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Abstract. In this paper, we first determine Bohr’s inequality for the
class of harmonic mappings f = h + g in the unit disk D, where either
both h(z) = 300 apntmz?" "™ and g(2) = 0% bpnim 2" are ana-
lytic and bounded in D, or satisfies the condition |g’(2)| < d|h'(2)| in
D\{0} for some d € [0,1] and h is bounded. In particular, we obtain
Bohr’s inequality for the class of harmonic p-symmetric mappings. Also,
we investigate the Bohr-type inequalities of harmonic mappings with a
multiple zero at the origin and that most of results are proved to be
sharp.
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1. Preliminaries and Some Basic Questions

The classical theorem of Bohr [14], examined a century ago, generates inten-
sive research activity—what is called Bohr’s phenomena. Determination of
the Bohr radius for analytic functions in a domain [21], as well as for analytic
functions from D into particular domains, such as the punctured unit disk,
the exterior of the closed unit disk, and concave wedge-domains, has been dis-
cussed in the literature [1-3,5]. See also the recent survey articles [9,23,29]
and [22, Chapter 8]. The interest in the Bohr phenomena was revived in
the 90s due to the extensions to holomorphic functions of several complex
variables and to more abstract settings. For example, Boas and Khavinson
[13] found bounds for Bohr’s radius in any complete Reinhard domains and
showed that the Bohr radius decreases to zero as the dimension of the domain
increases. This paper stimulated interests on Bohr-type questions in differ-
ent settings. For example, Aizenberg [6,7], Aizenberg et al. [8], Defant and
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Frerick [16], and Djakov and Ramanujan [18] have established further results
on Bohr’s phenomena for multidimensional power series. Several other aspects
and generalizations of Bohr’s inequality may be obtained from the litera-
ture. For instance, Defant [17] improved a version of the Bohnenblust—Hille
inequality and Paulsen [39] proved a uniform algebra analogue of the classical
inequality of Bohr concerning Fourier coefficients of bounded holomorphic
functions in 2004. In Refs. [38,40], the authors demonstrated the classical
Bohr inequality using different methods of operators. Abu Muhanna [1], and
Kayumov and Ponnusamy [25] investigated Bohr’s inequality for the class of
analytic functions that are subordinate to univalent functions and odd univa-
lent functions, respectively. On the other hand, Ali et al. [10] discussed Bohr’s
phenomenon for the classes of even and odd analytic functions and also for
alternating series. In Refs. [11,30,34,36], the authors considered the Bohr
radius for the family K-quasiconformal sense-preserving harmonic mappings
and the class of all sense-preserving harmonic mappings, separately. Recently,
the articles [35,41,42] presented a refined version of Bohr’s inequality along
with few other related improved versions of previously known results. In par-
ticular, after the appearance of the articles [9,26], several investigations and
new problems on Bohr’s inequality in the plane case appeared in the literature
(cf. [4,12,27,33,35,41,42]).

One of our aims in this article is to address the harmonic analog of
this question (see Problem 1) raised by Paulsen et al. [38] but with a refined
formulation as in Ref. [42] (see Theorem A).

1.1. Classical Inequality of H. Bohr

Let B be the Schur class of all analytic functions f on the open unit disk
D :={z € C: |z| < 1}, such that || f|le = sup,ep|f(2)] < 1. Then, the
classical inequality examined by Bohr [14] states that 1/3 is the largest value
of r € [0,1) for which the following inequality holds:

B(f,r) = i lax|r® < 1, (1.1)
k=0

for every analytic function f € B with the Taylor series expansion f(z) =

> hearz”. Bohr actually obtained that (1.1) is true when r < 1/6. Later,

Riesz, Schur, and Wiener independently established the Bohr inequality (1.1)

for r < 1/3 and that 1/3 is the best possible constant. It is quite natural that

the constant 1/3 is called the Bohr radius for the space B. Moreover, for:
a—z

a = ) 717
palz) = 7=, a€0,1)

it follows easily that B(ps,7) > 1 if and only if » > 1/(1 4 2a), which for
a — 1 shows that 1/3 is optimal. Bohr’s and Wiener’s proofs can be found in
Ref. [14]. Other proofs of Bohr’s inequality may be found from [44,45]. Then,
it is worth pointing out that there is no extremal function in B, such that
the Bohr radius is precisely 1/3 (cf. [22, Corollary 8.26]).
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1.2. The Bohr Radius for Functions Having Multiple Zeros at the Origin

Problem 1. In Ref. [38], the authors considered among others for k£ € N the
classes By := z"B, that is:

By = {feB: f(()):-..:ﬂk*l)(()):o} ={Ff: feBy},
and asked for which r € (0,1), and:

o
f(z) = Z anz" € By, (1.2)
n=~k
we have the inequality:
> anlr™ <1 forr € [0,7%], (1.3)
n=~k

and for each r € (ry, 1), there exists a function fj(z) = Y2, a2 in By

such that > 7 |a$bk)|r" > 1. Here, the constant ry, is referred to as the Bohr

n=~k
radius of order k.

