Mediterr. J. Math. (2020) 17:123

https://doi.org/10.1007/s00009-020-01560-0
1660-5446,/20,/040001-21 I .
published online June 30, 2020 Mediterranean Journal

© Springer Nature Switzerland AG 2020 of Mathematics

Check for
updates

Curvature Computations in Finsler
Geometry Using a Distinguished Class
of Anisotropic Connections

Miguel Angel Javaloyes

Abstract. We show how to compute tensor derivatives and curvature
tensors using affine connections. This allows for all computations to be
obtained without using coordinate systems, in a way that parallels the
computations appearing in classical Riemannian geometry. In particular,
we obtain Bianchi identities for the curvature tensor of any anisotropic
connection, we compare the curvature tensors of any two anisotropic
connections, and we find a family of anisotropic connections which are
well suited to study the geometry of Finsler metrics.
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1. Introduction

Traditionally, Finsler geometry is associated with lengthy computations in
coordinates. This is due to the dependence on directions of all the elements,
which allows for a large generality of the metrics, but sometimes makes it
difficult to understand the geometric meaning of certain quantities. In order
to overcome these difficulties, we will use affine connections V', which are
defined for every vector field V' which is non-zero everywhere. The connec-
tions V' can be interpreted as osculating affine connections in the same
way as one obtains the osculating metric gy of a Finsler metric by fix-
ing at every point p € M the direction of V}, in the fundamental tensor,
namely (gv), = gv,, where g is the fundamental tensor in (44). This ap-
proach was first considered in [9,11], later in [12, Sect. 7] and recently in
[2,3,5].

Here we will go a step further. First, we consider anisotropic connec-
tions in a manifold M, which are not exactly connections on fiber bundles,
but especially adapted to the dependence on the direction (see Definition
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2.2 and [4, Sect. 4.4] for the relationship with connections on the verti-
cal bundle). Then we will use the anisotropic tensor calculus developed in
[4], and the formulas (6), (9) and (13), wherein the derivative of a tensor
and the curvature are computed using VY. To take advantage of this ap-
proach, we make a fundamental observation in Proposition 2.13: that there
is a privileged choice of the extension V which allows one to compute the
derivative of a tensor. This choice has the property that at a fixed point
p, the vector field V is parallel in all directions, namely, (V}/(V)p = 0 for
all vector fields X. This simplifies dramatically the computations involv-
ing curvature tensors and derivatives. Indeed, it reduces, for example, the
proof of the Bianchi identities to the classical case of an affine connection
in a manifold, Sect. 2.4. It also allows us to relate the curvature tensors of
two different anisotropic connections using the difference tensor, Sect. 2.5.
In particular, this relation will lead us to distinguish a family of connec-
tions which are well suited for studying Finsler metrics, Sect. 3. Amongst
these connections, one finds the Berwald and the Chern connections, and
for all of them, it is possible to derive formulas for the first and the second
variations of the energy (Prop. 3.8), determining the same Jacobi operator,
Jacobi equation and flag curvature (Prop. 3.6). Moreover, these connections
can also be related to the Levi-Civita connection of the osculating metric
(Prop. 3.9).

The paper is organized as follows. In Sect. 2, we give the basic notions of
anisotropic tensor calculus, previously introduced in [4]. In particular, we de-
fine anisotropic tensors, anisotropic connections, and finally the tensor deriva-
tion and the curvature tensor associated with an anisotropic connection. In
Sect. 2.2, we give the notion of anisotropic covariant derivation and then of
auto-parallel curve. We also establish the Jacobi equation of an auto-parallel
curve in Prop. 2.11 and give a condition in terms of the difference tensor (see
(31)), which implies that two different anisotropic connections determine the
same Jacobi operator. In Sect. 2.3, we explain the different possibilities for
parallel transport with an anisotropic connection. In Sect. 2.4, we obtain the
anisotropic Bianchi identities and in Sect. 2.5, the comparison of the curva-
ture tensors of two anisotropic connections. Section 3 is devoted to the study
of certain connections which are well suited to study Finsler metrics. These
connections allow us to obtain formulas for the first and the second variation
of the energy.

2. Anisotropic Tensor Calculus and Affine Connections

Let M be a smooth manifold of dimension n, T'M its tangent bundle and
T*M its contangent bundle, with 7 : TM — M and 7 : T*"M — M, the
natural projections. Given an open subset A of the tangent bundle TM with
w(A) = M, we can use the restriction m|4 : A C TM — M to obtain two
pull-back vector bundles over A by lifting m and 7, which are, respectively,
denoted by 7% : m3TM — A and 7} : 73 T*"M — A:
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Observe that for every v € A, we have that (7%) '(v) = TrM and

(7)) = T3, M. Then a section of 7} (resp. 7) can be thought as
a smooth map A > v — X, € TM (resp. A 3 v — 0, € T*M) in such a
way that X, € Ty, M (resp. 0, € T;(U)M). The subset of (smooth) sections
of T M will be denoted by T}(M, A), while the subset of smooth sections
of #4T*M will be denoted by T{(M, A). Then we define an A-anisotropic
tensor T of type (r,s), r,s € NU{0}, r+s > 0, as an F(A)-multilinear map

T:TUM, A" x TH(M, A)* — F(A),

where F(A) is the subset of smooth real functions on A, namely, f: A — R.
The space of A-anisotropic tensors of type (r,s) is denoted by 7 (M, A),
while by convention TY(M, A) = F(A). The F(A)-multilinearity implies that
for every v € A, T determines a multilinear map

T’U . ( :(,U)M)r X (TTK-(,U)M)S — ]R,

As a consequence, given an open subset 2 C M, it makes sense to consider
the restriction

T:3UQTUNA)" x TH(Q,TQN A — F(TQN A).

