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Abstract. In this paper, we investigate the existence of solutions to a
nonlinear parabolic system, which couples a non-homogeneous reaction-
diffusion-type equation and a non-homogeneous viscous Hamilton—
Jacobi one. The initial data and right-hand sides satisfy suitable inte-
grability conditions and non-negative. To simplify the presentation of
our results, we will consider separately two simplified models : first,
vanishing initial data, and then, vanishing right-hand sides.
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1. Introduction

The main goal of this paper is to study the existence of solutions to the
following non-linear system:

u —Au=vi+ f in Qr=Qx(0,T),

ve—Av = |VulP +g in Qpr =Qx(0,T),

u=v =0 on I'p =00 x (0,7), (1.1)
u(z,0) = wug(x) in Q, ’ '
v(x,0) =wg(x) in

U, v >0 in Qx(0,7),

where  is a bounded domain of RY, N > 1 and p,q > 1. Here (f,9)
and (ug,vg) are non-negative data and satisfy some suitable integrability
conditions that we will specify later. Our objective is to find “natural” relation
between p, ¢ and the regularity of the data to get the existence of a solution
to system (1.1).
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Systems with gradient term appear for instance when considering electro-
chemical models in engineering and some other models in fluid dynamics. We
refer to [23] and [28] for more details and more applications of this class of
systems.

Before stating our main results, let us begin by recalling some previous
results related to our system.

Stationary case Concerning existence of solutions, it is well known in some
particular cases. For this, we refer to [8,19,20] and [1] where some general
existence results were established.

Parabolic case In the case of a single equation and under the presence of
gradient term, many results of global existence are known. We refer to [2,18]
and the references therein. On the other hand, there is an extensive literature
devoted to the study and solvability and properties of solutions to the so-
called viscous Hamilton—-Jacobi equation (H.J).

More precisely, let us consider the following Dirichlet and Cauchy prob-
lems:

uy — Au = a|VulP + h(z,t) in Qp,
(HJID){ u(z,t) =0 on I'p,
u(z,0) = wug(x) in Q;

and

u; — Au = a|VulP + h(z,t)  in RN x (0,7),
(HJC) {u(m, 0) = up(x) in RV,

where a € IR*, p > 0.

First case If h = 0. In bounded domains, existence and uniqueness results
of (HID) may be found for example in [4,10,24,47,48] and the references
therein. A considerable literature has also been devoted to the analogous
whole-space Cauchy problem (HJC) ; we refer to [7,12-14,35,49] and the
references therein.

Needless to say, the references mentioned above do not exhaust the rich
literature on the subject.

Second case If h £ 0. As far as we know, Problems (HJD) and (HJC)
have been considered in [50,51]. We recall also the result of [2] where, in
the case p = 2, sharp regularity results are proved for positive solution to
problem (HJD) and, as a consequence, a complete classification of the set
of nonnegative solutions is obtained in relation with the classical parabolic
capacity.

In the case of parabolic systems, we refer to [36,37], [29,32,40,44] and
the references therein. Let us briefly recall some related results. The case
where the gradient term appears as an absorption term was treated in [40].
A particular case with natural growth in the gradient was considered in [29].
We also mention the paper [16] where applications of a such parabolic systems
are given in the context of stochastic differential games.
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Systems with potential nonlinearities was studied in depth in [32], where
the authors proved the existence of a Fujita-type exponents. An interesting
contribution for this class of systems was recently made in [44, section 32].

Our main contribution in this work is to get the existence of solution
to (1.1) for all p,¢ > 1 under “natural” conditions on the data (ug,vg) and
(f,g). By solution, we mean either energy solution or entropy solution (for
more specifics, see Definition 2.2 and Definition 2.5).

To simplify the presentation, we will mostly discuss two simplified mod-
els (we refer to the proof of Theorem 3.3 for the relation between the two
cases).

(1) The first one is obtained by taking (ug,vo) = (0,0) in (1.1), namely

Uy =Au+vi+f in Qp,

vy =Av+|VulP+g in Qrp,

u=v =0 on I'p,

u(z,0) =0 in Q, (1.2)
v(z,0) =0 in Q,

U,V >0 in Q.