Clearly, By = B, and By = {f € B: f(0) =0}. For f € By (i.e., for
k = 1), Tomi¢ [45] proved that (1.3) holds for 0 < r < 1/2 (also obtained
by Landau independently, see [31]). Later, Ricci [43] established that this
holds for 0 < r < 3/5, and the largest value of r for which (1.3) holds
would lie in the interval (3/5,1/v/2]. Later, Bombieri [15] found that the
inequality (1.3) holds for » € [0,1/+/2], where the upper bound cannot be
improved. An alternate proof of this result may be found from a recent paper
of Kayumov and Ponnusamy [28] in which they solved an open problem of
Djakov and Ramanujan on powered Bohr inequality. However, Problem 1
for £ > 2 remains open. On the other hand, in connection with Problem 1,
Ponnusamy and Wirths [42] proved the following sharp inequalities for k > 2,
while the case k = 1 has been proved in Ref. [41]:

Theorem A. For k > 1, let f € By, have an expansion (1.2) and:

1 _ n 2 2n—k
Mk(far)*Z\an\T + <1+|%|+1_T) Z |an|"r

n=k n=k+1
and
M. = n - 2 2n7k'
)= 3 ol "+ (g + ) el

Then, we have the following inequalities:

(1) ME(f,r) <1 is valid for v € [0, Ry], where Ry, is the unique root in
,1) of the equation:
(0,1) of the equati

41 —r)—r* 1 (1= 2r +5r%) = 0.

The upper bound Ry cannot be improved.
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(2) My(f,r) <1 iswalid for r € [0,Sg], where S is the unique root in (0, 1)
of the equation:
201 —r)—7rF@B3 —7r)=0.
The upper bound Sy, cannot be improved. Also, as M} (f,r) < My(f,r),
it follows that S < Ry.
(3) With |ax| = a € (0,1] being fized, My (f,r) <1 is valid forr € [0, pr(a)],
where py(a) is the unique root in (0,1) of the equation:

(L+a)(1—7)—7"[2¢®> +a+7 (1 -2a%)] =0.
The upper bound pg(a) cannot be improved.

Remark 1. We note that py(1) = Si. As ME(f,7) < Mg(f,r), it follows that

1.3. The Bohr Radius for p-Symmetric Functions

Recently, Kayumov et al. [26] have obtained the following general result. As a
corollary to this, an open problem raised by Ali et al. [10] about the determi-
nation of Bohr radius for odd functions from B has been settled affirmatively.

Theorem B. [26] Let m,p € N, m < p, and f € B with f(z) =
> e ApkrmzPFT™. Then:
B(f,r) =Y laprpm|r?* ™ <1 forr <rpom,
k=0
where r,, m, 1s the mazimal positive root of the equation —6rP~™ 4 r2p=m) 4
82’ +1 = 0. The extremal function has the form 2™ (2P —a)/(1—azP), where:

2p
1 —=7rpm 1

V2 Thm

Remark 2. We note that the case m = 0 is trivial as it follows from the
classical theorem of H. Bohr with a change of variable ¢ = zP. This gives the
condition r < rp o = 1/{’/§ The case p = 2 and m = 1 corresponds to the
question raised by Ali et al. [10].

1.4. The Bohr Radius for Harmonic Functions

In Ref. [30], the authors initiated the discussion on Bohr radius for the class
of complex-valued function f = u + ¢v harmonic in D, where u and v are
real-valued harmonic functions of . It follows that f admits the canonical
representation f = h + g, where h and g are analytic in D, such that f(0) =
0 = g(0). The Jacobian J¢(z) of f is given by J(z) = |W/(2)]* — |¢'(2)|?,
and we say that a locally univalent harmonic function f in D is said to be
sense-preserving if Jy(z) > 0 in D; or equivalently, its dilatation w = ¢’/h’ is
an analytic function in I which maps D into itself (cf. [19] or [32]).

If a locally univalent and sense-preserving harmonic mapping f = h+7g
satisfies the condition |w(z)| < d < 1 in D, then f is called K-quasi-regular
harmonic mapping on D, where K = %‘; > 1 (cf. [24,37]). Obviously, d — 1
corresponds to the case K — oo.
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For a harmonic function f = h 4+ g in D, where h and g admit power
series expansions of the form h(z) = Y7 ja,z" and g(z) = Y7 by2"™, we
denote the classical Bohr sum by:

By (f,r) := B(h,r) + B(g,r) = Z(|an| + [bn])r™.
n=0

A harmonic function f = h + g in D is said to be p-symmetric if h and g
have the form h(z) = > 07 1 ap,2?™ ™™ and g(z) = > 07 b, 2P ™™ for some
m € Ng = NU {0}. Harmonic extension of the classical Bohr theorem was
established first in Ref. [30]. For example, they proved the following result
(Theorem C). Furthermore, the Bohr radii for harmonic and starlike log har-
monic mappings in ) were investigated, for example, in Refs. [20,26,30,36],
and in some cases in improved form.