In particular, given a system of coordinates (€2, ), where Q is an open
subset of M and ¢ : Q — U C R"™, a chart of M, we define the coordinates
of T' as functions T;ll;zj“ :ANT — R defined as

Tﬁ;jy (v) =Ty (da™, ..., da*,05,,...,0;,),

where 01, ...,0, denotes the frame of partial vector fields associated with
the coordinate system (Q, ) and dx!,... dz", its dual basis. Observe that
the space of smooth vector fields on M, denoted by X(M) (resp. the space
of smooth one-forms on M, denoted by X*(M)) can be viewed as a subset of
TH(M, A) (resp. TV(M, A)), since a vector field X € X(M) (resp. § € X*(M))
can be identified with the smooth section X (resp. 0~) defined as X, = X (o)
(resp. 6, = Or(v)). By the F(A)-multilinearity, it is enough to define the
tensor as

T:X"(M)" x X(M)* — F(A), (1)
which then will be extended by the F(A)-multilinearity using a local frame
in X(M) (resp. X*(M)), see also [4, Remark 2.

One can also consider an F(A)-multilinear map

T: %M, A)* — TH(M, A), (2)

which determines the A-anisotropic tensor of type (1,s) T : TV(M, A) x
TH(M, A)* — F(A) defined by

TO,X,,..., %) = 0(T(Xy, ..., X)) (3)
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As in classical tensor calculus, T" will be considered as a tensor field
itself, using the formula above only when necessary.

We will say that a vector field V' defined on an open subset 2 C M is
A-admissible if V), € A for every p € Q. In such a case, given an A-anisotropic
tensor T' € T7(M, A), we can define a (classical) tensor Ty € T7(€) in such
a way that (Ty), = Ty, for every p € Q.

As a result of the dependence on directions of A-anisotropic tensors,
one can define derivatives on the vertical bundle.

Definition 2.1. Given an A-anisotropic tensor T' € ¥7(M, A), we define its
vertical derivative as the tensor 0"T € T, (M, A) given by

0
(aVT)v(ela < '70T,X17 s 7Xsa Z) = aTv+tZ7,(v) (913 c '70T7X17 s 7Xs)|t:O

for any v € A and (6%,60%,...,0", X1,..., X, Z) € X*(M)" x X(M)**!, and
an analogous definition is made for A-anisotropic tensors of the type (2).

Recall that in Finsler Geometry, the linear connections used to study
geodesics and curvature are linear connections on the vertical bundle. Along
this paper we will use a different notion of connection introduced in [12, Sect.
7.1] and studied in [4], which simplifies some computations.

Definition 2.2. An A-anisotropic (linear) connection is a map
V:iAXxX(M)xX(M)—TM, (v, X,Y) = VXY € T M,
such that
(i) VXY +2)=V%Y + V% Z, for any XY, Z € X(M),
(i) V&(fY) = X(f)Yr() + [(7(0)) VY forany f € F(M), X,Y € X(M),
(iii) for any X,Y € X(M), VxY € T}(M, A) (considered as a map A > v —
VxY),
(iv) Vix iy Z2=f(r(v)V5Z+h(n(v))VyZ, forany f,h € F(M), X,Y,Z €

For the relation of this new notion of A-anisotropic connection with
classical linear connections see [4, Sect. 4.4]. Given an A-anisotropic connec-
tion V and a vector field X € X(M), it is possible to define an A-anisotropic
tensor derivation Vx (see [4, Sect. 2.2] for the general definition) in the space
of tensors T7 (M, A) such that for any function h € F(A), Vxh € F(A) is
determined at v € A by

V() = Xy (V) = (0" ) (V5 V), (4)

where V' is any A-admissible vector field extending v, namely Vi) = v.
Observe that the expression in (4) does not depend on the choice of V' (see
[4, Lemma 9]). Moreover, if § € X*(M), then Vx0 € T(M, A) is determined
by

(V0)o(Y) = Xpiy (0(Y)) — O(VSY), forany Y € X(M).  (5)

Finally, for an arbitrary A-anisotropic tensor T' € X7 (M, A), we define the
tensor derivative
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(VxT)(0,...,0", X1,...,X,)) = Vx(TO,...,0", X1,...,X,))

=3 T, VX0, 0T X X)
i=1

=N T, 07 X, VXX, X,
j=1

(6)

for any (0,60%,...,0", X1,...,X,) € X*(M)" x X(M)* (see [4, Theorem 11]
and recall that Vx is an A-anisotropic derivation as in [4, Definition 8]).
Observe that the same formula (6) with » = 0 also holds for tensors of the
type (2). We can also define the torsion of V as

T,(X,Y)=V%Y - VV X — [X,Y], forany XY € X(M). (7)
We say that an A-anisotropic connection is torsion-free if 7 = 0.

Remark 2.3. Recall that even if Vx6 in (5), VxT in (6) and 7 in (7) are
defined only for one-forms and vector fields, they can be extended to arbitrary
elements of (M, A) and T} (M, A) by F(A)-multilinearity. Moreover, V also
can be extended to T§(M, A) x Th(M, A) using the Leibnitz rule and (4). One
can also obtain the following formula, when given an A-admissible vector field
V on an open subset Q and X, Y € T} (M, A),

YY = Vi) = (0"Y)u(VEV), (8)

where (0"Y),(2) = V(v + tz)|t=0, for any vector z € Tr(,)M (see [4, Eq.
(12)]), and recall that (Qv), = Yy, for every p € Q. When T is an A-
anisotropic tensor as in (2), this can be used to compute the first term of
VxT in (6) with the help of the associated affine connection VV for a given
A-admissible vector field V' which extends v € A, namely

Vx(T(X1,. .., X)) (0)=Xr (o) (Tv (X1, ..., X)) — (0" T (X1, ..., Xs, VX V),
9)
where X, X1,..., X, € X(M) (see [4, Eq. (17)] for more details).

Given a system of coordinates (€2, ¢), we will define the Christoffel sym-
bols of the A-anisotropic connection V as the functions Fkl-j TONA—-R
determined by

It is easy to check that V is torsion-free, namely, 7 = 0, if and only if
the Christoffel symbols Fkij are symmetric in 4 and j.

2.1. The Curvature Tensor of an A-Anisotropic Connection

Given an A-anisotropic connection V, we can define the associated curvature
tensor R, : X(M) x X(M) x X(M) — Ty,yM, as follows

Rv(Xa Y)Z = vl))((vYZ) - Vi})/(vXZ) - VE}X,Y]Z’ (10)
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for any v € A and X,Y,Z € X(M) (recall part (iii) of Definition 2.2 and
Remark 2.3 for the extension of V to TH(M, A) x TL(M, A)). It is straightfor-
ward to check that R is an F(A)-multilinear map, and then an A-anisotropic
tensor as in (2). Furthermore, it is anti-symmetric in X and Y.

