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Abstract. Let " and M™ "' be smooth manifolds with smooth bound-
ary. In this paper, following the techniques developed by White (Indiana
Univ Math J 40:161-200, 1991) and Biliotti-Javaloyes—Piccione (Indi-
ana Univ Math J, 1797-1830, 2009), we prove that, given a compact
manifold with boundary " and a manifold with boundary M"*!, for
a generic set of Riemannian metrics on M every free boundary CMC
embedding ¢: ¥ — M is non-degenerate.
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1. Introduction

In calculus of variations, there is a class of problems called isoperimetric; the
classical isoperimetric problem consists in finding the minimum area among
all hypersurfaces of a Riemannian manifold enclosing a region with prescribed
volume. We know that solutions to this problem are hypersurfaces with con-
stant mean curvature (in short CMC). More precisely, if ¢ : ¥ — M is
an immersion of an orientable n-dimensional compact manifold ¥ into the
(n + 1)-dimensional Riemannian manifold M, the condition that ¢ has con-
stant mean curvature Hy is equivalent to the fact that ¢ is a critical point
of the area functional defined in the space of embeddings of ¥ in M that
bound a region of fixed volume (see, for instance, [5]). The solutions of the
isoperimetric problem correspond to minima of the constrained variational
problem, however, it is interesting to study all critical points of the problem.
One of the interesting questions concerning general CMC hypersurfaces is es-
tablishing the non-degeneracy as constrained critical points, and this paper
deals with aspects of this question.

If ; is a smooth variation of ¢, t € (—e, €), @9 = ¢, such that V; = Vj,
for all t € (—e,€), where V; is the volume of the region bounded by (%),
a standard approach to find the solution of such a isoperimetric problem
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is to look the critical points of functional f(t) = A; + AV;, A; the area of
©¢, A = const., which is the classical method of Lagrange multipliers. When
A = nH, we have the aforementioned equivalence.

In the case where M is a manifolds with boundary M and ¥ is also
a manifold with boundary, the isoperimetric problem can be described as
follows. One wants to minimize the area among all compact hypersurfaces
diffeomorphic to ¥ in M with boundary contained in M and whose interior
lies in the interior of M, and which divide M in two regions such that the
closure of one of them is compact and with prescribed volume. The solutions
of this problem, called free boundary CMC hypersurfaces, are the so-called
normal CMC' hypersurfaces. Let Hy be denote the value (constant) of the
mean curvature of one such hypersurface. If Hy = 0 then we say that ¢(X)
is a orthogonal free boundary minimal hypersurface. A. Ros and E. Vergasta
obtain results on the stability of solutions of this isoperimetric problem in
the case where M is compact and convex, see [15].

In this context, we prove the genericity of Riemannian metrics v of M for
which every free boundary orthogonal minimal immersion ¢ : £ — M"+! is
non-degenerate. In analogy with the classical result for nondegenerate closed
geodesics, we will call such metrics (M, 3)-bumpy metrics. This result is anal-
ogous to a similar result for closed geodesics, obtained by Abraham [1] and
Anosov [4] which are related to properties of geodesic flows for generic Rie-
mannian metrics on a closed smooth manifold. We will see that this result
is valid also in the case non-zero constant mean curvature. Genericity of the
nondegeneracy assumption are very important in many situations, like for
instance in Morse Theory, see for instance [10,11] for applications in Gen-
eral Relativity, and [9] for applications in the theory of semi-Riemannian
geodesics.

To give a formal statement of the result, let us recall that the group of
diffeomorphisms of 3 acts freely on the set of embeddings of ¥ into M by
composition on the right. Given an embedding ¢: ¥ — M, we denote by [¢]
its equivalence class with respect to this action, and by 6’5—,7(2, M) the set of
[¢] such that p(X) NOM = ¢(0%) and ¢ is a y-orthogonal embedding with
CMC. So, our main result (see Theorem 4.1) is stated as follows:

Theorem. Let M™+! be a differential manifold with smooth boundary OM #
0, and X" a compact differential manifold with smooth boundary 0% # (.
Met*(M) the set of all C* Riemannian metric tensors in M, k > 2, and let
' C Met*(M) be a subset with a structure of separable Banach space'. We
define the following set:

M ={(7,[¢]) €T x E(S, M) : [¢] € E5.,(S, M), @ is y-minimal}.
Then,

1. M is a separable Banach manifold modelled on T'.
2. I1: M — T, defined by I1(~, [¢]) = 7, is a Fredholm map with index 0.

IMore precisely, we assume that I' is endowed with a Banach manifold structure that
makes the inclusion T' < Met® (M) continuous when Met* (M) is endowed with the weak
Whitney C*-topology.
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3. Yo is critical value of I if and only if there is a yo-minimal embedding
o : X — M which is degenerate.

For the proof of (2), we will show that IT satisfies the conditions of the Sard—
Smale theorem (see [17]); the proof of the genericity of regular points of II
will also follow from this result. Let us observe that, when M is noncompact,
Met* (M) has no natural Banach manifold structure; so, we have to choose
a suitable subset I' C Met* (M), where a Banach structure can be found.
Typically, I' consist of metrics satisfying some growth control at infinity (see
Definition 3.3). This theorem is the version in Riemannian manifolds for mini-
mal hypersurfaces with free boundary analogous to results of White [18], and
Biliotti-Javaloyes—Piccione [8]. White proves that, given a compact mani-
fold S and a complete Riemannian manifold (N, ), with dim(S) < dim(N),
then the Riemannian metrics 7 on N such that every minimal embedding
v : S — (N,7) is nondegenerate, form a generic set. When S is a circle, then
such result gives a somewhat weaker? result than the classing bumpy metric
theorem for closed geodesics, see [1,4,8].

Sard—Smale theorem for infinite dimensions is the main tool when it
comes to solving problems of genericity of non-degenerate critical points for
classes of maps between Banach manifolds. One of the central assumptions of
Sard’s theory in infinite dimension is the Fredholmness of the maps considered
in the theory. To guarantee Fredholmness, we must require a condition of
regularity type Holder, C7®, for our embeddings. The space of the Holder
functions defined in ¥ that satisfies the so-called linearized free boundary
condition is defined as

CHE) = {f € D) : y(Vf,itgn) + 17 (iig, iix) f = 0},
where V is the gradient operator, igys is the outer unit normal field in OM,
%M is the second fundamental form in M and 7y, is a unit normal field along
Y. Let {pt}ie(—c,) be a smooth variation of ¢, with o = ¢, Xo = o (X).
There is a bijection between a neighborhood V of [pg] € 85-77(27 M) and a
sufficiently small neighborhood U of 0 € Cg’a(Zo), determined by

01 (p) = expy, ) (f(P)T0(P)),
where exp is the exponential map in M defined by v and 77 is a unit normal
field in X (see [7, Proposition 4.1]). In the proof of Fredholm condition for
the map II, we used one of the most important objects in the study of our
theory, the Jacobi Operator, which appears in the formula of the second
variation of the area functional. For ¢ the Jacobi operator is defined by

J‘Po(f) = Azof - (||I[EOH%IS + Ricg(n2077720))f7

where Ay, is the nonnegative Laplacian of (2o, ¢§(g)). J,, restricted to space
Cg’a(E), is a Fredholm operator of zero index. We give a characterization of
free boundary CMC hypersurfaces non-degenerate in terms of the kernel of
the Jacobi operator.