Theorem C. [30] Let p € N and p > 2. Suppose that f(z) = h(z) + g(z) =
oo g a4 37 (b 2Pt is a harmonic p-symmetric function in D,
where h and g are bounded functions in . Then:
Ba(f.r) = Y (au] + [ba))r" < max{[[h]loc, g} forr <1/2.
n=0

The number 1/2 is sharp.
It is natural to raise the following.

Problem 2. Whether Theorem C holds under a weaker hypotheses, namely,
by replacing the condition “boundedness of h and ¢” by “|¢’'(2)| < |W(2)]
and h is bounded.”

In Theorem 1, we present an affirmative answer to this question in a
more general setting.

The paper is organized as follows. In Sect. 2, we present the main results
of this paper. In Theorem 1, we present an affirmative answer to Problem 2
in a general form, and Corollary 2 answers Problem 2. As consequence, gen-
eralization Theorem C (with of higher order zero at the origin) is established
(see Theorem 2). In Sect. 3, we state and prove several lemmas. In addition,
we present the proof of Bohr’s inequalities for the class of harmonic map-
pings, which improve the first two items in Theorems A and Theorem C. In
Sect. 4, we state and prove three theorems which extend three recent results
of Ponnusamy et al. [42] from the case of analytic functions to the case of
sense-preserving harmonic mappings.

2. Main Results

We now state a generalization of Theorem C in a general setting and the next
result (Theorem 2) is a direct generalization of Theorem C.

Theorem 1. Let m,p € N, p > 2. Suppose that f(z) = h(z) + g(z) =

g aEZPRTm 4 S0 bpzPRt ™ s harmonic and p-symmetric in D, such
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that |h(™(0)] = g™ (0)| and |¢'(2)| < d|h(2)| in D\{0} for some d € [0,1],
where h is bounded. Then, the following holds:
(1) If & > logy(2 + d), then:

- W/l
Bu(f.r) = Y- (sl + b+ < bl forr < /L
k=0

When d = 1, the extremal mapping has the form f(z) = h(z) + Ah(z)
with h(z) = 2™ and || = 1.
(2) If1 < 2 <log,(2+d), then:
Bu(f,r) <|lhlles  forr <rpima,

where 1y, m.q 15 the mazimal positive root of the equation:

r2P=m) (8 4+ 4d)rP™™ 4 4(1 4+ d)(3 + d)r®P +4 = 0. (2.1)
When d = 1, the extremal function is given by f(z) = h(z) + Ah(z),
A =1, where:
2p
P _ 1—-r m, 1
h(z)=2z" i , witha=|1- ol -
1—azP \/5 rp,m,l
Corollary 1. Suppose that m,p € N, and f(2) = Y poQprimzP*T™ €
Boitm-
(1) If1 < 2 <log, 3 ~ 1.58496, then.:

B(f,r) < % forr < rpm,
where 1y m 1s the mazimal positive root of the equation:
—127P7™ 4 p2(mm) L 39020 4 4 — ), (2.2)
The extremal function is given by:

p_ \/1—rh,
flz)=2" (H), witha = [ 1— L ! (2.3)

1—azp V2 Thm

(2) If £ > log, 3, then:

1 1
B(f,r) < 3 forr < ”\L/;.

The extremal function has the form z™.

Proof. Apply the method of the proof of Theorem 1 (by setting d =1, g(z) =
0). O

We now state a direct generalization of Theorem C.

Theorem 2. Let m, p € N, p > 2. Suppose that f(z) = h(z) + g(z) =

> ApktmZPFT 370 bpktm 2P is harmonic in D, where h and g
are bounded. The following holds:
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(1) If £ > log, 3 ~ 1.58496, then:

m 1
Bu(fr) < max{ il g} forr < 4/

The extremal function is given by f(z) = 2™ + Az™, |A| = 1.
(2) If1 < B <log, 3, then:
Bu(f,r) < max{[|hllec, lgllec}  forr < rpm,
where Ty, is the mazimal positive root in (0,1) of the Eq. (2.2).

The extremal function is given by f(z) = h(z) + Ah(z), |A| = 1,

where:
/ 2
1_ 1- rp?m 1

V2 Thm

2P —a

he) = (o) witha=

1—azp

Remark 3. If we set m =1 in Theorem 2(1), then we get Theorem C.

Note that the following corollary generalizes Theorem 2 under the con-
ditions “|h’(0)| = |¢’(0)| and |¢'(2)| < |h/(2)| in D\{0}” instead of “h and g
being bounded in D.”

Corollary 2. Let m,p € N, p > 2. Suppose that f(z) = h(z) + g(z) =
g apZPRTm 4 S bpzPkt ™ s harmonic and p-symmetric in D, such
that |h'(0)| = |¢’'(0)| and |¢g'(2)] < |W'(2)] in D\{0}, where h is bounded.
Then, the conclusions (1) and (2) of Theorem 2 continue to hold.