Using regularity arguments and a suitable fixed-point Theorem, we get
the existence of a solution to (1.2) in a suitable parabolic-Sobolev space.
(2) The second simplified model corresponds to (f,g) = (0,0), i.e:

Ut = Au+ v? in Qp,

vy =Av+|VulP in Qr,

u=v =0 on I'p,

u(z,0) = ug(z) in Q, (1.3)
v(z,0) = vo(z) in Q,

U,V >0 in Q.

Taking advantage from the study of the first model, and using a change
of function, we will prove that system (1.3) has a solution under suitable
hypotheses on initial data (ug, vo).

In a forthcoming work, we shall investigate questions of global existence
and Fujita-type blow-up for the whole-space Cauchy problem.

The paper is composed of four sections. In Sect. 2, we give some useful
tools like the notion of parabolic-Sobolev spaces and some of their properties.
We also specify the sense in which solutions are considered, as well as some
optimal regularity results. The first part of Sect. 3 is devoted to get existence
results, and is split into two parts: Sect. 3.1 is devoted to the first simplified
model (1.2) and Sect. 3.2 for the second one (1.3). In Sect. 3.3, we analyze
the question of blow-up in finite time, in a suitable norm of the solution and
under additional condition on p,q. The last section is devoted to treating
variants of the previous model, where the gradient term appears in both
evolution equations.
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2. Preliminary Results and Functional Setting

In this section, we give some useful tools that will be used many times in this
paper.
2.1. Functional Setting

Let 7 > 1. In the sequel, we denote by L"(0,T; W, "(Q)) the set of functions
u such that u € L"(Qr) and u(.,t) € Wy (). The space L"(0,T; Wy (2))
is equipped with the norm

T r
el ro,smdr @) = </0 /Q|VU(%t)|”dxdt>

is a Banach space. We shall often refer to this space by the shorthand
E(Qp) == L"(0,T; Wy ().

For s,r > 1, the space V" (Qr) := L*>°(0,T; L*(R?)) N E,.(Qr) endowed
with the norm

lellverry =ess sup [[o( )|z + lelle,@n)
0<t<T

is also a Banach space. If s = 1, we have,
Vo' (Qr) = L*°(0,T; LY () N E.(Qr).

The next proposition will be useful to show a priori estimates, and it
will be used throughout this work. We refer to [31, Proposition 3.1] for more
details.

s + s . L
Proposition 2.1. Let s,r > 1 and v = v then there exists a positive

constant C' depending only on N,v, s such that for all v € V5" (Qr),

//QT lv(z, )" dz dt < CV //QT |Vv(x,t)|"d:cdt)

ess sup /|v (z,t)° dxdt) ; (2.1)
0<t<T
moreover,
o]y @r) < Cllollvgm@o)- (2.2)

The multiplicative inequality (2.1) and the embedding inequality (2.2) con-
tinue to hold for functions v € V=" (Qr) such that

/ v(z,t) dr =0, for all a.e t€(0,T).
Q

e Notions of solution : Now, we define the two notions of solution that we
will systematically use throughout this paper: energy solution and entropy
solution.
The starting point is to treat each equation in system (1.1) separately.
To this end, let us consider the problem

—Aw=nh in QT,
w =0 on I'p, (2.3)
w(z,0) =we(x) in Q.
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Definition 2.2. Assume that (h,wy) € L?(0,T; H 1(Q)) x L*(Q). We say
that w is an energy solution to problem (2.3) if w € L?(0,T;HZ(2)) N
C(0,T; L*(Q)), wy € L*(0,T; H1(Q)), w(z,t) — wp strongly in L*(Q) as
t — 0 and for all v € L?(0,T; H} () we have

T T
/ (wy, v)dt + / Vw - Vudzdt = / (h(z,t),v)dt.
0 Qr 0

Related to nonlinear system (1.1), we have the following definition of
energy solution.

