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Abstract. In this paper, we consider a class of parabolic or pseudo-
parabolic equation with nonlocal source term:

= vun = div(p(|Ful) V) = 0 (2,0) [ K)o, )
Q

where v > 0 and p > 0. Using some differential inequality techniques,
we prove that blow-up cannot occur provided that ¢ > p, also, we obtain
some finite-time blow-up results and the lifespan of the blow-up solution
under some different suitable assumptions on the initial energy. In par-
ticular, we prove finite-time blow-up of the solution for the initial data
at arbitrary energy level. Furthermore, the lower bound for the blow-up
time is determined if blow-up does occur.
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1. Introduction

In this paper, we deal with the following the initial boundary value problem of
a class of parabolic or pseudo-parabolic equation with nonlocal source term:
up — vAuy — div(p(|Vul)?Vu)
=uP(z,t) [, k(z,y)uPti(y, t)dy, (x,t) € Qx (0,T)
u(x,t) =0, (z,t) € 02 x (0,T),
u(z,t) = up(z) >0, x e,

(1.1)

where Q C R"(n > 3) is a bounded domain with smooth boundary 92, v > 0,
p>0,¢g>0and T € (0,00] is the maximal existence time of the solution,
k(z,y) is an integrable, real-valued function satisfying:

k() = (y, 2), /Q /Q K (2, y)dady < +oo,
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//k(x,y)up+1(:r,t)up+1(y,t)dxdy > 0.
QJQ

This type of equations describes a variety of important physical and biological
phenomena, such as the analysis of heat conduction in materials with memory,
the aggregation of population [12], and so on (see [1] and the references
therein). In population dynamics theory, the nonlocal term indicates that
the individuals are competing not only with others at their own point in
space but also with individual at other points in the domain [11,12]. If v = 0,
p =1, Eq. (1.1) reduces to the following semilinear parabolic equation:

up — Au = f(u). (1.2)

The global existence, asymptotic behavior, and finite-time blow-up for the
solutions to (1.2)(especially f(u) = |u[P~'u) have been studied by many
researchers, see [2,3,8]and the references therein. Recently, Eq. (1.2) with
the nonlocal source f(u) = (W%,Q # |u|P) [u[P~?u was considered in [5,7].

If v > 0 (for the sake of simplicity, ¥ = 1 in this paper), p = 1, Eq. (1.1)
reduces to the following semilinear pseudo-parabolic equation:

up — Auy — Au = f(u). (1.3)

There are many works about Eq. (1.3) with f(u) being polynomial, such
as the existence and uniqueness in [16], blow-up in [10,17-19], asymptotic
behavior in [18], and so on.

Recently, Yang and Liang [20] considered a special case of (1.1), that
is:

uy — Dug — Au = uP () / E(x, y)uP ™t (y, t)dy. (1.4)
Q

They proved the finite-time blow-up result provided the initial energy is neg-
ative, as well as a nonblow-up criterion. We also mention the paper [1], where
Di and Shang considered a four order pseudo-parabolic equation (i.e., an ex-
tra term A2u in RHS of (1.4)) and obtained a blow-up result of the solutions
under suitable initial energy.

For the gentle case p:

up — vy — div(p(|Vu|)?*Vau) = f(u), (1.5)

where f(u) ~ uP, the initial boundary problem of (1.5) was investigated in
[14,15]. The blow-up results and the lifespan provided that the initial energy
is negative as well as the nonblow-up criterion were established by Payne et al.
[14] (parabolic case v = 0), Liu et al [6], and Peng et al. [15](pseudo-parabolic
case v = 1).

Recently, Long and Chen [9] considered the following pseudo-parabolic
equation with nonlocal source:

ug — Auy — div(|Vul*IVu) = up(a:,t)/ E(x, y)uP T (y, t)dy. (1.6)
o

Under ¢ — 0 and |Vu| # 0, the limit equation of (1.6) is (1.4). When (i)
q < pand J(up) < 0 or (ii) ¢ = p and J(ug) < 0, they proved that the
solutions blow up in finite time and the upper and the lower bound.
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To our knowledge, no results have been obtained about finite-time blow-
up and the lifespan for the solution of the gentle problem (1.1), especially,
when the solution with high energy level. Moreover, there is little information
about (1.1) under parabolic case (v = 0) with nonlocal source term. The aim
of this paper is to present a comprehensive study for the finite blow-up and
nonblow-up criterion of problem (1.1).

2. Preliminaries
Throughout this paper, the Banach spaces L = LP(2) and W, ? = Wy*(Q)
1
are endowed with the norms by || - ||, = ([, |- [Pdz)”, and || - lwer =
1
(Jo(l-|P+|V-|P)dx)” as usual. We assume that p is a positive C* function
satisfying:
p(s) +2sp'(s) >0, s>0, (2.1)
so that div(p(|V+])2V-) is elliptic. We also claim that p satisfies the condition:
p(s) > by +bas?, s>0, (2.2)

where ¢ > 0 and by, by are positive constants. Furthermore, we assume that
ug satisfies the compatibility condition ug(x) =0 on 9.

