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Abstract. In this article, we further explore convex functions by revealing
new bounds, resulting from stronger convexity behavior. In particular,
we define the so-called radical convex functions and study their prop-
erties. We will see that such convex functions are bounded above by
new curves, rather than straight lines. Applications including discrete
and continuous Jensen inequalities, subadditivity behavior, Hermite—
Hadamard and integral inequalities will be presented.
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1. Introduction

Convex functions and their properties have been in the core of studying
mathematical inequalities. This includes inequalities among real numbers,
functional inequalities, probability inequalities and matrix inequalities, to
mention a few.

In this article, we will be interested in convex functions f : [0,00) —
[0,00). Recall that a convex function is a function that lies under its secants
over the interval of convexity. This is equivalent to saying

F(L—t)a+tb) < (1 —t)f(a) + tf(b), Ya,b e [0,00),0 <t <1.  (L1)

This inequality can be extended to m-parameters via the so-called Jensen’s
inequality stating that for the positive weights w; with Y_7" | w; = 1, one has
the inequality

f <Z ’lUil‘i) < sz’f(l‘i), Va; € [0, 00). (1.2)

A concave function is a function f such that —f is convex. So, for a concave
function (1.2) is reversed.
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The inequality (1.2) has a continuous version stating that

b b
f (bfa / g(x)dx> <02 [ Ulais, (13)

for the continuous function ¢ : [a,b] — [0,00) and the convex function f :
[0,00) — R.

An important inequality is the well known Hermite-Hadamard inequality
stating that [3,5]

f(aer)S 1 /abf(x)dng(a)Jrf(b) (1.4)

2 b—a 2 ’

valid for the convex function f : [a,b] — R. This inequality refines (1.1) when
_1
t=1.
Among the most important properties of concave/convex functions is
their sub or super additive behavior. That is, a concave function with f(0) = 0
satisfies the subadditive inequality [2, Problem I1.5.12]

fla+0b) < f(a) + f(b), a,b >0, (1.5)

while a convex function f with f(0) = 0 satisfies (1.5) with the inequality
reversed; as a super additive behavior of convex functions.

In this article, we will treat convex functions looking into their other
properties. This approach will allow obtaining new bounds, and nonlinear
terms that are related to convex functions. To simplify our statements, we
introduce the following simple definition.

Definition 1.1. Let f : [0,00) — [0,00) be a continuous function with f(0) =
0, and let p > 1 be a fixed number. If the function g(z) = f (:r%) is convex

on [0,00), we say that f is p-radical convex.

Remark 1.1. Although Definition 1.1 is stated for functions defined on [0, c0),
it can be stated for any interval [0, o) where ar < «a; to guarantee the well
definiteness of the quantity f (a:%) Since p > 1, then o > 1 can be selected

arbitrarily. Also, we remark that the assumption f(0) = 0 is essential, as we
will need the super additivity behavior of convex functions, which needs this
assumption.

Before proceeding, we list some basic properties of p-radical convex func-
tions.

Proposition 1.1. Let f be p-radical convex, for some p > 1.

(1) f is increasing and convex.

(2) f is q-radical convez, for all 1 < g < p.

(3) If g is q-radical convex for some q > 1, then f + g is min{p, q}-radical
CONVEL.

(4) 1If g is increasing convez, then the composite function go f is p-radical
CONVEL.
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Proof. We prove the first and second assertions only. The others are straight-
forward.

(1) Let g(z) = f (33%) Then g is convex, and g(0) = 0. A convex func-
tion on [0,00) is either decreasing on [0,00), increasing on [0,00) or
decreasing on [0, «] and increasing on [a,00) for some « > 0. Since
9(0) = 0 and g > 0, it follows that ¢ is increasing on [0, 00). Conse-
quently, f(z) = g(«P) is the composition of two increasing functions,
hence f is increasing. Further, since ¢ is convex increasing and x — a?
is convex, it follows that f is convex.

