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A Complete Asymptotic Expansion
for Bernstein—Chlodovsky Polynomials
for Functions on R
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Abstract. We consider a variant of the Bernstein—Chlodovsky polyno-
mials approximating continuous functions on the entire real line and
study its rate of convergence. The main result is a complete asymptotic
expansion. As a special case we obtain a Voronovskaja-type formula
previously derived by Karsli [11].
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1. Introduction

Let f be a real function on R which is bounded on each finite interval.
For a,b € R with a < b, define the function f,;, on [0,1] by fop(t) =
f(a+ (b—a)t). Furthermore, put

11

ap = Sup [ ()]
a<t<b

Obviously, fo,1 is the restriction of f to [0, 1] and we have || f[[, , = || fably ;-
The Bernstein—Chlodovsky operators applied to the function f described
above are defined by
> , a<x<b

(Cn,a,bf) (:E) = (ana,b) (b " >~ >

where B,, denote the Bernstein operators defined by

(Bnf) (z) = ipn,y () f (3) , 0<z<l,
v=0

Tr—a

n

with Bernstein basis polynomials

P () = (

Y Birkhauser
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In the special case [a,b] = [0, 1], we have C}, 01 = By,
The symmetric version

(Cn—cef) (@) = (Bnf-c,c) (I . C)

2c

with —a = b = ¢ > 0 was recently introduced by Kilgore [12, Eq. (7.1)]. Using
this Chlodovsky generalization of the Bernstein operators he [12, Theorems 1
and 2 ] gave a constructive proof for the Weierstrass approximation theorem
in weighted spaces of continuous functions defined on [0, c0) or on (—o0, c0).
See also [13].

In the following we suppose that the parameters a,b are coupled with
n,i.e., a = a, and b = b,,. Because the difference between two nodes of C), 4,5
is at least (b — a) /n it is clear that the condition b, — a, = o (n) as n — oo
is necessary for having convergence of (Cy, 4, b, f) (z) to f (z).

In the special case a, = 0 < b,, for n € N, these polynomials were
introduced by I. Chlodovsky [7] in 1937 in order to approximate functions on
infinite intervals. He showed that under the condition (1.3), if a function f

satisfies
) on
lim exp <—)
n—oo bn

lim (Cnop, f) (2) = f(z)

n—oo

(1.1)

for every o > 0, then

at each point = of continuity of f. Moreover, he proved convergence in each
continuity point for the large class of functions f satisfying the growth con-
dition f (t) = O (exp (t?)) as t — +oo, if the sequence (b,) satisfies the
condition

by = O ( v p+1+ﬂ>) (n — 00), (1.2)

for an arbitrary small n > 0. For more results on Chlodovsky operators see
the survey article [9] by Karsli.

Explicit expressions of the coefficients cg’”] (f,z) in terms of Stirling
numbers were given by Karsli [10]. He derived the asymptotic expansion if
the function f satisfies condition (1.1) for every ¢ > 0.

Throughout the paper we assume that the sequences (a,) and (b,,) sat-
isfy

anbn_
(1.3)

The purpose of this note is a pointwise complete asymptotic expansion

for the sequence of Bernstein—Chlodovsky operators in the form:

(Crsan o ) (@) +ch1 " (= aﬁbn)k“(( =)
(1.
t
)

as n — oo, for sufficiently smooth functions f satisfying f (¢) = O (exp («
as t — oo, provided that the sequences (a,), (b,) satisfy (—a,b,

b, —a, >0, lim (—a,) = lim b, =400, and lim

n—oo n—o0 n—o0

||\_/4>
~——
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o (nt/®*D) as n — oco. The coefficients c[ n:bn] (f, ), which depend on f
and ay, by, are bounded with respect to n.

The latter formula means that, for each fixed > 0 and for all positive
integers ¢:

<awM%ﬁ@»=f@»+§;¢%“Wﬁ@<_ﬁ#ﬁk+0<<ﬂrm>v

as n — oQ.

2. Main Result

For real constants @ > 0 and p > 0, let W, ;, denote the class of functions
f € C(R) satisfying the growth condition:

f#)=0(exp(altf’)  (Jt| = +o0).

Note that in the special instance p = 0 the class W, o consists of the bounded
continuous functions on R. Since Wy, and W, ¢ coincide we consider only
the case a > 0.

Recall that the Stirling numbers s (n, k) and S (n, k) of first and second
kind, respectively, are defined by the relations:

n

zﬂ:ZS(n,k)zk and ZS’ (z€C),
=0

k=0

where 22 =1 and 22 =2 (2 —1)---(z —n + 1), for n € N, denote the falling
factorials.
The following theorem is the main result.