Proof. Set d =1 in Theorem 1 and let 7 1, 1= 7p .1 O

Because of its independent interest, let us next state the following result
as a corollary to Theorems A. Indeed, applying the analogous methods as in
the proofs of the three cases of Theorems A, we have the following. Therefore,
we omit the details.

Corollary 3. For k > 1, m,p € N and m < p, we let f(z) =
Zzo:k a;zm+mzpn+m S Bpk+m and:

00
1 rpP
1 — n—+m
Mpk-i—m(fa T) = Z |Clpn+m| rP + (1 n ‘apk+m‘ + - rp)

n=k
00

x Z |a’pn+m|2rp(2n_k)+m

n=k+1

and

> 1 rP
M m\J» = n-+m prtm
pk+ (f T) E |a‘P + |T + <1 + ‘apk:-&-m‘ + 1—7“p)

n=~k
o)

% Z |apn+m|2 Tp(ankr)+m.

n=k

Then, we have the following inequalities:
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<1 is valid for r € vg|, where vy 1s the unique root in
(1) pk+m(f? ) 1 ! df [07 ]7 h h q

(0,1) of the equation:

4(1—pP) — pph=Dbm (5,20 opp 4 1) = 0.

The upper bound vy cannot be improved.
(2) Mppym(f,r) <1 is valid for r € [0,wy], where wy is the unique root in

(0,1) of the equation:

2(1 —rP) — pPEtm (3 —4P) = 0.

The upper bound wy cannot be improved.

3) With |apgem| = a € (0,1] being fired, Mpygrm(f,r) < 1 is valid for
pk+ pk+
r € [0, ni], where ny is the unique root in (0,1) of the equation:
(1+a) (1 —rP)—ppktm [2a® + a+ 1P (1 —2a%)] = 0.

The upper bound i cannot be improved.

Proof. The desired conclusion follows if we write f(z) as f(z) = 2™t(2P),
where t(2) = Y07 apnimz™ € By, and apply the proof of Theorem A. [

Next, we generalize Theorem A or Corollary 3 by establishing Bohr-type
inequalities for harmonic mappings with multiple zero at the origin.

Theorem 3. Let k > 1, m,p € N, and m < p. Suppose that f = h+ g is
harmonic in D, where h and g are given by:

Z Apn+m 2" T™  and g(z Z [ (2.4)
n=~k n=~k
In addition, let |¢'(z)] < d|h/(z)| in D\{0} for some d € [0,1] and h € Bpiym.
Define:

1 rP
M. (h, nm oy
Pk+m T Z'apn-&-m"r <1+|apk+m| + 1—7‘p>

o

<3 Japnpm|? PGB (2.5)
n==k

and

m 1 rP
pk-‘,—m ga Z|bpn+m|7’ s ( + 1—’1"p>

1+ ‘apk+m|

2 2n—k)+
x§:|b,m+m| pp2n—k)tm
n=~k

Then, the inequality:

Mpk-i-m(h, ’I“) + Npk-i-m(ga T) <1 (26)
is valid for r € [0,71], where ry, = min{r},1//3}, and r}, is the unique root
n (0,1) of the equation ti(r) = 0, where:

B(r) = =2 (1= ¢P) — PR (3 gp). (2.7)
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Theorem 4. Let k > 2, m,p € N, and m < p. Suppose that f = h+ g is
harmonic in D, where h and g are given by (2.4), In addition, let h, g €
Bpi+m and define:

> 1 rP
Ml h — - pn+m
pk+m( 7T) Z,Jap - ‘T * <1+|Cbpk+m| - 1Tp>

n=k+1
Then, the inequality
My (o) + My (g,r) <1 (2.8)
is valid for r € [0, 7], where 11, is the unique root in (0,1) of the equation:
2(1—rP)— ppk=1)+m (57"2” —2rP + 1) =0.
The upper bound T, cannot be improved.

Theorem 5. Let k > 2, m,p € N and m < p. Suppose that f = h+ g is
harmonic in D, where h and g are given by (2.4), and h, g € Bpktm. Then,
the inequality:

Mpk+m<h7 T) + Mpk+m<ga ’I“) <1 (29)

is valid for r € [0,0k], where Mpgim(h,7) is given by (2.5) and 0 is the
unique root in (0,1) of the equation:

(1 —7rP) — pPEtm (3 —pP) = 0.

The upper bound 0y cannot be improved as f(z) = h(z)+ Ah(z) shows, where
h(z) = 2PF+™ and |\ = 1.

Our next result is similar to Theorem 4, but for fixed initial coefficients
Gpk+m and bpiyym having same modulus value.

Theorem 6. Let k > 2, m,p € N, and m < p. Suppose that f = h+ g is
harmonic in D, where h and g are given by (2.4), and h, g € Bpitm. Let
|apk+m| = [Dpktm| = a € (0,1] be fized. Then, the inequality:

Mppim (b 1) + Mprim(g,7) <1 (2.10)

is valid for r € [0,<k], where ¢ = i(a) is the unique root in (0,1) of the
equation:

(I+a)(1—rP)— opPktm [2@2 +a+7r? (1 — 2a2)] =0.
The upper bound <, cannot be improved.