Recall that given an A-admissible vector field V in Q@ C M, an A-
anisotropic connection V provides an affine connection V" on € defined as
(VYY), = VY for any X,Y € X(M), being v = V. Our next aim is to
express the curvature tensor in terms of the elements associated with V.
First, we need to introduce the following tensors:

8 v (v
P(X.Y,Z) = 5 (v;m ( ”Y) lo,

RY(X,Y)Z =VXVyZ - VYV Z - Vixy 7,

where X, Y, Z € X(£2). Observe that P is an A-anisotropic tensor, but RV is
not. This is because R does depend on the particular choice of V as we will
see later. The A-anisotropic tensor P will be called the vertical derivative of
V and the connection V is said to be Berwald if and only if P = 0. Moreover,
in a natural system of coordinates of the tangent bundle (T2, @), associated
with a coordinate system (€2, ) on M, one has

ort, y

Ty’“(v) (31)77(@) (11)

for every v € A, and u, w, 2 € T,y M and being u’, w' and 2* the coordinates
of u,w, z. As usual, we denote the coordinates of a point v € T as

Py (u,w, z) = u'w! 2"

(ﬁ:('1:7y):(x17x27"'7zn’y17y27"'7yn)7 (12)

and we use the Einstein summation convention when possible, omitting the

coordinate functions ¢ and ¢ to avoid clutter in equations. It follows from
(11) that if V is torsion-free, then P is symmetric in the first two components.

Remark 2.4. If the A-anisotropic connection is positive homogeneous of de-
gree zero, namely VY = VY, then it follows that P,(u,w, v) = 0 for every
veE Aand u,w € Tr)yM.

Proposition 2.5. Let V be an A-anisotropic connection and Q@ C M, an open
subset. Then for any v € A, we have that
Ry(X,Y)Z = (R"),(X,Y)Z~(Pv),(Y. Z,VXV)+(Pv)p(X, Z,Vy V), (13)

where V. XY, Z € X(Q), being V an A-admissible extension of v and p =
m(v). Moreover, in a natural system of coordinates (T, p) of TM, we have

, , ork, L ork,

RAXY)Z = |20V DX 0) (G2 0) = oT0) )
; vy TR N

LD YD) G ) - T 0) G 0)

+2'(p)Y? (D)X (p) (T 55 ()T (0) =T i ()T 50(0) ] (00 ) o
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where X*, Y, Z1 v' are the coordinates of X,Y, Z,v, respectively.

Proof. To prove (13), it is enough to observe that using (8), we deduce that
Vi (Vv Z) = (VX (VY Z)xw) = Po(Y: 2, VXV),
VY (VxZ) = (VV(VXZ)rw) = Po(X, Z, VY V).

Let us now check (14). Denote the Christoffel symbols of V"' as fkij (p) =
T (V). Then

RY(X,Y)Z ZlYﬂXlaFk — 7' Xyt —~ o
(X,¥)Z = Oz (9xl
i S = ~= 0
+ZiYIX™ (rljirkml - Flmir’fjl)} o (15)
Moreover, as (Vi V)* = Xm%+XmVle7,LZOV, using (11), we deduce
that
o oVl ork..
P (Y. 2,9KV) = ZVI(X" S XV )t o,
o V! - ork.,
Py(X,Z,VVV)=Z' X (Y™ 37 +Y™viTh ) ayfj oV.
. . al—‘kji avlt af‘kji
Then using the last equations, (15) and 2 aznz ( ) = 3z (Vo) +gzm (0) 55+ (Vp),
we finally obtain (14). O

2.2. Covariant Derivatives Along Curves

In the following, given a smooth curve v : [a,b] — M, X() will denote the
space of smooth vector fields along v and F(I) the smooth real functions
defined on I = [a, b].

Definition 2.6. An A-anisotropic covariant derivation DY in A along a curve
v : [a,b] — M is a map

DY X(v) — TrwyM, X = DX

for every v € A with w(v) = v(to), and tg € [a, b], such that
() DY(X +Y) = DyX + DY, XY € X(3),
(i) DY(FX) = G (to) X (to) + f(to) DYX V [ € F(I), X € X(v),
(ili) DY X (t) := ﬂ,(t)X is smooth V V. X € X(vy) and V, A-admissible,
namely V(t) € A Vi€ a,b)].

Proposition 2.7. Given a smooth curve v : [a,b] — M, an A-anisotropic
connection V determines an induced A-anisotropic covariant derivative along
v with the following property: if X € X(M), then D(X,) = VX, where X,
is the vector field in X(7y) defined as X(t) = Xy YVt € [a,b].

Proof. Analogous to [10, Prop. 3.18], see also [4, Prop. 18]. O
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Definition 2.8. We say that a smooth curve « : [a,b] — M is A-admissible
if 4(t) € A for all t € [a,b]. Moreover, we say that an A-admissible smooth
curve is an autoparallel curve of the A-anisotropic connection V if D;'Y"y =0,
where D., is the A-anisotropic covariant derivative associated with V.

In coordinates, autoparallel curves are given by the equation
7' +49T(3) = 0. (16)
We say that a two-parameter map is a smooth map A : O — M such
that O is an open subset of R? satisfying the interval condition, namely,
horizontal and vertical lines of R? intersect O on intervals. We will use the
following notation:
1. the t-parameter curve of A at sq is the curve ~,, defined as t — 7, (¢) =
A(t7 50)7
2. the s-parameter curve of A at g is the curve 3y, defined as s — fy,(s) =
A(to, S).
Let us define A*T'M as the pull-back vector bundle over O induced by lifting
m:TM — M through A. Then we denote the subset of smooth sections of
A*TM as X(A):

ANTM TM

A*l l

O—A>M

Observe that a vector field V' € X(A) induces vector fields in X(vs,) and
X(Bt,). We can also define the curvature operator associated with an A-
admissible two-parameter map A : [a,b] X (—e&,&) — M, (t,s) — A(t,s).
Here A-admissible means that () € A for every (¢, s) € [a,b] x (—e,€). The
curvature operator of A is a map Rj : X(A) — X(A) defined, for any vector
field W € X(A), as

RA(W) := DJ: Dy W — D DI*W — Py (31, W, D3:4s) + Py, (4, W, D ).

