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Abstract. We introduce golden GCR-lightlike submanifolds of golden
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1. Introduction

It is well known that in case the induced metric on the submanifold of semi-
Riemannian manifold is degenerate, the study becomes more different from
the study of non-degenerate submanifolds. The primary difference between
the lightlike submanifolds and non-degenerate submanifolds arises due to the
fact in the first case that the normal vector bundle has non-trivial intersection
with the tangent vector bundle and moreover in a lightlike hypersurface the
normal vector bundle is contained in the tangent vector bundle. The light-
like submanifolds were introduced by Duggal-Bejancu [4] . Later, they were
developed by Duggal and Sahin [9].

Duggal and Bejancu [4] introduced CR-lightlike submanifolds of indef-
inite Kaehler manifolds. But CR-lightlike submanifolds exclude the complex
and totally real submanifolds as subcases. Then, Duggal and Sahin introduced
screen Cauchy-Riemann (SCR)-lightlike submanifolds of indefinite Kaehler
manifolds [6]. But there is no inclusion relation between CR and SCR sub-
manifolds, so Duggal and Sahin introduced a new class called GCR-lightlike
submanifolds of indefinite Kaehler manifolds which is an umbrella for all
these types of submanifolds [7] and then of indefinite Sasakian manifolds in
[8]. These types of submanifolds have been studied in various manifolds by
many authors [13,14,16,17].
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Manifolds which are determined differential-geometric structures have
an important role in differential geometry. Really, almost complex manifolds
and almost product manifolds and maps between such manifolds which are
given by a (1,1)-tensor field such that the square of P satisfies certain con-
ditions, like P2 = —J or P2 = I, have been studied extensively by many
authors. As a generalization of almost complex and almost contact struc-
tures, Yano introduced the notion of an f—structure which is a (1,1)-tensor
field of constant rank on M and satisfies the equality f3 + f =0 [22]. Tt has
been generalized by Goldberg and Yano in [11]. As a particular case of polyno-
mial structure, Crasmareanu and Hretcanu studied the golden structures and
defined golden Riemannian manifold in [3]. They also investigated the geom-
etry of the golden structure on a manifold by using the corresponding almost
product structure. In [21], Sahin and Akyol introduced golden maps between
golden Riemannian manifolds and showed that such maps are harmonic maps.
Gok, Keles and Kili¢ studied some characterizations for any submanifold of
a golden Riemannian manifold to be semi-invariant in terms of canonical
structures on the submanifold, induced by the golden structure of the am-
bient manifold [12]. Poyraz and Yasar introduced lightlike submanifolds of
golden semi-Riemannian manifolds [19]. Acet intoduced lightlike hypersur-
faces of metallic semi-Riemannian manifolds [1]. Erdogan studied transversal
lightlike submanifolds of metallic semi-Riemannian manifolds [10].

In this paper, we introduce golden GCR-lightlike submanifolds of golden
semi-Riemannian manifolds. We find some equivalent conditions for integra-
bility of distributions and investigate the geometry of the leaves of distribu-
tions. Moreover, we find some necessary and sufficient conditions for minimal
golden GCR-lightlike submanifolds of golden semi-Riemannian manifolds.

2. Preliminaries

Let M be a C°°—differentiable manifold. If a tensor field P of type (1,1)
satisfies the following equation
P?=P+], (2.1)
then P is named a golden structure on M, where I is the identity transfor-
mation [15]. )
~Let (M ,§) be a semi-Riemannian manifold and P be a golden structure
on M. If P holds the following equation
§(PX.Y) = §(X, PY), (2.2)
then (]\ZI:7 g, ]5) is named a golden semi-Riemannian manifold [20].
If P is a golden structure, then the Eq. (2.2) is equivalent to
§(PX,PY) = §(PX,Y)+§(X,Y), (2:3)

for any X,Y € T(TM).

Let (M, §) be a real (m + n)—dimensional semi-Riemannian manifold
of constant index ¢, such that m,n > 1,1 < g <m+mn—1 and (M,g) be
an m—dimensional submanifold of M, where g is the induced metric of § on
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M. If g is degenerate on the tangent bundle T'M of M, then M is called a
lightlike submanifold of M. For a degenerate metric g on M,

TM* =U {u € T,M : §(u,v) = 0,0 € Ty M,z € M} (2.4)

is a degenerate n—dimensional subspace of T, M. Thus, both T, M and T, M+
are degenerate orthogonal subspaces, but no longer complementary. In this
case, there exists a subspace Rad(T,M) = T,M N T,M* which is known
as radical (null) space. If the mapping Rad(TM) : x € M — Rad(T,M)
defines a smooth distribution, called radical distribution on M of rank r > 0,
then the submanifold M of M is called an r—lightlike submanifold.