2Namely, White’s result does not take into consideration the degeneracy of iterated closed
geodesics.
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Finally, it may be interesting to observe that we deal here with a family
of constrained variational problems, parameterized by the family I' of metrics
on M, where the constraint (the volume) depends in fact on the particular
metric. This entails that our main functional framework does not possess a
product structure, but rather a fiber bundle structure over I'. To deal with this
situation, we formulate an abstract Fredholmness and transversality result
that applies in particular to the case of CMC embeddings, see Theorem 3.1.
This result has an interest on its own, and it is one of the central technical
result of the present paper.

It is natural to ask whether similar genericity results hold also in the
case when the ambient space is a semi-Riemannian manifold. We will address
this question in a forthcoming paper.

2. Preliminaries

Throughout this paper we will consider M as a (n+1)-dimensional differential
manifold with smooth boundary M # () and ¥ as n-dimensional differential
manifold with smooth boundary 9% # . In this section, we introduce the
concepts of admissibility and orthogonality of hypersurfaces with boundary
in a manifold with smooth boundary, we will give the definition of mean
curvature and free boundary CMC (Constant Mean Curvature) hypersurface.
Also, we give the meaning of nondegeneracy of CMC hypersurfaces, under the
Holder condition of regularity C7%, through Jacobi operator restricted to the
Banach space of the Holder functions defined on a manifold with boundary
that fulfill the linearized free boundary condition.

2.1. Orthogonal Submanifolds and Mean Curvature

Definition 2.1. Let ¢ : ¥ — M be an embedding. We identify ¢ with its
image ¢(X) C M. ijaps is the outer unit normal field along the boundary of
M. We call ¢ admissible if it satisfies (a) and (b), and normal (orthogonal)
if it also satisfies (c):

(a) ¢(X) NIM = (%),

(b) the normal bundle T'(¢(X))~ is orientable,

(c) and for each point p € ¢(9%), Tanm (p) € Tpre(X).

The admissible hypersurface ¢(X) is said to bound a finite volume if
(d) M\p(X) = Q1 UQy, with Q; compact and Q1 N Qs = 0.

If o : ¥ — M is an orthogonal admissible embedding, then p(X) it is
compact and p(X) and OM are transverse submanifolds. We say that ¢(X)
is a orthogonal submanifold of M (see Fig. 1).

Let g be a Riemannian metric on M and ¢ : ¥ — M an orthogonal
immersion. And write Xg := ¢o(X). We define the second fundamental form
on Yo as

I (X,Y) == g(VxY,is,), (2.1)
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Figure 1. Orthogonal admissible embedding

where 7, is the unit normal vector field to ¥y in the orientable normal
bundle, V is the Levi—-Civita connection in M, and X,Y are vector fields in
Y.

The mean curvature function Hy,: 3o — R is defined as trace of the
second fundamental form I*™°. The mean curvature vector of ¥ is defined
as ﬁgo = Hs,7x,. If Hy, is constant, ¥ is called a constant mean curva-
ture hypersurface (or CMC hypersurface), and if Hy, = 0, X is a minimal
hypersurface.

2.2. Variational Problem

In the theory of variational problems is known that the hypersurfaces with
CMC of M minimize the area among all hypersurfaces enclosing a fixed vol-
ume. In the case where 0% is allowed to move freely along OM the variational
problem is called free boundary CMC problem. The solutions of this problem
are orthogonal hypersurfaces with CMC which are called free boundary CMC
hypersurfaces. We introduce the following notation:

e Emby (X, M) be the space of admissible embeddings of ¥ in M,
e Emby, (X, M) C Emby(X, M) the subspace of normal admissible em-
beddings and bounding a finite volume.

We have (see Barbosa-do Carmo [5]) that ¢y € Embg, (3, M) have
CMC H if only if is a critical point of functional fg : Embg, (X, M) — R,
defined by

fH(@):/ZUOlw*(g)—H/Q volg. (2.2)

Note that if H = 0 then ¢o(X) has the minimal volume over all hypersurfaces
©(2), ¢ € Emby (X, M). In this case, g is said to be a free boundary minimal
hypersurface.

We say that ¢y : ¥ — M is non-degenerate if g is a non-degenerate
critical point of fg.
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Definition 2.2. yA metric ¢ on M is called “(3, M)-Bumpy”, if all ¢ €
Embg, (X, M), with CMC in the metric g, is non-degenerate.

We discuss below some other characterizations of non-degenerate hy-
persurfaces.
2.3. Jacobi Operator
Let X9 = ¢o(X) be a orthogonal CMC hypersurface, o € Embg, (3, M).
C7(%) is the set of functions f : ¥y — R with continuous derivatives to j
order, j could be infinite. The second-order linear differential operator J,, :
CI(g) — CI7%(%y), j > 2, defined by

Jtpo (f) = Azof - (||HEO||%{S + Ricg(nzoanzo))f (23)

is called Jacobi operator, where Ay, is the (nonnegative) Laplacian of (X, )
and |[T™||%,4 is the square of Hilbert-Schmidt norm of the second funda-
mental form of pg. A Jacobi scalar field along of ¢y is a smooth function
J € CI(Xp) such that J,, (f) = 0.

We consider a smooth variation of ¢q as follows:

DY X (—€€) = M, >0, (2.4)

such that ®(X,s) = ps(X) = X5 C M, ¢s € Emby(X%, M) with CMC H.
Let V = 59 ‘ (I> be the corresponding variational vector field. Then &, =
g(V,7is,) sa 1sﬁes

d .
&‘s:OHé = Azogo - (HHEOHiIS + Rlcg(nZoﬂ?Zo))go = ']4,00 (50)7 (25)

Then J,, represents the second variation d*§1 (o) of 7 at the critical point
o, with respect to L? inner product.

Remark 2.1. Note that & is a Jacobi field exactly when %‘ H,=0.
s=0

Lemma 2.2. If each s is normal, that is s € Embg, (X, M), with CMC,
then & satisfies the so-called linearized free boundary condition

9(Véo, Tonr) + 1M (i, i, )0 = 0, (2.6)
where V& is the g-gradient of & in .

Proof. We can decompose V' in its tangent and normal components
V =VT + &ifs,,
and
Vvis, = Vyrifs, — V&,
(see Proposition 15 of Ambrozio, [3]). So, if VT = 0 then
Vg(iTse, onr) = 9(VviTse, o) + 97z Vvilon)

=g(Vyriis, — Véo,am) + 9(17s,, Vviiaon)
= —9(V&.Mom) + 9(7Tses Veoiis, Tor)

0&o
OMlam

(70> Vi, Tons )o-
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Thus,
23 . . L
aﬁai{ = 9(Tsq» Viig, Tor)€o — V 9(iTsq s Ton)-
Therefore, if each ¢y is a free boundary CMC hypersurface
9&o . .
37781\/1 = 9(77207 vﬁzo 778M)€0'
Then
. OM = = 0% L
9(Véo,Tonr) + L7 (175, 75, )0 = Dons + (Vi 150, onr ) o
23 . ﬁ
= 6778(])\/[ - g(ﬁan vﬁ):o WBM)§O
_ 0% 0%
OMom OMom
=0.