Theorem 2.1. Let o,p > 0. Suppose that the function f € Wy, is 2q times
differentiable in the point x > 0. Let (—ay,) and (by,) be sequences of reals
tending to infinity and satisfying the growth condition:

—apb, =0 (nl/(p+1)) (n — 0). (2.1)

Then, for any positive integer q, the Bernstein—Chlodovsky operators C., 4, b.,
possess the asymptotic expansion:

[an,bn] _anbn g _a"b" !
(Cna,“bnf> +Z <n) +0(<n> )

as n — 0o, where

et (f2)=0(1) (n — 00). (2.2)

The coefficients ck (f7 ) have the explicit representation:

) (2) & oV (g — q)
Zf _ ZA .5, ] 2—(ab)k) (a <b)
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with numbers

Alkys, )= Y (-7 <i)s (r—jr—k)S(rr—j). (23
r=max{j,k}

Remark 2.2. Note that the coeflicients CLa7‘7bn] (f,2z) depend on n but are
bounded with respect to n.

Remark 2.3. Our assumption (2.1) on the sequence (—ayb,,) corresponds to
Chlodovsky’s condition (1.2). Furthermore, it is related to the assumption in
the case a, = 0 (see, [3, Theorem 1, Eq. (4)]).

In the special case ¢ = 1 Theorem 2.1 implies the following Voronovskaja-
type result.

Corollary 2.4. Let a,p > 0. Suppose that the function f € Wy, admits a
second derivative at the point x > 0. Let (—ay,) and (by,) be sequences of
reals tending to infinity and satisfying the growth condition (2.1) . Then, the
Bernstein—Chlodovsky operators Cy, o, », satisfy the asymptotic relation:

n

(Cranin ) (1)~ F (1) = 5 £ (@) (2.4

lim

n—0o0 _anbn
Remark 2.5. The expansion in Theorem 2.1 is completely different to the
(pointwise) complete asymptotic expansion:

(Buf) (@) ~ f () + Y e (fa)n™ (0 —o0),

for the classical Bernstein polynomials B,,, which is valid for all bounded func-
tions f : [0,1] — R being sufficiently smooth in z € [0,1]. The Voronovskaja
formula states that

tim n ((Baf) (r) — f (2)) = 3 (1 ) /) ().

n—oo

The same is true in the case of the classical Bernstein—Chlodovsky operators
Cr,0.b, - Their Voronovskaja-type formula:

fin - (Cos, ) () — £ (@) = 22/ (2)

n— 00 bn

was derived in 1960 by Albrycht and Radecki [5]. For further history consult
the survey article [9].

3. Auxiliary Results and Proof of the Main Theorem

Our starting-point is an explicit representation of the central moments of the
Bernstein polynomials in terms of Stirling numbers of the first and second
kind. In the following we write e, (z) = 2™, m € Ny, for the m-th monomial
and ¥, (t) =t — x for x € R.
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Lemma 3.1. The central moments of the Bernstein polynomials possess the
representation

S

(Boyy) ()= Y 07" Y A(k,sj)a*
I
(s=0,1,2,...), where the coefficients are given by Fq. (2.3).
For a proof see, e.g., [2].

Lemma 3.2. The central moments of the Bernstein—Chlodovsky operators pos-
sess the representation:

S

(Cragti) @)= > n*Y Alksj)b-a) (@—a), (3.1
el

where the coefficients A (k,s,j) are given by Eq. (2.3) .

Proof. We have

(Craptz) (x) = X_%Pn (i—_Z) (a Homa % ) $>
~omor S (272) (4222
= (b—a)° (Butses ) (§_3>

and the lemma follows by Lemma 3.1. O

As we have seen in the proof of Lemma 3.2 the central moments of
the Bernstein—Chlodovsky operators can be expressed in terms of Bernstein
polynomials:

b—a
As a consequence from well-known properties of the Bernstein polyno-
mials we obtain the following result:

Lemma 3.3. Fora <x <b, it holds

(Cunnit) = 35 (£720=21)'

n
k=s

s ik
% Z dos. ((fﬂ (baz(;)z x)) (b_a)2572k7

i=2s—k

(Cratty) (@) = (b= a)° (Buvses ) <x = a) '

2s+1 k
(Cuatt) () = a-2) 3 (£Z00=0))

n
k=s+1

ik
u rz—a)lb—ux 25—2
X Z dast1,i <( T z(a)Q )> (b—a)** 2",

i=2s+1—k



201 Page 6 of 12 U. Abel and H. Karsli MJOM

where ds ; are certain real numbers.