Let S (T'M) be a screen distribution which is a semi-Riemannian com-
plementary distribution of Rad(TM) in T'M. This means that

TM =S8 (TM) _LRad (TM) (2.5)
and S (TM J-) is a complementary vector subbundle to Rad(T'M) in TM*.
Let tr (TM) and ltr (TM) be complementary (but not orthogonal) vector
bundles to TM in T]\;[|M and Rad(TM) in S (TML)L7 respectively. Then,
we have

tr (TM) = ltr (TM) LS(TM™"), (2.6)
TM |y = TM @ tr (TM)
= {Rad(TM) @ ltr (TM)} LS (TM) LS(TM*) . (2.7
Theorem 1. [4] Let (M,g,S(T'M),S (TM=)) be an r—lightlike submanifold

of a semi-Riemannian manifold (M, g). Suppose U is a coordinate neighbour-
hood of M and {&}, i € {1,..,r} is a basis of I'(Rad (TM,,)). Then, there
exist a complementary vector subbundle ltr(TM) of Rad(TM) in S (TMJ-)lt
and a basis {N;}, i € {1,..,r} of I'(ltr (TM), ) such that

G(Ni,§;) = dij, g(Niy Nj) =0 (2.8)
for any i,j € {1,..,r}.

We say that a submanifold (M, g, S(TM),S (TM>)) of M is

Case 1: r—lightlike if » < min {m,n},

Case 2: coisotropic if r =n < m; S (TM*) = {0},

Case 3: isotropic if r = m < n; S(T'M) = {0},

Case 4: totally lightlike if r = m =n; S (IT'M) = {0} = S (TM*).

Let V be the Levi-Civita connection on M. Then, using (2.7), the Gauss
and Weingarten formulas are given by

VxY = VyY +h(X,Y), (2.9)
VxU = —AyX + VLU, (2.10)
for any X, Y € I'(TM) and U € I'(tr (TM)), where {VxY, Ay X} and

{h(X,Y), V4 U} belong to T(T'M) and T'(¢tr (T'M)), respectively. V and V*
are linear connections on M and on the vector bundle ¢r (T M), respectively.
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According to (2.6), considering the projection morphisms L and S of tr (T'M)
on ltr (M) and S (T M), respectively, (2.9) and (2.10) become

VxY =VxY +h(X,Y) + h*(X,Y), (2.11)
VxN = —AnX + VN + D*(X, N), (2.12)
VxW = —Aw X + VW + D' (X, W), (2.13)
for any X,Y € I'(TM), N € T'(itr (TM)) and W € T'(S (T'M™)), where
RY(X,Y) = Lh(X,Y), h*(X,Y) = Sh(X,Y), VxY,ANX, Aw X € T'(TM),
VLN, DYX, W) € T(litr (TM)) and VW, D*(X,N) € I'(S (TM*)). Then,

by using (2.11)—(2.13) and taking into account that V is a metric connection
we obtain

g(h*(X,Y),W) +g(Y,D"(X,W)) = g(Aw X, Y), (2.14)
g(D*(X,N),W) = g(Aw X, N). (2.15)

Let @ be a projection of TM on S(T'M). Then, using (2.5) we can write
VxQY = VEQY + h*(X,QY), (2.16)

Vx& = —A; X + V3, (2.17)

for any X,Y € I'(T'M) and § € I'(Rad(T'M)), where {ViQY, A{ X} and
{h*(X,QY), Vi) belong to T'(S (T'M)) and I'(Rad (T'M)), respectively.
Using the equations given above, we derive

g(h'(X,QY),€) = g(AfX,QY), (2.18)
g(h*(X,QY),N) = g(AnNX,QY), (2.19)
g(h'(X,€),€) =0, Ag&=0. (2.20)

Generally, the induced connection V on M is not metric connection.
Since V is a metric connection, from (2.11), we obtain

(Vxg)(Y,2) = (0 (X, Y), Z) + §(h'(X, 2),Y). (2:21)
But, V* is a metric connection on S(TM).