Proposition 2.9. Given a two-parameter map, and an A-anisotropic connec-
tion in a manifold M, with Rx the curvature operator of it induced covariant
deriative, it holds .

RA(W) = Ry, (s, B)W, (17)
where Ry, is the curvature tensor of V.

Proof. First observe that by a straightforward computation, one can check
that Ry is F(I)-multilinear on W, namely given f € F(I), RA(fW) =
fRA(W). Then to check (17) is enough to prove that Rx((9;),, ) = Ry, (Ys, 8t)
0; for any partial vector field 9;. This is also straightforward taking into
account that

d (.. dA dA™ OT: . dA N d2Am ork,  dA

— o0 — | = —— o — o —

dt Yo dt dt dxzm  dt de2 gy™  dt’

d ( . dA) CdAm Tk, dA d2A™ O, dA

FTAANT ds zm O At | dsdt oy™ T
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parts (i) and (ii) of Def. 2.6 and (14). O

Definition 2.10. Given an auto-parallel curve v of an A-anisotropic connec-
tion V, we say that a vector field J along 7 is a Jacobi field if it is the
variational vector field of a variation of v such that the longitudinal curves
(namely, in the notation above, the curves 7,) are auto-parallel curves.

Proposition 2.11. Let V be an A-anisotropic connection in A C TM \ 0,
being T, P and R, respectively, the torsion, the vertical derivative and the
curvature tensor of V. If v : [a,b] — M s an auto-parallel curve of V, D,
the induced covariant derivative along v and J, a Jacobi field along vy, then

(D1)*J = Ry(3, )y = Py (3,4, DI + T5(J, %)) — (V5T )5 (J,4) = To(DIJ, ).

In particular, if V is torsion-free and "
Py(v,v,u) =0 Vv € Aandu € T,y M, (19)

then
(D3)?J = R (7, J)- (20)

Proof. Consider a variation A : [a,b] x (—&,&) — M of v (with the above
notation) in such a way that -, is an auto-parallel curve for every s € (—¢,¢)
and (3;(0) = J(t). Then DJ*4s = 0 and from the definition of Ry and (17),
we get

0= Dgi Dz:’)/s = 7R;Ys (;Ysa /815)'75 + Dz:Dgf’Ys + P"y(;Yv Y Dg:’ys) (21)
Moreover, taking into account the definition of the torsion 7, we get that
D)4 = D3 By + T, (Br,4s) and then

DI D4s = (D32)?Be + D32 (T, (B1,4s))- (22)

Furthermore,
DI (T, (B, %)) = (V5. T )4, (Bes 4s) + T3, (DT B, s) + (07T )5, (Br, s, D174
(23)

(recall (6) and (9)). Putting together (21)-(23), evaluating in s = 0 and
taking into account that v is an auto-parallel curve, we easily conclude (18).
O

Definition 2.12. Let V be an A-anisotropic connection in A C TM \ 0 and
v : la,b] — M an auto-parallel curve of V. We say that the map

Ry X(y) = X(7), U — Ry(U) := Rs(V,U)7y (24)
is the curvature operator of ~y.

2.3. Parallel Transport

Given an A-anisotropic connection V, there are several ways to transport a
vector field along a curve 7 : [a,b] — M considering the covariant derivative
D,, associated with V:

(i) The parallel transport defined by DX X = 0. If the subset A does not
coincide with TM \ 0, this parallel transport could not be defined along
the whole curve, but at least it is defined in an interval of a.
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(ii) The ~-parallel transport defined by D?YX = 0, which is always defined
along v whenever + is A-admissible, namely, ¥(¢) € A for every ¢ € [a, b].

(iii) The W-parallel transport defined by DIY/V X =0, which is always defined
along v whenever W is A-admissible.

Observe that in order to prove that both ~-parallel and W-parallel transports

are always defined along the whole curve 7, it is enough to apply standard
ODE Theory to the equations

X 4+T,W)FXF =0, X'+T%,(3)4 X" =0, (25)

with ¢ = 1, ..., n. Instead, the parallel transport is not necessarily defined in
the whole domain of v, but at least it is defined in some subinterval, as this
time the equations

X 4+T (X)X =0, (26)
with ¢ = 1,...,n, are not linear.

Recall that one can compute the curvature tensor or the derivation of
any tensor with an A-anisotropic connection in terms of an affine connection
VYV using an arbitrary A-admissible extension V' of v (see (9) and (13)). Let
us show that one can always choose a suitable V' € X(Q) (in some open subset
Q C M) to simplify computations.

Proposition 2.13. Given an A-anisotropic connection V and a vector v € A,
we can always choose an A-admissible extension V' defined in an open subset
Q C M, such that

ViV =0 (27)

for any vector field X € X(QU). Furthermore, if T € T5(M,A) and X €
TH(M, A), then (VxT)y = (VX(TV))r(w), and the curvature tensor of V can
be computed as

Rv(Xa Y)Z = RX(v) (X7Y)Z = (VE/(V;‘?Z),T(U) - (V¥V§Z))w(v)7 (28)

for XY, Z € X(Q) such that [X,Y] = 0 (the last condition is not necessary
for the first identity), and its derivative as

+P,(Y,W,V%VYV) (29)
assuming that all the Lie brackets of the vector fields X, Y, Z,W € X(Q) are

ZET0.

Proof. To find the extension, choose a chart (£2, ) in such a way that ¢(£2)
is a product of open intervals. Then extend v along the integral curves of
the chart using the parallel transport given by D}{/ V =0, namely if ¢(p) =

(xt,... a"), first extend v to a parallel vector field along the curve (ag,b;)
t — @ (t,2%,...,2"), then to a parallel vector field along (ag,bs) > t —
o s, t,23,...,2"), for every s € (a1,b1) and so on, obtaining a vector field

in Q. Observe that as the parallel transport is not defined in all the interval,
we may need to reduce 2. The identity for VxT follows directly from (6),
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(9) and (27). The identity (28) follows from (13) and (27), and for (29), use
the identity (VxT), = (VX(TV))x(v) for T = R and observe that

(VX(Pv(Z,W.NYV)) () = Po(Z W, VX VYY)

as a consequence of (27). O

Observe that with the choice of V in (27), one has that (Vi V), = 0,
where p = m(v), but the vector field V¥V could not be identically zero away
from p.