Definition 2.3. (Energy solution) Assume that (f,ug),(g,v0) € L2(0,T;
H=1(Q)) x L?(Q). Let (u,v) € (L*(0,T; H}(2)) N C(0,T; L3(£2)))? be non-
negative functions such that (u¢,v:) € (L%(0,7; H=1(Q)))2. Define F(z,t) :=
vi+ f,G(x,t) ;= |VulP + g.

We say that (u,v) is an energy solution to the system (1.1) if F,G €
L2(0,T; H-1(Q)), u(-,t) — wo, v(-,t) — vo strongly in L?(2) as t — 0 and
for all (v,0) € (L2(0,T; H}(9)))?, we have

T T
/ (ug, w)dt + / Vu-Viypdedt = / (F(z,t),v)dt,
0 Qr 0

T T
/ (vt,e)dt—i-/ Vv-VOda:dt:/ (G(a, 1), 0) dt.
0 Qr 0

In the case of L' data, we need to use the concept of entropy solution
introduced in [42] (which is equivalent, in this case, to the concept of renor-
malized solution defined in [17]). We note that the concept of entropy solution
was introduced for the first time in [15] to treat nonlinear elliptic problem
with general data.

Let us first recall the following definition:

Definition 2.4. Let p > 1 and let w be a measurable function. We say that
w € Tol’p(QT) if T, (w) € LP(0,T; Wol’p(Q)) for all & > 0 where

s if |s| < k;
Tiu(s) := k|i| it |s| > k. (24)
S

We begin by stating the defining of the entropy solution in the case of
scalar equation.

Definition 2.5. Assume that (h,wo) € L*(Qr) x LY(Q). We say that w €
C(0,T; LY(Q)) is an entropy solution to problem (2.3) if w € 7;"*(Qr) and
for all v € L2(0,T; HY(Q)) N L>(Qr) NC(0,T; L' (2)) and for all k& > 0,

/Q@k(wv)(T)der//QT vtTk(wv)dxdtJr//QT VwVOy(w — v)dzdt
:/Qk(wo—v(07.))dx+// h Ty (w —v)dz dt,

Q Qr
where

On(s) i= /O Tt dt.
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/thk /@k d(E
Q
where
/Gk (z,t) dx—/@k (z,0) dx—//wSGk )dx ds.

If w is an entropy solution to problem (2.3), then w is a distributional
solution.
In a similar way, we define the entropy solution for system (1.1).

Definition 2.6. (Entropy solution) Assume that (f,uo),(g,v0) € L'(Qr) x
LY (). Let (u,v) € (C(0,T;L'(Q)))? be nonnegative functions. We say that
(u,v) is an entropy solution to system (1.1) if (u,v) € (7,*(r))?, F,G €
LY(Qr) (where F,G are defined as in Definition 2.3), and for all (,0) €
(L2(0,T; HY(Q)) N L>=(Qr) N C(0,T; L1 (2)))? and for all k > 0,

VT (u — o) de dt + / VuVO(u—1)dedt

Q ek(u - ,(/J)(T) dot / Qp Qr

:/@k(uo—z/J(O,.))da:—&—//QTFTk(u—w)dxdt,

/ Or(v—10 dx—i—/ 0, T (v —0) dwdt—i—/ VoVO,(u—0)drdt
Qr

Qr

Notice that,

:/@k(uo—e(o,.))dx—i—/ GTi(v—6)dzdt.
Q Qr

The next existence and compactness result is proved in [42] and [17].

Theorem 2.7. Let (h,wy) € L' (Qr)x LY(Q). Then problem (2.3) has a unique

entropy solution w € C(0,T; L' (Q)) such that w € L¥(0,T; Wy*(2)) for all
s < %—ﬁ Moreover, there exists a positive constant C = C(2, N, s) such

that

1,s

) < ClllwollLe) + Bl @r))-

(2.5)

As a consequence of Proposition 2.1, it holds that, for all v < N+2 and for

all r < %ﬁ,
// |w(a:,t)|”dxdt§0”(// |Vw(x,t)|’"da:dt>
QT QT
%
x(ess sup |w(x,t)|dxdt> . (2.6)
0<t<T Jo

Furthermore, for s < %—ﬁ fized, the operator L : (h,wy) — u is compact

from L*(Qr) x LY(Q) to L¥(0,T; Wy *(R2)).