(2) Since f is p-radical convex, the function g(z) = f (x%) is convex. Define

h(z) = f (mé), for 1 < ¢ < p. It is clear that h(z) = g <x§> By the
first statement of the proposition, f is convex increasing, and hence g

is increasing. Since the mapping = — x 9 is convex and ¢ is increasing
convex, it follows that h convex.

O

We also notice that p-radical convex functions can be constructed in
different ways. For example, if f is convex with f(0) = 0, then the function
g defined by g(z) = f (2P) is p-radical convex. Another observation is that if
f has the Maclaurin series

fz) = Z anx”, an >0,
n=0

then the function
o
g((E) = f({,E) - Zanxn7
n=0

can be easily seen to be p-radical convex, where p* is the greatest integer less
than p.

Ezample 1.1. (1) f(x) = e® has the Maclaurin series

n=1
is p-radical convex. For example, fi(x) = e® — 1 —z is 2-radical convex,
2
fo(z) = e* — 1 — & — % is 3-radical convex, and so on.
(2) f(z) = t= has the Maclaurin series

1 o0
= E " 0<z <l
1—2 o
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We may construct p-radical convex functions from f as follows. fi(x) =

1 . . 1 2 . .
1 — 1 — 2 is 2-radical convex, fy(z) = = — 1 —x — 2 is 3-radical
convex, and so on.

(3) A similar argument applies to the function

oo

1
fl@)=—In(l —z) = Z mx"“,o <z <l

n=0
As easy examples of p-radical convex functions, we notice that f(x) = 2
is 2-radical convex but not 3-radical convex, while the function f(x) = z* i
p-radical convex for all 1 < p < 4. So, although both functions f;(z) = =
and fo(x) = x* are convex, it seems that the two functions do not behave
similarly, in terms of convexity. This understanding will lead to interesting
forms of (1.1), (1.2) and (1.5).

For example, we will show that a 2-radical convex function f satisfies
the interesting inequality

S
2

F=tya+ )+ f (VIT=0la=bl) < (1 =1) (@) +f (),
a,b€[0,00),0<t<1. (1.6)

Since f > 0, by definition, the inequality (1.6) provides a new refining term for
(1.1). Although (1.1) has been refined in the literature, the new refinement in

(1.6) presents a non-linear smooth refining term, namely f (\/t(l —t)|a— b|>

We refer the reader to [4,8,9] for refinements that include linear or piecewise
linear refining terms. Also, we refer the reader to a non-linear refinement of
convex functions in [7], and to [6] for some composite ideas to refine con-
vex inequalities. Then, new forms of the subadditive inequality (1.5) will
be presented for such functions. Further applications include new forms of
the Hermite-Hadamard inequality and new unexpected bounds for 2-convex
functions.

After establishing our results for 2-radical convex functions, we go over
p-radical convex functions more generally. We will show multiple terms re-
fining (1.1) for p-radical convex functions and a new form of the Hermite—
Hadamrd inequality. A nice application of p-radical convex functions will be
its relation with the celebrated Hardy inequality stating

/000 (i /:f(ﬂdt)pdx < <pp1>p/ooo f(x)Pda, (1.7)

valid for the measurable function f : (0,00) — (0,00) and p > 1. When f
is p-radical convex, it can be easily seen that fooo f(z)Pdz = oco. However,
we will be able to prove a new version of (1.7), where the interval (0,00) is
replaced by any other finite-length interval. This can be seen in Theorem 3.1
below.
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2. 2-Radical Convex Functions

In this section, we study detailed properties of 2-radical convex functions.
First, we present a refinement of Jensen’s inequality for 2-radical convex
functions.

Theorem 2.1. Let f be 2-radical convex. If x1,...,x, >0 and0 < wy,...,w,
<1 are such that Y, w; =1, then

! (Z wixi) <>w {f <W>
i=1 P
! (’Zj:lw;xj — ) } < zn:wif(xz)
i=1

Proof. Assume that 0 <t < 1. We have
(1 —t)a+th)> —(1—1t)*(a—0b)’
=(1-t)2t—-1Da®>+ (1 —-t)(2t—1)b* —2(1—t)(2t — 1) ab
=(1—1) (2t —1) (a® + b* — 2ab)
=(1—t)(2t— 1) (a—b)*.