2.4. Bianchi Identities

Let us generalize Bianchi identities to arbitrary anisotropic connections.

Proposition 2.14. Let V be an A-anisotropic connection and P, T and R its
vertical derivative, and torsion and curvature tensors, respectively. For every
v e Aand u,w,z € Tr,yM, we have that R,(u,w) = —R,(w,u) and R
satisfies the first Bianchi identity:

Z Ry (u,w)z = Z (To(To(u, w), 2) + (VT )o(w, 2)),
cycu,w,z cycu,w,z
and the second Bianchi identity:
> ((VuR)y(w, 2)b — Py(w, b, Ry(u, 2)v) + Ry(T, (u, w), 2)b) = 0.
cyciu,w,z

Here Y denotes the cyclic sum in u,w, z.

cyciu,w,z

Proof. Consider extensions X,Y,Z W of u,w, z,b, respectively, in such a
way that its Lie brackets are zero and an extension V of v satisfying (27).
Recall that RY satisfies the Bianchi identities (see for example [6, Th. 5.3]).
Moreover, observe that with our choice of V, VY (7y)r() = (VxT), (recall
Prop. 2.13) and it holds (28) and (29). Making the cyclic sum, one easily
concludes the second Bianchi identity. O

Finally, we will give the vertical Bianchi identity.

Proposition 2.15. Let V be an A-anisotropic connection and P, T and R its
vertical derivative and torsion and curvature tensors, respectively. For every
veE A and u,w,2,b € Tr(yM,
(0" R)y(u,w, z,b) = (VyP)y(w, 2,b) = (Vo P)y(u, 2,b) + Py (Ty(u, w), z,b)
—P,(w, z, Py(u,v,b)) + Py,(u, z, P,(w, v, b)). (30)
Proof. Let V, XY, Z,W be vector fields extensions of v,u,w, z,b with V,
A-admissible satisfying (27), and such that the Lie brackets of X, W, ZY
cancel. Then
d
7 (VNI Z) ) =V (Py (Y, Z,W)) + Py(X, VY Z, W)
t=0
=(VxP),(Y,Z,W) + P,(VXY,Z, W)
+Py(Y,VXZ,W) + P,(Y, Z,VXW)

+ Py (X, VY Z, W)
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and

d
ol Perw¥iZ, VYWV 4 tW) = P,(Y, Z, Py (X, V,W))
t=0
+P,(Y, Z, VY W).
Taking into account the above identities together with the ones obtained by
interchanging X and Y in those identities and replacing the four identities
in the definition of 9" R, after much cancellation, one concludes (30). O

2.5. Comparison of the Curvature Tensors

Observe that given two different A-anisotropic connections V and V defined
in the same open subset A C T'M, their difference is an A-anisotropic tensor
defined as

Qv(Xa Y) = Y UXY - VUXYa (31)

for any X, Y € X(M). Let us relate the curvature tensors of both connections.

Proposition 2.16. Let R, R be the curvature tensors associated with V and
V, respectively, and u,w,z € Tr,)M. Then

Rv(u, w)z = Ry(u,w)z — Py(w, 2, Qy(u,v)) + Py(u, 2, Qy(w,v)) + Q) (u, w|32)
where
Qy(u,w)z = (VuQ)y(w, 2) — (ViQ)o(u, 2) + Qu(T (u, w), 2)

+8VQU(U7’Z’QU(U}7'U)) - 8”Qv(w,z,Qv(u,v)) (33)
+Qu(u, Qu(w, 2)) — Qu(w, Qu(u, 2)). (34)

Proof. Let V, XY, Z be local extensions of v, u,w, z, respectively, being V,
A-admissible. We can assume that [X,Y] = 0, and V satisfies (27) for the
connection V. Then V4V = —Q,(X,V) and V&V = —Q, (Y, V). It follows
that

Ry(X,Y)Z = (VXVYZ = VYVXZ)r(w)- (35)
Moreover,
VYVYZ = VX (VY Z + Qu(Y, Z))

=VXVYZ +Qv(X,VV2) + VX (Qv(Y,Z)) + Qv(X,Qv(Y, Z)).
(36)

Analogously,

VYVYZ =VyVXZ +Qv(Y,VXZ)+ VY (Qv(X,Z)) + Qv(Y,Qv(X, Z)).
(37)

We also have that
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(VX(Qv(Y, 2))r() = (VxQ)o(Y, Z) + Qu(VXY, Z) + Qu(Y, VX Z)

+6UQU (Ya Z’ _QV (X7 V))7 (38)
(VY(Qv (X, 2)r() = (VyQ)o(X, Z) + Qu(Vy X, Z) + Qu(X, VY Z)
+8VQ1)(X3 Z7 7QV (Y7 V))7 (39)

and
R,(X,Y)Z = (VXVYZ = VYV Z)n)
—P,(Y, Z, Qv (X,V)) + P,(X, Z, Qv (Y,V)). (40)
Using successively in (35), the identities (36)—(40), we finally get (32). O
Corollary 2.17. Given two A-anisotropic connections with a difference tensor

Qv which satisfies Q. (u,v) =0 for every v € A and u € Ty, M, then

R, (u,w)z = Ry (u,w)z + (VuQ)o(w, 2) — (VuQ)y(u, 2) + Qu (T (u, w), 2)
+Qu (u, Qu(w, 2)) — Qu(w, Qu(u, 2)) (41)
and Rv(u,w)v = Ry(u, w)v for any v € A and u,w,z € Tr,yM.

