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Abstract. In this paper, we investigate the partial practical exponen-
tial stability of neutral stochastic functional differential equations with
Markovian switching. The main tool used to prove the results is the
Lyapunov method. We analyze an illustrative example to show the
applicability and interest of the main results.
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1. Introduction

Neutral stochastic differential equations with Markovian switching have
attracted much attention over the last decades within the scopes and main
problems from the applied sciences and which are modeled by stochastic
differential equations (see [1,4,8,9]). Neutral stochastic differential equations
with Markovian switching are useful to model physical, biological and eco-
nomical dynamical phenomena. In the literature, many authors have studied
the existence and uniqueness of solution to neutral stochastic differential
equations with a Markovian switching (see [10,11]). Stability is the most
important concept in modern control theory, and switching systems can be
used to model a wide type of physical and engineering systems in practice;
hence, stability of neutral stochastic differential equations with a Markov-
ian switching has received an increasing attention (see [6,7,10]). However, in
many physical systems, such stability is sometimes too strong to be satisfied.
Therefore, the notion of stability with respect to part of the variables (i.e.
partial stability) (see [5,6,12,13]) has been used, and the Lyapunov method,
as an indispensable tool, has been used to investigated the partial stability
and stabilizability in various practically important problems. However, when
the origin is not necessarily an equilibrium point, it is still possible to study
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the asymptotic stability of solutions with respect to a small neighborhood of
the origin, which yields to the concept of practical stability (see [2,3]).

The structure of the paper is as follows. In Sect. 2, we introduce some
basic notions and assumptions. Section 3 is devoted to prove some sufficient
conditions ensuring practical partial pth moment exponential stability of so-
lutions to neutral stochastic functional differential equations with Markovian
switching. We prove a sufficient condition ensuring the convergence of the
solution (with respect to part of the variables) to a ball with radius r» > 0 in
pth moment, even in the case that zero is not an equilibrium point. In Sect. 4,
we prove a sufficient condition ensuring practical exponential instability in
the gth moment. Finally, we analyze an example to illustrate our results in
Section 5.

2. Preliminaries and Definitions

Let (Q, FAFi >0 ,IP’) be a complete probability space with a filtration sat-
isfying the usual conditions, i.e., the filtration is right continuous and in-
creasing and Fy contains all P-null sets. W(t) is an m-dimensional Brownian
motion defined on the probability space. For a given 7 > 0, let C([—7,0]; R™)
be the family of functions ¢ from [—7,0] to R™ that are right-continuous
and have limits on the left. C([—7,0];R™) is equipped with the norm ||¢| =
SUP_, << lp(s)] and |z| = VaTx for any x € R™. If A is a matrix, its trace
norm is denoted by |A| = y/trace(AT A), while its operator norm is denoted
by || A]l = sup{|Az| : || = 1}. Denote by C% ([-7,0]; R™) the family of all
Fo-measurable bounded C([—T,0]; R™)-valued random variables & = {£(6) :
-r < 6 < 0} Let p > 0, t > 0, Ly([-70;R")
denote the family of all Fi-measurable, C'([—7,0]; R")-valued random vari-
ables ¢ = {¢(0) : —7 < 6 < 0} such that sup_,.g<o E|p(0)|P < 0.

Let {r(t),t € Rt = [0,400[} be a right-continuous Markov chain on
the probability space {Q, F,{F;},,,P} taking values in a finite state space
S =1{1,2,...,N} with a generator I' = (Vij )y given by

P(r(t+A)=jlrit) =14 =
1+ 7:A +o(A), ifi = j,
where A > 0. Here ~;; > 0 is the transition rate from 4 to j, if i # j, while

Yii = — Z Yij -
i#]

We assume that the Markov chain () is independent of the Brownian motion
W (t). It is known that almost every sample path of r(t) is a right-continuous
step function with a finite number of simple jumps in any finite sub-interval
of RT.

Consider the following neutral stochastic functional differential equation
with Markovian switching:

dz(t) — G(ay)] = f(t, @, r(8))dt + g(t, xe, r(t))dW(t), t>0, (2.1)
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with the initial condition zg = £ = (&1,&)T € C}O([—T, 0]; R™) where ¢; € R¥
and & € RP| k+ p = n, which is independent of W(+), z(t) = (z1(¢), z2(t)) €
R* x RP and z; = {z(t +0) : —7 < 0 < 0}. Let 2(t) = x(t) — G(z;). Here,
we, furthermore, assume that
f:R*xC([-7,0;R™) x S — R™, g:R*xC([-T,0];R")xS —s R™*™,
G:C([-,0;R") — R™.
Denote by C12 (=7, +oo[xR™ x S;RT) the family of all non-negative func-
tions V (¢, x,4) on [—7, +oo[xR™ x S, which are twice continuously differen-
tiable with respect to x and once continuously differentiable with respect to
t.
For any (t,z,i) € [—7,+00[xR" x S, 2y = ¢ € C([—7,0];R™) and () =
©(0) — G(p), define an operator LV : Rt x C([-7,0];R™) x S — R by (see
1)

LV(ta @(0)’ Z) = V;f(t7 @(0% Z) + Vi (t> 55(0)7 i)f(t’ 2 Z)
—l—%trace (gT(t7 ©,1) Vi (t,0(0),4)g(t, o, ’))

N
+ Z ’Yijv(t G(O)a])a
j=1

where
OV (t,x,1) _[(OV(t,x,i) OV (t,x,1)
Vi = ot ’ Vx_( Oxy 7 Oz, ’
V. = O?V (t,x,1q) .
02:i0%;  / pxn,

For our purpose, we will state some assumptions which can ensure the exis-
tence and uniqueness of a solution, denoted by x(t) = (x1(t), z2(t)) on t > 0,
for Eq. (2.1).