Definition 2. A lightlike submanifold (M, g) of a semi-Riemannian manifold
(M, §) is said to be an irrotational submanifold if Vx& € T(T'M) for any
X e T(TM) and € € T'(Rad(TM)) [18]. Thus, M is an irrotational lightlike
submanifold iff h!(X, &) =0, h*(X,€) = 0.

Theorem 3. Let M be an r-lightlike submanifold of a semi-Riemannian man-
ifold M. Then the induced connection V is a metric connection iff Rad(T M)
is a parallel distribution with respect to V [4].

Definition 4. A lightlike submanifold (1, g) of a semi-Riemannian manifold
(M, g), is said to be totally umbilical in M if there is a smooth transversal
vector field H € T'(tr(T'M)) on M, called the transversal curvature vector
field of M, such that

WMX,Y) = Hg(X,Y) (2.22)

for any X, Y € T'(TM). In case H = 0, M is called totally geodesic [5].
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Using (2.11) and (2.22), it is easy to see that M is totally umbilical iff
on each coordinate neighborhood U there exists smooth vector fields H' €
L(itr (TM)) and H® € (S (T'M™)) such that

RH(X,Y) =g(X,Y)H', h*(X,Y) = g(X,Y)H® and D'(X,W) = 0(2.23)
for any X,Y € I(TM) and W € I'(S (TM™)).

3. Golden Generalized Cauchy—Riemann (GCR)-Lightlike
Submanifolds

Definition 5. Let (M, g, S(T'M)) be a real lightlike submanifold of a golden

semi-Riemannian manifold (M, g, P). Then we say that M is a golden gener-

alized Cauchy—Riemann (GCR)-lightlike submanifold if the following condi-
tions are satisfied:

(A) There exist two subbundles D; and Dy of Rad(T' M) such that
Rad(TM) = D, & Dy, P(Dy) = Dy, P(Dy) C S(TM). (3.1)
(B) There exist two subbundles Dy and D’ of S (T'M) such that
S(TM) = {PDy® D'} L Dy, P(Dy) =Dy, P(LiLLy) =D, (3.2)
where Dy is a non-degenerate distribution on M, L, and Ly are vector
subbundles of ltr (T'M) and S (TM*), respectively.

Let I:’(Ll) = M, and ]5(L2) = M>5. Then we have

D' = P(Ly)LP(Ly) = My L M. (3.3)
Thus, we have the following decomposition:
TM =D® D', D= Rad(TM)LDy1P(Ds). (3.4)

We say that M is a proper golden GCR-lightlike submanifold of a golden
semi-Riemannian manifold if Dy # {0}, Dy # {0}, Dy # {0} and Ly # {0}.

Definition 6. Let M be a lightlike submanifold of a golden semi-Riemannian
marlifold (M, g, P). We say that M is a semi-invariant lightlike submanifold
of M, if the following conditions are satisfied:

1) ]:D(Rad(TM)) is a distribution on S(TM).

2) P(LylLs) is a distribution on S(T'M), where Ly = ltr(TM) and Ly is
a vector subbundle of S(TM™).

Proposition 7. Let M be a golden GCR-lightlike submanifold of a golden
semi-Riemannian manifold (M, g, P). Then, M is a semi-invariant lightlike
submanifold iff D1 = {0}.

Proof. Let M be a semi-invariant lightlike submanifold of a golden semi-
Riemannian manifold M. Then P(Rad(TM)) is a distribution on M. Thus,
we obtain Dy = Rad(TM) and D; = {0}. Then it follows that P(itr(TM)) C
S(TM). Conversely, suppose that M is a golden GCR-lightlike submanifold
such that Dy = {0}. Then, we have Dy = Rad(TM). Thus, M is a semi-
invariant lightlike submanifold, which completes the proof. 0
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Proposition 8. There exist no coisotropic, isotropic or totally lightlike proper
golden GCR-lightlike submanifolds M of a golden semi-Riemannian manifold
(M,g,P).

Proof. If M is isotropic or totally lightlike, then S(TM) = {0} and if M is
coisotropic then S(TM~) = {0}. Hence, conditions (A) and (B) of Definition
5 are not satisfied. O

Let M be a golden GCR-lightlike submanifold of a golden semi-Rieman
nian manifold (M, g, P). Thus, for any X € I'(T'M), we derive

PX = PX +wX, (3.5)

where PX and wX are tangential and transversal parts of PX.
For V e T'(tr(TM)), we write

PV =BV +CV, (3.6)
where BV and C'V are tangential and transversal parts of PV.