2.4. Regularity

Sard’s theorem or Sard-Smale theorem in the case of infinite dimensions (see
[17]) is the main tool when it comes to solving problems of genericity of
regular points for a certain map between Banach manifolds. Said map needs
the condition of being Fredholm with a certain index. To obtain this condition
it is necessary to establish a regularity condition type Hélder, C7®, for our
embeddings. We can endow space of functions defined from ¥ to R, C¥%(%),
with regularity C7®, with the following norm:

I fllcse = | fllcs + max [DPf| ., (2.7)
18]=4 ¢

where 3 ranges over multi-indices and

Df(x) — Df(y
I7les = maxsup [D25 (@], 1Dflone = sup PLELZDIWL
181<i zex r£YETE ||z =yl
It is well known that C7%(X) endowed with this norm is a (nonsepara-
ble) Banach space.

Remark 2.3. When the operator fz defined in (2.2) is considered on the space
of C7*-embeddings, the Jacobi operator acts on the corresponding tangent
space at g, which can be identified with C}* (%) (see Proposition 3.2).

We define the following space:
Cga(Eo):Z{f S Cj’a(EO) : g(Vf, TIaM)‘HIaM (ﬁzmﬁzo)f = O}' (2'8)

The restriction of J,, J,, : C5%(2) — C2(2) is a Fredholm operator
of index zero (see [14, section 2]).

Since J,, is the representation of the second variation of the area func-
tional, we can define the following.
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Definition 2.3. The embedding ¢y € Embg, (3, M) with g-CMC is called
non-degenerate if J,, is an isomorphism of Banach spaces, i.e. ker J,,N

CHH(E) = 0.

0 |Cz;“<z>

3. Genericity of Regular Points and the Smooth Structure
of the Set of Orthogonal embeddings

In this section, we will prove an important theorem (Theorem 3.1) in general
terms that will be a key tool in the proof of the main theorem in our work.
Is a result given in general terms over Banach spaces I';, X and Y, where it is
proved that the kernel of a certain application H : I' x X — Y, defined from
a functional A : I x X — R, is a Banach manifold and the first projection II,
defined on that manifold is a Fredholm operator of zero index, whose critical
points (79, ug) are elements such that wug is a degenerate critical point of
A(70, ). We also define a Whitney space of tensor fields and we will see that
the set of unparameterized embeddings has a Banach manifold structure.

Definition 3.1. A subset of metrical space is said to be generic if it is the
countable intersection of dense open subsets. By Baires’s theorem, a generic
set is dense.

3.1. An Abstract Fredholmness and Transversality Result

We will present here an important abstract result for smooth maps on a lo-
cally fibrated manifold, see Theorem 3.1 below. The result shows the gener-
icity of the regular points for maps between Banach spaces in an abstract
formulation, and will be used in the proof of the main theorem of this Chap-
ter. It will be supposed that A : ' x X — R is a map of class C7, with
j > 2, where I' and X are Banach spaces; we also assume that X has an
inner product. We require a condition of transversality (see Definition 6.2)
between the function %A :I'x X — TX* and the zero section of T X*, this

is equivalent to saying that V(vo, o), g—’;‘('ymxo) and w # 0, w € ker(‘gi’;‘),

Jv € T,,T" such that %(vo,xo)(w,v) # 0 (see [8, Proposition 3.1]).
It is necessary to give the following definition of locally fibered subman-

ifold that is imposed as a condition in the Theorem 3.1

Definition 3.2. Let I' and X be Banach spaces and IT : I' x X — T the first
projection. Let X C I' x X be a submanifold. We say that X is a locally
fibered if it meets the following condition: for each (ug,vg) € X, there is an
open U C I' and a closed subspace W C X, with vy € U and vy € W, and
a diffeomorphism ¢ : U x W — II71(U), such that the following diagram is
commutative:

I YU) ~— UxW
: \
U

ie., for all (u,w) € U x W, Il o p(u,w) = u.

Proji
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The following theorem is a version analogous to theorem of B. White
(see [18, Theorem 1.1]).

Theorem 3.1. Let ', X andY be Banach spaces, H a Hilbert space with inner
product (-,-), and X CY C H. Let

A:TxX—R (3.1)

be a C7 function, j > 2. Suppose that there exists a map H: T x X — Y such
that

%‘t:oA(%u_Ftv) = (H(7v,u),v), (3.2)

forally €T and u,v € X.
Let X C T'xX be alocally fibrated submanifold such that for all (7o, ug) €
X the operator

oOH

%(%,uo) Tog X

is a Fredholm with index zero (T,,X = X ).

Furthermore, suppose that for all k € Ker%—lj("m,uo) NTuX, k #0,
there exists a family (v(s),u(t)) € X, such that v(0) = o, u(0) = ug, v'(0) =
k and

Ty X =Y (3.3)

] o AG (), (D) £0. (3.4)
Then

1. H|3€ : X =Y is a submersion near (v, up), so there exists a neighbor-
hood W C X, (y0,u0) € W, such that

M ={(v,u) e W: H(y,u) = 0}

1s a submanifold of X, and

TiyyM = Ker (dH(’y,u)’T 3€> .
(v,u)

2. The projection
m:M-T, TI(y,u) =y

s an Fredholm operator with index zero.
3. The critical points of H|M are elements (yo,u0) € M such that ug is a
degenerate critical point of the functional A(vo,-).

Proof. 1. To simplify the notation we write J = %—IJ(%,uOHT 5 - We
o TYo
show that J is symmetric with respect to the product in H. Indeed,

0? d d
ACo, tw) =35 *‘ Ao, t
B3 |z 110> V0 F 8V 1) =0 ( 7|, Ao, w0+ sv+ w))

T ds
d
(H (70, uo + sv),w)

:£ s=0
= (Ju,w).
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On the other hand
82
O0t0s ls=t=0
Now, for all u € kerJ and v € X, we have (Ju,v) = (u, Jv) = 0. Thus,
im(.J) C (kerJ)*. Since J is Fredholm with index 0, we obtain

im(J) = (kerJ)*. (3.5)

To prove that H : X — Y is a submersion we have to prove that

Ao, ug + sv + tw) = (Jw, v).

dH (o, uo) . is surjective and its kernel is complemented.
(v0,u0)

First, we prove surjectivity. Let (y(s), u(t)) be a family compatible
with X, such that v(0) = 70, ©(0) = wg, v/ (0) = k # 0, k € KerJ (for
example, take u(t) = ug+tk). Note that 7 = & 07(5), R-vy CT,T
and (R -75) X {0} C Tiyg ue X- So, -

0% 2 Al(s),ult))

OH
= < 8’}/ (70,U0)76,]€> .

Since %(’Yo, u0)7y € Im(dH (7o, uo)}T(wo,uoﬁf)’ we use Lemma 7.2, with

V=Y, W =KerJ and Z = Im(dH (v, u0)|T( )x), which shows that
70,10
dH (70, uo) restricted to T, )X is surjective. Now, we have
ker (dH(’VO’UOHTMO,uO)x) C kerJ,

and from the fact that J is Fredholm we infer that

Dim (ker (dH(’yO7 uo)‘T(“ro,uo):{)> < Dim(kerJ) < cc.

Therefore, ker(dH (o, uo) |T(70‘u0) ) is complemented in T{; ,,,)X. Thus
H : X — Y is a submersion. Whence there is a neighborhood U of
(70, up) such that

M=HY0)nU
is a submanifold and

Tv,u0)M = ker (dH(q/O7 u0)|T(70,u0)x) .