Aj: (A local Lipschitz condition): For each p = 1,2,..., there is an
I, > 0 such that

|f(E,p1,8) = f(t, 02, D)V |g(t, @1, 1) — g(t, 2,0)| < Lpllr — 2],
forall t >0, i€ S and p1, w2 € C([—7,0];R™) with [|¢1]| V ||p2]] < p.

As: There exist three functions V € C%?2 ([—7,00) x R" x S;RT), Uy,
Uy € C([-7,00) x R?;R*") and a probability measure m on [—, 0] satisfying

f_OT dm(0) = 1, and nonnegative constants ¢}, ¢, ¢4 with ¢4 > 4, such
that

lim (inf Uy (¢, x)) = oo, (2.2)

|z]|—o00 “t>0
and for all (¢,z,7) € Ry x C([—7,0;R™) x S, we have

Ui(t,z) < V(t,x,i) < Us(t,x). (2.3)
LV (t,$(0),7) < ¢} — hUs(t, 9(0)) + cg/ Us(t+6,9(0))dm(0), (2.4)

-7

foralli € Sand z; = ¢ € C([-7,0];R"), t > 0 and where () = ¢(0)—G(p).



142 Page 4 of 26 T. Caraballo et al. MJOM

As: There exists a constant k € [0,1) such that

G(p1) — Glp2)| < Elp1(=7) — 2(=7)], (2.5)
for all @1, @2 € C([—7,0];R™).

Denote x = (1, 72)T € R", where x; € R* and 2o € RP, k+p = n, and
the definitions of & = (27,73)" € R™ and G(z;) = (G1(z), Ga(x,))" € R™
are similar to z = (z1,72)7. The domain By = {z € R": [21] < K}, and
the stopping time 7 = inf {¢t > to; 2(t) ¢ Bk }. Let K — oo, then 7 — oo.
Denote the set of functions
K :={¢:R* — R, continuous, monotonically increasing and ¢(0) = 0} .

We will study the partial stability of the neutral stochastic functional
differential equation with Markovian switching when 0 is not an equilibrium
point, but in a small neighborhood of the origin in terms of convergence of
solution in probability to a small ball B, := {x € R%: ||z1]| < 7}, r > 0.

Definition 2.1. The solution z(t) = (x1(t),z2(t)) of Eq. (2.1) is said to be
practically exponentially x¥-stable (p > 0), if there exist positive constants
a, ¢, 7 such that, for any (z1,z¢) € RF x C}O([—T7 0]; R™),

E (ja1]7) < B ([laol[*) exp (—a(t — o) + 7, ¢ > fo. (2.6)
When p =1 (respectively, p = 2), the solution z(t) of stochastic system (2.1)
is called exponential x;-stable in the mean (respectively in the mean-square).

Remark 2.2. Note that, as the origin x = 0 may not be an equilibrium point
of system (2.1), then we can no longer study the stability of the origin as
an equilibrium point nor should we expect the pth moment of the solution
(with respect to part of the variables) of the system to approach the origin
almost surely as t — 4o00. Inequality (4.1) implies that E (Jz1|P) will be
ultimately bounded by a small bound r > 0, that is, E (|z1|?) will be small for
sufficiently large ¢. This can be viewed as a robustness property of convergence
almost surely to the origin provided that f and g satisfy f(¢,0,7(¢)) = 0 and
g(t,0,7(t)) =0, Vt > 0. In this case the origin becomes an equilibrium point.

3. Main Results

Now we can state and prove our main results.

Theorem 3.1. Under assumptions A1-As, for any given initial condition & €
C% ([-7,01;R") and i € S, there exists a unique global solution x(t), t > —7
of Eq. (2.1).
Proof. See [10] and [11]. O
Lemma 3.2. (i) Let 0 <p <1 anda, b€ Ry. Then
(a+b)P <aP + P,
(i) Letp>1,¢>0 and a, b€ Ry. Then

p—1 bP
by < (1+evt Py
(a+),(+s ) [a+€}
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Proof. See [9]. O

Let us rewrite now assumption A3 in a new way:
A%: There exist constants k € [0,1), p,d > 0 such that

[Glpr) = Glpa)| < ke 31 (=) = pa(=7)], (3.1)
for all @1, @2 € C([—7,0];R").
Theorem 3.3. Let ¢y, co, c3, & be positive constants such that c3 < 6 and
p > 0. Assume that there exist V (t,x,i) € C12 (] — 7, +00[xR"™ x S RT) and
e%tp(t) € L1([0, +00]) such that,
(i) ci]|z1|P < V(t,z,4) < ea|z1|P for z1 € RE.
(i1) LV (t,$(0),i) < —c3|@1(0)[” + p(t), V(t,0,9) € RT x O([~7,0;R") x §
where ¢ = (¢1,02) € C([-7,0;R*) x C([~7,0;;R®), k + s = n and
2(0) = ¢(0) = G(p).
Let assumptions Ay, Ay and Ay hold. Then the solution x(t) = (z1(t), z2(t))
of Eq. (2.1) is practically exponentially x¥-stable if 0 < p < 1. If p > 1,
the same stability holds true if in addition there exists € > 0 such that kP <

1 1-p
s<1+6ﬁ) .

Proof. According to the stopping time 75 = inf {t > to; x(t) ¢ Bx}, writing
T = = (p1,92), 21(t) = $1(0), $(0) = 2(t) — G(z1) and $1(0) = 1 (t) —
Gi(xy) for t > to, and applying It6’s formula (see [11]), we can derive for
t>—T1
E (ﬁi““ff‘t“)vu ATi,2(EATE) — G@enrg ), T(E A TK))>
=E (V(to,zo — G(zo),7(t0)))
tATK %s c3
+E </t0 e {aV(s,z(s) — G(zs),r(s)) + LV (s, z(s) — G(xs), r(s))} ds)
< E(V(to,zo — G(zo),7(t0)))
R %S Cj — x (s — C3|T1(S8) — X S S
48 (0B (200,06 = 60, 7(6) — sl () = G )P + ) s )
< E(V(to,zo — G(zo),7(t0)))
w2 ([T (Zakn ) - Gl —aln) =Gl + o) as)
< E(V(to, w0 — Glwo),7(to))) +E ( / e e%isp(s)ds) .