Now, let us recall some regularity results that will allow us to establish
some a priori estimates when dealing with approximating problems. We refer
to [14,18,44] for a complete proof.
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Theorem 2.8. Let w be the unique solution (in sense of Definition 2.5) to
problem (2.3) with (h,wo) € L*(Qr) x L7(2). Then we have
The case wyg =0 :

o If1 <k < M2 then w € LO(Q7) where § = k) Ly Ex=(Qr)

2 Nt2—2x°
where & = E\I,\f:f_)z and w € L*(0,T; L%()) where a = NfQI\i%.
Moreover, there erxists C = C(Q, N, k) > 0 such that
[wllzee(0,7;2(0)) + 1wl Ee(r) + |[Wllzs@r) < CllAlLr@r)-  (2.7)

o If k= %, then there exists o > 0 depending only on Q and N such
that e** € L>=(0,T; L*(Q)) and there exists C = C(Q, N, k) > 0 such

that
1e* | Lo (0,1;12(2)) < Cl|AllLr(0r)- (2.8)
o If k> NE2 then w € L>®(Qr) and there exists C = C(, N, k) such
that
[wl|ze @7y < ClIRI|Lx@r)- (2.9)
The case h = 0:

Let wy € L™(Q), 7 € [1,00], then there exist C1,Cy > 0 depending only
on v, 7,8, N,Q such that

Hw0||LT(Q)

||w(.,t)||L'y(Q) SOlt%(T7 7T <7v< 400, (2.10)
and
IVw(., )]s () < Co [wollz-) 7 <5< +oo. (2.11)

FA-D+1

Moreover, w € L%(Qr) for all § < (% + 1)7 and |Vw| € L*(Qr) for all
(N+2)7
s < N+T7

. Furthermore, we have

||w||L9(QT) + [[w] B, (o) < C(, N, T)H"“OHLT(Q)'

Remark 1. The regularity results of Theorem 2.7 and Theorem 2.8 are sharp,
in the sense that if the algebraic conditions are violated, one can construct
data h or wg such that the above estimates are invalidated and no local
solution to the associate equation exists.

Finally, let us recall the famous Schauder fixed-point theorem.

Theorem 2.9. (Schauder fixed-point theorem) Assume that E is a closed con-
vex set of a Banach space X. Let L be a continuous and compact mapping
from E into itself. Then L has a fized point in E.
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3. Existence Results

As already mentioned in Sect. 1, to simplify the presentation of our results,
we will consider separately two cases : the case (f,g) # (0,0) with (ug,vg) =
(0,0) and the case (ug,vo) # (0,0) with (f,g) = (0,0).

Henceforth, we denote by C' any positive constant that depends only on
the data of the problem, and can change from one line to next.

3.1. First Case:
(u07 UO) 7é (0, 0)

The main system is:

Ut—A’U/:'Uq"‘f in QT7
vy —Av = |VuP+¢g in Qrp,

u=v =0 on I'p, (3.1)
u(z,0) =wv(z,0)=0 in £,
U, v >0 in Qp,

where Q is a bounded domain of IR™ and p,q > 1. Here f and g are nonneg-
ative measurable functions with additional assumptions.

The main existence result in this case is the following:

Theorem 3.1. Let T > 0 and p,q > 1 with pg > 1. Assume that (f,g) €
L™(Qr) x L°(Q7), where (m,0) € [1,4+00)? satisfies one of the following
conditions:

. . m(N +2)
m,o € [, N +2) wzthpcr<m—m and
(N+1)g (N+1)(N+2)o
= ; 2
m< Ty NN+2—-0) (3:2)
or, o< N+2<m, with (3.3)
A o(N+1)
< — 1
(a) either q < NNT2-0) and p € [1,+00),
a(N+1) (N+1)7
b —_—— —_— d
B)or NNTa—o) <1 N o
[_ o(N+1) } N+1
PO NN+2-0) N
or, m<N+2<o, with (34)

