+a2

1+ιa are the
poles of R(ω), which are precisely the umbilical points of minimal surface.
Moreover, for a = 0, we get the R(ω) of the Scherk surface given in (1.7).

Proposition 2.3. Let ϕ be an affine non-planar minimal translation surface
in E

3 and ξ in a neighbourhood of C away from the umbilical points (ξ �=
±1,±ι

√
1+a2

1+ιa ), we have the following identity

log
cos(y + ax)

cos(
√

1 + a2x)

= log
∞∏

k=1

((
k − 1

2

)
π − [�(λ3(ξ)) + 2�(λ4(ξ)) + a(�(λ1(ξ)) + �(λ2(ξ)))]
(
k − 1

2

)
π − √

1 + a2(�(λ1(ξ)) + �(λ2(ξ)))

)

×
((

k − 1
2

)
π + [�(λ3(ξ)) + 2�(λ4(ξ)) + a(�(λ1(ξ)) + �(λ2(ξ)))]
(
k − 1

2

)
π +

√
1 + a2(�(λ1(ξ)) + �(λ2(ξ)))

)

.

Proof. Using Lemma 2.1 and (1.2), the Weierstrass–Enneper data for (1.12)
is given by

x(ξ) = �(λ1(ξ)) + �(λ2(ξ)) (2.5)
y(ξ) = �(λ3(ξ)) + 2�(λ4(ξ)) (2.6)
ϕ(ξ) = �(λ5(ξ)), (2.7)
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where λ1(ξ) = − (ι+a)√
1+a2 ξ, λ2(ξ) = ξ − 2

√
1+a2 tan−1

( √
a−ι

ι
√

ι+a
ξ
)

ι
√

ι+a(a−ι)3/2 ,

λ3(ξ) =
(

1−ιa√
1+a2 − 1

)
ξ + 2 tan−1(ξ), λ4(ξ) =

(
a
√

1+a2 tan−1
( √

a−ι
ι
√

ι+aξ

)

ι
√

ι+a(a−ι)3/2

)

,

λ5(ξ) =
1

2
√

1 + a2
(ι + a)

[

2 tan−1

(

a − 2a

1 + ξ2

)

− ι log(a2(ξ2 − 1)2)

+(ξ2 + 1)2
]

− log(1 − ξ2).

Let X and A be complex with A not an odd multiple of π
2 (see [13]),

we have

cos(X + A)
cos(A)

=
∞∏

k=1

[(

1 − X
(
k − 1

2π
)− A

)(

1 +
X

(
k − 1

2π
)

+ A

)]

or

log
cos(X + A)

cos(A)
= log

∞∏

k=1

((
k − 1

2

)
π − (X + A)

(
k − 1

2

)
π − A

)((
k − 1

2

)
π + (X + A)

(
k − 1

2

)
π + A

)

(2.8)

Let X + A = y + ax and A =
√

1 + a2x in (2.8), then if x is not an odd
multiple of π

2
√

1+a2 , we have

log
cos(y + ax)

cos(
√
1 + a2x)

= log

∞∏

k=1

( (
k − 1

2

)
π − (y + ax)

(
k − 1

2

)
π − √

1 + a2x

)( (
k − 1

2

)
π + (y + ax)

(
k − 1

2

)
π +

√
1 + a2x

)

(2.9)

Substituting the W–E data in the above expression, we get

� log(λ5(ξ)) = log
cos[�(λ3(ξ)) + 2�(λ4(ξ))]

cos[
√
1 + a2 {�(λ3(ξ)) + 2�(λ4(ξ))}]

= log
∞∏

k=1

((
k − 1

2

)
π − [�(λ3(ξ)) + 2�(λ4(ξ)) + a(�(λ1(ξ)) + �(λ2(ξ)))]
(
k − 1

2

)
π − √

1 + a2(�(λ1(ξ)) + �(λ2(ξ)))

)

×
((

k − 1
2

)
π + [�(λ3(ξ)) + 2�(λ4(ξ)) + a(�(λ1(ξ)) + �(λ2(ξ)))]
(
k − 1

2

)
π +

√
1 + a2(�(λ1(ξ)) + �(λ2(ξ)))

)

.

�

Remark 2.4. From (2.1), we observe that for a = 0, we get R(ω) for the
Scherk surface, i.e., R(ω) = 2

1−ω4 .