Hence,

( 673 tATK — to (t A TK,.T(t /\TK) - G<xt/\71<)7r(t A TK)))
<

tNTK .
B(V (10,0~ Glaa) () + E ([ e20(s)ds).
to
Therefore, by inequality (i), we have
cE (eé(t/\TKito) ‘a’,‘1<t A\ TK) — Gl(l‘tA-,—K”p)

<E <ei%<WK*t°>V(t A iy 2(EATR) — G(Zinre ), T(EA TK)))
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c3

tATK
< E (V(to,zo — G(x0),7(t0))) + E (/ e“zsp(s)ds) :
to
Obviously 7 — oo as K — oo. Then
e (% 7oy (1) = Gi(@)l”) < E(V(to,0 — Glxo),7(ko))
¢
+/ e °p(s)ds. (3.2)
to
First case: For 0 < p < 1, by Lemma 3.2 and Assumption A%, we have
E (% (1))

2 (t—to) P 23 (t—to) P
<E (e () = Gi(@)lP) + B (% TGy (a7
<E (% (t) - Ga(w)?)

ke ST (507 (- 7))

< LE (Vito, 0 — Gla0), r(t0)))

Cc1
< %E(lwo — G1(z0)[")
+é ;Ooe%?p( )ds + kPe™ 6TE( 2T (¢ T)|p)

C:
< ﬁE(onH” +|G1(20)P)

1 [T ey s (4
b [ e ple)ds + ke (20 ey - 7))
C1 Jo

& —oT
< fE(nonMkPe O | zo7)
1 [t .
o e%°p(s)ds + kPe™ W( B t0) g (t—7)|p)
€2 » P
< E(1+k JE ([[zol[”)
1 [t .
—|—a ; ec%sp( )ds 4 kPe™ ‘STE( B t0)|m (t—7)|p>.

For any 7' > 0, we have

sup E (el (1))

to<t<T
< 2 (14 1) E (Jaol”) + /
C1
ke sup B (e (¢ - )|P)

to<t<T
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1t .
< 2 (14 k) E (|lzo]?) + — / ¢ p(s)ds
6] C1 Jo

Jrkpe(&_é)T t su<[z<TIE (e%(t_t(’) |I1(t)|p)
0~ TS

C2 1 Foo
<ZamE(mln) o [
Cc1 C1 Jo
E (e%(t7t°)|x1(t)|p)

(% ar(t)?)

c3

e %p(s)ds

+kP  sup
to—TStSto

+kP sup E
to<t<T

Co 1 +oo
<ZaamE(ml) o [
Cc1 C1 Jo
E (e%(t7t°)|x1(t)|p)
T

€3

<2 "p(s)ds

FRPE (Jaoll?) + A7 sup
to<t<

1 [T e
<(Zasmrw) B+ [T
1Jo

1
+kP sup E(e%(ht‘))\xl(tﬂp).
to<t<T

Then

s (4 1

sup E (e ey (1)) < Z (14 k) + K ) E (l2o]I”)
1—kP \ ¢y

to<t<T
1 Too o

- - oy S d

+cl(1—k1’)/0 e p(s)ds

+o0 es
< CLRE(lanlP) + Cath) [ e p(s)ds.

where Cy(k) = g5 (& (14+47) + 7) and Co(k) = sy

Letting T — +o00, we have
22 (t—to) e
(S Lar(o)l) < CUBE (laolP) + Calh) [ e
0

c3

<7 p(s)ds.

sup E
to<t<+oo

Therefore, we obtain for all t > g
. +oo
E (|21 ()[P) < CL(k)E (zol?) e ="~ + Ca(k) / e p(s)ds. (3.3)
0

Second case: For p > 1, by Lemma 3.2 and Assumption A%, for € > 0

p—1
such that %p (1 + 5ﬁ> < 1 and for A > 0, we have

E (ez%(tft())\%(t)lp)
71 -
= (1 * Eplj)p E (eﬁ(titﬂ)lxl(t) - Gl($t)|p)
t(14e7) g (e GOl
5
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< (1_’_51)%1)17 1 ( 2 (t— t°)|x G1($t)|p)

+kpe€—6f (1+€p )p— E( S (¢ t0)|x1( )|p>

ert)
@E (V(to, xo — G(z0),7(t0)))

C1

ooty

ep—1 t .

—|——/ e *p(s)ds
to

C1

kP —o0T p—1 c B
+ eg (1—4—51)%1) E (eé(t 250)|x1(t—7')|p>

<

1 p—1
Co (1 +€E>
< E (Jzo — G1(z0)[")
C1
ety
EpP— +oo
—l——/ e °p(s)ds
C1 0

kPe—9T p—1 e3 4
+— (1+@£ﬂ E (5ot - 1))

< (1+5P 1) (1+)\p 1) - <||x0|p+W)

C1

(l—i—ap 1
SiLs)iayas

kP 767- _
P (e E(%“t“u« nr)
9

Lol @+APQ"Q+§)E<mw>

C1

(1+sp 1
e /

kPe=oT
+ eg (1+sp ) E( gt —r)P).
Hence, for any T' > 0, we have

sup E(e%“—tﬂ)m(tnfﬂ)

to<t<T

C2 (1 +€ﬁ>p71 L \p—1 kP
< (14+277) (1 + A) E (J|zo]l?)