Lemma 9. Let M be a golden GCR-lightlike submanifold of a golden semi-
Riemannian manifold (M, g, P). Then, one has

P?X = PX + X — BwX, (3.7)

wPX = wX — CwX, (3.8)

PBV = BV — BCV, (3.9)

C?V = OV +V —wBY, (3.10)

g(PX,Y)—g(X,PY) = g(X,wY) — g(wX,Y), (3.11)
g(PX,PY) = g(PX,Y) + g(X.Y) + g(wX,Y) — g(PX,wY)

—g(wX,PY) — g(wX,wY) (3.12)

for any XY e T(TM).

Proof. Applying P to (3.5), using (2.1) and taking tangential and transversal
parts of the resulting equation, we obtain (3.7) and (3.8). Similarly, applying
P in (3.6), using (2.1), we get (3.9) and (3.10). Using (2.2), (2.3) and (3.5),
we obtain (3.11) and (3.12). O

Theorem 10. Let M be a golden GCR-lightlike submanifold of a golden semi-
Riemannian manifold (M, g, P). Then, P is a golden structure on D.

Proof. In the definition of golden GCR-lightlike submanifold, we have wX =
0, for any X € I'(D). From (3.7), we have P?X = PX + X. Thus, P is golden
structure on D. 0

Ezample 11. Let (M = RJ?,§) be a 12-dimensional semi-Euclidean space
with signature (—, —, +, 4+, —, —, +, +, +, +, +, +) and (21, x2, 3, T4, 5, Tg, T7,
xs, Ty, T10, L11,212) be the standard coordinate system of R}lz. If we define a
mapping P by

P(Il,1’271'3,IZ?4,I5,I6,I77I8,IE9,I107I’11,$12) == (:171 + X2,T1,T3 + Ty,T3,
5 + 6, T, T7 + T8, T7, Tg + T10, To, T11 + T12, T11),
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then P2 = P+1 and P is a golden structure on R}2. Let M be a submanifold
of M given by

1
1 = U2,T2 = U1,T3 = U2,T4 = UL, T5 = Ug — 5”57
Te = U3, T7 = Uy + S U5, T = U3,
2
Tg = —u7 + ug, Tig = —Ug, T11 = U7 + U8, T12 = Us,

where u;, 1 < i < 8, are real parameters. Thus, TM = Span{Uy, Us, Us, Uy, Us,
Us, Uz, Usg}, where

0 0 0 0 0 0
Ul—% @7U2—£+%7U3—87% aisrg’
0 0 1 0 0 0 0
U= 5 Y 0 = 200 T 30 = " O
0 0 0 0
Ur = _87339—’_ 5$117U8 B 371‘9 39611'

Then, M is a 3—lightlike submanifold with Rad(TM) = Span{U;,Us,Us}
and PU, = U,. Thus, D; = Span{U;,Us}. On the other hand, PUs =
Uy € T(S(TM)) implies that Dy = Span{Us}. Moreover, PUs = Uy thus
Dy = Span{Us, Uy }. We can easily obtain

1 0 0 1 0 0
ltr(T'M) =Span{N, = 5(‘@ + 37934)7]\]2 = 5(_37% + 57%)’
1 0 0

N3 25(—8766 + 87«'58)}

and

0 0

8:1010 8%12

S(TM™*) = Span{W = }.

I\N/[oreover7 Span{ Ny, Na} is invariant with respect to P. Since ]5N3 = Us and
PW = Ug, then Ly = Span{N3}, Ly = Span{W}, M, = Span{Us} and
My = Span{Us}. Thus, M is a proper golden GCR-lightlike submanifold of
M.