(1—1t)a® +tb* —

(2.1)

That is,
(1=t)a® +th?—((1 = t)a+tb)* — (1 —t)*(a — b)> = (1 — 1) (2t — 1) (a — b)°.
Thus,

(1—t)a® +th?> =t(1—t) (a—b)*+ (1 —t) a+ th)*.

Let g (t) = f(Vt), t € [0,00). Then g is an increasing convex function on
[0,00). This implies,

g (((1 —t)a+ tb)2> +g (t(l —#)(a—b) ) <g ( ((1—t) a-+tb) +t(1—t)(a—b)2)
=g ((1—t)a®+tb*)
<(1—-1t)g(a®) +1tg (v*).
Consequently,
g (((1 —t)a+ tb)2) +g (t(l —#)(a— b)2) <(1—1t)g(a?) +1g (+?).
Thus,
S =ta+ )+ f (VIT=Dla=b) Q=0 (@+tf ), (22)

where 0 < t < 1. In particular,

f(a-s-b)+f(|a—b|) @110 2.3

2 2
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Replacing a and b by Y7 | w;z; and z;, respectively, in (2.3), we get

f (Z;‘L_l w;T; +9:¢> ny

2

D Wi — @ o FOS wim) + f (20)
2 = 2 '

(2.4)
Multiplying (2.4) by w; > 0 (¢ =1,...,n) and summing over ¢ from 1 to n
we may deduce

u - D Wi+
f (z w> S s (
i=1 i=1 2
‘ZJ 1 WiTy — T

"lw]xj+xl
<wa<> sz 5
f iy wiws) + 350 wif ()

<
- 2
i=1
which gives the desired inequality. O

The inequality (2.2) is of special interest that it deserves to be mentioned
explicitly.

Corollary 2.1. Let f be 2-radical convex and let a,b > 0. If 0 <t <1, then
F=tya+ )+ f (VI =1 ]a=b]) < (1=1) f (@) +£f ().

In particular, the following inequality holds for 2-radical convex func-
tions.

Corollary 2.2. Let f be 2-radical convex. Then, for 0 <t <1,
7t < ft = £ (VET=D) < FQ)E

This provides a non linear term bounding the 2-radical convex function
from above, providing a better bound than the linear one.

Further, we have the following application related to the arithmetic-
geometric mean inequality.

Corollary 2.3. Let f(z) = aP,p > 2 and let z; > 0 and w; > 0 with
S w; =1. Then

Towg - Sy wi fT () 4 f T () ‘Z?:17”jf71(mj)—f71(m¢)
II = g;wi{f< 5 >+f< 5

=1

n
< g WiT;.
i=1

Proof. Notice that f(z) = 2P, p > 2 is 2-radical convex. Since

n n

Wy
Hxi < E WiT;
i=1 i=1
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and f is increasing, it follows that

f(ﬁx:”i><iwi f<2—wz+>+f lz?_lw;xj—aci
i=1

=1

< Z w;i f ().
i=1

Of course f is an invertible function and its inverse is positive. So we may
repalce z; by f~! (x;) in the above inequality. This implies the desired result.

Next, we show a refinement of the super additivity behavior of convex
functions. 0

Proposition 2.1. Let f be 2-radical convex and let a,b > 0. Then

f@)+f )+ (V2ab) < fla+b).

Proof. Since for any a,b € R
(a+b)* = a® + b + 2ab.
We have, for g(z) = f (),
g ((a + b)2> =g (a® + b* + 2ab)
> g (a® +b*) + g (2ab)
> g(a®) +g (b*) +g/(2ab),

where we have used the fact that g is super additive, being a convex function
with g(0) = 0, to obtain the last two inequalities. Noting that g(z) = f (v/z),
the proof is complete. O

On the other hand, Hermite-Hadamard inequalities refining (1.4) can
be shown as follows.