We first state the local existence theorem for the weak solution to prob-
lem (1.1) as follow. See similar result in [1,9,15].
Theorem 2.1. Assume 0 < p < 25, ug € Wy22(Q), and (2.1) hold, there
exists a T > 0, such that the problem (1.1) has a unique local solution u €
L0, T; Wy 2(Q)) with u, € L2(0,T; HL(Q)) (resp. u; € L2(0,T; L*(Q))
) for the case of v =1 (resp. v =10),

(i) for a.e. t € [0,T], the following identity:

(g, v) + v(Vug, Vo) + (p(| Vu[*Vu, Vo) = <up(w,t)/Qk(%y)up“(y,t)dy,v)
(2.3)

holds for all v € Wy 2T2(Q).
(i) u(0) = ug-

Before processing our main results, we will make some calculations on
the nonlocal term:

F(u):/o (f(su),u)ds

1
:/ /spup(x,t)(/k(x,y)5p+1up+1(y,t)dy)u(a:,t)dxds
0o JQ Q

1 P P "
= +2/Q/Qk(:c,y)u +1(x,t)u +1(y,t)d dy. (2.4)

2p
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Differentiating (2.4) with respect to ¢, using the symmetry of k(z,y), we
have:

d 1 d

— = — p+1 p+1

th(U) 2p+2dt//k(:c,y)u (z, )uP™ " (y, t)dxdy
Q Q

://k(x,y)up(%t)up+1(y,t)ut(x,t)dmdy. (2.5)
Q Q

Now, we give some useful inequalities which will be used throughout the
paper. Let A1 be the principal eigenvalue of the problem:

Aw+Aw =0 in Q

w=0 on 09,
w>0 in O (2.6)
then we have:
At
Mllully < [IVull3,  [[Vull3 > lullf, weHg().  (2.7)
1+ )\1 0
Using of Holder’s inequality and (2.7) , we get:
A
2g+2 - 1 \g+l 2q+2
IVu(®)lzgra = 1€ q(ﬂ) a5 (2.8)

where |(2| denotes the volume of €.

3. Nonblow-Up Case

In this section, we prove that the solution w(t) of problem (1.1) cannot blow-
up at any finite time provided that ¢ > p > 0.
We define the auxiliary function:

p(t) = pu(t) = llu®)l3 +v[Vu@®)l3, v=0,1. 3.1

Differentiating (3.1) with respect to ¢, and using (1.1), (2.2) and (2.3), we
obtain:

o'(t) = 2/ wugdr +2v | Vu - Vugdx
Q Q

_ —2/p(\Vu|2)|Vu\2dx+2/
Q Q
/k(x,y)up“(aat)up“(y,t)dxdy
Q

< 72b1/ |Vu|?dx — 2b2/ |vu|2q+2dz+2/
Q Q Q

/Qk(x,y)up+1(:£,t)upﬂ(y,t)dxdy. (3.2)
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Using the Holder and Sobolev inequalities, we estimate the last term in the
right-hand side of (3.2) as:

[ [ K e g, ey
QJQ

Slfﬁ“wi)(ék%wwﬁ@)é(éu%“uhww>am

2
=l [ w0 ( / k2<x,y>dy) da
Q Q

%
< [lulZr? ( L/ k2<x,y>dydx)

2p42 2p4-2
< Kllullgpis < ROl (3-3)

where k= ( [, [, k(= y)dydm)% < 00, and C, is the best embedding con-
stant: [|ull2p2 < Cslull gy

Now, we will process our calculations in two cases: v = 1 and v = 0
respectively.

Pseudo-parabolic case: v = 1. It follows from (2.7), (2.8),(3.2), and (3.3)
that:

@1 (t) < —Arpr(t) — Bilpr(1)]7F + Chln ()P (3.4)
where:
201\ A1
NV 1+ XA

We conclude from (3.4) and ¢ > p > 0 that the solution cannot blow-up
in finite time. In fact, Let hi(s) = —A;s — Bys?tt + C1sPT!) and then,
h1(0) = 0 and lim,_. ;o h(s) = —oo, since ¢ > p. By the continuity of ¢ (%)
and the properties of polynomials, we can deduce that (1) if hy(s) < 0 for
all s > 0, then ¢1(t) < ¢1(0); (2) if there exists some finite time ¢;, such
that hi(t1) > 0, we denote S; to be the largest positive root of hi(s) = 0,
then ¢1(t) could not be larger than the value Sp; otherwise, ¢} (¢) would be
negative which is impossible. Moreover:

©1(t) < max {<p1(0), Sl}.
Parabolic case: v = 0. Since
Vutt P = (g + 1PVl

it follows from Holder’s inequality that:

T T
/ |Vud™ 2de < (¢ +1)? (/ |Vu|2q+2dx> (/ u2q+2dx> .
Q Q Q

Letting w = u9™! in the Poincaré’s inequality \;||w||3 < [|[Vw]|3, we obtain
that:

279+1
/u2q+2dac§ {((H_l)] /|Vu\2‘1+2dx.
Q A1 Q

Ay

q+1
Bl = 2b2‘Q|_q ( ) 5 Cl = 2:‘$CEP+2.
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Using ¢ > p and Holder’s inequality again, we have:

p+

1
q+1 —
/u2p+2dac < (/ u2q+2dx> |Q\%

Q Q

-

p
/u2dx§ </ u2p+2d:p) Q75T

Q Q

It follows from (2.7),(3.2),(3.3) and the above inequalities that:

2 a1 2q+2 2p+2
—2b / Vul*dx — 2b {} /uq dm—|—2/<e/up dx
' Q| | “llg+1)? Q Q
/\1 q+1 N
201\ t) —2by | ————= u?Pt dx)
1 1<P0() 2[(q+1)2] (/Q
(/ u2p+2da:> [o iz +2/~£/ u*P T2 dg
Q Q
)\1 att 2p+2
< —2b; A\ t) — 2by | ———— P dx
<2l =2 || ( [ )

a-p
(/ u2dx> |QP—1 +2n/ u?PT2dg
Q Q

= —2b1)\1900(t)—|—2/ w2y (H—bg [
Q

and

IA

@o(t)

IN

)\1 q+1
QP ($)]277 |
It follows from the above inequality that the solution w(¢) cannot blow-up in
finite time. In fact, if pg(¢) were to be sufficiently large at some time ¢g, then
g (t) would be negative, so that ¢o(t) could not be larger than that value.
Moreover:
1
(g + 122 j)r )
b2>\¢11+1

©o(t) < max < ¢o(0),

We summarize the above discussions in the following theorem.

Theorem 3.1. If0 < p < q and u is the nonnegative solution of problem (1.1),
then u cannot blow-up at finite time in Hi-norm for v =1 (resp. L*-norm
forv=0).

4. Criterions of Blow-Up

In this section, we consider a specific class of problem (1.1), for which we can
obtain the finite-time blow-up results provided that the initial energy satisfies
different conditions. We also establish the lower and the upper bounds for
the blow-up time. Let u be the nontrivial solution of:
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ug — vAuy — by Au — badiv(|Vul??Vu)

= uP(x,t) [o k(z, y)uPt (y, t)dy, (z,t) € Q% (0,7),
u(z,t) =0, (z,t) € 02 x (0,T),
u(z,0) = up(z) >0, x € 1,

(4.1)

where b; and by are positive constants and the parameters p and ¢ satisfy the
condition 0 < ¢ < p.
To obtain the blow-up results, we introduce the functions:
ba
29+ 2

| [ Kt w g dey (@2
QJQ

Ju(t) = 2 vul3 +

1
2p+ 2

2q+2
HVU||23+2

and
I(u(t)) = by Vul]2 + b | Vu 2772 /Q /Q (e y)uP (o, tyuP L (y, t)ddy,
where we have used (2.4).
Lemma 4.1. Let u be the solution of the problem (4.1), and then, J(u(t)) is
non-increasing function, that is, %J(u(t)) < 0. Moreover, it holds that:
t
JW@D‘F/(WﬁW*ﬂMVUN%dﬁiJWM-

0
Proof. Similar to the proof of Lemma 2.1 in [1] and using (2.4) and (2.5), we
can obtain the proof. O

4.1. Finite-Time Blow-Up for Nonpositive Initial Energy

In this subsection, we will establish the blow-up results for J(ug) < 0 and
the upper bounds for the maximal existence time T'.

Theorem 4.1. Let 0 < ¢ < p, u be the nonnegative solution of (4.1) with
J(ug) <0, and then, u blows up in finite time T with:

o ool
= , forv=1,
=TT —dp(p+ 1) T (uo)
2
T <Ty= luollz forv=0.

—4p(p + 1) (uo)’

Proof. Given ¢(t) be the function defined in (3.1), since 0 < ¢ < p, we
compute:

o(t) = 2/ uutdx+21// Vu - Vude
Q Q

— 2|Vl ~ 2l Vulgi3 42 [ [ Kot o, 00 . ) dndy
QJQ

> (1), (4.3)

where:

P(t) = —4(p+ 1)J (u(t))
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2(p+1)b2
qg+1
+2//k:(x,y)up+1(1:,t)up+1(y,t)dacdy.
Jo

In view of Lemma 4.1, it holds that:

IVull2 5

= =2(p+ b1 || Vul3 ~ 2q+2

d
V) = ~Ap+ ) I 0) = 4+ 1) [ (f + 01V > 0
Q
It follows from J(ug) < 0 that ¢ (¢) > 0 for any ¢ > 0. In view of Holder’s and

Schwarz’s inequalities and v (t) > 0, we conclude from the above inequalities
that:

P00 = 1+ D)( [ (0P + {70} ( [ e+ Nut|2>dx>

>4(p+1) (/ (uuy + vVu - Vut)dx)
=+ D' O] = 0+ )¢ ()9 (),

which can be rewritten as:

V() ¢'(t)
o =P o Y
Integrating (4.4) on [0, ¢], noticing ¢’ (¢) > 1(t), we have:
¥(t) ¥(0) ¢'(t) ¥(0)
ROFT = O~ TP = o0 (42
Then, a further integration results in:
L _ 1 ¥(0) (4.6)

S -p t.
@P(t) — oP(0) T p(0))ptt
It is obvious that (4.6) cannot holds for all time ¢ and v blows up at some
finite T, i.e., lim;_,7—¢(t) = +o00, where:

<1~ ?0

py(0)
which implies the conclusions of this theorem for both » = 1 and v = 0 cases.
O

Moreover, integrating the second inequality of (4.5) from ¢ to T', we can
obtain the following blow-up rate:

pY(0)

[w(O)]”“} T =07

o(t) < [
that is:
1

()1 15 < l“*ﬂ(p*;ﬁig >] (Tt % =1
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—4p(p +1)J(uo)

2p+2
[luoll2")

||u(t>|2§[ 1 p(T—t)’ﬁ, v=0.

Now, we will give the blow-up result for the case J(ug) = 0. Moreover,
it is also valid for J(ug) < 0 from the proof of the theorem.

Theorem 4.2. Let 0 < g < p and u be the nonnegative solution of (4.1) with
J(ug) <0, and then, u blows up in finite time T with:

T<T /+00 i f 1
= — forv=1,
= I Agn + Baynatt

UOHQHé
+o00 d
n
Tngoz/ —, forv =0,
luoli3 Aan + Bant*tt

where the positive constants As, Bs and Asz, Bs are defined in (4.9) and
(4.10), respectively.

Proof. Given ¢(t) be the function defined in (3.1), in view of (4.2) and Lemma
4.1, we have:

/ / ke, y)aP (P (y, t)ddy
QJQ

t
b
=204 ([ (Gl + Tl + vl

by 2q+2
IVl ~ () ). @)

Substituting (4.7) into ¢'(t) (see (4.3)), in view of J(ug) < 0, we deduce
that:

+

2(p — q)ba
@' (t) > 2pb||Vull3 + WHVUH%Zﬁ- (4.8)

Pseudo-parabolic case: v = 1. It follows from (2.7) and (2.8), (4.8)
reduces to:

Pi(t) = Az (t) + Balpr ()],

where:

_ q+1
A, — 2pb1 A B, — 2(q — p)ba ( A ) (4.9)

T a TP g+ Qe \1+ N

On integrating the above inequality on [0, ¢], we have:

t</‘“(”dn</+°"dn<+w
" Jou0) A2n+ Bant™t T, o) A2+ Bantt!

It follows from that the solution u blows up at some finite time in H{-norm,
since the above inequality cannot hold for all time ¢.
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Parabolic case: v = 0. It follows from (2.7), (2.8) and Hélder’s inequality
, (4.8) reduces to:

2(1’ - Q)b2 2q+2

/ > 2 2 (]+

#0(0) 2 200Vl + Ty 1V ull
> Azpo(t) + Bslwo(t)]7,

where:

2(p — q)b2 Jat1

Az =2pbi\;, Bz= CEDI

(4.10)

Similarly, we have

‘e /Wo(t) dn _ /+oo dn .
—_——— —_— Q.
T Joooy Asn+ Bantt T ) 0y Asn + Bantt

It follows from that the solution v blows up at some finite time in L?-norm,
since the above inequality cannot hold for all time ¢. O

Remark 4.1. (1) The similar result of Theorem 4.2 was obtained in [9] for
the case by = 0,v = 1.

(2) For the case ¢ = 0 (assume b = 0 for convenience), from the proof
of Theorem 4.2, we can obtain that the solution u(x,t) increases at least
exponentially, that is:

JLIRST
||UHH3 2 ||U0HH36 o forv=1;

llull2 > ||u0||gepb1>‘1t, for v = 0.

4.2. Finite-Time Blow-Up for Arbitrary Initial Energy

In this subsection, we will establish the blow-up results for arbitrary initial
energy and the upper bounds for the maximal existence time T for both
pseudo-parabolic case ¥ = 1 and parabolic case v = 0.

Theorem 4.3. Let 0 < g < p and u be the nonnegative solution of (4.1) with
the initial energy satisfies:

(1)
pb1 A
2(p+ (1 + A1)

then, u blows up at some finite in H}-norm. Moreover, the upper bound
can be estimated by:

J(uo) < luollZyy,  forv =1; (1.11)

20+ 1)1+ Al)””o”fqé

T<T3 = .
= phAluolFy — 202 (p + DL+ M) (uo)

(4.12)

(2)
pb1 A1

J(ug) < G+ 1)

luoll3,  for v =0; (4.13)
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then, u blows up at some finite in L?>-norm. Moreover, the upper bound
can be estimated by:

2+ Dlwly
pibisluoll3 — 202 (p + 1)J (uo)

T < Ty = (4.14)

Proof. Let u(t) be the solution of the problem (4.1) with the initial energy
satisfying (4.11) when v = 1 (resp. (4.13) when v = 0). We may assume
J(u(t)) > 0; otherwise, there exists some to > 0, such that J(u(tg)) < 0, then
u(t) will blow up at some finite time by Theorem 4.1, the proof is complete.
Therefore, in the following, we give our proof by contradiction, and assume
that u(t) exists globally and J(u(t)) > 0 for all ¢ > 0.