Theorem 12. Let M be a golden GCR-lightlike submanifold of a golden semi-
Riemannian manifold (M, g, P). Then the induced connection is a metric
connection iff for any X € T(TM), the following hold

P(—A5, X + VEPY) + A5 X — V3 PY € T(Rad(TM)), Y € T(Dy),

(3.13)

P(V%PY + h*(X,PY)) - Vi PY
—h*(X,PY) € I(Rad(TM)), Y € T'(D5), (3.14)
Bh(X,PY) =0, Y € T'(Rad(TM)). (3.15)

Proof. Since P is the golden structure of M, we have
VxY = PVxPY — VxPY (3.16)
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for any X € T'(TM) and Y € I'(Rad(TM)). Since Rad(TM) = D1 & Do,
using (2.9), (2.17), (3.5), ( 3.6) and taking the tangential part of the resulting
equation, we obtain

VxY = P(—A%, X + VYPY) + A% X — VEPY + Bh(X,PY) (3.17)
for any X € I'(TM) and Y € I'(D;). Thus from (3.17), we obtain VxY €
I(Rad(TM)) iff

P(-A5, X + VEPY) + A5 X — V{PY € T(Rad(TM))  (3.18)
and
Bh(X,PY) =0 (3.19)

for any X € I'(T'M) and Y € I'(D;). Using (2.9), (2.16), (3.5) and (3.6) we
derive

VxY = P(V4PY + h*(X,PY)) — Vi PY
— h*(X, PY) 4+ Bh(X, PY) (3.20)
forany X € I'(TM) and Y € I'(D3). From (3.20) we get VxY € T'(Rad(TM))
iff
P(V%PY 4+ h*(X,PY)) = Vi PY — h*(X, PY) € T(Rad(TM)) (3.21)

and

Bh(X,PY) =0 (3.22)
for any X € I'(T'M) and Y € I'(D3). Then considering Theorem 3, the proof
follows from (3.18), (3.19), (3.21) and (3.22). O

Theorem 13. Let M be a golden GCR-lightlike submanifold of a golden semi-
Riemannian manifold (M, g, P). Then, the distribution D is integrable iff

(i) g(h'(X, PY),€) = g(h'(Y, PX),¢),
(11) g(hs(Xa PY)7W> = g(hs(yv PX)a W)7 fO’]“ any X7Y € F(D)7 f € F(DQ)
and W € T'(Ls).
Proof. Using the definition of GCR-lightlike submanifolds, D is integrable iff
9([X, Y], P§) = g([X,Y],PW) =0

forany X, Y € I'(D), £ € I'(D3) and W € T'(Lg). Then from (2.2) and (2.11),
we obtain

) & )

g([X,Y],P¢) = §(VxY — Vy X, P¢) = §(Vx PY — Vy PX,€)
= g(h'(X, PY) — hY(Y, PX), €), (3.23)
g([X,Y],PW) = §(VxY — Vy X, PW) = §(VxPY — Vy PX, W)
= §(h*(X,PY) — h*(Y, PX),W). (3.24)
From (3.23) and (3.24), we derive our theorem. O

Theorem 14. Let M be a golden GCR-lightlike submanifold of a golden semi-
Riemannian manifold (M, g, P). Then, the distribution D’ is integrable iff
(i) g(Av,W, PX) = g(Ay,Z, PX),
(ii) g(h*(Z, W) = h*(W, Z),N') = g(Av, Z — Ay, W, N'),
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for any Z,W € I'(D'"), X € I'(D,), N' € T'(Ly), V1,Va € T(L1 1 Ls)
and N € T'(ltr(TM)).

Proof. Using the definition of GCR-lightlike submanifolds, D’ is integrable
iff
9([Z, W], X) = g([Z, W] 7}5N/) =9([Z,W],N)=0
for any Z,W € T(D'), X € I(D,), N’ € T(Ly) and N € T(ltr(TM)).
Choosing Z, W € T'(D’), there is a vector field V1, V2 € I'(L1 L L3) such that
Z = PV and W = PV5. Since V is a metric connection, from (2.2), (2.3),
(2.10), (2.12) and (2.16) we obtain o o
9([Z,W],X) = §(V2W — VwZ,X) = §(Vz PVa — Vi PV3, X)
=§(VzVa — Vw Vi, PX) = g(Ay,W — Ay, Z, PX), (3.25)
9([Z,W],PN") = g(VzW —VwZ,PN') = g(VzW,PN') — g(Vw Z, PN’)
= g(VzPVa, PN') — g(Vw PV, PN’)
=g§(VzPVa,N')+§(VzV2,N') = §(VwPV1,N') — §(Vw Vi, N’)
=g(h*(Z,W) —h*(W,Z),N") — g(Av, Z — Ay, W, N’), (3.26)
3(1Z,W],N) = §(VzW = VwZ,N) = g(VzW,N) — §(Vw Z,N)
= —g(W,VzN)+§(Z,VwN) = g(AnZ, W) — g(ANW, Z). (3.27)
Thus, the proof follows from (3.25)-(3.27). O

Theorem 15. Let M be a golden GCR-lightlike submanifold of a golden semi-
Riemannian manifold (M, g, P). Then, the distribution D defines a totally
geodesic foliation in M iff Bh(X, PY) =0 for any X,Y € I'(D).