Proof. The identity (41) follows straightforwardly from (32). For the identity
Ry (u, w)v = Ry (u, w)v, we only need to use (41) observing that (V,Q),(w,v)
= 0. In order to check this, consider local extensions X,Y,V of u,w,v, re-

spectively, with V', A-admissible satisfying (27), and apply definitions. O

Proposition 2.18. Let V be a torsion-free A-anisotropic connection with ver-
tical derivative satisfying (19), and V any other torsion-free A-anisotropic
connection with difference tensor (31) with respect to V satisfying

Qu(v,u) =0, Yv € A and u € Ty, M. (42)
Then
(i) for everyv € A and u,w € Tyr(,yM, the vertical derivative of Q satisfies
that
8UQU(1},U7UJ) = —QU(’LU,U), (43)

(ii) the vertical derivative of V satisfies (19),
(ili) V has the same curvature operator (recall Def. 2.12) and the same Ja-
cobi equation (20) as V.

Proof. Observe that for any vector field J along 7, (ﬁz){] = (Dj)QJ be-
cause of condition (42), where D, and D, are the A-anisotropic covariant
derivatives along v induced by V and V, respectively. Moreover, using that
Quitw(v + tw,u) = 0 for every ¢ € R and computing the derivative with
respect to t, we get (43). If P is the vertical derivative of V, then using (43)
and (42), we get
Py(v,v,u) = Py(v,v,u) + 0" Qu(v,v,u) = —Qu(u,v) = —Qu(v,u) = 0.

Here, we have also used that @ is symmetric, because V and V are both
torsion-free. This implies that the Jacobi equation for V is of the form (20),
and using the last statement of Cor. 2.17, we conclude (iii). O
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3. Distinguished Connections

In this section, we will study a family of A-anisotropic connections which are
suitable to study the geometry of pseudo-Finsler metrics. Let A C TM \ 0 be
an open conic subset, namely an open subset of T'M satisfying that for every
v € Aand A > 0 we have that Av € A. We define a pseudo-Finsler metric
on A as a smooth, positive two-homogeneous function L : A C TM \ 0 — R,
such that its fundamental tensor defined as

1 92
2 tds

for every v € A and u,w € Ty(,)M, is non-degenerate. The Cartan tensor
associated with L is defined as

1 3
Cy(wy, wa, w3) 1= 1 (933852831 (v + ZS wz>

Recall that C, is symmetric and, by homogeneity, one has that C, (v, u,w) =
Co(u,v,w) = Cy(u, w,v) = 0 for any v € A and u, w € Tr(,)M. In this con-
text, it is possible to define a Levi-Civita A-anisotropic connection, namely a
torsion-free A-anisotropic connection V such that Vg = 0, where g is the fun-
damental tensor. This connection can be identified with the Chern connection
(see [12, Egs. (7.20) and (7.21)] and [4, Sects. 4.1 and 4.4]), so we will refer to
it sometimes as the Levi-Civita—Chern connection. Moreover, the curvature
tensor of this connection has some symmetric properties with respect to the
fundamental tensor of the pseudo-Finsler metric. These symmetries can also
be found in [1, Sect. 3.4A].

gp(u,w) := L(v+tu + sw)|t=s=0 (44)

(45)

s1=82=53=0

Proposition 3.1. Let (M, L) be a pseudo-Finsler manifold and V, its Levi-
Civita—Chern connection. Then the curvature tensor R associated with V
satisfies the symmetries:

9o (Ry(u,w)z,b) + gy (Ry(u, w)b, z) = 2C, (Ry(w, u)v, z,b) (46)
and
v (R’U (uv ’LU)Z, b) - gU(RU (Z, b)ua ’LU)
= Cy(Ry(w, 2)v,u,b) + Cp(Ry (2, w)v,w,b) + Cy(Ry(u, b)v, 2, w)
+Cy(Ry (b, w)v, z,u) + Cy(Ry (2, b)v, u, w) + Cy(Ry (w, u)v, 2, b).
(47)
Proof. Let V, X, Y, Z, W be local extensions of v, u, w, z, b, respectively, being
V, A-admissible and satisfying (27). Then using [2, Prop. 3.1], we easily
conclude (46) and (47), because in this case Ry (X,Y)Z = RV(X,Y)Z. O
3.1. Torsion-Free A-Anisotropic Connections and Pseudo-Finsler Metrics
Assume that V is a torsion-free A-anisotropic connection, (M, L) is a pseudo-

Finsler manifold as above and define Q as the A-anisotropic tensor

Qu(u,w, z) = (@ug)U(W,Z) (48)
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for every v € A and u,w, z € Tr(,)M. Then the A-anisotropic connection \Y
satisfies a Koszul type formula:

200(VXY, Z) = Xu()(9v (Y, 2)) = Za(y (9v (X, V) + Yooy (9v (2, X))
+9u([X, Y], Z) + 90(12, X],Y) — 9o ([Y, Z], X)
2(=Cu(Y, Z,VXV) = Co(Z, X, VYV) + Co(X, Y, VEV))
-0,Y,Z2,X)-9,(Z,X,Y)+ Q,(X,Y, 2), (49)
where V' is an A-admissible local extension of v € A and X, Y, Z are arbitrary

vector fields. This expression can be obtained as the Koszul formula for the
Chern connection using that V is torsion-free and

(Vug)o(w, 2) = X (9v (Y, 2)) = 9,(VXY, Z) = g,(Y, VX Z)
- 20@(}/3 Z> @}/(V)v
recall [4, Sect. 4.1].

Proposition 3.2. Given a pseudo-Finsler manifold (M,L) on a conic open
subset A C TM\ 0 and an A-anisotropic tensor Q, there is a unique torsion-
free A-anisotropic connection V satisfying (48). Moreover, if Q is symmetric,
then V =V — %Qb, where V is the Chern connection of L and the tensor oP
is determined by g,(Q’(u,w), z) = Qu(u, w, 2).
Proof. For the first statement, observe that the Koszul formula when X =
Y =V, being V an arbitrary extension of v, reduces to

200(VVV, Z) = 20(9v (V, Z)) = Zn(oy (v (V. V) + 290((Z, V], V)
and when Y =V,

29,(VXV, Z) = X (9v (V, 2)) = Zrw (v (X, V) + v(gv (2, X))

+9,([X, V], Z) + 90([Z, X], V) — gu([V, Z], X)

—20,(Z, X,VVV) = Q,(V, Z,X) — Q,(Z, X, V) + Q,(X,V, Z). (50)
Therefore, V'V and VYV are determined and then (49) completely deter-
mines VY. Moreover, from (49) and (50), it is not difficult to prove that
V must satisfy the properties (i)—(iii) in Def. 2.2 and it is F(M)-linear in
X. The relation V = V — %Q" follows easily taking into account the Koszul
formulae for V and V. g

Remark 3.3. It is well-known that geodesics of a pseudo-Finsler metric are
the auto-parallel curves of the Levi-Civita-Chern connection V. Then an
A-anisotropic connection V as above has the same auto-parallel curves (in-
cluding the parametrization) as V if and only if Q° (v,v) = 0 for every v € A.