Remark 4. Clearly, (1) = 65. Also, it is possible to fix both |apk4m| and
|bpk+m| separately and obtain an analogous general result than Theorem 6.
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3. Key Lemmas and Their Proofs
To establish our main results, we need the following lemmas.

Lemma 1. Suppose that m, p € N, m <p, d € (0,1], and r =rp 4 is as in
Theorem 1, i.e., the root of (2.1) in (0,1). Then:

Tp+m < 1 .
~3+d

Proof. Let y = rﬁjﬁd. Then, (2.1) becomes a quadratic equation in y of the
form: /

p,m,d

1
(4(1 +d)(3+4d) + m ) y? — 8+ 4d)y + 47, =0,

which has two solutions:

442d £2/(1+d)(3+d)y/1 =427

A1 +d)(3 +d) + z—

442d+20/(1+d)(3+d) /1 — 427

=< T
4(1+d)(3+d) + e

1 2+d+ /(1 +d)(3+d),/1—4r2m

su
2 | P 1+d)(3+d) + ok

Zm
4Tp,m,d

Y

and therefore, it is a simple exercise to see that:

1 2+d 1+d)(3+d)vI—t
T +d++/(1+d)(3+ y
=2\ be(0.) (I+d)(B+d) + ¢

1 (24d+ /0 +DB+ VI -t
T2 (1+d)(3+d)+1

=5t
1
3+d’
which completes the proof of the lemma. O

Lemma 2. Suppose that m, p € N, m <p, d € (0,1], and r = rp m. 4 is as in
Theorem 1, i.e., the root of (2.1) in (0,1). Then:

L erd- A+ B+ IVI— ) =

rp—m

1
2
Proof. Suppose that m < p and let y = rP~™. Then, (2.1) reduces to a
quadratic equation in y:
y? — (8+4d)y +4(1 +d)(3+ d)r*’ +4 =0,
which has two solutions:
1 =4+2d4+2/1+d)3+d)V1—-r»>1 and

yo = 4+2d —2/(1 + d)(3+ d)\/1 — 2.
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The solution y = y; is impossible, because all positive roots of the initial
equation must be less than 1. Therefore:

y=y=2(2+d- I+ B+ V1 - 7).

Now, consider the case m = p. In this case:

; _( 3+ 4d )m
mmed =\ 41+ d) (3 + d) ’

so that:
1
e (2+d— VO+d)B+dV1 —r2m)
34+4d
=2+d—+/(1+d)(3+d —_——
+ * + \/ 41+ d)(3+d)
2d+3 1
=2+d-— ==
ra- (22 -4,
and the proof is complete. O

Lemma 3. [25]. Let 0 < R < 1. If g(2) = Y ;= bi2" is analytic and satisfies
the inequality |g(z)| < 1 in D. Then, the following sharp inequality holds:

= , 1 — |bo|?)?
§ bi|2RP* < R”7< ) 3.1
2 = )

Lemma 4. [41]. If f € B has the ezpansion f(z) = >~ anz", then:

- n 1 2 2n r 2
Sl + (g + )Zw < Jaol + (1 faol?).

4. Bohr’s Inequality for the Class of Harmonic Mappings

4.1. Proof of Theorem 1
Given that |¢'(2)| < d|h/(z)| for some d € (0, 1], where:

g apzPFtm and g(z g b zPFtm,
k=0

We integrate inequality |¢’(z)|? < d?|h’(2)|? over the circle |z| = r and get:

Z(pk + m)2 by [Fr2PREm=1) < g2 Z(pk + m)?|ay,|2r2PEHm=1),
k=0 k=0

We integrate the last inequality with respect to 2 and obtain:

o0 o0

Sk -+ m)Belr2 P < a2 S ok g 2.
k=0 k=0
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One more integration (after dividing by r?) gives:

oo S
Z |bk‘2’l“2(pk+m) < d2 Z |ak|2,,42(plc+m)7
k=0 k=0

which (since |ag| = |bp| by hypothesis) yields:
Z |bg.| 2Pk < d? Z lag|?rPE forr < 1. (4.1)
k=1 k=1

For simplicity, we suppose that ||hl/s = 1.
Following the idea from [25] (see also [26, Proof of Theorem 1]), one can
obtain first that:

(4.2)

= pm (] — g2 1
B(h,r) =Y Jaght < 21— 0) ,
Pt V1 —a2repp \/1— p=pPrp

where a = |ag|, and for any p > 1, such that pr < 1. Indeed, we may let
h(z) = 2™t(2P), where t(z) = Y ;o arz® € B. Also, let 7 = 7,4 and
|ag| = a. Then, as in Ref. [26, Proof of Theorem 1], it follows easily that:

oo (o9} (o]
Z |ak|rp’“ < Z |a |2 pPrrk Zp—pk,rpk
k=1 k=1 k=1
— a2)2 —Pyp
< \[ropw (1—a?) pPr
1—a2rppr \| 1 — p=PrP
rP(1 — a?) 1

- , 43
V1 —a2repp /1 — p=prp (43)

for any p > 1, such that pr < 1. In the first and the second steps above, we
have used the classical Cauchy—Schwarz inequality, and (3.1) with R = pr in
Lemma 3, respectively. Hence, (4.2) follows.