(a) either po < and q € [1,+00),
(N+1)(N+2)
N(p[N+27m] fm)
+
or, m,o>N+2, withq€ [l,+00) and p € [1,+00). (3.5)

(b) or po>m and q <

)
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Then there exists T* < T such that the system (3.1) has a nonnegative solu-

tion (u,v). Moreover, (u,v) € V"®(Qp-) x V5P (Qp-) for all o < %
(N+42)o

Remark 2. To give some light on the hypotheses (3.2)-(3.5), let us make

explicit the size conditions on (p,q) for a given (m, o).

e If m = o = 1, condition (3.2) holds for all p < %—ﬁ and ¢ < 232, which
are the maximal regularity results of the potential term and gradient
term, respectively, for the solution of parabolic problem with L' data.

(See Remark 4).

e If m = o = 2, condition (3.2) is satisfied for all p < % and ¢ <
(N+1)(N+2)
N2 :
e If m > N + 2,0 =N, condition (3.3) is satisfied for all p < oo and for
N+1
all ¢ < 5
e If m = N,o = N + 2, condition (3.4) is satisfied for all p < % and
q < oQ.

o If m =0 > N + 2, condition (3.5) holds for all (p,q) € [1,+00)%.

Remark 3. The above restrictions on the parameters are natural to get exis-
tence of solution if we consider elliptic or parabolic systems (or equations)
with gradient term. As an example, let us consider a single elliptic equation
with gradient term:

—Aw = |[Vw|? 4+ f in Q, w =0 on 09,
with f € L™(Q2) and p > 1. As proved in [38], existence holds under the

optimal condition m > & which means that p < ﬁ In particular, if

p/
m = 2, the condition p < % needs to be satisfied. The parabolic case is
treated in [27] and [2]. If p = 2, we can prove that for all ¢ > 0, setting
flz) = W% ¢ L7 (By(0)), then the corresponding parabolic problem

with quadratic gradient term as non-local solution.

Proof of Theorem 3.1. We will give the proof under condition (3.2) i.e

m(N + 2) (N +1)(N +2)o
,o0 € (1,N), < ——— and < .
myo & (LN), po< o andam < oS
The other cases follow in a similar way.
The proof will be achieved in several steps. O

e First step : Is A priori estimates and the construction of the main operator
Let 7 > 1, recall that E1(Qr) := L'(0,T; W, (Q)) and V,""(Qr) =
L0, T; L (Q)) N E,.(Qr) and define the set

F.(Qr) := {Lp € E1(Qr); ¢ € E-(Qr) N L>®(0,T; LY(Q)) with ||@|\V01,T<QT) < M},

where

T s
elhgran = (| I96llr@ar) + lellzmororay,
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and M is a positive constant that will be chosen later. It is clear that F,.(Qr)
is a closed convex subset of E; (7).

(N+1)7 _ (N+1)(N+2)0o

By taking into consideration that ¢gm < N S NN+2-0) we
can choose r > 1 such that
gm N _
<r<ao. 3.6
N+l -7 (3.6)

Now, let ¢ € F.(Qr), according to Proposition 2.1, we have |<p|r% €
LY(Qr). Moreover, ¢ < r®H then |p|9 € L'(Qr). Thus, we can define
u to be the unique weak solutlon to the problem

—Au =(p)?+ [ in Qr,
U =0 on I'p,
u(z,0) =0 in Q,

and u € V;"*(Qp) for all s < 2.

Furthermore, (3.6) implies that gm < rN‘H Therefore, % € L™(Q7).
Hence, applying the estimate (2.7) (Theorem 2.8) and Proposition 2.1 to
obtain

1Vullsmar) < € (elam ) + 1Flemn) ) < (el + Ifllomen )
(3.7)

(N +2)m

N+2-m

In addition, p < po < m, then |Vu|P € L°(Q7) C L'(Qr). Thus we can

define v to be the unique weak solution to the problem

with m =

—Av=|VuP+g in Qp,
v=2>0 on I'p,
v(z,0) =0 in Q,

andv € V *(Qr) for all s < %ﬁ Applying again estimate (2.7) (Proposition
2.8) gives