From now on, we will fix a symmetric A-anisotropic tensor Q satisfying
that Q,(v,u,w) = 0 for every v € A and u,w € Tyr(,)M and will denote by

V the A-anisotropic connection V associated with Q, which is determined by

Vg =0, (51)
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(see Prop. 3.2). Observe that by the above Remark, V and V have the same
auto-parallel curves, because the property Q,(v,u,w) = 0 implies that the
difference tensor %Qb satisfies that Q% (v,u) = 0 for all v € A and u €
TryM. Let us see that we can obtain formulas for the variations of the
energy with such connections, but before we need some technical results.

Lemma 3.4. Let V be the Chern connection and V and Q as in (51), with R
the curvature tensor of V. Then for v € A and u,w,z € Tyr,)M, one has

(i) (VuQ)o(v,w) = (V4 Q")y(w,v) =0,

(11) gv(QE) (uv U)), 'U) = gv((qub)v<wa Z)v U) =0,

(111) Gv (Rv ('LL, w)z, U) = gv(Rv (’LL, w)z, U);

(iV) gv(Rv (’LL, w)z, U) = —9v (Rv (u7 ’LU)’U7 Z)

Proof. For (i) and (ii) use the properties of Q and an extension V of v sat-
isfying (27). In particular, for the last identity in part (ii) use the almost-
compatibility with the metric of the Chern connection. Part (iii) is a con-
sequence of part (ii) and Cor. 2.17. For part (iv), use Cor. 2.17, which in
particular implies that g,(R,(u, w)v, z) = gy(Ry(u, w)v, z). Putting together
the last identity with part (iii) and taking into account (46), which implies
that g, (R, (u, w)z,v) = —gy(Ry(u, w)v, z), we conclude.

Recall that the Berwald connection V is defined for a spray. Indeed, the
Christoffel symbols of the Berwald connection are computed as the second
derivatives of the coefficients of the spray. Moreover, a pseudo-Finsler metric
determines a spray (see [12]) and then an anisotropic Berwald connection (see
4, Def. 22]). The Berwald tensor B is defined as the vertical derivative of V,
(see (6.4) in [12]) and the Chern tensor P as the vertical derivative of V (see
(7.23) in [12], where it has the opposite sign). As V and V are torsion-free,
B and P are symmetric in the first two components, and by homogeneity, it
follows that B, (u,w,v) = P,(u,w,v) = 0. Furthermore, the Berwald tensor
is symmetric, and then

B, (v,u,w) = By(u,v,w) = By(u,w,v) = 0. (52)

Finally, the Landsberg curvature of a pseudo-Finsler metric L is defined as
1
Lo (u,w, z) = igv(Bv(u,w,z),v) (53)

(see (6.25) in [12, Def. 6.2.1] where it has the opposite sign). From (52), it
follows that

Lo (v, u,w) = Ly (u,v,w) = L (u, w,v) = 0. (54)

With these definitions, we can write down the difference tensor between the
Chern and Berwald connections as

§Y - VXY = 8(X,Y), (55)

for any X, Y € X(M), where £ is determined by g, (£ (u,w), z) = £, (u, w, 2)
(see (7.17) in [12] and observe that the notation for the Chern and Berwald
connections is changed).
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Lemma 3.5. Given a pseudo-Finsler metric L, the vertical derivative of its
Chern connection satisfies (19).

Proof. Observe that the Berwald connection is torsion-free and its vertical
derivative satisfies (19) (it follows from (52)). Moreover, the difference tensor
between the Chern connection V and the Berwald connection V is £ (see
(55)) and £ (v,u) = 0 for every v € A and u € Ty (,yM (it follows from (54)).
By part (ii) of Prop. 2.18, the vertical derivative of the Chern connection also
satisfies (19). O

Recall that given a pseudo-Finsler metric L : A — R, for every v € A,
one can define the flag curvature K, : Ty, M — R using one of the classical
linear connections. In particular, when the Chern connection is considered as
an A-anisotropic connection, then the flag curvature is expressed in terms of
its associated curvature tensor as
B o (Ry (v, w)w, v)

go(w,w)L(v) = gu (v, w)
where g is the fundamental tensor of L and w € Tr(,)M. One way to check
this formula is by observing that the (non-null) Christoffel symbols of the
Chern connection in [1, Eq. (2.4.9)] as a linear connection coincide with the
Christoffel symbols of the A-anisotropic Chern connection, and then the flag
curvature in [1, Sect. 3.9A] coincides with the one given above (use (14) to
check this). By part (iv) of Lemma 3.4, the flag curvature can also be obtained
with any of the distinguished A-anisotropic connections V defined in (51),
replacing in the above formula R by R.

K, (w)

27

Proposition 3.6. Given a pseudo-Finsler manifold (M, L) on A, the torsion-
free A-anisotropic connection V satisfying (51) determines the same flag cur-
vature, the same Jacobi operator and the same Jacobi equation (20) and its
vertical derivative satisfies (19) as the Levi-Civita—Chern connection. More-
over, the vertical derivative P of V satisfies also that

9o (Py(v,u,w),v) =0, (56)
Jor every v € A and u, w € T,y M.

Proof. By Lemma 3.5, the vertical derivative of the Levi-Civita—Chern con-
nection satisfies (19). Then we can apply parts (ii) and (iii) of Prop. 2.18 and
part (iii) of Lemma 3.4, which concludes all the claims except (56). To prove
(56), observe that using (55), one gets

Py(z,u,w) = By(z,u,w) + (0VL")y(2, u,w) 4 (0¥ Q") y (2, u, w).
Applying part (i) of Prop. 2.18 to £” and Q° and using (52) and (54), one
easily concludes (56) from the last identity. O
Remark 3.7. Let us observe that the four classical connections provide A-
anisotropic connections which are distinguished. More precisely,

(i) to define the A-anisotropic connection V%Y using a classical linear con-
nection V¢ on the vertical fiber bundle, one has to make the derivative
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with respect to the horizontal lift X* of X, where the horizontal sub-
bundle is the classical one for a Finsler metric (see [1, Pag. 35]), namely
V%Y = V5, Y. Here we consider Y € X(M) C TjH(M,A) or Y =YV,
being YV the vertical lift of Y.