Second, using the classical Cauchy—Schwarz inequality and (4.1), we see
that:

oo oo oo
Z |bg|rP* < Z |by|2 pPErpk prpkrpk
k=1 k=1 k=1

<d 2ppkpoky [P g4
> |ak|?pPhr m (by (4.1)),
and thus, by (4.3), we have:
= dret™(1 — a? 1
B(g,r) =™ [blr?* < o) (4.4)
k=1

V1—=a2repr /1= pprp’
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for any p > 1, such that pr < 1. Consequently, by combining the inequalities
(4.2) and (4.4), we get:

Bu(f,r) =" <ao + [bo| + Y lalr™t + > Ibklr”k>
k=1

k=1

14+d rP(1—a? 1
<2r'" | a+ +d r-a) . (4.5)
2 \/1 — a2rppp \/1 — p*prp
We wish to maximize the right-hand side of above. For this, we need to

consider the cases a > rP and a < rP, separately. Note that our choice of p is
such that pr < 1.

Case 1. Assume that a > rP.
In this case, we set p = % and obtain from (4.5) that:
Bu(f,r) <2r™iy(a) fora >rP, (4.6)
where we let o = 7P and:
a(l+d) 1-—2?

Vi) =2+ 2 1—az’

Simple computation shows that, when o > ﬁ7 () attains its maximum
at © = x1, where:

x €10,1].

14+4d 1
—(1-,/2 "% 12 2
1 < 3+d a)a’

and thus, ¥(z) < ¢(x1). On the other hand, when a < 2_%[1, () is mono-
tonically increasing for € [0, 1], so that ¥(z) < ¢ (1) = 1. Consequently, for
the r = rp 1, q defined as in Theorem 1 and o > ﬁ, it follows from (4.6)
that:

By (f,r) < 2r™(z1) =

(2+d— VA +d)(B+d)V1 —r2p) =1,

(4.7)
where we have used Lemma 2 for the equality sign on the right. When a <
we have ¢(z) < (1) =1 and thus:

B (f,r) <2rmy(1) = 2r™.

rp—m
1
24d>

Case 2. Assume that a < rP.

In this case, we set p = 1 and obtain from (4.5) that:

l+d ,vV1—-a?
T
2 V1 —r2p
Here, the second inequality on the right follows from the argument that we
omitted the critical point:

By (f,r) <2r™ (a—i— ) < (B34d)rPtm < 1. (4.8)

V1—r2p

a = 5

\/14_((1?1)2_1)7421,
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because it is less than 7P only in the case 727 > 22— > 1

3rd = which contra-
dicts with Lemma 1. The third inequality on the right in (4.8) follows from
Lemma 1.
Therefore, in both cases, for all a € [0, 1), we have:

(i) when oo = 1P > 2_%(1:
Bu(f,r) <1 forr <rpmd,
where 7p 1,4 is defined as in Theorem 1.
(ii) when a = 1P < 2_%(“ since max{2r™, (3 + d)rP*™} = 2r™  we have:
BH(f’ Ir) S 2rm.
In summary, if 7™ = 1 and r? < ﬁ, that is, if £ > log,(2+ d), we have by
the second case above:

1
By(f,r)<2rm <1, forr< "\’/g

The extremal function for the case d =1 is f(z) = h(z) + Ah(z) with h(z) =
2™ and |\ = 1.
When 1 < B <logy(2 + d), we apply the first case above to obtain:

1
B(fa 7‘) S 5 fOI‘T S 7ﬂp,m,da

where 7, 4 is defined as in Theorem 1.
For the case d = 1, sharpness follows if we consider f(z) = h(z) + Ah(z)
with |A] = 1:

/ 2p
P _ 1—r m, 1
h(z):zm(z a), a=|1- Pl

= iz
1—azP V2 Thom1

and then calculate the Bohr radius for it. It coincides with r. O

4.2. Proof of Theorem 2

Without loss of generality, we may assume that:

max{|[2floc, [glloc} = 1.
<log, 3.

P
m

Case 3. Assume that 1 <

It follows from Corollary 1(1) and the hypothesis that B(h,r) < 4 and

B(g,r) < % for r < rp ., where ry, ,,, is as in Theorem 2. Adding these two
inequalities shows that:

Bu(f,r) = B(h,r)+ B(g,7) <1 forr <rpm,.
Case 4. Assume that 2 > log, 3.

Applying the method of the previous case, Corollary 1(2) gives:

By (f,r) = B(h,7)+ B(g,r) <1, forr < "\L/g.