Theorem 2.2. Let f be 2-radical convex. Then for b > a > 0,

a+b 2 En 1 b
H(50) 452 [ s i [ e

b

L 1 [T daf(2) fla) + f(b)
b—a/af(z)dz+b—a 0 /(b_a)2_4962dzS 2 ’
Proof. For the first inequality, the Inequality (2.3) implies

a+b\ (I—-t)a+tb+ta+ (1 —1t)b)
f( 2 )‘f( 2 )
< F(a —t)a+tb)42rf(ta+(1 —t)b) _ (|(1 —t)a—i—tb;ta— (1 —t)b|)
F((L=tatih) +f(lat (0 =0b) _ <|1 —2t|(b — a)) '

and

2 2
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Integrating this last inequality over the interval [0,1], noting symmetry of
|1 — 2t| about t = 3 and calculating the integrals

/f (1 —t)a+th)dt = /fta+ (1—1t)b bfa/f
and
Loi=2b—a)\ , . [*,/(1-20)0b—a)
(e [ (B0

b—a

2 2 d
e R
imply the first desired inequality.
For the second desired inequality, Corollary 2.1 implies

F((1—t)a+tb) +f(\/ 1—t|a—b|) (1—t)f(a)+tf(b),0<t<1.

Noting that the quantity f (\/ t(l—t)|a— b|) is symmetric about 3, inte-

grating the above inequality over the interval [0, 1] implies

/f 1—t)a—|—tb)dt+2/ 7 (VAT 1) a b))t
(2.5) sluu—wﬂ@+ﬁw»w

Noting that
/f (1—=t)a+tb)d /f
b—a

QAzf(mla—bl)dtzm/oT
44£ﬂﬁigzdmx:vﬂTf5mfm,

(b—a)?—14
and
/1 (1 =) f(a) +1f (b)) dt = M
0
implies the desired inequality. -

Further, we have the following integral inequality, as a special case of
(1.4). The general case is stated in Theorem 2.4 below.

Theorem 2.3. Let f be 2-radical convex. Then

()= [ f(5) o () [
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Proof. From Theorem 2.1,

n . . .
ij1 W;jTj — Ty

f(zw> <Y s <w+> Zwlf S
i=1 i=1
< sz'f(xi%

for any positive wZ s with Z _,w; = 1 and any x; > 0. In particular, for
n €N, let w; = E and w; = . Since f is convex non-negative and f(0) = 0,
it follows that f is increasing. Therefore, Riemann sums entail the following
two integrals

R ! 1
nlingongxl = /0 zdr = 5
and
n 1
dim > wif(e) = [ ftaas
To complete the proof of the theorem, it remains to show that

)E =1 WjTj — Xy

. = j= 1“’1% + T
i ) S (E S 2

26 - | 1 {1 (;) Ly ("2'> baa

Since limy, oo Yoy wi; = 2, and f is continuous, then given a positive
number ¢, there exists n. € N such that

1 i T,L u}x—kxl 1 i
f<z+$)<f<2—2> <f<2+2x)+e,\m2ne.

2

Therefore, for n > n.,

(2.7)
n 1 n n n

Ly, W;x;+T; + x;
;wif<22 )—e<;wif<j L% ) z:: < )+e.
Clearly,

+ x; ! i4w
s (157)- [1(157) e

Consequently, (2.7) 1mphes7 for arbitrarily small € > 0,

1 1 n " wixs 4+
/0 f(2 ;_33) do:—eglimnsup;wif (M)

1 Ly,
g/of(22 )dx+e, (2.8)
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Letting ¢ — 0% implies that

= D1 WiTj + T SRR
nlinéo;wif (2 _/0 f(2> da

A similar argument implies that

n . X .
Zj:l WiTj — Ti

Ly (A,
Jim > wif 2 = [ (P

The last two identities together with (2.6) imply the desired result. O

An unexpected property of 2-radical convex functions that follows from
Theorem 2.3 is the following integrals bounds .