2.1. Dirichlet Series Expansion of Affine Scherk Surface

The first Dirichlet series expansion of minimal surfaces was obtained by Dey
et al. (see [4]). In this section, with the help of Ramanujan identity, we obtain
the Dirichlet series expansion of affine Scherk surface. We know that

log
cos(y + ax)

cos(
√
1 + a2x)

= log

∞∏

k=1

( (
k − 1

2

)
π − (y + ax)

(
k − 1

2

)
π − √

1 + a2x

)( (
k − 1

2

)
π + (y + ax)

(
k − 1

2

)
π +

√
1 + a2x

)

.
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Set
(
k − 1

2

)
π = αk, we can write the above expression as

log
cos(y + ax)

cos(
√

1 + a2x)
= log

∞∏

k=1

(
αk − (y + ax)
αk − √

1 + a2x

)(
αk + (y + ax)
αk +

√
1 + a2x

)

= log
∞∏

k=1

(

1 +
(1 + a2)x2

α2
k − (1 + a2)x2

)(

1 − (y + ax)2

α2
k

)

or

log
cos(y + ax)

cos(
√

1 + a2x)
=

∞∑

k=1

[ (1 + a2)x2

α2
k − (1 + a2)x2

− 1
2

(
(1 + a2)x2

α2
k − (1 + a2)x2

)2

+
1
3

(
(1 + a2)x2

α2
k − (1 + a2)x2

)3

− · · ·
]

−
∞∑

k=1

[ (y + ax)2

α2
k

+
1
2

(
(y + ax)2

α2
k

)2

+
1
3

(
(y + ax)2

α2
k

)3

+ · · ·
]
, (2.10)

where | (1+a2)x2

α2
k−(1+a2)x2 | < 1 and | (y+ax)2

α2
k

| < 1, ∀ integer k. This implies that

log
cos(y + ax)

cos(
√

1 + a2x)
=

∞∑

k=1

[

Pk

(

1,
(1 + a2)x2

α2
k − (1 + a2)x2

)

− Tk

(

1,
(y + ax)2

α2
k

)]

,

(2.11)

where Pk(s, a) =
∑∞

n=1

[
(−1)n+1 an

ns

]
, Tk(s, b) =

∑∞
n=1

bn

ns are two Dirichlet
series with real parameters a, b, respectively. Since ξ, x, y are related by
(2.5)–(2.6) and | (1+a2)x2

α2
k−(1+a2)x2 | < 1 and | (y+ax)2

α2
k

| < 1, ∀ integer k. Therefore
for a considerably small bounded domain of ξ and on substituting the W-E
data in (2.11), we can state the following:

Proposition 2.5. For a small enough domain of ξ, the Dirichlet series expan-
sion of the non-trivial affine minimal translation surface is given by

log
cos(y + ax)

cos(
√

1 + a2x)
= � log(λ5(ξ))

=
∞∑

k=1

[

Pk

(

1,
(1 + a2)[�(λ1(ξ)) + �(λ2(ξ))]2

α2
k − (1 + a2)[�(λ1(ξ)) + �(λ2(ξ))]2

)

−Tk

(

1,
[�(λ3(ξ)) + 2�(λ4(ξ)) + a(�(λ1(ξ)) + �(λ2(ξ)))]2

α2
k

)]

.

2.2. Logarithmic Distribution of Affine Scherk Surface

It is easy to show the convergence of both the Dirichlet series Pk and Tk of
(2.11), which in turn implies the convergence of both the series in RHS of
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(2.10). Now we re-examine the RHS of (2.10) in the way:

log
cos(y + ax)

cos(
√

1 + a2x)
=

∞∑

k=1

(

−Ak − 1
2
A2

k − 1
3
A3

k − · · ·
)

, (2.12)

where Ai
k =

{
(y+ax)2

α2
k

}i

+
{

−(1+a2)x2

α2
k−(1+a2)x2

}i

and 0 < Ak < 1. The RHS of the
above converges for each k as it the sum of two convergent series. Supposing
that the series in (2.12) converges to a constant s. From the RHS of (2.12),
we have

log(1 − Ak) =
∞∑

j=1

−Aj
k

j
.

Since the above identity holds for each k, we can write
n∑

k=1

log(1 − Ak) =
n∑

k=1

∞∑

j=1

−Aj
k

j
, (2.13)

where
n∑

k=1

∞∑

j=1

−Aj
k

j
= sn

are the partial sums whose limiting sum tends to s, i,e.,

s = log
cos(y + ax)

cos(
√

1 + a2x)
=

∞∑

k=1

∞∑

j=1

(
sj
1 + sj

2 + · · · + sj
k + · · ·

)
. (2.14)

Now we can write (2.13) as
∞∑

j=1

(
n∑

k=1

−Aj
k

j

)

=
n∑

k=1

log(1 − Ak). (2.15)

From the LHS of above expression, we get an indexed set of real values
{sn}n∈N whose total limiting sum is s. The expression in (2.15) can be com-
bined in a way such that:

∞∑

j=1

⎛

⎝

∑n
k=1

(−Aj
k

j

)

∑n
k=1 log(1 − Ak)

⎞

⎠ = 1.