Proof. Using the definition of golden GCR-lightlike submanifolds, D defines
a totally geodesic foliation in M iff

9(VxY, P§) = g(VxY,PW) =0
for any X,Y € I'(D), £ € I'(D3) and W € I'(Ls). Using (2.2) and (2.11), we

derive

g(VxY, P¢) = §(VxY, PE) = g(h'(X, PY),£), (3.28)

g(VxY,PW) = §(VxY,PW) = §(h*(X, PY),W). (3.29)

It follows from (3.28) and (3.29) that D defines a totally geodesic foliation in
M iff h*(X, PY') has no components in L; and h*(X, PY) has no components
in Ly for any X,Y € I'(D), that is, using (3.6), Bh(X,PY) = 0 for any
X, Y eT'(D). O

Theorem 16. Let M be a golden GCR-lightlike submanifold of a golden semi-
Riemannian manifold (M, g, P). Then, the distribution D’ defines a totally
geodesic foliation in M iff

(i) AvZ has no components in D,,
(11) g(h*(Za W)7N,) = g(AVZ7 N/);
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(i) AxZ has no components in P(Ds) L My,
forany Z,W e I'(D'), N' € I'(L1), V € I'(L1LLs) and N € T'(Itr(T'M)).

Proof. From definition of GCR-lightlike submanifolds, D’ defines a totally
geodesic foliation iff
9(VzW, X) = g(VzW, PN') = §(VzW,N) =0

for any Z, W € I'(D’), X € T'(D,), N' € I'(Ly) and N € T'(ltr(TM)).
Choosing W € I'(D'), there is a vector field V' € I'(L1LLy) such that W =
PV. From (2.2), (2.9) and (2.10), we get

9(VzW,X) = §(VzW,X) = §(VzPV,X) = —g(AvZ, PX). (3.30)

Similarly, using (2.3), (2.9), (2.10) and (2.16), we have
9(VzW,PN') = g(VzW,PN') = g(VzPV,PN’)

(VzPV,N') +§(VzV,N’)

(

(

Il
=l

@ZWa N/) - g(AVZ7 N’)
g(h*(Z,W),N") — g(Av Z, N"). (3.31)

Il
S=ql

Since V is a metric connection, from (2.9) and (2.12) we obtain

G(VzW,N) = g(ANZ,W). (3.32)
From (3.30)—(3.32), we derive our theorem. O
Definition 17. A golden GCR-lightlike submanifold of a golden semi-Riema

nnian manifold is called D—geodesic golden GCR-lightlike submanifold if its
second fundamental form h satisfies h(X,Y) = 0 for any X,Y € I'(D).

Theorem 18. Let M be a golden GCR-lightlike submanifold of a golden semi-
Riemannian nmm'fold~ (M, g,P). Then the distribution D defines a totally
geodesic foliation in M if and only if M is D—geodesic.

Proof. Suppose that D defines a totally geodesic foliation in M, then VxY €
(D) for any X,Y € I'(D). Then from (2.11), we get
(W (X,Y),8) = §(VxY,€) =0, g(h*(X,Y),W) = §(VxY, W) =0
(3.33)

for any X,Y € I'(D), ¢ € I'(Rad(TM)) and W € TI'(S(TM%)). Hence
RY(X,Y) = h*(X,Y) = 0, which implies that M is D—geodesic.

Conversely, assume that M is D—geodesic. Using (2.2) and (2.11), we
have

§(VxY, P€) = §g(VxPY,€) = g(h'(X, PY),£) =0 (3.34)
and
§(VxY,PW) = §g(VxPY,W) = §(h*(X,PY),W) =0 (3.35)

for any X,Y € (D), £ € T(Dy) and W € I'(Ly). Hence VxY € I'(D), which
completes the proof. O
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4. Minimal Golden GCR-Lightlike Submanifolds
Definition 19. We say that a lightlike submanifold (M, g, S(T'M)) isometri-

cally immersed in a semi-Riemannian manifold (M, g) is minimal if:
(i) h* =0 on Rad(TM) and
(ii) traceh = 0, where trace is written with respect to g restricted to S(T'M).