. Let
II:'xX —T
(y,u) —
be the projection on the first factor. Take the restriction of II to M,

IT), . We have to prove that Dim(ker(dH‘T( < o0
ol

M o‘uo)M))
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and im(dIT| T ) 18 closed and has finite co-dimension. We have
hat (v0:u0)
tha

ker (Il ) =kerTl N T(y, ) M

= ({0} x X) Nker (CUT{(WO,UO)’T(W ,u0>3€)
= {0} x kerJ,
which is of finite dimension.

Now, by hypothesis about X, there is a neighborhood U C T,
v € U, and a diffeomorphism ¢ : U x W — II"1(U), W C X a closed
subspace, such that the following diagram is commutative:

I (U) ~— UxW

proyi
II

U

So, locally II is as a projection from a product space.

In particular for ~y fixed, we can take ¢ such that ¢(yo,u) =
(y0,u), for all uw € W. Set

H:=Hop:UxW —Y.
Then

8F( u ‘ ug + tv)
u o 0) W H (70, uo

=—| H
|, Hloto,uo + )

d

= Tliso H (o, ug + tv)
H

= 22 (0 ).

And we have

ker(dH (Yo, u0)) = {(5,6«1) : %(%,Uo)f + %(%mo)w = 0}

and € € (92 (70, up)] 7 (im.]).

We prove that im(dIT| T o) ) has finite co-dimension.
Y0,u0

m(dH|T(’Yo,uo)M) = H(T(’YO,UO)M)

= Il(ker(dH (v0, u0)))
-1

= {%Ij('yo,u())} (im (%ZI(VO,UO))>

oH -1

- {87(%, uo)} (im.J). (3.6)
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The Fredholmness of J implies that its image is closed and finite
co-dimensional. Thus, we use Lemma 7.3 with U =T,,I', V =Y, S =

im%—f(%,uo) and L = %—g(’yo, up). Now, we have
H H =
im%(%,uo) + im%—u(%, ug) = im(dH (o, uo))

= m(@H oo w))| .
70140

but dH('yo,uo))‘ is surjective, so
Tvgug) X

oH oH
COdil’Ily <1ma’y(’}/0,U0) + lmau(’}/o,’u,o)) =0
and
— — -1
L o0H ) OH .
Codimyim <8u(%’uo)) = Codimr, <{8'y(70’u0)} (1mJ)> .
On the other hand,
H
Codimyim (%(70,u0)> = Dim(imJ)* = ker(J)
u
Thus, II is Fredholm with index 0.
3. Recall that (79, ug) is a regular point of H‘M if

dH(’)/o, UO) ’T(’YDvUO)M

is surjective, and also remember that
1

as we see in 3.6. Then (7o, uo) is a regular point of 1'[|M if and only if

im(%(%yuo)) Cim (%Z(%, Uo)) )
but
im(dH (70, uo))=im (%(VOWO)) +im (%(WOWO)) =im <%(Voau0)) =imJ.
Now
im(dH (Y0, up)) = im <dH(70,u0)‘ )
Ttvo.u0) X
and dH(vO,uo)‘ is surjective. Hence, kerJ = {0}, since J is

(7o >“ro)x

Fredholm of index 0. Therefore, (yo,ug) € M is a regular point to H| M
if and only if kerJ = {0}. Whence v is a critical valor of II| i and

only if there exists ug which is a degenerate critical point of A(vo, ).
O
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3.2. C*-Whitney Type Banach Space of Tensor Fields
The definitions of this section are taken from [6,8]. We denote by G¥ (T M*®

sym
T M*) the vector space of all sections o of class C¥, k > 2, of the vector bundle
TM* ® TM* such that o, : T,M x T,M — R is symmetric for all p. Let
Met*(M) c GE (TM* ® TM*) be the set of all metric tensors g on M of
class C*. The set nym(TM *® TM*) does not have necessarily a canonical
Banach space structure, for example if M is noncompact. To give a structure
of Banach space to this space of tensors, we introduce the following definition

(see [8, section 4.1]).
Definition 3.3. A vector subspace W C GF (T M*®@TM*) will be called C*-

sym

Whitney type Banach space of tensor fields over M if complies the following
conditions:

1. W contains all tensor fields in nym
port;

2. W has a Banach space norm || - ||¢ with the property that || - ||e-
convergence of a sequence implies convergence in the weak Whitney
C*-topology.?

(TM* ®TM*) having compact sup-

The second condition means that given any sequence (b, )nen and by, €
W such that lim,, . ||bn, — boo||w = 0, then for each compact set K C M,
the restriction b,|x converges to b |x in the C*-topology as n — oc.

We can construct a C*-Whitney type Banach space of tensors on M
using an auxiliary Riemannian metric gg on M as follows (see [8, Example
1]). The Levi-Civita connection V# of gr induces a connection on all vector
bundles over M obtained with functorial constructions from the tangent bun-
dle TM. Also for each r, s € N, gr induces canonical Hilbert space norms on
each tensor bundle TM*(") @ TM) which will be denoted || - ||z. Now, we

define Gt (TM*®@TM*; gg) as the subset of GF,, (T'M* @ TM*) consisting
of all sections ¢ such that
llo||x = max |sup ||(VE)io(x)||r| < +oo. (3.7)
1=0,..., k |zeM

The norm |- || in (3.7) turns G¥,,, (TM*®@TM*; gr) into a separable normed
space (see [16]), which is complete if the Riemannian metric gg is complete.
Thus, we have that gfym(TM* ® TM*;gg) is a C*-Whitney type Banach
space of tensors.

When M is compact, G&,,,(TM* ® TM*;gz) = G, (TM* @ TM*),

and Met®(M) is an open subset.
3.3. The Smooth Structure of the Set of Orthogonal Embeddings

The appropriate setup for studying the set of submanifolds of a diffeomor-
phism type is obtained by considering the notion of unparameterized embed-
dings. Unparameterized embeddings are the elements of the quotient space
generated from the free action to right of the diffeomorphisms group on the
space of embeddings of ¥ into M. The area and volume functional are invari-
ant by this action.

3For definition and properties of Whitney C*-topology see [16].
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Definition 3.4. Two embeddings ¢;1 and ¢, from ¥ in M will be equivalent
if there exists a diffeomorphism ¢ : ¥ — ¥ such that po = @1 0 ¢, i.e., if they
are different parametrizations of the same submanifold of M diffeomorphic
to X. For ¢ € Emb(X, M), we denote by [¢] the class of all embedding that
are equivalent to ¢. We say that [¢] is a unparametrized embedding of ¥ in
M.

Definition 3.5. We define the following sets:
e £(3, M) = {[¢] : ¢ is a embedding of order C/*},
o (5, M) :={[p] € £(3, M) : (X) NOM = p(0%)},
o Let v € Met(M),

8;7(27 M) :={[p] € E5(X, M) : ¢ is y-orthogonal}.

There is a smooth Banach manifold structure, of infinite dimension,
for a sufficiently small neighborhood of [¢g] € 55-7(27M ) in some suitable
topology.