In view of (4.1) and Lemma 4.1, we have the following equalities:

d

o7 () = ~lluell3 = v Va3,
d

o'(t) = &(IIUH% + || Vul3) = —21(u(t).

Pseudo-parabolic case: v = 1. Since:
t
[ o)y

0

t
> ||/ us(s)ds| my = llu(t) —vollmy = lu@®)llmy —lluollmy, =0,
0
by Holder’s inequality and J(ug) > J(u(t)) > 0, we obtain that:

t
1 1
)y < lluollrg +t2[/0 s (5) 37 ds]

= lluollgz +t2[J(uo) — J (u(t))]
< |uol| +13(J(up))?, t>0.

(4.15)

[N

On other hand, in view of (2.7), (4.3), and 0 < ¢ < p, we have:

d 2(p — q)bo
o (huto)lg) = 2001Vl + 222002 0012 — 4+ 1)7(u0)

2pbi M\ 2
P 3y — 40+ 1) (ul0)

_ 2pbi\ 2 2(p+ (1 + A1)

>

Since 4 (J(u(t))) < 0, then we can deduce that

dt
d 2pb1>\1
—Hq(t) >
gt = 1+ X\

Hq(t)

for all £ > 0, where:

2(p + 1)(1 + )\1)

Hi (1) = Jullfy - =P

J(u(t))-
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Using Gronwall’s inequality, we obtain that:

% > wj(u(t)) + ;fﬁ&iltltfl(())7
0 pbi A

where Hi(0) = ||uo||?qé - WL}(UO) > 0 due to (4.11). By the as-

sumption J(u(t)) > 0 for all ¢ > 0, we get:

b1 A
lull gy > VH(0)e T,

which contradicts (4.15) for ¢ sufficiently large. Hence, u(t) blows up at some
finite time, i.e., T < oc.

Next, we establish an upper bound estimate of T". To this end, we first
claim that:

I(u(t)) = bi || Va3 + be|| Vul5015
—/ / E(x, y)uPt (z, t)uP (y, t)dedy < 0, t€0,T).
QJQ

Indeed, in view of the definitions of J(u(t)) and I(u(t)), after a simple cal-
culation, we obtain:

_ pb " (p—q)b2 () [[2672
J(u(t)) = =) 1A (lf)||§+—2(q+1>(p+1)|\v )543

1
— I(u(t)), tel0,T). 4.16
o). te ) (4.16)
It follows from (2.7), (4.11), and (4.16) that:
pbi A 9 pby 1 ) 1
2p+ 1)(1+ Ap) ol > 7 (uo) 2 2p+1) 1+ A\ luollzy + 2(p + 1) (uo),

where we use 0 < ¢ < p, which implies I(up) < 0. We assume there exists
aty € (0,7), such that I(u(to)) = 0, I(u(t)) < 0, for t € [0,%). Hence,
[[u(t)||3;: is strictly increasing on [0, o). Then, it follows from (4.11) that:

0

pbi A1 pbi A1
2(p+ 1)1+ A1) 2(p+ 1)1+ A1)

On the other hand, since J(u(t)) is non-increasing with respect to ¢, and
combining 0 < ¢ < p and (4.16), we get:

J(ug) < luol 77 < [uto)ll; - (417)

Tu) > Tut) = 52 1 Vutto)

(p— q)bs
2(¢+p+1)
pb1 A1
T 2(p+ 1)1+ M)

which contradicts (4.17). Hence, I (u(t) < 0 and ||u(t)
on [0,T).

2 2
[Vulto)|322 +
JeuCto) 1%,

2 . . . .
I w1 strictly increasing
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For any T € (0,T), we define the functional:

t
= [ N Byds + (@ = Dol +Ble+ 92 te 0.7,

with two positive constants 3,7 to be chosen later. Since |[u(t)||%,, is strictly
9
increasing, we have:

F'(t) = Ju(®)l13 — lluoll3y +26(¢ +7)

t
d >
= [ Gl lyds + 280 +7) > 0.

In view of (2.7), Lemma 4.1, and 0 < ¢ < p, we have:

(4.18)

d
P () = S llu(t) 3 + 20

2(p—q)b
= 2 [ Vul} + 222D VU3 — a(p + 1) (u(t) +26(4.19)
2pby A t
> LAty + 40+ 1) [ ulyds = 4o+ 1) (wo)

By the definition of F'(t), we have F(0) = T||u0||§1,& +3v?% > 0. Since ||u(t)\|fq&
is strictly increasing on [0,7'), it follows from (4.18) that F'(t) > 0 for all
t € [0, T], which implies that F() > 0 and F(t) is strictly increasing for any
t € [0,7).