C1

<1+ 1 )p—l

g1 too

+—/ eizisp(s)ds
c1 0




MJOM Partial Practical Exponential Stability of Neutral Page 9 of 26 142

(e%(t_t") |z (t — T)|p>

kPe—0T p—1
+ ¢ (1+z—:ﬁ) sup E
to<t<T

Cz(l—keﬁ)pil 1 \p-1 kP
<1+Ap—1) <1+>\>E(||xo||p)

<
C1
(=)™
ep—1 +oo
+—/ e °p(s)ds
(&) 0

85T

kP (62 ) p—1 e3 (4

+76 (1+5ﬁ) sup ]E(eg(t t°)|x1(t)\p)
to—T<t<T

C2(1—|—5ﬁ>p71 1 \p-1 kP
(14+277) <1+>\>E(||xo||p)

o)
ep—1 o0 ¢
+—/ e °p(s)ds
€1 0

kP 1 p—1 €3 (+_
+— (1—&—51)?1) sup E(ecg(t to)\xl(t)|p>
£ to—7<t<tg
(% 0))

kp 1 p—1
+ (1 + szﬁ) sup E
€ to<t<T

02(1+€ﬁ)p71 L \p—1 kP
< (1ame) (14 5) £ ol

= 1

(rer)”

egp—1 o0 .

—/ egsp(s)ds
C1 0

kP 1 \pL
+= (14e71)" E(lwol?)

kP 1 \pL
+— (1—&—5?*1) sup E
€

+

(% ar(t)?)
to<t<T

< Ce, M F)E (||xol”)
e e
—/ e °p(s)ds
C1 0

kP 1 \P—1 €3 (4
= <1+5ﬁ) sup ]E<€cg(t t°)|x1(t)|p),
€ to<t<T

+

kP kP

where
Cle, k) = (1+e77)" (Z (1+Aﬁ)”*1 <1+ A) W ) _

Thus,
sup E (e%(t_t‘)) |x1(t)|p)
to<t<T
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Ce, N\ k)
- 3 1
1k (1 + sﬁ)
1Pl
(o)

+ 1 \pP—1 /
1 <1’f(1+ew) > 0

—+oo
< Cy(e, M B)E ([[20]?) +C4(s,k)/ e 529 p(5)ds,
0

—E (|fzol?)

“+o0

where
Cle, N\ k
03(67)‘3 k) ( 3 p—1
1- 2 (14e77)
and
1 \p—1
(o)
C4(€,/€) =

p—1Y\ °
cl(l—’f(1+spll) )
Letting T' — +o00, we obtain

sup E (e%(t_to) |x1(t) |p)
to<t<—+oo

c3

+oo
< Cy(e, A, R)E (o ?) +C4(57k:)/ e 2% (5)ds.
0

Then we have for all ¢ > ¢

c3

<3 _ +OO 34
E (| (1)) < Cale A RE (o) 207 4 Calerk) [ e p(s)ds.
0
We see that for all ¢t > ¢,
p Py o~ o2 (t—to)
E (j21(8)|?) < max {C1(k), Ca(e, A, k) JE (Jlwol") =5

€3

+o0o
+maX{Cg(k),C4(5,k)}/ e2’p(s)ds.
0
Setting
c:maX{Cl(k),Cg(s,)\,k)}, a:c—?’,

C2
+oo
r = max {CQ(k), Ciy(e, k)}/ e=2°p(s)ds,
0

we conclude that the solution of system (2.1) is practically exponentially
x¥-stable. The proof is, therefore, complete. O

In the following corollary, we will study the partial stability in mean
square of system (2.1) in the domain D = {(t,z) € R x R™;|z| < oc}.
We will consider the new assumption:
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Ay There exists a constant & € [0,1) such that

|G(1) = Glp2)| < ke 3|1 (=7) = o (=7, (3-4)
for all 1, p2 € C([—7,0];R™) and 6 > 0.

Corollary 3.4. Let x = (z1,72)T € R™, where 71 € R, 20 € R® and n =
k + s, be the solution of system (2.1). Suppose that in the domain D =
{(t,z) € RT x R"™; |z| < oo}, along with a V-function, it is possible to specify
a continuous vector u(z)-function, 1(0) =0 and eﬁtp(t) € L'([0, +oo) such
that, for all (t,p,i) € RY x C([—7,0];R™) x S and

2(0) = ¢(0) = G(p) = (t) — G(z4),
we have
(1)
aley* <V (t2,i) < co (o + |u@)]?)
(ii)
LV (t,2(0),1) < —c3 (|1(0)|* + [(@(0)[*) + p(1). (35)

Let assumptions Ay, Ay and Ay hold. Assume that there exist k € [0, g)
and 6 > 0 such that %; < 4. Then the solution of system (2.1) is practically
exponentially x1-stable in mean-square.

Proof. Proceeding as in the previous proof, writing z; = ¢, z(t) = ¢(0) and
x1(t) = v1(0) for t > ¢y, we have

E (ez—g(t/\mfto)v(t A TK,x(t A TK) — G(xtATK)7T(t AN TK))>
<E (V(to,l‘o — G(l‘o); T(tO)»

rem ([ 62 (11(6) - Gl + 1 (x(6) - Glats)

~——
T
~—
~__

—iE ( / e (lna(s) = Galal) -+ (a(5) — Glas)

tATK c3
+E </ ec2 Sp(s)ds)
to

tNTK cs
< E (V(to,m0 — G(z0),7(t0))) + E (/ e“zsp(s)ds) :
to
By inequality (i),

3 (f A —
aE (662 ATk t")\xl(t ANTK) — G1(It/\TK)|2)

~——
S
~——
~__

<E (% TV (AT, 2t A i) = Glain)sr(EATK)))

tATK .
< E (V(to,zo — G(xg),7r(t0))) + E (/ egsp(s)ds) .
to
Obviously 7 — oo as K — oo then

e (37 2 (1) = Ga(@)]?) < E(V(to, 20 — Glao),7(to))
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t C;
—|—/ eﬁsp(s)ds. (3.6)
to

Since p is continuous and p(0) = 0 then there exist n > 0 such that
lp(zo — G(x0))| < mlxo — G(x0)| for a sufficiently small ||zo]|.