This gives us the probability mass function (fk(j)) of a log(Ak) distributed
random variable which assumes the real values of the partial sums, i.e.,

fk(j) =
∑n

k=1

(
−A

j
k

j

)

∑n
k=1 log(1−Ak) , j ≥ 1 with the parameter 0 < Ak < 1. Looking back

at (2.12), we see that the values of the log(Ak) distributed random variable
are the values assumed by the partial sums with the limiting sum equal to the
height function of the affine Scherk surface. Thus we can state the following:

Proposition 2.6. Let log cos(y+ax)

cos(
√

1+a2x)
= s be the height function of the affine

Scherk surface, such that sn are the convergent partial sum series with the
limiting sum equal to the height function of affine Scherk surface. Then the
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probability mass function of the random variable assuming the values sn is

given by fk(j) =
∑n

k=1

(
−A

j
k

j

)

∑n
k=1 log(1−Ak) , j ≥ 1, with the parameter 0 < Ak < 1.

The probability mass function gives the probability that a discrete ran-
dom variable is exactly equal to some value (see [8]).

2.3. Wick Rotation of the Affine Minimal Translation Surface

By a wick rotation in the variable y → ιy of Theorem 1.1, we get a Born–
Infeld soliton analogue. We shall call a wick rotated affine minimal translation
surface by affine wick minimal translation surface (AWMT). Thus from The-
orem 1.1, one can observe:

Observation: Let ϕ be an AWMT surface. Then ϕ is either a linear
function or is given by ϕ(x, y) = log cos(ιy+ax)

cos(
√

1+a2x)
.

3. Affine Scherk Surface and Ramanujan Identity in L
3

In [5], Dey and Singh obtained the Weierstrass data and the corresponding
Ramanujan identity expression of Scherk surface in L

3. In this section, we
generalize the notion to a more generalized class of Scherk surfaces, i.e., affine
Scherk surfaces.

Lemma 3.1. Let ϕ be a maximal affine translation surface. Then ϕ is either
a linear function or up to dilation and translation is given by

ϕ(x, y) = log
[

cosh(y + ax)
cosh(

√
1 + a2x)

]

. (3.1)

Proof. Let ϕ(x, y) = f(x) + g(y + ax) be an affine translation surface in L
3

with the metric g = dx2
1 + dx2

2 − dx2
3. The first and the second fundamental

form coefficients are: E = 1 − (f ′ + ag′)2, F = −g′(f ′ + ag′), G = 1 − g′ and
L = −(f ′′ + a2g′′)D−1, M = −ag′′D−1, N = −g′′D−1, where f ′ = df(x)

dx ,
g′ = dg(y+ax)

d(y+ax) and D2 = 1− g′2 − (f ′ + ag′)2. Therefore, the maximal surface
equation is given by

f ′′(1 − g′2) + g′′(1 + a2 − f ′2) = 0. (3.2)

By a direct computation of (3.2), we get the expression (3.1). �

We call the surface in (3.1) as the affine Scherk surface of first kind.

Lemma 3.2. R(ω) for the affine Scherk surface of the first kind is given by

R(ω) =
√

1 + a2(1 + ιa)
(1 + a2) + (1 − ιa)2ω2

+
1

1 − ω2
, (3.3)

where a ∈ R.

Proof. Introducing the new variables ζ = 1−√
1−4uv
2v , ζ̄ = 1−√

1−4uv
2u with the

inverse transformations u = ζ
1+ζζ̄

, v = ζ̄
1+ζζ̄

. Following the similar lines as in
Lemma 2.1, we get the claim. �
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Remark 3.3. The points ±1,±ι
√

1+a2

1−ιa act as umbilical points. So, the param-
eterization is to be considered away from these possible points.

Proposition 3.4. Let ϕ be an affine non-planar minimal translation surface
in L

3 and ξ in a neighbourhood of C away from the umbilical points (ξ �=
±1,±ι

√
1+a2

1−ιa ), we have the following identity

log
cosh(y + ax)

cosh(
√
1 + a2x)

= log
∞∏

k=1

((
k − 1

2

)
π − ι[�(μ3(ζ)) + �(μ4(ζ)) + a{�(μ1(ζ)) + �(μ2(ζ))}]
(
k − 1

2

)
π − ι

√
1 + a2(�(μ1(ζ)) + �(μ2(ζ)))

)

×
((

k − 1
2

)
π + ι[�(μ3(ζ)) + �(μ4(ζ)) + a{�(μ1(ζ)) + �(μ2(ζ))}]
(
k − 1

2

)
π + ι

√
1 + a2{�(μ1(ζ)) + �(μ2(ζ))}

)

.