The extremal functions given in the statement are easy to verify. O
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5. Bohr-Type Inequalities for Harmonic Mappings with a
Multiple Zero at the Origin

5.1. Proof of Theorem 3

By assumption, |¢/(z)] < d|h/(z)| for some d € [0,1). Then, wy = % is
analytic in the punctured disk 0 < |z| < 1 and has removable singularity at
the origin with:

b

lim wy(z) = —pkim

z—0 Apk+m

s0 that [bpksm| < dlapksm| < [aprim|-
Since h € Bpgtm, by applying Lemma 4 to the function H(z) =
oo Az, Ay = Gp(nyk)+m, OnE has:

P > r?
ny 2 2pn 2
§i|A v (1+A| rp>nz_1f4n|“’ < Aol + (1~ 4o*) 75
(5.1)

Multiplying both sides of the inequality (5.1) by the number 7P**™ and then
adding the term 7PF+m|A|? (

) to both sides, we have:

P AP
Mo (hyr) < rPKTm |14 ! 0
ptm(hor) < P o]+ T T

1 rP
ey B —

— ppktm <1ip T G(Ao|)) , (5.2)

where G(t) =t +t2(1+t)~1. Since G'(t) > 0 on [0, 1], it follows that G(t) <
G(1) = 3/2, and thus, (5.2) implies:

P 3 3—1rP
M . h < pPk+m L ) —ppktm [0 . 5.3
phtm(h, ) <7 (1rp+2 " 2(1 —rp) (5:3)

Next, since |¢'(z)| < d|h/(z)| for z € D, we have (cf. [11]):

Z by |77 < d Z || TP for 7 < 1/%’ (5.4)

n==k n==k
and, as in the proof of Theorem 1:

oo o0
D [pnml” rPC I <@ [ P (55)
n==k n=~k

Thus, we conclude from (5.2), (5.4), and (5.5) that:
Nt 1 rP
N, m <d et pn+m d2
phtm (g, 7) < 7,2:;€|ap+ | + <1+|apk+m|+1_rp>

oo

2 —
% § |apn+m| 7J)(Zn k:)-‘,—m7
n=k

which by combining with (5.2) gives:
Mpk-{-m(h, 7") + N;Dk+m (ga T’)
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< (1+d)Z|apn+m‘7’pn+m+(1+d2) < * : >

n=k 1+ |apk+m| 1—rp

[e.9]

2 2n—k)+m
X § |apntml rP( a
n=~k

=(d— d2) Z |@pntm| TP (14 dQ)Mperrm(h’ )
n=k

< (d = d*)Mpprm (hyr) + (1 + d*) Mppeym (h, 7) = (d+ 1) Mpptm (h, 1),
which, by (5.3), is less than or equal to 1 if:

3P 1
,.pk+m<2 r >S1+d’ ie., tp(r) >0,

=)
where t(r) is given by (2.7); that is:
2
tr(r) = (1 —7P) — pPRHm (3 —pP),

d+1
This proves the first part of the assertion.

Now, we prove the uniqueness of the solution in (0,1) of tx(r) = 0, we
compute that t5(0) =2/(d+1) >0, tx(1) = —2 < 0, and:

2
t;(r) = f rP1 3(pk 4 m),rpk+m 1 (p(k + 1) + m)rp(kJrl)erfl
- (d ¥ 1" ppkL)m= 1) — (pk + m)rPEtm=1(3 — )

< — (rp 1 pp(ktl)dm— 1) — (pk +m)rPEtm=1(3 _yP) <0,

showing that t5(r) is a decreasing function of = in (0, 1), and thus, t5(r) =0
has a unique root in (0, 1). O

5.2. Proof of Theorem 4

By assumption h € Bpp4m. Therefore, as in the proof of Theorem 3, we can
apply Lemma 4 to the function H(z) = Y~ ( A, 2P", Ay = ap(nik)+m- Thus,
(5.1) holds. Multiplying the inequality (5.1) by rP*+™ gives:

vy
M) < 57 [Laal + (1= L) 7).

p 1—1rp
Now, we can maximize the right-hand side with respect to |Ag| by fix-
ing r. A simple calculation shows that we arrive at the maximum value
rPE+m M (r) which is achieved at |Ag| = 1, if r € [ ?f} and at |Ag| = QTZP
in the remaining cases. Thus, we have the maximum value:
pP(k=Ddm (5020 _ 9pp 4 1)
4(1—rp) ’

and therefore:

p
M1k+m(h,r) < pphtm {|A0| + (1 — |A0|2) ! ]

P 1—rp
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ppk=1Fm (5,20 _ 2pp 4 1)
<
- 4(1 —rp)

Again, as g € Bpi+4m, we have similarly the inequality:

PP
1—rp
ppk=1)+m (5r21’ —2rP 4 1)

4(1—rpr) ’
where By = bpi4+m. Adding the two resulting inequalities yields that:

pp(k=1)+m (51"2” — 2rP + 1)

Mplker(h? ’I’) + Mp1k+m(97 T) S 2 (1 _ T‘p) .
Hence, the desired inequality (2.8), i.e., M;,H_m(h,r) + M;,Hm(g,r) <1,
holds whenever Ly (r) > 0, where:

Li(r) =2 (1 — rP) — ppi=D)4m (5r%P —2rP 4+1).