Proposition 3.2 [7, Proposition 4.1]. Let ¥ be a compact manifold with bound-
ary and pg € Embg (X, M). Let U C 55‘7(2, M) be a sufficiently small neigh-
borhood of [¢o], then U can be identified with an infinite-dimensional smooth
submanifold N of Banach space C7* (%), with 0 € N corresponding to [po],
such that To)N = C5%(2) (see 2.8). O

4. Genericity of Bumpy Metrics

Here we prove the principal theorem (Theorem 4.1). Then, for the spaces
' = WnN MetF(M), (W is a Banach subspace of type C*-Whitney of the
symmetric tensor fields on M, defined in the Sect. 3.2), X = C7%(X) and
Y = 07=%(%), the functional area A : T x X — R and the mean curvature
of the operator H : I' x X — Y, the conditions of Theorem 3.1 are fulfilled.
Thus, as an immediate consequence of the Theorem 4.1 and the Sard—Smale
Theorem, we obtained the genericity of non-degenerate free boundary CMC
embeddings, Corollary 4.6. In other words, we prove that the set of Bumpy
metrics in M is generic in the space of all Riemannian metrics of M.

Theorem 4.1. Let M be a (n+1)-dimensional differential manifold with smooth

boundary OM # (), and ¥ a n-dimensional compact differential manifold with
smooth boundary O # 0. Let W C G, (TM*®@TM*) be a C*-Whitney type

Banach subspace of the symmetrical tensor fields over M, with k > j > 2, let
' C WN Met*(M) be an open subset of W. Let M be the set defined as

M= {(1,[¢]) €T x E9(S, M) : [¢] € £ (S, M), p is y-minimal).
Then

1. M is a separable Banach manifold modelled on T'.

2. I: M — T, defined by 11(v, [¢]) =, is a Fredholm map with index 0.

3. o is critical value of 11 if and only if there is a vyo-minimal embedding
po : % — M which is degenerate.
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4.1. Analytic Preliminaries

We begin by proving some lemmas to clarify the ideas in the proof of Theorem
4.1.

Lemma 4.2. Let ¥y = ¢o(X) be a free boundary minimal surface and f :
Y9 — R satisfying the linearized free boundary condition

20(V Fy o) + 17 (375, 7, ) f = 0.
Then there is a map
0:(—€€) — CP (%),
with 22— 0 if t — 0, such that ¢, : Sg — M defined by

e1(p) = exp, ) (IEF() + 0t) ()]s, ()
is orthogonal (orthogonal in the sense of Definition 2.1 (c))

Proof. By Proposition 3.2 there is a bijective correspondence between a
neighborhood U C €5 (X, M) of [po] and a infinite-dimensional smooth sub-
manifold AV of the Banach space C7%(%), with 0 € N corresponding to [po]
and ToN = Cg’o‘(Z). So, there is a diffeomorphism, given by the inverse map-
ping theorem (see 6.1), between U and a neighborhood V' C To N of 0, such
that ¢, — tf. On the other hand, erp,, also generates a diffeomorphism be-
tween U and some neighborhood V' C Ty, such that ¢, — tg;, with go =0
and g = f. Since V and V' are diffeomorphic we have g; = tf + o(t), where
o(t) is differentiable and OTt) —0if t — 0. O
Lemma 4.3. Let 3 be a n-dimensional compact submanifold embedded in M,
f: 3 = R function, f € C7, f # 0 and nx the unit normal vector field to .
Then there is a map ¥ : M — R such that

(i) ¥(p) =0, forallpe X,
(ii) [ d¥(ns)- f(p)dX # 0.

Proof. Let pg € ¥ be such that f(pg) > 0. There is a local coordinate chart

around of py, (U,z = (21,...,%n41)), such that

1. z(U) = B1(0) Cc R*HL,

2. ‘T|UﬂE = (z1,...,2p,0) and

3. f(p)>0forallpe UNX.
We have

day(iip) = Ua(p)
where v,(,) = (v1,...,Vnq1) With v, 41 # 0. We may assume that v,;1 > 0.
Set

h: By(0) —R
(1, oy Tpg1) = UZng1),

where [: R — R is a smooth function such that

(i) Supp(l) C [-1,1],
(ii) 1(0) = 0 and
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Figure 2. Graph of [(¢)

(iii) '(0) > 0.
For example [ can be taken as follows (see Fig. 2):

22—t — 1))+ 3(2(—t —1))?2], if —1<t<—1/2

1) = sin(rt), if —1/2<t<1/2
) 202(t - 1)) +3(2(t — 1)), if1/2<t<—1/2
0 otherwise.

Under these conditions we have
h(B1(0)NR™) =0
Vhy, =(0,...,0,1'(0)) forall p€ B;(0)NR").
So, we define ¢ : M — R as
hox(p) ifpelU
0 if pe M\U.
Therefore, 1 fulfills statement 1).
Now, for all p € U N3, we have

A4y (7ip) = Vha(p) - day(7ip)
= V()  Va(p)
=1'(0) - vp1 >0

and

dip,(7i,) =0 for p e X\U.

Then

[ ) sz = [ au (@) f)ds >0,
%

xnU
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Lemma 4.4. Let (X,d) be a non-separable metric space and let (Y, 7s) be a
separable topological space, with ) #Y C X. Assume that 74|y C 75, where
T4 18 the topology generated by d. Then the closure of Y in 14 is separable.

Proof. Let Y be the closure of Y in 74, and y € Y. Let B,(y) be a d-ball
with center y and radio r, thus B,.(y) NY € 7,. If D is a dglse subset of Y
then there is z € DN [B,(y) NY], so x € B, (y). Therefore, Y is separable in
Td- O

4.2. Proof of the Genericity Theorem of Metrics Bumpy

Now we will prove Theorem 4.1. Under suitable constraints on the set of
metrics in M and the space of embeddings of ¥ in M, the its proof follows
from Theorem 3.1.

Parts (2) and (3) are immediate consequence of Theorem 3.1.

To prove (1), let g be a metric in M, g of class C*°, such that M is
g-totally geodesic. Take (7o, [¢0]) € M. Let 7ip be the unit normal vector
field along of ¢g(X). For each f: ¥ — R of class C** sufficiently small, we
associate the embedding ¢y : 3 — M defined by

©1(p) := expy ) (f(P)70(P)),
where exp is the exponential map in M defined by g. We set 7ig(p) := 7io,,, -

Since ¢y is orthogonal then 7ig(p) € Ty, () (0M), for all p € g (9o (S)NOM).
Hence ¢¢(0%) C OM since OM is totally geodesic. Note that if f = 0 then

Pr = ¥o- 4

Now, let U C C?*(X) be a sufficiently small neighborhood of 0 such
that exp is a diffeomorphism in a neighborhood V' generated by U,

€XPyy (p) : Cr (%) — M
fr—exp(f.io) =: ¢¢(p).

Note that the map f +— [¢/] is a diffeomorphism between U and a
neighborhood U of [pg] € £5(X, M).