(w0 — G(x0))|* < 1%|20 — G(o)|?
< 21% ([|lwol* + |G(z0)[?)
< 202 (Jlao|? + ke~ o ?)
< 2177 (Jlzo|* + k?[|o|*)
< 202 (14 12)
Then for zg = (w01, z02) € C([—7,0); RF) x C([-7,0];R*), we have
|zo1 — G1(20))* < 2 ([[zor||* + [G1(x0) )
< 2 ([lzoll* + k[lzo|?)
< 2(1 + £?)Jzol|*.
Therefore,
E (lzo1 — Gi(wo)* + |u(zo — G(0))*) < 2(1 + k) (1 + n*)E (f|zo]?) -

By Assumption A3 and (ii) in Lemma 3.2 (for e = 1), we have for k € [0, ?),

E(w “Ol(1)]2)
2B (e3¢ (1) — G (20)]?) + 2B (3G () )

( T (¢ G1(xt)\2) +2k% K (e%(t7t°)|x1(t - 7-)|2)

3E<V<to,xo—a< er(to) + 2 / ¢35 p(s)ds

c1 1 Jto
+2k%2e TR (eg(tfto) |z (t — T)|2)

2¢
< JE (o1 — G1(zo)[* + [pu(zo — G(0))]?)
2 +oo <3 €3 (4+_
+— e *p(s)ds + 2k*e R (e e (t t°)|x1(t - T)|2)
C1 0
< Ao+ F)(1+n%)

2
- E (Jlzol?)
+oo

+= 5% p(s)ds + 2k2e w«:( & =to) (t—7)|2).
1Jo

Hence, for any T' > 0, we have

sup B (e (1)2)
to<t<T

C A+ k)1 +9%)

< -

E (Jlzoll)
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2 +oo €3 (t—
w0 B p(s)ds + 22 sup B (B0 (1 - 1))
e Jo to<t<T
dea(1+ k%) (1 +1?)
< E (||zo|1*)
C1
+oo . c =
+= =2 p(s)ds + ox2e(E-0)7 sup K (ei(t_m'“”(t)'Q)
c1 Jo to—T<t<T
ey (14 k2)(1 +1?)
< E ([|zoll?)
C1
2 [T .
+— e%sp(s)d8+2k2E (HmOHQ)
C1 Jo
+2k? sup E (6%(t_t0)|$1(t)|2)
to<t<T
dea(1+ k) (1 +
< (A=) | 512) g ()
1
2 Hoe s I
+= e2"p(s)ds
C1 Jo
+2k? sup E (e%(t_t°)|$1(t)|2) -
to<t<T

This implies

sup B (e (1))

to<t<T
1 dep(1+ k) (1+7°) 2 2
< 2k~ | E
= 1= 2k2) ( o * (lzoll®)
2 Too oy
- co S ds.
+c1(1—2k2)/0 ez’ p(s)ds

Letting T' — 400, we obtain

sup B (e 7z ()

to<t<+oo
1 dea(1+ k)1 +1?) 2 2
< 2k | E
=1 2k2) ( a + (o)
2 TOO e
o= /0 e pls)ds.

Therefore, for all t > ty, we have

E (Jo1())
1 4eo (14 K2)(1 +n?) 2\ -8 (t—tg) )
< o 0
= (1-2k2) < 1 T2k e E (Jlzoll*)

2 oo oy
_ e ds.
+cl(1—2k2)/0 ez’ p(s)ds
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Setting

+2k2>, o= 6—37
C2

B 1 dea (14 K2)(141?)
‘T2 ( o

and

R 2 /m S p(s)d
= 2
o (1—2k2) ), 7P

we prove that the solution of system (2.1) is practically exponentially ;-
stable in mean square. O

4. Practical Exponential Instability in the gth Moment

In this section, we will prove a sufficient condition ensuring practical expo-
nential instability of solutions in the gth moment.

Definition 4.1. The solution z(t) = (x1(t),z2(t)) of Eq. (2.1) is said to be
practically exponentially unstable in ¢-th moment (¢ > 0), if there exist
positive constants «, ¢, r such that, for any z( € C}U([—T, 0]; R™),

E (|z]?) > cE (||zo||?) exp (—a(t — to)) + 7, t > to. (4.1)

When ¢ = 2, the solution z(¢) of stochastic system (2.1) is called practically
exponentially unstable in mean square.

Remark 4.2. We can take in (4.1) a continuous nonnegative function r(t)
instead of r such that lim;_, 4 o r(t) = 0.

We will consider the new assumption:
Hs: There exists a constant k € [0,1) such that

s
|G(p1) — Glp2)| < ke a7 o1 (=7) — p2(=7)], (42)
for all 1, w2 € C([—7,0);R™), § > 0 and ¢ > 0.

Theorem 4.3. Let c1, ca, c3 and q be positive constants such that i—i’ > 4.
Assume that there exist V(t,z,i) € C12(] — 7, +00[xR™ x S,RT) and v €
C(R;R4) as well as a nonnegative constant v, independent of to, such that

(i) c1lx|? <V(t,z,i) < co|z|? for x € R™.

(i1) LV (t,$(0),1) > —c3|@(0)|7 + (1), Y(t,¢,i) € RY x O([~7,0;R") x §

where ¢ € C([—7,0);R™) and $(0) = »(0) — G(p).
t
o

. o) S > )
(iii) tgltfo /to ec1’y(s)ds > v
Let assumptions Ay, As and Hs hold. Assume that the constant k in assump-

1—q

tion Hs verifies k9 < (8 (1 +ﬂq%l) and k9 < «a; for a, >0 and g > 1.