Proof. Taking advantage of the well-known formulas for the central moments
of the Bernstein polynomials (see [8, Chapt. 10, Theorem 1.1]):

(angs) (z) = Z n’ = Z das,i (z (1 — x))l )

(Ba2 ™) (2) = (1= 22) > “n? =N "dy 1y (2 (1 - @),
j=0 i=j

where d, ; are certain real numbers, we obtain

k=s = i=2s—k (b— a)2
2s5+1 1
s 2s

(Craapt2 ™) (@) = (b—a)* (b+a—22) Y "

k=s+1
. (x—a)(b—2x) '
XY dasg (2 .
i=2s+1—k (b—a)
This can be rewritten in the form as stated in the lemma. O

For the sake of brevity, in the following, we write

S

k

s —ab

CranD@= X (T2) Quelabsa). (32
52

Note that, for a < z < b, with a < 0 < b, we have

=000y 2y 5] 1

w-ab-a)] 1
(b—a) 4
‘b+a—2x <1

b—a ’

(b—a)" <1, form<0, ifb—a>1.

This immediately implies the following estimate for the central moment of
the Bernstein—Chlodovsky operators.

Lemma 3.4. Let (—a,) and (b,) be sequences of reals tending to infinity and
satisfying the condition —a,b, = o(n) as n — oo. Then, for s =0,1,2,...,
the quantities Qs (an, by, s; ) (L%J <k< s) are bounded with respect to

n, and
«%%M@Mw=o<(ﬂmjryv (n— o0).
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A crucial tool is the following estimate due to Bernstein (see [14, The-
orem 1.5.3, p. 18f]).

Lemma 3.5. (Bernstein)For 0 <t < 1, the inequality

implies

v
[v—nt|>2z4/nt(1-t)

The next lemma presents a form of Lemma 3.5 which is more useful
for application to Chlodovsky operators on the real line. It follows the idea
of Albrycht and Radecki [5] who proved a similar result for the classical
Chlodovsky operators.

Lemma 3.6. Leta <z <b. I[f0<d<3(x—a)(b—2x)/(b—a) it holds

> ow(70) =2 (i)

|a+(b7a)7’; |25

Proof of Lemma 3.6. Putting t = (r — a) / (b — a) in Lemma 3.5, we have
Z Tr—a
A
S (e
‘afz+(b7a)%|22z n=1(z—a)(b—x)

if0<z<32,/n=2b=2 Choose § =2zy/n~!(z —a) (b— x). Then

3 pw(”é‘“)@exp( ==

‘a—m+(by—a)%|25

if 0 <4/ (2\/71—1 x—a)(b ) ng=22=2 The latter inequality is
equivalent to
5S3($—a)(b—x)
b—a
which is a condition of the lemma. O

Lemma 3.7. Let a < © < band 0 < § < 3(x—a)(b—2a)/(b—a). If a
bounded function f :[a,b] — R satisfies f (t) =0, for allt € (x — §, x4+ 0) N
[a,b], it follows the estimate

nd?

[(Cr,apf) ()] < 2exp <_4(x—a)(b—x)> 1 1lap -
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Proof. Because of f(a+(b—a)%) = 0 for all v € {0,...,n} with
la+ (b—a)% — x| <& we have

T—a v
[(Chapf) (x)] = Z Puw (b_a>f(a+(b—a) ﬁ)
|a+(b—a)2|>5
T —a
Wy X e (575)
|a+(b7a)%‘25
and the assertion follows by an application of Lemma 3.6. g

A direct consequence is the following localization result for Bernstein—
Chlodovsky polynomials which is interesting in itself.

Proposition 3.8 (Localization theorem). Let a,p > 0 be fized constants and
propose that f € W, , satisfies the estimate

[f ()] < K exp (a[t]”) (teR).
Furthermore, fix the real number x € (a,b) and let 6 > 0. Then f (t) =0, for
allt € (x — 0,z +9), implies

nd?

|(Ch.apf) ()] < 2K exp (_4(17@)(13@) exp (amax {|a|, [b|}").