Defined the following spaces:

X =C7(x)
Y =CI72(%)
H=L*),

and the set

X={(f): f €Uy is y-orthogonal to OM}.
Let us see that X C I' x X is a locally fiber sub-bundle.
Proposition 4.5. X is a locally fibered submanifold over T’

Proof. Let us denote X = C7%(%) to simplify writing. We define the following
map, clearly differentiable,

¢:T x X — CI712(9%)

(V?f) — V(ﬁtpfvﬁaM)v
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where 7, is a unitary normal field to ¢ (X) and 7igys is a unitary normal
field to M. So X = ¢~1(0). Therefore, if ¢ is a submersion for all (v, f) € X,
then X is a submanifold.
Let (0, fo) € X, we have to T,,I' x {0} C T(,, )X C Ty, I' x Ty, X.
Now,

dg(, ) : TyD X Ty X — Ty, 1y C7717(05),

then, we must prove that dé(v, f) is surjective and Ker(d¢(y, f)) is comple-
mented.

We have that

4607, )3 ) = "* 99 7

" or

e of
:’Y(nsof?naM)—i_ aﬁaf +’Y(v’ﬂ¢ nipf7naM)f

~ (= — 8f OM /- —
:7(”¢f7n8M)+m+H (T, Mg, ) f-

To prove that d¢(v, f) is surjective we observe that 4 € T,T" is a symmetric
bilinear form, then for any h € T¢(%f)Cj’1’a(8Z), we choose 4 such that

DI of ;
(s, o) = h — ( —»f HdM(”s@w”W”) :

8naM

Now, to see that d¢(v, f) is complemented, notice that the projection
in the second factor,

Py : Ker(do(v, f)) — Tr X,
is surjective. Indeed, if f € Ty X, we can take ¥ such that (7, an) =
of OM(=» = \f
7(877;1” +]I (n<Pfan<Pf)f>-
For fixed f € Ty X, we define the following space.

{7: (3, f) € Kex(de(y, )} = 77 + {7 : (it , flanr) = O},

where :Yf = _( ?f +H8M(ﬁ¢f7ﬁ<ﬂf)f)~

Orlanm
Let us see that

I'o= {5/ : :Y(ﬁtpfvﬁaM) = O}
is complemented. In general, if N7 and Ns are differentiable fields in M, such
that N1|aM = Tign, N2| . =1, and let o € Fg;m( ) be such that, in a
neighborhood of OM U Xy,

7]0(]\71, Nz) =1.

Then for all n € T%2 (M)

Sym
n=m +n2,

where 1y = —n (N1, N2) - 1o and 12 = 1 — n(N1, N2) - 9. So, 71 is in the gen-
erated by 79, 12(N1, Na) = 0, then 79 € T'y. Therefore, Ty is complemented.
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Thus, the complement of Ker(d¢(v, f)) is the set
(F,To—77): f € TyX}.

Now, by the local form of the submersions (see statement in 6.3), we
get that X is locally fibered. 0

Now, we define the function
A=T'xX —R
(7, f) — A(7, f) = n-area of ¢ (%),
and the operator
H= X —Y
(v, f) = H(7, f) := y-mean curvature of ¢;(X).
We have, therefore, that

oOH
aif(fyo’ 0) = J("/o,saoﬁ

where Ji, ) is the Jacobi operator .J,,, defined in the metric 7o (see Sect. 2.3),
which restricted to C)*(X) is Fredholm with index 0.
Also, we have that

d d
Tl A i) =) (/Volwm)(w)
/H (. f
H(v, £), Dn

It remains to show that the condition of transversality defined by equa-
tion 3.4 is fulfilled, to verify the hypotheses of Theorem 3.1.

Let f € ker(2Z (70,0)) = ker(Jy,,) be non-zero. As J,, is restricted
to C] (%), then f satlsﬁed the linearized free boundary condition. Take a
smooth variation of g, ¢y := ¢y,, —€ <t < ¢, such that

#u(p) = Expy, ) ([LF(p) + o(t)]7io () (4.1)

where o(t) : (—¢,€) — CF(3) is a differential application with @ — 0 if
t — 0. By Lemma 4.2 ¢, is orthogonal to OM.

Now, take a variation 75, —0 < s < d, of 79 by conformal metrics as
follows:

Ys(q) = (1 + s¢(9))v0(q), (4.2)

where ¢ : M — R is a smooth function such that 1(q) = 0 for all ¢ € (%),
this is, if ¢ = ¢o(p), Y(Exp,(0)) = ¥(q) = 0.
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Let {Q, (x1,...,2,)} be alocal coordinate chart of X, p € Q. The volume
form associated to the metric v, is given by

UOZ‘P}("/S)‘;} = \/mdzl Ao A dxn}p
\/Det {'ys (dgof <a%i> depy (%))}dxl /\~~~/\d:v"|p
= \/Det {(1 +sw(Exp%(p)(f(p)ﬁo(p))))vo (dsaf <8%i> »deg (%))}

dz' Ao Ada™

= (1 + sw(ExpS,,O(p)(f(p)ﬁo(l?)))yl/2 \/Det {70 <d¢f (%) des (%)ﬂ

dz' Ao Ad2”

. n/2
= (14 59 (Bxp, () (F @0 @) ) 0Lz (30
To simplify the notation we write
fr=1tf+o(t)
and
v = firio.

Note that fy = 0, so vy = 0. Also take ¢ = @o(p) and ¢y = @y,. Hence, the
area function over the variations of ¢y and 7y given by Eqgs. 4.1 and 4.2 has
the following form:

A(s, ft) Z/Zwl@:(vs)

n/2
:/2 (1 + SQ/J(Equ(Ut(p)))) 0ly: (40).
On the other hand,

62
atasA(’Ysaft)’ o
d d n/2
= 3l s=0/§; (1 + sq,b(Equ(vt))) V0l ()

(1/1 (EXPq (Ut)) ) 00l (vy)

s=0

n
2
d n
- dt t=0/§; Ew(Equ (’Ut))’UOl‘Pf (v0)
nrd d
- /z 5 {& (I/J(Equ(vt)))vol%(%) + ¢ (Exp, (vt)) &vol%(%)} .
n
3l

d
di/)(Equ(vt)) . dEqu(vt)(avt)vol%(W)] o + 0,
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B / 5 (o) - F@)ito(p) |volss )
— / gf(p) [d?/i (SOO (p)) (o (p))} UOLPS(VD)
p

so, by Lemma 4.3, we can to choose 1 such that the last integral be nonvan-
ishing.

Therefore, by Theorem 3.1, there is a neighborhood W of (vy,0) such
that

M={(v.f) e W : H(y,f) =0}
is a Banach submanifold of I' x X. Now, since h(7, f) = (v, [¢/]) is a diffeo-
morphism between M and an open subset of M, we conclude that M is a
Banach submanifold of T x E5(%, M).

It remains to show the separability of M. For a coordinate system
(1,...,2,) In p(X) = Xy, the y-mean curvature of X is

, dor
H(v,f) =v"79(Vog, ‘a(p*f 1Ty )s
€L

dz;

where v;; = V(B%i’ %) and yly;; = ;5. If H(7,0) = 0, then ¢y is solution

of a linear elliptic partial differential equation. So by the Schauder theory for
elliptic equations we have that g is O (see [2, Sec. 10]). Let S be the set of
~y-orthogonal minimal embeddings of ¥ in M. S C C*(%, M). Since C*(3, M)
is a separable space and C*(X, M) C C7*(%, M), Lemma 4.4 implies that
the closure of S in the topology C7® is also separable.

Now we state Smale’s theorem which is a generalization of Sard’s theo-
rem for infinite-dimensional spaces. For a proof, see [17]. We will say almost
all instead of “except for a set of first category”.