Then, the solution of equation (2.1) is practically qth moment exponentially
unstable.
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Proof. Define the stopping time o = inf{t > to;|z(t)] >1}. Let a
= ¢, z(t) = ¢(0) and ¢(0) = =(t) — G(x) for t > to. By It6’s formula,
we obtain for t > —7:

E <e%(t/\0'l*to)v(t A O’l,fﬂ(t A U'Z) — G($t/\‘rK)v T‘(t A UZ))>
=E (V(to,z0 — G(z0),7(t0)))
he s |cs s,z(s) — G(zs), (s 8, T{S) — G\ Ts), TS s
2 ([ R | 2 (0 0(6) = Glr), 1) 4 LV 0,50 - Gl r(0)] )

> E (V(to, zo — G(z0),7(t0)))

B </,f%l L (%cﬁz(s) — G| — esla(s) — Glas)lT + W) ds)

0

> 5(V (10,20~ Glao)or(to) +E | A (s)ds).

to

Therefore, by inequality (i),
E (V(to, o — G(z0),7(t9))) + E (/tt/\ol eCIS'y(s)ds>
0
<E (e%(”\“"’t“)V(t Aoy, x(t Aar) — Gzine, ) r(E A al)))
< E (ef%(“m—to)u(t Aoy) — G(xwl)w) :
Obviously g; — oo as [ — oco. Then

E (V (to, 70 — G(xo), r{t0)) + / ey (s)ds

to
< E (e%“*tonx(t) - G(mt)|q) . (4.3)
First case: For 0 < ¢ < 1, by Lemma 3.2 and Assumption 43, we have
E(Jz(t) — G(z)|?) < E(lz()]7) + E(1G(z¢)|?)
< E(|z(t)|7) + ke~ TE (|z(t — 7)|%).
On the other hand, by inequality (i), we obtain
E (zol|?) < E(Jzo — G(x0)[?) + E (IG(x0)[?)
< E(Jzo — G(0)|?) + KTE ([|zo)[|7) -
Then
(1 =EDE ([[z0)[|*) < E (Jzo — G(z0)[?) - (4.4)
This implies
E (507 a(t))7)
1 1 [t ey
> —E(V(tg,xo — G(zo),r(to))) + — | e=r"v(s)ds
C2 €2 Jt,
—kle R (e%(t_t")kzr(t — 7')|q)

1" e,
> LB (Jo — Glao)|?) + ~ / e5oy(s)ds
C2 C2 Ji,
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—k1e79E (e%(t_to)m(t — T)|q> .
Thus, for any 7" > 0,
inf E (e%“*“)w)w)

to<t<T

Cc1 1 . K 2B
> —E -G 9D+ — f E d
> DB (o - G + - i [ eyt

+ inf (—kqef‘ST]E (e%(t_t‘))b:(t - 7‘)|q)>

to<t<T

C1 1 . ¢ 34
> _ _ q - c
> 2B (jzo - Glan)|") + tol<r§f<T/to e 55 (5)ds
+k%7°7 sup E (e%(t*t“)pc(t - T)|q)

to<t<T
U (o — Glao)l) + L it [ eHy(s)d
— Xo — X — 1mn ec1 s)as
e 0 0 Y
ke 0T sup E (e%}(t_to)|x(t)|q)
to—7<t<T—1

>

C1 1 . ¢ €34
> = _ q _ c
CQ]E (|$0 G(JL‘Q)| ) + . t01<1%£ /to ect 'y(s)ds

+k7  sup E (e%(t7t°)|x(t)|q) .
to—T<t<T—71

Letting T' — +o00, we obtain
inf E (e%(t’tO)lx(t)I")

to<t<+oo
C1 1 t 34
> 2B (oo - Glao)l) + o, dnt [ eHiys)ds
G t

2 Co to<t<+oo

+k9  sup E (e%(t_t°)|x(t)|q)

to—T<t<+00
c v
> —E (Jzg — G(x0)|7) + —
Co C2
+k9  sup E (eg(t_t°)|x(t)|q)
to—T<t<+400

> LE (Jwg — Glwo)|?) + —
Co C2

HRIE (50 ja(2))7)

Therefore, for all t > g, we have

¢ (1) v ey
E (|2(t)]9) > ZE (|zo||4) e ¢ &
(O 2 2B (Jaolf) 20 4+ e
Setting
C1 C3 14 _ 3y
C = — = — d t = c
C27 « 1 an Tl( ) C2(1 — kq)e )

the result is proved.

MJOM
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Second case: For ¢ > 1, by Lemma 3.2 and Assumption As, for a > 0
and 3 > 0 such that
q

% (1 +Bq+1)q_1 <1,

and k7 < «, we have,

B (o(0) - Glef) < (1+a7) " B (1o +

By inequality (),

IN

(14 67) " B (Jao ~ Glawl + X ol
B
Then
k1 1 \91 1\ 14
(1= (14570)) (14 571) T B (ol < oo - Glan)l).
(4.5)

This implies
E (e%(tft“) |x(t)\q>

1

1 1—q 1—q
c1 (l—i—aﬁ) (l—i-aﬁ) to,
> E (Joo — Glan)|") + ~— —— [ e (5)ds
to

- C2 C2

k1 3 (4
_767671}3 (6 c:; (t—to) |.Z‘(t _ 7-)|‘1)

@ 1
%1 —-q
c1 (1+a ) (1—16;(1%&)“) (1+ﬁq%l)liq]E(||$ol|q)

C2
1 1—gq
(1 + ow—l)

Co to

>

34

+ e’ y(s)ds

K st (2 (t—t0) g
——e E(e 1 |z(t — 7)] )

Hence, for any 7' > 0, we have

inf E (e%'f<t—t°>|x(t)|Q)

to<t<T

cl<1+ozq+1)liq K 1 \q-1 1 \1—q
> (1B ) (1+57) T B )
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1 \1-g
(1 + ow—l)

34

inf aoa(s)d
+ . tUISI%ST toe ~(s)ds
ko 2 (g
+ inf (—6_6TE (eg%(t to)(E(t—TMq))
to<t<T \| @
1 \1-¢
c1 (1 + a1 kd 1 Vg1 1 \1—4q
> (1-5 (o)) (1+571) "B (i)
c2 B
1 1—q
o)
+—-~——t— inf ec1’y(s)ds
C2 to<t<T to
k1 3 (p_
+—e7%7 sup E(e?}(t t°)|z(t77)|q)
« to<t<T
(o)
c1 04‘1*1) L q—1 1—q
> (1= 5 (14570)) (14577) B laol)
C2 p
(o)
a1 .
+—-——t— inf o1 %y(s)ds
) to<t<T J;

k4 s (4
+— sup E (66? (¢ t°)|m(t)|q) .