It has been shown in [2] that the above definition is independent of
S(TM) and S(TM™), but it depends on tr(TM).

Ezample 20. Let (M = R15,§) be a 16-dimensional semi-Euclidean space
with signature (+,+,+,+,—,—, —, —, +,+, +,+, +, +, +, +) and (z1, 22, z3,
X4, T5, L6, T7, Ty, Tg, T10,T11, 12, L13,T14, L15,216) be the standard coordi-
nate system of R1S. If we define a mapping P by

P($17$2,$379€4,$5,$67$7,$87$9,$107$117$12,$13,33147$1579€16)
= (21 + 22,21, 03 + T4, T3, T5 + T, T, T7 + X, T7, Tg + T10, Lo,
11 + T12, T11, T13 + T14, T13, T15 + T16, T15),

then P? = P+ and P is a golden structure on R}%. Let M be a submanifold
of M given by

T = Uz Sin @ + U7 COS (v, Lo = U1 Sin v + ug COS

T3 = U COS ¥ — U7 SiN (v, T4 = U1 COS ¥ — Ug SiN v,

Ts = Uz, T = U1, L7 = Uq — 5“5,538 = us,

1
Tg = Ug + 5“5,3510 = Uus,
r11 = sinug sinh ug, 15 = 0,

T13 = SiHUS COShUg,Il4 = 0,1’15 = \@COSUg COShUg,IlG = O7

where u;, 1 < ¢ <9, are real parameters. Thus, TM = Span{U;,Us, Us, Uy,
U5, U@, U7, Us, Ug}, where

U —sinozﬁ—#coso¢i+i U- —sinozi—#coso¢i+i

te 6:52 8:104 aﬁﬁ, 27 6:51 8;105 8m5’
0 0 0 0 1 0 0

Uy=—+ —U;y=—+—U;s=-(—— 4+ —

3 8.%8 +8x10’ * 01'7 +8x9’ 5 2( 81'7 +8$9>7

Us = cosaaiz2 — sinaa—u,U7 = cosoza—x1 — Sinaa—xg.

. 0 .
Us = cos ug sinh ug + cos ug cosh ug — V/2sin ug cosh ug ,
81‘1 1 83:13 81‘15

. . . . 0
Uy = sinug cosh ug + sin ug sinh ug +v/2 cos ug sinh ug 3

11 13 T15

Then~M is a 3—lightlike submanifold with Rad(TM) = Span{Ul,Q'g, Us}
and PU; = Us. Thus, D; = Span{U;,Us}. On the other hand, PU; =
Uy € T(S(T'M)) implies that Dy = Span{Us}. Moreover, PUs = Uz, thus
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Dy = Span{Us, Uz }. We can easily obtain

1 0 0 a
ltr(TM) = Span{N; = (smaaaj2 + cos a@TtM - 87376)7
Ny = 1(smo¢£+cosai—i),N:g:l(fiJr 9 )}

ox T 81’3 6335 2 a.’L'g 8$10

and

S(TML) = Span{W; = cosug sinh ug

+ cos ug cosh ug

0112 0x14
—V/2sin ug cosh ug ,
0x16
. . . g . 0
Ws = sinug cosh ug + sin ug sinh ug + V2 cos ug sinh ug _—
012 0x14 016
0
W3 = — v/2sinh ug cosh ug + \@(Sin 2ug + sinh? Ug)
012 014
~+ sin ug cos ug ,
3x16
0
W, = — V/2sinh ug cosh ug + \/ﬁ(sim2 ug + sinh? Ug)
O0r11 31’13
) 0
4+ sin ug cos ug 1.
O0z15

Furthermore, Span{Nl, Ny} is invariant with respect to P. Since PNy = Us,
PW; = Ug and PW, = Uy, then L; = Span{Ns}, Lo = Span{Wy, Ws},
M, = Span{Us} and My = Span{Us,Uy}. Thus, M is a proper golden
GCR-lightlike submanifol of M. On the other hand, by direct calculation we
obtain

Vo,U;=0,1<i<7,1<j<9

and
W (Us, Us) = — \/EsiDUg cosh ug Wi,
(sin 2ug + 2sinh® ug) (1 + sin” ug + 2 sinh? Ug)
W (Us, Us) = \?sin ug cosh ug W,
(sin 2ug + 2sinh? ug) (1 4 sin® ug + 2sinh? ug)
Thus, we get

tracehg‘S(TM) = h*(Us, Ug) + h®(Ug,Ug) = 0.
Therefore, M is a minimal proper golden GCR-lightlike submanifold of R}S.