Now, for any ¢ € [0,T], we define:

0= ( / ()2 ds
Bt + ) )(/ wlByyds + )

t 2
([ Sl + 56+ ))

Using Holder’s inequality and the element algebraic inequality:

ab+ cd < \a? + 202 + &2,
we can deduce:

1d 5

5%”“(5”1{3 = Q(uus + Vu - Vug)dx
<ull2lfusll2 + [[Vull2][ Vs |2
< 2 v 2 % 2 v 2 %
< (lull3 + 1Vull3)* (lusl3 + 1Vus|3)
=|lull g [lws | za -

It follows from Holder’s inequality that:

1d % t ) %
/0 © u(s) 3y ds < / JullZyds / 2,y ds
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In view of the above inequalities and the definition of £(¢) that:

(/lmmuw+6u+w )(/ude8+ﬁ>
—OAHM@ﬂﬂH/I%ﬁp%ﬁ+ﬁ@+w)
ﬂQLWM@gs%/|mmmm%t+vo =

Hence, using the above inequality and (4.18), we have:

2

(1)) zﬂl/n<ma@+ﬁu+w}
~ 1)~ (FO - (T = lluoly)

([ huaizgas +5) )
> —400) ([ e+ ).

It follows from the above inequality and (4.19) that:

FOF" (1) — (p+ D)(F (1)) > F(1) (F"(t) —4(p+1) / s ()13 ds — 4(p + 1)/3)

14+ A
= F(t) {4(;: +1) <

> 1) (232 uto) g — 400+ 1) ~ 469+ 1))

pb1 A1 2
Ay O - ()
—4(p+ 1)5] :
In view of (4.11), letting 3 sufficiently small, such that:

b1 A
oy Mol = (o). (4.20)

0<b=bo= 50 Dasr

we get:
FOF"(t) — (p+1)(F'(t)2>0, tel0,T)].

Define G(t) = F~?(t) for t € [0,T]. After a simple calculation, by F(t) > 0,
F'(t) > 0, and p > 0, we obtain:

G'(t) = —pF P71 () F'(t) <0,
G"(t) = —pF P2[F()F"(t) — (p+ 1) (F'()*] <0,

holds for all ¢ € [0, 7], which means that G(t) is concave on [0, T]. Hence, it
holds that:

G(T) < G(0) + G'(0)T. (4.21)
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By the definition of G(t), we obtain:
£'(0)

G'(0) = —pF "~ (O)F'(0) = ~pG(0) s

< 0.

Hence, it follows from (4.21) that:
Gy Tl +67 Il 4

T < — = = T+ -~
G'(0) 2ppBy 2pBy 2p
for any T € [0, T). Letting T — T, we get:
[Jull
T<——Hipy (4.22)
2pBy 2p

Fixing an arbitrary (3 satisfying (4.20), then let 4 be sufficiently large, such
that:

lluollZ,
L <y < 4o0.
2pp
Then, in view of (4.22), we have:
By’

< — 4.23
205 — ol (42

Define a function Tj(7y) by:

2
B2 o 1%
T = el ——=%, 400 |.
5(7) 2pBy — Jluoll, ! 2pp3

It is easy to verify that the function T;(y) has a unique minimum at:

luollZ  lluollFa
= S e & +00).
V8 e ( 507 )
Then, it follows from (4.23) that:
_ lluoll?
T< inf Ts(v) = Tp(yp) = 2707
(uuonfq1 p*3
Y€ spp T
for any (3 satisfying (4.20). Hence, it holds that:
ol Gl 2Ol
= Be(0.80] p*B p*Bo PPhidalluollzy — 20 (p + (1 + A1) (uo)

This completes the proof of Theorem 4.3 for the pseudo-parabolic (v = 1)
case.

Parabolic case: v = 0. In this case, we need to replace the norm H}
by the norm L2, and the inequality ||Vul|3 > 1i1)\1 Hu||§{é by the inequality
|[Vu|2 > Ai|lul3. By modifying the previous proof, we can easily deduce the
proof. O
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Corollary 4.1. For 0 < g < p and any M € R, then there exist initial data
Uprs € VV1 2quQ(Q) satisfying J(uonr) = M, such that the weak solution for
the correspondmg problem (4.1) will blows up at finite time in HE-norm for
v =1 (resp. L*>-norm for v =0).

Proof. According to Theorem 4.1, it is easy to see that the result is valid for
M < 0. We only need to verify the result for the case of M > 0. In view
of Theorem 4.3, it is sufficiently to check that there exists ug € VV1 20T2((Q))
satisfying (4. 11) for v =1 (resp. (4.13) for v = 0).

Let Q1 and Q9 be two arbitrary disjoint open subdomains of €. We
assume v € W2 2(Qy) ¢ W23 (Q) ¢ HL(Q) be an arbitrary nonzero
function, and then, we can take o > 0 sufficiently large, such that:

M
% </ vida +/ qu|2dx) =a? </ vida —|—/ V|Vv|2dm> > —,
Q Q Q1 Q1 ¢

where C' = % when v =1, and C' = p?ﬁll) when v = 0.