Corollary 2.4. Let f be 2-radical convex. Then

3/0}‘f(z)dz+/j F@)de < /; f(@)da.

Proof. From Theorem 2.3, we have

1 1 _1 1
[UC) (5 [ s
Noting that
1 |z — 1] 3 1, 1 r— 1
for(5t)ae= (7)o [ (557

1
glen substituting HTZ =y, 5 = 2, z 5= = w imply the desired inequality.

What Corollary 2.4 says is that, on average, the values of a 2-radical
convex function on the interval [%, 1} are much bigger than its values on the
interval [O, %] .

Numerical examples show these differences!

In fact, the proof of Theorem 2.3 can be carried out over any interval
[a, b] to obtain the following natural generalization of the Hermite-Hadamard
inequality (1.4).

Theorem 2.4. Let f be 2-radical convex and let b,a > 0. Then

b ath _ atb
f(a;b>§bfa/a {f<“22 >+f<'”“” — |>}dx

1 b
(2.9) < b—a/a f(z)dz.

Proof. Let f be 2-radical convex and assume b > a. If w; = % and z; =
a+ =95, then

2 1 Ly — 1 b b+a
;wixi_b—a; - xi_)b a/@xdx— 5
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Since f is continuous, it follows that

() ()

This implies the left hand side of (2.9). The middle and right sides of (2.9)
follow similarly, adopting similar proof to Theorem 2.3. 0

Another application of 2-radical convex functions is the following new
form of the continuous Jensen inequality (1.3).

Corollary 2.5. Let f be 2-radical convex and let g : [a,b] — [0,00) be contin-
uous. Then

b ’ z+ = [P g(x)dz
f<b1a/ag(:p)dx)§b1a/a {f( +ba£ag() )
z— = [P g(x)dz 1
+f<| b—a‘gag() |>}dx§bia/0 flg(x))da.

Proof. Replacing x; in Theorem 2.1 by g(x;), then proceeding like Theorems
2.3 and 2.4 imply the desired inequalities. O

3. More General Discussion

As mentioned in the introduction, one of our goals is to show how convex
functions behave differently, due to their convexity behavior.

Our first result in this section is the following necessary condition fol-
lowing from p-radical convexity.

Proposition 3.1. Let f be p-radical convex, for some p > 1. Then, for every
x>0,

/0 fOd < 2 f (@), (3.1)

Equality in (3.1) holds, for all x > 0, if and only if f(x) = caxP, for some
constant c.

Proof. Assume first that f is twice differentiable and let g(z) = f (ac%)
Since ¢ is convex, f being p-radical convex, it follows that ¢’ > 0. This
implies that (1 —p)f’ (z%> +x%f” (:1:%) > 0 for all z > 0. This implies that
xf’(x) > (p—1)f'(x), for all z > 0. Integrating this inequality on [0, x] twice
by parts implies the desired inequality, when f is twice differentiable.
When f is not twice differentiable, let g(z) = f (ac%) and let g, be a

sequence of twice differentiable convex functions such that g, — ¢ uniformly.
Such a sequence can be found using [1, Theorem 1]. Let h,(z) = g (zP).
Since g, is convex, it follows that h, is convex, because p > 1. Further,

h, is twice differentiable and h,, (x%> = gp(z), which is convex. That is,
h,, is a sequence of p-radical convex twice differentiable functions such that
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hy, — f uniformly. Since (3.1) is valid for p-radical convex twice differentiable
functions, it is valid for h,,, and hence
¥ T
hn(t)dt < ha(2), .
/0 (t) S (), Yz >0

Letting n — oo and noting that h,, — f uniformly on the compact interval

[0, ] imply
| s < s

This completes the proof of (3.1). For the equality condition, direct compu-
tations show that f(x) = caP turns (3.1) into an equality. Also, assuming
equality in (3.1) and differentiating, we obtain f(z) = ﬁ(f(x) + zf'(x)).
Solving this differential equation implies that f(x) = caP, for some constant
c. This completes the proof. 0

Our first observation about proposition 3.1 is that a function cannot be
p-radical convex, for all p > 1, as we show next.