V0l ary < € (IVulEanqa + lalliwian ) (3.5)
N +2
with @ = 5\1}\/:22 . Since po < m = %, using (3.7), we get
IVollzror) < Clllelhm o + 11 nn +llgllzo@n]-  (39)
Now, using the fact that gm < ’/’N +oandr <7 = ‘;V(f;r_?, then according to

Proposition 2.1, we have

IVellzr@ry < CllAEL )+ 1 ary + 9llieon |
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We estimate now ||v||pe(0,7;01(0))- Using the estimate (2.5) (Theorem 2.7),
estimate (3.7) and by Holder’s inequality, we get

= CUIVul, oy + 9l @)

[v]| Lo 0,7:21(0)) < CHquP’ +g
Li(Qr)

< (Il + ol

< (116l gy + lollzeian + 11 mca )

< O[Iel sy + 11y + 91l o )]

Thus, combining the above estimates leads to

ol < CllIeES )+ llzotor) + 1B may] - (3:10)
So, the operator
F(Q7) — E1(Q7)
p— Lip) = v,

is well defined. In addition, if v is a fixed point of L in F,.(Q2r), then (u,v)
solves System (3.1). Thus we just have to show that L has a fixed point in

F.(Qr).

e Second step: L is continuous and compact operator.

We begin by proving the continuity of L. Let {¢n}tn C Fr-(Qr),¢ €
F,.(Q2r) such that ¢, — ¢ strongly in E;(Qr). Define v, := L(¢,) and v :=
L(¢). So (un,vy) and (u,v) satisfy

Oy, — Auy, = (1)1 + f in Qp,
+

Ou—Au = ()24 f in Qp, (3.11)
Up = U = 0 on FT7
and
Opvn, — Avy, = [Vup|P +9g in Qr,
Ov—Av = |VulP+¢ in Qp, (3.12)
Up =0 = 0 on I'p.

Since {¢n }n C F-(Q7), then

lenlle,@r) + llenllLe o701 (@) < M.

Taking into consideration that ¢, — ¢ strongly in E;(€Q7), by Proposition

2.1 and using Vitali’s lemma We conclude that ¢, — ¢ strongly in LY ()

for all v < TN]j,'l Since gm < ¥ then ¢,, — ¢ strongly in LI (Qr).
Going back to (3.11) and usmg estimate (2.7) (Theorem 2.8) to obtain

for all p <m
[|[Vu, — Vul

Lr(Qr) < CH(‘PI)q - ((p+)q||Lm(QT) — 0 as n — o0.
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N +2
N +1

Now, thanks to Theorem 2.7 v,, — v strongly in E¢(Q7) for all s <

which implies the continuity of L.

It remains to prove that L is compact. Let {¢,}n C F.(Qr) be such that
||<Pn||vo1.r(QT) < C. Define v, = L(ipy). Since {on}n C F.(Qr), it follows
that

lnlle,@r) + llenllLe 0,01 (@) < M.

Therefore, as in the proof of the continuity of L, it holds that the sequence

{¢n}n is bounded in LI"*¢(Qy) for some ¢ > 0. Define h,, := (¢;7)? + f,

then ||hn||11(p) < C for all n. Thus, by the compactness result in Theorem

2.7, we obtain that, up to a subsequence, u,, — u strongly in F4(Qr) for all
N42

s < 7~ Taking into consideration that {u,}, is bounded in E,(€27) for all

< and by Vitali’s lemma, we conclude that v, — v strongly in E(Qr)

N +2
for all s < TL, in particular for s = 1. Hence the result follows.

e Third step : To finish our proof, we will choose M and T* such that
L(F.(Qp+)) C Fr(Qp+).
For s > 0, we consider the concave function
T(s) := spa — Cs, (3.13)

where C' is a universal positive constant (depending only on data) that will
specified later.