Suppose that lim,, o (—ay,) = lim, o b, = +00. Then, for sufficiently
large values of n, we can assume that a, < —1 < 1 < b,, such that
max {|an|, |bn|} < —anby,. Since (z — ay,) (b — ) = O (—ayby,) as n — oo,
there is as positive constant M (x) (independent of n), such that

1 M (x)
4(x—ap) (by —x) = —apby,’
for sufficiently large values of n. Hence, we have

o (-emaemm) s (o)

We conclude that, for large n,

[(Ch.anp, f) ()| < 2K exp (—M (z) 77;52 i (—anbn)p)

—QAnOn Pt
= 2K exp (—M (x) —a:bn ((52 - Moéx) | I;L ) )) :

Proof of Theorem 2.1. Suppose that f is continuous on R being 2¢ times
differentiable at the point € R. Define the function h, by

2q
[ (z)
f= Z_% ,

VS + hptp2d (3.3)

|
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and hy (x) = 0. It is a consequence of Taylor’s theorem that h, is continu-
ous at z. Hence, h, € C'(R). Applying the operator C), 4 to both sides of
Eq. (3.3) we obtain

29 £(s) (o
Crand) @) =3 T () @)+ (Cuas (h020)) ().

s=0
The first sum is equal to

(g) 20 ,(s) s . k
Zf n,a,bw;m):Zfs—,(” > (7)) autwbsa)

s=0 ' k:Ls+1J
- k 2k (s)
s=k

—zc[“ he (‘Zb)

Note that cgl’b] (f,x) = 1. Eq. (2.2) is a consequence of Lemma 3.4. We
conclude that

(@ q _ k _ q
Zf (Cran ) () = 3 e <f7x>( a;[b") +(< af”) )

as n — 00. In order to complete the proof we have to show that the remainder
can be estimated by

(o, (hat?1)) () = 0 ((‘b)) (n — o0).

n

To this end let (J,,) be a sequence of positive numbers such that

(a (—anb,)? — qlog —a;bn + z ) (n €N).

*anbn
(3.4)
Note that the conditions (1.3) and (2.1) imply that d,, = o(1) as n — oo.
Define

62 _ _anbn
" nM (x)

en =sup{lhy ()| :t € (x —On,z+n)}.
Because h,, is continuous with h, () = 0 we have ¢, = 0(1) as n — oo. We
split the remainder into two parts

(Cranbn (hatp29)) ()
= > P, <;__2n)( qu)( (bnfan)%)

v
ant(bp—an) L —z|<dn

D S I CRACE L)

v
|an+(bn7an)%7m|25n

=2,
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say. Let us start with the estimate of the first sum:

I D D L | CRCE

v
‘an+(b 7an)77z|<6n

< en (Cnan b3l () = €20 ((—agbn)q) =0 ((‘agbny)

as n — oo, where we used Lemma 3.4. By the Taylor formula (3.3), the
second sum can be rewritten as

Z Z .
= Pn,v
2 —
> bn — an
‘an+(bn_a71)%_1|26n

2q
(st -5
s=0
and we obtain

nd2
’ZQ‘ < 2exp (—M (z) _an%n)
(s
X ('f”an, Z |f max{|xan|sa|bnlxs}> )

where in the last step Lemma 3.6 was applied. Note that

(s)

25 (an + (b — ) ;))

(s
Z |f max{|x—an|8,|bn—x\s} :O<(—anbn)2q) (n — o0).

Hence,

ZQ =0 (exp (a (=anbn)” = M (z) _Zi%)n>>
+0 <exp (Qq log (—anbn) — M (2) e ))

_anbn

as n — o00. In the case p = 0, i.e., f is bounded on R, we have

>,=0 (exp (2qlog (—anbn) — M (z) Zﬁn» (n — 00).

We can assume that a > 0. Therefore, in the case p > 0, we have

>.,=0 <exp <a (—anbn)? — M () _Zi;)) (n — o0).

Obviously, it is sufficient to estimate the latter relation. By Eq. (3.4), we infer

that
g =0 | ex lo ~nbn — i
5 p | ¢log n —anb,
_ q
_0 (( anbn) e_,/n/(—anbn)> (n — o0).

n
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Finally, we conclude that the remainder can be estimated by

(o (a29)) () = 0 ((“’)) (n - o)

n

which completes the proof of the theorem. O

Proof of Corollary 2.4. In the special case ¢ = 1, Theorem 2.1 states that

(Cosenin ) () = 7 &) + 0] (7,2) =220 4 <_anbn) (n — o)

n

which can be rewritten in the form

n b
— (Cog. ) @) = @) =" (fa) +0(1) (0= 0).
We have
(2) _ _
la,b] _ . n [ (@) 2 _ 1 (2) (x—a)(b—x)
1 (f7 Jf) - —ab ' 21 (Cn,a,wa) (Jf) - 2f (.13) —ab
and the desired formula follows because
lim c[an,bn] (f x) — lf(Q) (x) lim (-T - an) (bn - x) _ lf(Q) (.’L‘) .
n—oo ! ’ 2 n—oo —anpby, 2
This completes the proof. O
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