We claim that there exists w € W, > 2(Qy) € W, 27%(Q) and ag > ay
such that J(w) = M — J(agv). Indeed, we choose a function wy € C} (),
such that |Vwg|l2 > k and ||wi]|eo < ¢o. In view of (3.3), we have:

by 2t 1
d _
2% +2/ Vo[ da

2 2p + 2
/ / (z, y)wl ™ (z, )l (y, t)dady
Qz Qs

\Vwk|2dx +

Vg |2d Q|9 | |Vwg2dz) ™™ — 2Py,
= - wel*de + 5 +2| 2l (/92| el dz) ™ = g Kl
On the other hand, since 0 < ¢ < p, it holds that:
M — J(aw)
b 2 b 2q+2
— M-8 / Vo|2de — 22 / V|20 2dy
2 2q+2 .
2p+2
2p+2/gz2 [ k™ 0u ™ 0 Ddedy — oo, a5 o oo

Therefore, there exist kg > 0 and ay > a1, such that both are sufficiently
large, such that:

b1
M — J(agv) = 2/ |Vwp, [2dz
Qo

|Vwg, 292 dx

2+2 0,

- k(z, y)w?™ (z, )w? ™ (y, t)dady.
o B el ey
Then, choosing w = wy,, and denoting uoy = apv + w, we obtain:

M
/|u0M|2dx—|—V/ |Vu0M|2dx:a(2)/ v%x—i—ua%/ |Vol2dz > Yok
Q Q Q1 2

and

M = J(agv) + J(w) = J(uonr),
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which implies that:

J(uom) < C </ |uonr|?da + 1// |Vu0M|2dx> .
Q Q

In view of Theorem 4.3, the proof is complete. 0

Remark 4.2. For the case J(ug) < 0, the initial condition given in (4.11)
(resp. (4.13)) is obviously satisfied. However, we obtain the upper bounds
Ty1 and T3y (resp. Tip and T3g) for the blow-up time T in Theorem 4.1 and
Theorem 4.3 using different methods. In fact, 771 is more accurate provided

2
p b1 A1l|uoll 41
that J(uo) < mermEraan
P bislluoll ;1

and T3; is more accurate provided that

< J(ug) < 0; Resp. Thp is more accurate provided that

2p(p+1)(3p+4)(1+A1) )

p b1>\1\|uo|\ 2 : : P bl)\IHUO“ 2
J(ug) < W, and T3q is more accurate provided that W <
J(uo) < 0;

4.3. Lower Bound for the Blow-Up Time

First, we consider problem (1.1) with » = 1, and determine a lower bound
for T if the solution u blows up at finite time ¢ = T in H}-norm.

Theorem 4.4. Let 0 < ¢ < p < -2, and u be the nonnegative solution of the

n—2’
problem (1.1) (v = 1) which blows up at finite time T in Hg-norm, and then,
T is bounded from below as:

C«;z(,’DJrl)
= 2rpluallZ,
Proof. The proof is similar as that of Theorem 3.1 in [9]. It follows from (3.1)
to (3.3) that:
@ () < 2602 Do (),
which is equivalent to:
1" () = —26pC Y.
Integrating the above inequality from 0 to t leads to:
P1"(t) > ¢17(0) — 2kpC 2L,

Passing to the limit as ¢ — T, we obtain that the conclusion of Theorem
4.4 holds. O

Then, using the technique of differential inequality (see [13,14]), we
obtain a lower bound for the blow-up time if the blow-up does occurs for the
problem (1.1) with v = 0.

We define the auxiliary function x(t):

X(t):/Qumpdx, (4.24)

for some positive constant m to be chosen later.
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Theorem 4.5. Let 0 < ¢ < p, m > %—F 2, and u(z,t) be the nonnegative
solution of the problem (1.1)(v = 0) which blows up at finite time T in the
measure X given in (4.24), and then T is bounded from below by:

r= / 2p+2 (n=2)6; (n—2)05 ° (425)
x(0) KIXW +K2X nbp—2 K3X nly—2

where K1, Ko and K3 are positive constants that will be determined in (4.36).

Proof. In view of (1.1) and (2.2), we compute:
V() = / WV div(p(|Vul?) V) + Pz, 1) / (a, y)uP L (y, )dylde
Q Q

= —mp(mp — 1)/ w2 p(|Vu?)|Vul?dz + mp
Q

/ / ke, y)u™ P @, P (y, £ dady
QJQ

< —mplmp ~ 1) [ 2oy + b V| Vuds
Q

by [ bl o, )dedy,
QJQ

By the similar argument as (3.3), we have:

/ / K, )™ (2, )+ (y, ) dady
QJQ

1
2 2
<k (/ u2p+2(y,t)dy> (/ u2mp_2+2p(x,t)dx)
Q Q
< i (/ u2p+2dﬂc—|—/ u2m”_2+2pd$c> .
2 \a Q

It follows from Holder’s inequality and m > % + 2 that:
2p+2

/ W2 e < Q| ( / umpdx) " (4.26)
Q Q

Noticing that:

|V 2D = |qu@ =y 2t = o2t mp=2| gy, |2t

where o = %. Denoting § = W > 0 and v = u®, we obtain:

/u2mp—2+2pdaj:/UQ(Q-&-I)—&-(de’
Q Q

Using Holder’s and Schwarz’s inequalities, we have:

[ vertipde < g+ 17 ( / Vv|2(q+1)dx> ( / vz<q+1>dx)
Q Q Q

< (q+1)/Q|Vv|2(q“)dx+q(q+1)/91)2(q+1)dx.
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Hence, in view of (4.26), by dropping the by term, then we obtain:

2p+2

mp(mp — 1)b mp=2=2p
V() < - TEEE R [ 190 e + PR 0] ) %

gmp(mp — 1)bs 2@ 1) mpk 2q+1)+5
+ EEPTPTS Y E— . de + — >/, v dx.