(ii) It turns out that the Chern and Cartan connections induce the Levi-
Civita—Chern A-anisotropic connections, while the Hashiguchi and Ber-
wald connections give the A-anisotropic Berwald connection. In the case
of the Chern and Berwald connections, this relation is stronger as the
classical linear connections are semi-basic, namely , the derivatives with
respect to vectors tangent to the vertical subbundle are zero. As a con-
sequence, the non-null Christoffel symbols of the classical connections
and its A-anisotropic versions coincide. For more details about the re-
lations between derivatives and curvatures see [4, Sect. 4.4] and for a
detailed study of classical linear connections, see [7,8].

(iii) It is very easy to generate a large amount of distinguished A-anisotropic
connections from the Levi-Civita—Chern connection taking as a tensor
Q combinations of the Landsberg and Cartan tensors fL£ + hC, with
arbitrary f,h € F(A). Observe that if f and h are not positively ho-
mogeneous of degree zero, then the A-anisotropic connection will not
be homogeneous of degree zero in v, but it is easy to see that its auto-
parallel curves are the geodesics of the pseudo-Finsler metric affinely
parametrized.

(iv) As we have seen above, this class of distinguished A-anisotropic con-
nections allows us to compute the flag curvature of a pseudo-Finsler
in a simple way. As we will see in the next section, they also provide
suitable formulas for the first and second variation and for Jacobi fields
(see Prop. 3.6). It remains to be investigated which of these connections
are more suitable to study certain classes of pseudo-Finsler manifolds.
For example, it seems that the Berwald connection has in some sense
better properties to study constant flag curvature manifolds than the
Chern one.

3.2. The Variations of the Energy Functional

Given a pseudo-Finsler manifold (M, L) on A, we will denote by C4(M, [a, b])
the space of A-admissible piecewise smooth curves and for any A-admissible
piecewise smooth curve 7 : [a,b] C R — M, let us define the energy functional
as

b
E(y) =+ / L(4)ds. (57)

Recall that if P is a submanifold of M, we say that a vector v with w(v) € P is
orthogonal to P if g, (v, w) = 0 for all w € Ty (,yP. Then a vector field N along
P, namely a smooth map N : P — T M, such that 7 o IV is the identity, is
said to be orthogonal if IV, is an orthogonal vector for every p € P. We define
the second fundamental form of P in the direction of the orthogonal vector
field N computed with the A-anisotropic connection \v/ (whenever P is non-
degenerate with the metric gx) as the tensor S% : X(P) x X(P) — X(P)%
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given by S’E(U, W) = norN@JJ W, where nory is computed with the metric
gn, and X(P)y is the space of gy-orthogonal vector fields to P.

Proposition 3.8. Let V be any torsion-free A-anisotropic connection satisfy-
ing (51), D, its associated covariant derivative along a piecewise smooth
curve v : la,b] — M and A, an A-admissible piecewise smooth variation of

~v. Then we have the first variation formula

E'(0) := @ L
b
_ _/ g5(W, DI4) dt + g5 (W, )" (58)

h
+ Z (LLE )W (k) — Lot )W (1)),

where ¥(t;7) (resp. ¥(t7)), i = 1,...,h, denotes the right (resp. left) veloc-
ity at the breaks a < t1 < -+- < tp < b, and L (v)(w) = gy(v,w) is the
Legendre transform. Moreover, if v is a geodesic which is orthogonal to two
submanifolds P and P at the endpoints and such that gy |pxp and g5 |55
are nondegenerate, consider a smooth A-admissible (P, P)-variation (all the
curves in the variation start in P and end in 75) Then

E"(0) = / b (=95 (Bs (5, W)W, 4) + g5 (DIW, DIW))

+g’y(b) (S’?y)(b) (VV7 W)a 7(b>) ~ 94(a) (S'Za) (VV7 W)7 ’Y(a’»a

where W is the variational vector field of the variation along .

Proof. The formulas can be obtained for example as in [5, Prop. 3.1 and 3.2

and Cor. 3.8] with one exception, since in [5, Prop. 3.2], g5 (R (¥, W)W, 75) is
replaced with gs (R (5, W)W, %). Observe that from (56), t follows that

g5(Bs (5. W)W.4) = g3 (R (3, W)W, %),
(recall that R coincides with R defined just before (17) without the P-
terms), which concludes. O

3.3. The Osculating Metric

If we fix a vector field V' in an open subset {2 C M, then we can consider the
osculating metric gy and its Levi-Civita connection V. Let us compare now
both connections. In the particular case of the Chern connection, this can be
found for example in [12, Prop. 8.4.3].

Proposition 3.9. Given an A-admissible vector field V € X(2), with Q an
open subset of a manifold M, and a pseudo-Finsler metric L : A— R, letV
be the Levi-Civita connection of gy and V satisfying (51). Then

g (VRY =VxY,Z) = —Cy (Y, Z,V%V) — Cv(Z,X,VYV)
~ 1
+CV(X7 Ya V‘év) - §QV(X7 Ya Z)
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In particular,
gv(VXV =VxV,Z) = -Cv(Z,X,V\V),
gv(VVX —VvX,Z) = —Cv(X,Z,VyV),
gv(VXY = VxY,V) = Cy (XY, VyV).
When V is a geodesic vector field, then @}/(V =VxV, @XX =VyX and
Ry (V,X)V = R(V.X)V,

where R and R are the curvature tensors associated with ¥V and V, respec-
tively.

Proof. The formulas for the difference between V and V are a consequence
of the Koszul formula (49). For the equality between the curvature tensors,
observe that as the vertical derivative of V satisfies (19), then using that V'
is a geodesic vector field and the relations between V and V, it follows that

Ry (V,X)V = VyVEV = Vi |V = R(V, X)V.
O
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