Corollary 3.1. A function f : [0,00) — [0,00) is p-radical convex for allp > 1
if and only if f =0.

Proof. Assume that f is p-radical convex for all p > 1. Then Proposition 3.1
implies

/ f(t) p+1f(x),Vx>O,Vp21.

Letting p — oo and noting that f > 0 implies that
/ ft)dt =0, Yz > 0,
0

which gives f(z) = 0, Vz, upon differentiation. This completes the proof.
O

The inequality (3.1) can be used sometimes to decide if a function is
not p-radical convex. For example, consider the function f(z) = e* — 1. This
function is convex, increasing and f(0) = 0. Calculating

/z(et—1)dt=e“"—a:—1andff(x):M_
0 3

3
It is then clear that when x = 1, we have

z(e® — 1)

3 )
while the inequality is reversed when x = 3. This shows that the function
f(z) = e* — 1 does not satisfy (3.1) for all z, and hence it is not 2-radical
convex. However, it should be noted that f(x) = e*—1—u is 2-radical convex.

Also, we notice that (3.1) can be written as

/f dt<mf() (3.2)

ef—r—-1<
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The left side of this inequality is the average value of f over the interval [0, x].
The Hermite-Hadamard inequality assures that (when f(0) = 0)

1 [ 1
L[ rod< .

This shows that p-radical convex functions have tighter bounds than convex
functions.

One more observation about (3.2) is its similarity to the well known
Hardy inequality (1.7). We notice first that a convex function on [0, c0) with
f(0) = 0is not an LP function, for any p > 1. However, we have the following
new Hardy-type inequality.

Theorem 3.1. Let f be p-radical convex, and let o, 3 > 0. Then, forp > 1,

/j (; /Oxf(t)dt>pdx < (pily)/j f()Pd. (53)

The inequality is sharp, and the function f(x) = xP turns this inequality to
an identity.

Proof. The proof follows immediately from proposition 3.1. O

Further, we have the following better bound for m-radical convex func-
tions, when m > 2 is an even integer.
Theorem 3.2. Let f be m-radical convex for some even integer m > 2. Then

m

2

(1= 0)f(a) + t£(b) Z ((’”/2) (t(1 = £)m (a — b) m (1= t)a + tb)'~ )

(1 —t)a +tb)

+Zf<(m/2) " t(lt))’i(ab)%((lt)a+tb)l—3§>

where a,b >0 and 0 <t < 1. In partzcular

2k 2k
fla) + f(b) m / N fa+b\™ fa—b\' "
Z ! 2 2 '
Proof. Let f be m-radical convex, and define g(z) = f( %/x). Then, by defi-
nition, g is convex and ¢g(0) = 0. Consequently,

(1=t)f(a) +tf(b) = (1 —t)g(a™) + tg(b™)
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w3

f ((mf)m(t(l — ) (=)= (1 t>a+tb>1i’f) :

where we have used the facts that g is convex and super additive to obtain
the first and third inequalities, respectively, while the facts that the function
t — t% is convex and g is increasing were used to obtain the second inequality
in the above computations. This completes the proof. O

k=0

For example, when f is 4-radical convex, applying Theorem 3.2 implies
the following.

Corollary 3.2. Let f be j-radical convex, and let a,b > 0. Then,
F((A—t)attb)+f (\/t(l—t) la — b|)+f (\A*/Qt(lft)\/m B =) a+tb))
<(A=t)f(a)+tf(b),0<t <1,

In particular,

f(a—;b)+f<|a;b|)+f(21\/m) <T@+ b))

1 2
We conclude this article by emphasizing that although p-radical convex
functions are convex, treating them as p-radical convex implies better convex
inequalities. Further, the largest p such that f is p-radical convex implies the
best bound in our inequalities. For example, when f is 4-radical convex, it

is 2-radical convex. However, applying Corollary 3.2 implies better bounds
than Corollary 2.1.
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