A to—7<t<T—7

Letting T — +o00, we obtain

inf E (e%(t_t°)|z(t)|q)

to<t<+oo
)
c1 Oéqfl) L q—1 1—q
> (1= (14570)) (14577) " Elaol)
C2 p
o)
a1 t
+-—t  inf e y(s)ds
C2 to<t<+oo to

k4 s (4
+—  sup E(eci’(t 750)|ﬂz:(t)|‘1)

A ty—7<t<+o0

1 \1-a
c1 (1 + oztrl)

ke 1 N9 1\ 1-a
> — 1= (1)) (1) R (ol
(1 1\ 1-¢
v +o¢ﬁ> q .
+ + K sup E (ef(t_t°)|x(t)|q>
(&) A tg—7<t<4o00
1—q
C1 (14_@#) k4 B! 1\ 1-q
> — 1= (1)) (147 R (ol
(o)
v Qa- k4 c
+ + —E (e?}(t_t””x(t)\q) .
C2 «
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Therefore, for all t > g,

E (lz(£)]7)
c (1+a#)1_q
1 7-1 k q—1 1 \1-q
o) (1—5(14-[3 ) )(1+ﬁq1)
1 1—q
v{l+adt
3 (t—to) q ( ) -3¢
xXe e E (|zol|9) + o (1_%) e 1,
where

c1 (1—|—ozq+1)17q L BN L \1-¢
Ci(a B k) = ~ (1_(”5“) )(Hﬁ“)

2 (1-70) p
and
(o)
v a— o
ra(t) = e
’ e (1-14)
Finally,

B (J2(8)|7) > min {C1(a, 8, k), C JE (||| =5 =)
+min {r1(8),72(t) }.

Setting ¢ = min {C’l(a,ﬁ, k), C}, o= 2—3 and r(t) = min {7“1 (t), Tg(t)}, we
1
conclude that the solution of system (2.1) is practically exponentially unstable

in g-th moment (q > 0).
]

5. Example

We consider the following neutral stochastic functional differential equation
with Markovian switching:

dlz1 () — ze fff Lt =D = fult,ze, r(8)dt + g1 (¢, 2, 7(1)) AW ()
dlws(t) = g™ 2w (t = V)] = fo(t, 20, 7(0))dt + go(t, e, r(6)) AW () (5.1)
dlws(t) — ge2as(t — 1)] = fa(t, 24, 7(t))dt + ga(t, ze, r(£))dWs(2).

Let to = 0, the initial data zo = z(\) = £ = (£1,&2,&3) € C% ([-1,0;;R?)

and {W;(t)}icq1,2,3) are one-dimensional Brownian motions. Let

fit a,1) = —4 (ml(t) - %e’%xl(t - 1)> ,
filt,z,2) = =3 (xl(t) - %e*%xl(t - 1)> ,
Fo(t20,3) = —2 (xl(t) _ %e_%xl(t _ 1)) ,
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1
folt,z, 1) = =3 (xg(t) - 56 2x9(t — 1)) ,
1
fa(t,z,2) = —4 (xg(t) — 56 229(t — 1)> ,
1
folt,z,3) = =2 (a:g(t) - 56 2x9(t — 1)) ,
1
fa(t,xe,1) = —4 (xg(t) — 3¢ 2x3(t — 1)> ,
1
fa(t,x¢,2) = =3 (a:g(t) — 3¢ 2xg(t — 1)) ,
1
fa(t,z,3) = =2 (a:g(t) - §e*5x3(t -1,
0
g1(t,xe, 1) = / xo(t+60) — e 2a9(t+ 6 — 1) dm(6),
—1
1
gl(tuxt72) = §gl(t7xt71)7 gl(taxh?)) - 7gl(t7xt71)7
0
ga(t,xe, 1) = / x1(t+0)— —e 2x1(t+ 60 — 1) dm(6),
—1
1 1
92(t7xta2) = 5‘92(2‘:,.’1}“ 1)7 QQ(t,.ft,?)) = 192(t7xt71)7
1 1
g3(taxta 1) = e_t7 g3(taxt72) = §€_t, gg(t,l‘t,3) = ze_t,

where m is a probability measure defined on [—1, 0] satisfying LOI dm(6) = 1.
Let (0) = z(t) = (T1(t), T2(t),Z3(t)), where Z;(t) = z;(t) — %e’%xi(t -1
for i € {1,2,3}. Let S = {1,2,3} and the matrix I' = (v;;)1<i,j<3 defined by

-8 4 4
v =2y v |,
3 3 —6

where 1 < v < 2.
We will prove that system (5.1) is practically exponentially unstable in
mean square with respect to all variables.

Let V(t,x,i) = vi(2? + 23 + 23), for i € S, where ¢1 = 3 = 1, ¢y = %
Then

1
5|ac|2 <Vi(t,z,i) < |z|? (5.2)

Let Uy (t,z) = 1 |z|* and Us(t,2) = |z|*. By the definition of LV, we have for
1=1
LV (t,¢(0),1)

=5 ((0) - getante- 1))2 =0 (a(0) - e taate - )

2
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2

_8 (xg(t) _ %e*%xg(t _ 1))2 ) (xl(t) _ %e*%xl(t _ 1))
2 <<x2(t) - %e*%mg(t - 1))2 + (xg(t) - %e*%xg(t - 1))2>
(/] 2

zi(t+6) — %e*%xl(t +6— 1)‘ dm(9)> +e 2
“(/

2
= —10(z (t) — %e_%xl(t —1))% -8 (acg(t) - %e—%mg(t - 1))

2o(t +0) — %e’%xg(t Lo 1)‘ dm(9)>

~10 (xg(t) - %e‘%xg(t = 1))2
“(/,
“(/,

By the Holder inequality, we have
LV (t,$(0),1)

< 18Ut 3(0)) + /
-1

+ / ’
< 1— 80U (1, 3(0)) + / Us(t + 0, 3(0))dm(0).