This proves the first part of the assertion.
Next, we prove the uniqueness of the solution in (0, 1) of Li(r) = 0. In
fact, note that Ly (0) =2 >0, Li(1) = —4 < 0, and:

L;c(r) _ 7p7,p71 (2 _ Tp(k*2)+m) _ rp(kfl)erle(rp)’

M;k—i-m(gv{r) < Tpk+m |B0| + (1 - |B0|2)

<

where Q(x) = 5(p(k + 1) + m)z? — 2(pk + m)x + pk + m. It follows that
Q(z) > 0, because the discriminant of the function @ is less than 0. This
gives that L}, (r) < 0, and hence, Ly (r) = 0 has a unique root 7 in (0, 1).
Finally, we verify the sharpness of the upper bound 7 for the Bohr
radius. We consider the function f(z) = h(z) + Ah(z), |A| = 1, where:

ho) = ($2). ac o,

For this function, we obtain that:

a— 2P
1—azP

My (B 7) + MYy (g,7) = 278 { *

(1—a?)rp
1—7rpP ’

1

which equals 1 for r = 7, and a = —- Z’f . This completes the proof of Theo-
k

rem 4 O

5.3. Proof of Theorem 5
Let h € Bpitm. Then, (5.2) holds, that is:

P | Ao? 3 P
Myppm(hyr) < rPHm (14 . 0| < ppbtm |2
pierm(h ) <7 Aol T T T A =T 5 1)

(5.6)
where Ay = apitm. The second inequality holds, because the function T°
defined by:

T =
(m) x+1+x
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is a monotonically increasing function of = € [0, 1], so that: T'(z) < T(1) =
3/2.
Similarly, with By = bpr4m, we have:

D Bnl? 3 P
Myerno,r) < 0 1Byl 7 g 20 <o 2 120,

1—1rpP 1+ ‘BO 1—1rp
(5.7)
where |By| € [0,1].
Combining (5.6) and (5.7) leads to:
2P
Myt (b, ) + Mpprm(g,7) < < pphtm <3 + 1 _Trp> , (5.8)

if and only if wy(r) > 0, where:
wi(r) = (1 —rP) — pPEEm (3 —yP),
This proves the first part of the assertion of the theorem.

Next, to prove the uniqueness of the solution in (0,1) of wg(r) = 0, it
is sufficient to observe that wy(0) =1 > 0, wi(1) = —2 < 0, and:

wh,(r) = —prf~! (1 — rpk+m) — (pk 4+ m)rPFTm=1 (3 —rP) < 0.
Finally, it is easy to verify that the extremal function has the form

f(2) = h(2) + Ah(z), where h(z) = 2P**™ and |A| = 1. This completes the
proof of Theorem 5. O

5.4. Proof of Theorem 6

The proof is essentially similar to the proof of Theorem 5. At first, from (5.8)
and the assumption that |4Ag| = |By| = a, it is obvious that the required
inequality (2.10) is true if:

a+2a% + 1P (1 72(12)

gk (g T O gk <1
r a =2r
1—r» 1+a (I+a)(1—rr) -
(5.9)
which holds if and only if Vi ,(r) > 0, where:
Via(r) == (1 +a) (1 —rP) — 2rP"F ™[22 4+ a + rP(1 — 247)] .

This proves the first part of the assertion of the theorem.

Next, we can prove the uniqueness of the solution of Vj ,(r) =
(0,1). It is obvious that V4 4(0) = 1+a > 0 and Vi 4(1) = —2(1 + )

Furthermore:
Viar)==pr’ ' [1+a+2(1-2a% rPhtm]
—2rP =L (pk 4+ m) [2a® + a + (1 — 2a%) 17]
and it is easy to obtain that V, ,(r) < 0, and thus, V; o(r) = 0 has the unique
root ¢ = ¢x(a) in the interval (0,1).

Finally, we verify the sharpness of the upper bound ¢, for the Bohr
radius. Consider f(z) = h(z) + Ah(z), where:

h(z) = 2Pkt (C‘_Zp) Cac(o],

1—azP
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Al =1 and a € [0,1] is fixed. In this case, we get for the left hand side of
(2.10) (for simplicity, call it as W (r) ) takes the form:

—_ q2\yP D
_ pk+m (1 CL)T 1 r 2, pk+m
W(r) =2r [a+1—rp +2 1—|—a+1—r1’ a“r
a+ 2a2 + rP (1—2@2)
(I+a)(1l—rp)

= gppktm

Comparison of this expression with the right-hand side of the equation in
formula (5.9) delivers the asserted sharpness. The proof of Theorem 6 is
complete. O
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