Sard-Smale Theorem Let V and W be two differentiable Banach manifolds,
connected and second-countable. Let ¢ : V. — W be a C* Fredholm map
with k >max{index ¢,0}. Then, the set of regular values of ¢ is generic in
w. O

Whence, as a consequence of Theorem 4.1 and the Sard-Smale theorem,
we infer the following result.

Corollary 4.6. Under hypotheses of Theorem 4.1, the set of (M,X)-Bumpy
metrics is generic in . O

5. Nonzero Constant Mean Curvature

Let us see now that the main result is valid also when the mean curvature is
a constant different from zero.
Let v € Met(M), recall the following notation (see 3.5):

Emng_(E7 M) :={¢:¢:3 — M is y-orthogonal admissible

embedding and bounding a finite volume}
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¢ € Emb) | (X, M) has CMC, H # 0, if and only if it is a critical point for

the functional
fu(p) = /vol H/ vol,,

where ), is the finite volume that bounded ¢.

If in the statement of the main theorem we modify the condition of zero

mean curvature by the condition of constant mean curvature b # 0 in the
definition of M, that is,
M ={(7,[¢]) €T x E5(8, M) : [¢] € E5.,(8, M), with v — CMC, H # 0},
the proof of the theorem is not modified, except for transverbahty More ex-
plicitly, we must verify that, given (7o, [¢o]) € M, for all f € Ker( ('yg, 0)),
f # 0, there exists a family (s, fi) € X, 5,1 € (—¢,¢),

X={(v,f)eT xC: fc U,or € Emb}, (3, M)},
with f/(0) = f, such that
32

asat A(797ft)7£0

s=t=0

A(’wat):/vol (ys) — H/

As before, we take a family of conformal metrlcs of the form ~, =
(1 4 s1)70, with ¥ : M — R a smooth function such that ¢(p) = 0 for all
p € Xo = (%), where

where

92
[ 0
0s0t s:t:()/zvo wi(vs) 7é )
it is sufficient to prove that
92
ly, = 0.
08Ot | s=t=0 /Q% V0l
Now,
0 Dot
ot l - S Tar 7_‘ l *
ot =0 /Qw 0 ” \/Eo E < ot t=0 = ) e 6(7:)

:/ ’Y <8§0t‘ ,'TL’ZO) UOZSG*(’YO)'
ot 0

The last integral does not depend on s.

So, if we replaces the hypothesis that ¢ is y-minimal by ¢ has nonzero
CMC in Theorem 4.1, the set of (M, X)-Bumpy metrics is generic in I'. We
can write the following corollary.

Corollary 5.1. Using the same notations as in Theorem 4.1, let M be the set
defined as

M ={(7.[¢]) €T x Ea(S, M) : [¢] € £5,(3, M), is y-CMC}.
Then
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1. M is a separable Banach manifold modelled on T'.

2. II: M — T, defined by I1(, [¢]) =7, is a Fredholm map with indez 0.

3. o is critical value of 11 if and only if there is a vo-CMC embedding
o : 2 — M which is degenerate.
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6. Appendix A

In this appendix, we will give some definitions and important results of func-
tional analysis, which were necessary during the development of the whole

paper.

Definition 6.1. If f : N — M is a smooth map and S C M is an embedded sub-
manifold, we say that f is transverse to S if, for every p € f~(9), Typ»yM =
Ty(p)S + dfp(TpN).

Definition 6.2. The definition of transversality between a map F : X — )Y and Z C
Y a smooth submanifold, where X’ and ) are Banach manifolds, is that presented
in the Definition 6.1 but with the additional assumption that dFy,' (Tr(y)Z) is
a complemented subspace of T, X, i.e., there is a subspace V C Ty, X such that
T X = dF;ol (Tr(x0)2) S V.

Definition 6.3. If A is a bounded operator in a Hilbert space H and {e; : i € I}
is a orthonormal bases for H, is defined the Hilbert-Schmidt norm as ||A||%s =
Tr(A*A) =Y., ||Aei||H, where || - ||z is the norm of H.

Definition 6.4. The Hélder space C7*(Q), where  is an open subset of some Eu-
clidean space and 7 > 0 an integer, consists of those functions on {2 having contin-
uous derivatives up to order j and such that the jth partial derivatives are Holder
continuous with exponent «, where 0 < a < 1. A real-valued function f on n-
dimensional Euclidean space is Holder continuous, when there are nonnegative real
constants ¢, such that

|f (@) = f)] < cllz =yl

Definition 6.5. A linear continuous operator T': E — F between normed spaces is
Fredholm if Ker T is finite dimensional and Im T is close and finite codimensional,
the index of T is ind T' = dim Ker T' — dim coker 7. A Fredholm map is a C* map
f:M — N, M and N being differentiable Banach manifolds, such that for each
x € M, the derivative df, : T(M) — Tj(z)(N) is a Fredholm operator. The index
of f is defined to be the index of df; for some z. The definition does not depend on
x, see [12].

Theorem 6.1. [13, The Inverse Mapping Theorem, 5.2] Let E, F' Banach spaces, U
an open subset of E, and Let f : U — F a C?-morphism with p > 1. Assume that
for some point zo € U The derivative f'(zo) : E — F is a toplinear isomorphism.
Them f is a local C?-isomorphism at xo.

Theorem 6.2. [13, The Implicit Mapping Theorem, 5.9] Let U, V be open sets in
Banach Spaces E, F respectively, and set f : U x V. — G be a CP mapping. Let
(a,b) € U xV, and assume that D2 f(a,b) : F — G is a isomorphism. Let f(a,b) =
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0. Then there exist a continuous map g : Uy — V defined on an open neighborhood
Uo of a such that g(a) = 0 and such that f(x,g(x)) = 0 for all x € Uy. If Up is
taken to be a sufficiently small ball, then g is uniquely determined, and is also of
class CP.

Theorem 6.3. (Local Form of the Submersions) Let X and Y be Banach spaces and
let f: X — Y be a submersion in xo, e.i, df (x0) : Tey — Tp)Y is surjective
and Ker(df (xo)) is complemented. Then, there are open sets U C X and V C
Ker(df (z0)), with xo € U and 0 € V, and a diffeomorphism ¢ : V. x W — U,
W CY closed subspace, such that f o @(x,w) =w, for all (x,w) €V x W

7. Appendix B

In this appendix, we prove some lemmas of linear algebra in spaces of infinite
dimension that are necessary in the proof of the genericity of the Bumpy
Metrics in Sect. 3

Lemma 7.1. Let V' be a infinite dimensional vector space with inner product {,) and
W C V an finite dimensional subspace. Let us suppose that V.= W & W=. Let
Z CV be a subspace, Z DO W=L. Then

1. (WHt =w.

2.V=ZaoZzZ"

Proof. 1. Clearly W C (W1)*. Now, if w € (W), we can write w = w; 4 wa,
with w1 € W and we, € W+, From the fact W C (Wl)l, we have w, €
(W)L, Thus wa = w+wi € (W)® (recall that (W)= is a closed subspace
of V). Whence w, € Wt n (WH)* = {0}, that is, w = w1 € W. So, we
conclude that (W) c W.