Proof. Using Lemma 3.2 and (1.2), the Weierstrass–Enneper data for (1.12)
is given by

x(ζ) = �(μ1(ζ)) + �(μ2(ζ))
y(ζ) = �(μ3(ζ)) + �(μ4(ζ))
ϕ(ζ) = �(μ5(ζ)) + �(μ6(ζ)),

where μ1 = − (a2+ι(
√

a2+1+2)a+
√

a2+1−1)ζ

(ι+a)2 + log 1+ζ
1−ζ ,

μ2 = −2a
√

ι−a
√

a2+1
(ι+a)5/2 tan−1

(√
ι+a√
ι−a

ζ
)
,

μ3 =
√

ι−a
√

a2+1
(ι+a)5/2

(
log
(√

ι−a−ι
√

ι+aζ√
ι−a+ι

√
ι+aζ

))
,

μ4 = − (a2+ι(
√

a2+1+2)a+
√

a2+1−1)ζ

(ι+a)2 , μ5 = log 1+ζ
1−ζ ,

μ6 = −2
√

ι−a
√

a2+1
(ι+a)3/2 tan−1

(√
ι+a√
ι−a

ζ
)

.

From the Ramanujan’s identity, we have

log
cos(X + A)

cos(A)

= log
∞∏

k=1

((
k − 1

2

)
π − (X + A)

(
k − 1

2

)
π − A

)((
k − 1

2

)
π + (X + A)

(
k − 1

2

)
π + A

)

. (3.4)

Substituting X +A = ι(y+ax) and A = ι
√

1 + a2x in (3.4), where ι
√

1 + a2x
is not an odd multiple of ιπ

2 , we obtain

log
cosh(y + ax)

cosh(
√

1 + a2x)

= log
∞∏

k=1

( (
k − 1

2

)
π − ι(y + ax)

(
k − 1

2

)
π − ι

√
1 + a2x

)( (
k − 1

2

)
π + ι(y + ax)

(
k − 1

2

)
π + ι

√
1 + a2x

)

.

Substituting the W–E data in the above identity, we get the claim. �
Remark 3.5. In case of affine Scherk surfaces in L

3, we have now its W-E
data and Proposition 3.4, so on the similar lines as in Sect. 2, we can easily
find the analogous forms of Born–Infeld soliton, Dirichlet series expansion
and the probability density function.



MJOM Affine Minimal Translation Surface Page 11 of 12 188

Acknowledgements

I am very thankful to the anonymous referees for their valuable comments
which helped a lot to improve the article. I am also thankful to Prof. Rukmini
Dey for having valuable discussions.

Declarations
Conflict of interest The author states that there is no conflict of interest.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

References

[1] Dey, R.: The Weierstrass–Enneper representation using hodographic coordi-
nates on a minimal surface. Proc. Math. Sci. 113(2), 189–193 (2003)

[2] Dey, R.: Ramanujan’s identities, minimal surfaces and solitons. Proc. Math.
Sci. 126(3), 421–431 (2016)

[3] Dey, R., Kumar, P.: One-parameter family of solitons from minimal surfaces.
Proc. Math. Sci. 123(1), 55–65 (2013)

[4] Dey, R., Sarma, R., Singh, R.K.: On Euler–Ramanujan formula, Dirichlet series
and minimal surfaces. Proc. Math. Sci. 130, 61 (2020)

[5] Dey, R., Singh, R.K.: Born–Infeld solitons, maximal surfaces, and Ramanujan’s
identities. Archiv der Mathematik 108(5), 527–538 (2017)

[6] Kamien, R.D., Lubensky, T.C.: Minimal surfaces, screw dislocations and twist
grain boundaries. Phys. Rev. Lett. 82(14), 2892–2895 (1999)

[7] Kamien, R.D.: Decomposition of the height function of Scherk’s first surface.
Appl. Math. Lett. 14(7), 797–800 (2001)

[8] Khuri, A.I.: Advanced Calculus with Applications in Statistics, vol. 04; QA303.
2, K4 2003. Wiley Online Library (2003)

[9] Kobayashi, O.: Maximal surfaces in the 3-dimensional Minkowski space L
3.

Tokyo J. Math. 6(2), 297–309 (1983)

[10] Liu, H., Dal Jung, S.: Affine translation surfaces with constant mean curvature
in Euclidean 3-space. J. Geom. 108(2), 423–428 (2017)

[11] Liu, H., Yu, Y., et al.: Affine translation surfaces in Euclidean 3-space. Proc.
Jpn. Acad. Ser. A Math. Sci. 89(9), 111–113 (2013)
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