-1

2
x1(t+ 9)—%67%.’51(75 +60-— 1)’ dm(9)> e

Zo(t +0) — %e*%u(t +0-— 1)‘ dm(&))Q.

2
dm(0)

0
1 .
xo(t+6) — 5e*fmz(t +60-1)

2

o1 (t+0) — %e_%xl(t 40— 1) dm(0)

For i = 2, we have

LV (t,4(0),2)

-3 ml(t)_le*%xl(t—l) 2—4 xQ(t)—le*%xz(t—l)
( 2 > ( 2 >

2

2

+% (/_01 zo(t +6) — %e_%mg(t—i-@— 1)‘dm(9)>
% (/_01 zi(t+6) - %e‘%xl(tw— 1)‘dm(9>>2 +é -
-3 (mg(t) - %e*%xg(t - 1)>2 +7 (331(25) - %eféxl(f - 1))2

- <<x2(t) _ %ef%m(t _ 1)>2 + (xg(t) - %e*%xg(t - 1)>2>
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2

=09 (00 - 3o~ 1>)2 # 0= ) (200 - e b= 1)
+(v—3) <:c3(t) — %eiélﬂg(t _ 1))2 4 ée—zt

5

By the Holder inequality,

2
r1(t+0) — %e_%au(t +0 — 1)’ dm(@)) :

0

LV(L3(0),2) < 5 + (0= 3) Ualt. 50) + 5 [ Uale+0.5(0)dm0).
-1

For i = 3, proceeding as ¢« = 1 and ¢ = 2, we have

LV (t,4(0),3)

=4 (ml(t) - %e’%xl(t - 1))2 —4 (;UQ(t) - %e*%xz(t - 1)>
([,
([,
4 (mg(t) - %e*%m(t _ 1))2 + %e*%—g (xl(t) - %e*%xl(t - 1)>2

3 () = Letane— 1) 2+ 2a(t) — Le~Hay(t— 1) i .
2 2 2

By the Holder inequality, we have

2

2

zo(t +60) — %e_%xz(t +6— 1)’ dm(9)>

2

z1(t+6) — %e—%xl(t +6— 1)’ dm(9)>

0

LV (t,9(0),3) < 1—16 - gUz(t,g(o)) + 1—16 /_1 Us(t +60,5(0))dm(0).

Then for ¢ € S,

LV(t,3(0).8) < 1+ (v — 3) Ua(t, 3(0)) + / Us(t + 0, 3(0))dm(6).

-1
Thus, assumption A is satisfied.
For all o1 =y, o2 = 2 € C([-7,0];R").

Gly) — Gl < Glylt—1) — 2(t 1)), (53)

then assumption Ajg is satisfied with k = %
It is easy to verify assumptions A;. Therefore, by Theorem 3.1, system (5.1)

has a unique solution x(t) = (z1(t), 2(t), z3(t)).

LV (t,3(0),1) > —10 ((ml(t) - %e’%xl(t - 1))
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N (xg(t) _ %e%m(t - 1))2 + (a:g(t) - %e*%xg(t — 1)>2>

+e—2t
> —10|3(0)> + e 2.

2 2
LV(5,3(0),2) > (v—4) <(x1<t)—;e—%x1<t - 1)) + (x2<t)—;e—%x2(t—1)>
2
+ (acg(t) - %6_%$3(t - 1)) > + %B_Qt

(= 4) IO + ge ™.

(-t

REI A—

Y

Y

LV (t,$(0),3)

Therefore, for i € S
LV (t,5(0),i) > — max (10, 4 -7, 6) 5(0)]* + %66*2#
Finally,
LV (t,3(0),4) > —10/3(0)* + %e*%.
Hence, by Theorem 4.3, system (5.1) is practically exponentially unstable in

mean square.
Now, we define V; for i € S for ¢1(0) = x3(t) by

Vit,z,i) = %ajg where ¥ = 2 and ¥y = 3 = 1.
This implies that
1
53:% <Vi(t,z,i) < x%

Then for i =1,

2
LVi(t,(0),1) = -8 <x3(t) - %e_%xg(t - 1)) +e 2

1 . ?
—4 x3(t)—§e 2p3(t—1) ) .
Finally, we obtain
LVi(t,3(0),1) < —12(g1 (0)* + e *. (5.4)
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In the same way, for i = 2,
1 . 2
LVl(t, (5(0), 2) =-3 ($3(t) - 56751'3(15 — 1)> + §672t

+

o2

2
(xg,(t) - %6_%1'3(15 - 1)) .
Therefore,
LVi(t,3(0),2) < — (3 - %) 151(0)]2 + 2. (5.5)

On the other hand, for ¢ = 3,

Therefore,
_ 1 _
LVA(t, $(0),3) < =5 |21 ()" + 7™ (5.6)

Then, from inequalities (5.4), (5.5) and (5.6), for any ¢ € S, we have

PO . 1\ - _
LVi(t,3(0),i) < — min (12, (3 - %) , 2) 51(0)]2 + 2.

Hence,
~ . 1, _
LVi(t,9(0),4) < _5‘901(0”2 L2,

It is easy to verify that V; satisfies assumption Ay with Ui (t,z) =
Us(t,z) =23, ¢) =1,y =5 and ¢4 = 0.

Thus, assumptions of Theorem 3.3 are satisfied with ¢; = %, co =1,
c3 = %, p=26=1,p(t)=e"2 kel0, @) and g—; < 0. Then system (5.1)
is practically exponentially xs-stable in mean square.
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