2. Note that the quotient spaces Z/W= and V/W+ are both finite dimensional
and Z/W* C V/W=. Given v € V, there are unique v; € W and v; € W+
such that v = v1 +wv2. Therefore, the map 71 : V/WL — W, m (U+Wl) =1,
is an isomorphism. Let i : Z/W* < V/W be the inclusion map. Consider
L=7rloi:Z/WJ‘—>WandletZ=ImLCW. ThuS,Z:{Z_ZQZZG
Z,z=z1+22,21 € W, 20 € WJ‘} CZandW = Z&Z+. Let {z1,...;2} CW
be a basis for Z+. We claim that z1,...,2x € Z-. Let z + W+ € Z/w,
z=z1+220€ Z,z1 € W and z2 € W+. We have

<Z7xi> = (Z,ZCZ> + <WL7$7~'> = <Z + WL7$i>
=(z1+ 2+ WL,%‘) = (=1 + WL,%‘)
= (21, i) + (W, z;) =0,
since z1 EZ, v €72t CW,i=1,...,k.
Now we prove that Span{Z,z1,...,zx} = V. Let v = v1 + v2 € V be given,
with v7 € W and vo € W+ C Z. There holds that v, = 21 + Zle a;xi, 21 € Z,
where a;, i =1,...,k, are scalars. Whence v = (2 + v2) + Zle aiTs.

It remains to show that Span{z1,...,zx} = Z+. In fact, it suffices to show
that Span{zi,...,2x} D Z*. Let

/e — V =Z @ Span{z1,...,zk}
be the inclusion map, and

mo o Z ® Span{z1,...,xx} — Span{x1,..., Tk}
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the natural projection. We have that Ker(m2 o i) = {0}, so w2 o is injective, thus
Dim(Z*) < k. O

Lemma 7.2. Let V be a infinite-dimensional vector space with inner product {,) and
W C V an finite dimensional subspace. Suppose that V=W oW, Let Z C V be a
subspace, Z D W, such that for all w € W\{0}, there exist z € Z with (z,w) # 0.
Then Z =V

Proof. We show that
(Vw € W\{0})(3z € Z)({z,w) #0) & W N Z+ = {0}). (7.1)

First suppose that (Vw € W\{0})(3z € Z)({z,w) # 0. Let w € W N Z* be
given, then Vz € Z, (z,w) = 0, so w = 0, that is, W N Z+ = {0}.

Now suppose that W N Z+ = {0} and let w € W\{0}, then w ¢ Z*, so there
is z € Z such that (z,w) # 0.

Since Z D W+, by 1) of Lemma 7.1 we have Z+ C (W*)* = W. From the
fact W N Z+ = {0}, we deduce that Z+ = {0}. Also by 2) of Lemma 7.1 we have
V=Z®Z" S0, V=2 O

Next lemma were taken from [8, Lemma 2.2].

Lemma 7.3. Let L : U — V be a linear map between vector spaces, and let S C V' be
a subspace of finite codimension. Then L™*(S) is finite co-dimensional in U, and

Codimy (L™ "(S)) = Codimy (S) — Codimy (Im(L) + S)

References

[1] Abraham, R.: Bumpy metrics. In: Global analysis. Proc. Sympos. Pure Math.,
vol. 14, pp. 1-3. Berkeley (1970)

[2] Ambrosio, L.: Lecture notes on elliptic partial differential equations. Unpub-
lished lecture notes, Scuola Normale Superiore di Pisa (2015)

[3] Ambrozio, L.: Rigidity of area-minimizing free boundary surfaces in mean con-
vex three-manifolds. J. Geom. Anal. 25(2), 1001-1017 (2015) (14, 38)

[4] Anosov, D.V.: Generic properties of closed geodesics. Izv. Akad. Nauk SSSR
Ser. Mat. 46(4), 675-709, 896 (1982)

[5] Barbosa, J.L., do Carmo, M.: Stability of hypersurfaces with constant mean
curvature. Math. Zeitschrift 185, 339-353 (1984)

[6] Bettiol, R., Giambo, R.: Genericity of nondegenerate geodesics with general
boundary conditions. Topol. Methods Nonlinear Anal 35(2), 339-365 (2010)
(22)

[7] Bettiol, R.G., Piccione, P., Santoro, B.: Deformations of free boundary CMC
hypersurfaces and applications. J. Geom. Anal. 27(4), 3254-3284 (2017) (23,
69)

[8] Biliotti, L., Javaloyes, M.A., Piccione, P.: Genericity of nondegenerate criti-

cal points and morse geodesic functionals. Indiana Univ. Math. J.; 1797-1830
(2009)



188 Page 26 of 26 C.W.R. Cardenas MJOM

[9] Biliotti, L., (I-PARM), Javaloyes, M.A., (E-GRANS-GT), Piccione, P., (BR-
SPL): On the semi-Riemannian bumpy metric theorem (English summary). J.
Lond. Math. Soc. 84(1), 1-18 (2011)

[10] Biliotti, L., Mercuri, F., Piccione, P.: On a Gromoll-Meyer type theorem in
globally hyperbolic stationary spacetimes. Commun. Anal. Geom. 16, 333-393
(2008) (MR2425470)

[11] Giambo, R., Giannoni, F., Piccione, P.: Genericity of nondegeneracy for light
rays in stationary spacetimes. Commun. Math. Phys. 287(3), 903-923 (2009)

[12] Gohberg And Krein: The basic propositions on defect numbers and indices of
linear operators. Trans. Am. Math. Soc. 13, 185-264 (1960)

[13] Lang, S.: Differential and riemannian manifolds In: Graduate Texts in Mathe-
matics, vol. 160, p. 185 (1995)

[14] Maximo, D., Nunes, I., Smith, G.: Free boundary minimal annuli in convex
three-manifolds. J. Differ. Geom. 106(1), 139-186 (2017) (15)

[15] Ros, A., Vergasta, E.: Stability for hypersurfaces of constant mean curvature
with free boundary. Geom. Dedic. 56(1), 19-33 (1995)

[16] Serrano, F.: Whitney topology and normality. Topol. Appl. 52(1), 59-67 (1993)

[17] Smale, S.: An infinite dimensional version of Sard’s theorem. Am. J. Math. 87,
861-866 (1965)

[18] White, B.: The space of minimal submanifolds for varying Riemannian metrics.
Indiana Univ. Math. J. 40, 161-200 (1991)

Carlos Wilson Rodriguez Céardenas
Universidad Industrial de Santander
Escuela de Matemadticas
Bucaramanga

Colombia

e-mail: cwrodrig@uis.edu.co

Received: February 11, 2020.
Revised: April 22, 2020.
Accepted: October 6, 2020.



	Genericity of Nondegenerate Free Boundary CMC Embeddings
	Abstract
	1. Introduction
	2. Preliminaries
	2.1. Orthogonal Submanifolds and Mean Curvature
	2.2. Variational Problem
	2.3. Jacobi Operator
	2.4. Regularity

	3. Genericity of Regular Points and the Smooth Structure  of the Set of Orthogonal embeddings
	3.1. An Abstract Fredholmness and Transversality Result
	3.2. Ck-Whitney Type Banach Space of Tensor Fields
	3.3. The Smooth Structure of the Set of Orthogonal Embeddings

	4. Genericity of Bumpy Metrics
	4.1. Analytic Preliminaries
	4.2. Proof of the Genericity Theorem of Metrics Bumpy

	5. Nonzero Constant Mean Curvature 
	6. Appendix A
	7. Appendix B
	References