Theorem 21. Let M be a totally umbilical golden GCR-lightlike submanifold
of a golden semi-Riemannian manifold (M g, P). Then, M is minimal iff M
is totally geodesic.

Proof. Assume that M is minimal, then h*(X,Y) = 0 for any XY €
I'(Rad(TM)). Since M is totally umbilical, then h!(X,Y) = H'g(X, Y) 0
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for any X,Y € I'(Rad(TM)). Now, choose an orthonormal basis {e1, ez, ...,
em—r} of S(T'M); thus from (2.23), we get

m—r

traceh(e;, e;) = Z eihl(ei, e;) + eh®(eq, e;)

i=1

= (m—r)H 4+ (m —r)H".

(4.1)

Since M is minimal and ltr(TM) N S(TM*) = {0}, we obtain H' =0
and H® = 0. Therefore, M is totally geodesic. The converse is clear. O

Theorem 22. Let M be a totally umbilical golden GCR-lightlike submanifold
of a golden semi-Riemannian manifold (M g, P). Then, M is minimal iff

traceAw, =0, and traceA;, =0 on Dy L M (4.2)
for W, e T(S(TM*1)), where k € {1,2,...,7} and p € {1,2,....,n —1}.
Proof. Definition of a golden GCR-lightlike submanifold, M is minimal iff
a b
traceh | s(rary = Z hZ;, Z;) + Zh(p€j7ﬁ)€j)
i=1 j=1

b c
=1 =1

and h® = 0 on Rad(T'M), where a = dim(Dy), b = dim(Dz) and ¢ =
dim(Lsg). Since M is totally umbilical then from (2.22), we derive h(P§;, P&;)
= h(PNj;, PN;) = 0. Similarly, h* = 0 on Rad(TM). Thus from (4.3), we
have

traceh | S(TM) = Zh(Zi, Z) + Zh(PWl,pVVl)

i=1 =1
—Z Zghl Zi, Zi), &) Ni

= 1 k=1 o

+Z mrd (Zi, Z5), W)W,

+Z - Zg(hl(PWl, PW)), &) N

=1 k=1

I Z Z S(PWy, PW), W)Wy, (4.4)
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where {Wy, W, ...,W,,_,.} is an orthonormal basis of S(T'M~). Using (2.14)
and (2.18) in (4.4), we obtain

traceh |s(ray = Z Zg A%, Zi, Zi)N,
i=1 k=1
1 -
+;m zg(Apri,Zi)W
i= p=

c 1 r o ~
+Z;ZQ(A5kPV[/l7PW/I)Nk
=1 k=1

1
+Z Z (Aw, PWi, PW)W,,. (4.5)
=1

Thus, traceh |s¢rary= 0 iff traceAw, = 0 and traceAgk =0on Dy L My,
which completes the proof. O

Theorem 23. Let M be an irrotational golden GCR-lightlike submanifold of a
golden semi-Riemannian manifold (M, g, ]5) Then M is minimal iff trace Af,

|s(rany= 0 and traceAw, |s¢ran= 0, where W), € D(S(TM*Y)), ke {1,2,....r}
andp € {1,2,....,n —r}.

Proof. Since M is irrotational, then h*(X,£) = 0 for any X € I'(T'M) and
¢ € T(Rad(TM)). Thus, h®* = 0 on Rad(TM). Moreover, we have

m—-r

traceh | serary = Z ei(hl(es, e;) + h(es,e4))
i=1

= Z GZ{ ZQ 61,61 )Nk

*(eis 1), Wp) W1, (4.6)

where {Wy, W, ...,W,,_,.} is an orthonormal basis of S(T'M~). Using (2.14)
and (2.18) in (4.6), we obtain

m—r 1 T _ .
traceh |gray = Z 61{; Zg(Agkei,ei)Nk
i=1 =

1 n—r .
o, > G(Aw, i, )Wy} (4.7)
p=1
Thus, the proof is completed. O

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.
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