(4.27)

To estimate the last two terms in (4.27), we will use the following Holder’s

inequality:
0 1-6
v Tdr < v dx v dg , .
) d d 4.28
Q Q Q

where 0 < # < 1 and r, s are positive constants.
We choose 11, s1 and 64, such that

1 mp S1 2n
e — 1)
0, a’ 1—-6; (g+ )n—27

r+s1=2(q+1),

that is:
oo ety
1 o 2(q+1>ﬁ_m7

(o3

mp  2(q+1)-%;

su=2a+1) =5 a 2(q+1)"15 — =27
2(q+1)3%
0, = -
FIPE Y ——

Then, it follows from (4.28) that:

m 01 2 1761
/ vy < </ v d:r) (/ (a+D) 725 d:r) . (4.29)
Q Q Q

By the same argument, we choose 79, s and 6, such that:

T m s 2n
rat sz =2(q+ 1)+, 52717, 1_292=(q+1)m,
that is:
mp 2(q+1)725—0
rg = — ,
R
20q+1)-25 -6
mp q n—2
SQ:Q(Q+1)+ - n mp
2(q+1)n72_7p
20t 1)E5 -0
T 2g 1) -
and obtain:

N 0 o 1—6-
/ 2t D+ gy < </ vapdx> (/ v(q"'l)mdx) . (4.30)
Q Q 2
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Letting c, be the best embedding constant: |[w[| 2. < c.[|Vw]|2, we obtain:

(1—61) 2n(1—01) 2n_(1—61)

_2n_ =0
o2 < el Vo3 : (4.31)

and

*

2n_(1_p 2n_(1_¢ 20 (1-0
o) 7z 0 < o g 00, (4:32)
n—2

Combining (4.29) and (4.31), using Schwarz’s inequality, we get:

(g mp a3 (1=01)
/vz(q“)dx <cp 01)(/ v )™ (/ |VUQ+1|2dx)
Q Q Q

B2 ey ([ ) T
neq;—2 «
< ce1 ) /ﬂv
-
SO [ v P (4.33)

where 7 is a positive constant to be chosen later. Similarly, it follows from
(4.30) and (4.32) that:

n(1—05)

/ 2@t )+ 7. < 71027_22(0352*1) noy 2
Q

(n—2)609
mp 0y —2
Q
1-6
+usg/ |Vol™t 2 de, (4.34)
n—2 o)

where 1 is a positive constant to be chosen later.
Combining (4.33) and (4.34) with (4.27) gives:

V() < — [mp(mp — by gmp(mp — 1)by

(q+ 1)a2@t) a2(a+1)
1-06 1-6
n( 1)61 _ mpkK n( 2)62 |Vvq+1|2dx
mpk mp—2—2p 2p+2

JrT|Q| me [ ()] e

gmp(mp — 1)by nbh — 2
aQ(fﬁ‘l) n—2
n(1—07) (n—2)0
(cZer ) " [x (1) 772
mpk nby — 2
2 n-2

L n(1=6y)
(cZeq ™) o2 [x(¢)]

By choosing 1 and 5 sufficiently small, such that:

(n—2)6

)02
by —2

mp(mp — 1)bs  mp(mp — 1)ba n(1 — 91)5 ~ mprn(l—6)

(g + 1)a?l@tD) a?(a+1) n—2 2 n-2

then, we can obtain the differential inequality:

52203
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2p+2 (n—2)61 (n—2)60o

X () < Kalx @R + Kal(0)] 707 + Ko[x(t)] 727

or equivalently:

dx
2pt2 (n—2)0; (n—2)65 < dt, (4'35)
KIX mp +K2X no—2 +K3X nfg—2
where:

MPK | ) mp=2=2 mp(mp — 1)by nl; — 2 . n(1-6p)

Ky, = p ——|Q e Ky = il 2(p+1)) L (cGeyt) w2
) ottt ez (4.36)

Ky = %u(ciggl)ﬁie;?

2 n—2
Integrating of the differential inequality (4.35) from 0 to ¢ leads to:

x(t)
| i
(n—2)61 (n—2)65 —
XO0) Kyx T 4 Ko 2 4 Ky 2

Passing to the limit as ¢t — T, we obtain:

o0
d
/ X <T.
2pt2 (n=2)0; (n—2)6,
x(0) KIX mp + Koy "01-2 3 + K3y %22
Thus, the proof is complete. 0
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