Using the fact that pg > 1, then there exists so > 0 such that T(sg) = 0,
T(s) > 0 for all s € (0,s0), Y(s) <0 for all s € (sg,+00). Thus, we get the
existence of positive constants ¢ and A* such that

rglg()){’f(s) =7T() =A".
Moreover,

(s = O+ %) (3.14)

Let ¢ > 0 satisfying (3.14), then we can fix 7% < T such that

A
||f‘|€,7H(QT*) +1lgllze @) < vk (3.15)
Setting M = (77, then thanks to (3.14) and (3.15), we have
O (M4 111l + ol ) < M. (3.16)
Now, from (3.10), we deduce that

ol @y < C[MP 4 Ngllzo ey + 11 gy | < M-
Hence L(F,(Qp+)) C Fr(Qp-).

Fourth step : Since L is a continuous compact operator with L(F,.(Qr+)) C
F,. (), using the Schauder fixed-point Theorem we get the existence of
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v € F.(Qp+) such that L(v) = v. By the maximum principle it holds that
u,v > 0. Thus, (u,v) solves system (3.1). O

N+2
N+1

optimal in the sense that if p > orq > , we can show the exmtence of
a suitable data (f, g) € Ll(QT) X LI(QT) such that system (3.1) has no local
solution. Assume for example that p > %—ﬁ and suppose by contradiction
that system (3.1) has a local solution for all data (f,g) € L*(Qr) x L1 (Q7r).

It is clear that u is a supersolution to the problem

Remark 4. Notice that, if m = ¢ = 1, assumptions p < N+2

N+2 N+2
N

and g < are

—Aw = f(x,t) in Qr,
w(z,t) = 0 on T, (3.17)
w(z,0) = wo(x) in Q.

Denoting w the unique local entropy solution to problem (3.17), then w < w.
Let us fix f € L'(Qr) such that if 1y > N2, then [ [o, w"(z,t)dzdt = oo
(This follows by taking into con81derat10n the optimality of the regularity
result in Theorem 2.7, see also [14,18,44]).

Now, as |[VulP € L' (Q7), we deduce from Proposition 2.1 that

// u” (z, t)dedt < C"(// |Vu(:):,t)\dedt) <ess sup / u(x,t)dxdt)ﬁ < 00
Jog Qr o<t<T Jo

Wlth v = pE. Since u > w, then [ [, w”(z,t)dzdt < co. Hence, v <

vy < N 2 and then p <
conclude.

N+17 a contradiction with the hypothesis. Hence we

In the case where p = ¢ = 1, we have the next existence result, which
improves the existence result obtained in [8] for the elliptic case.

Theorem 3.2. Let T > 0. Assume that (f,g) € L*(Qr)x LY (Qr) with f,g Z 0
in Qr. Then the following system

—Au=v+f in Qr,
—AU=|VU,‘+g Zn QTa

u=v =0 on I'r,

u(z,0) =0 in €, (3.18)
v(z,0) =0 in Q,

U, v >0 mn Qr

has a solution (u,v) € (‘/’Ol’e(QT))2 for all 6 < %—ﬁ
Proof. Notice that, in this case we lose the concavity of the real function
defined in (3.13). Therefore, we proceed by approximation. By [39], we get

the existence of a sequence {(un,vy)}n C (1/01’9(QT))2 for all 6 < %ﬁ such
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that (uy,,v,) solves the system

Un / :
0 n A n — + Q )
U U T+ o, T14 17 in Qp
V| g .
Oy, — Avy, = + Qr,
tUn Un T %‘vunl 1+ %g m T (319)
Uy = Up =0 on I'r,
U (z,0) = v, (2,0) =0 in Q,
Uy Up, >0 in Qr.
. . 1 .
For s > 0, we consider the function k(s) = 1 — ——— with a > 0. Let

(L+s)
R(s) = / k(r)dr, then K(s) > Cys — Cj for all 5 > 0.
0

Using k(vy,) as a test function in the equation of v,,, it follows that

/ )td+// 'V””‘Qdd</t/|v \dd—&-/t/dd
(vn)(z T+ a (0 + on)ita zdr < ) Up |dzdT ) gdxzdr.
Q Q

(3.20)

Thanks to Theorem 2.7, we have for all r < %ﬁ and for all ¢t < T,

(/Otg/|vun7”dxd7>’l" <C’</Otﬂ/vndxd7+/0tg/fdxd7>.

Thus, for r =1, we get

t t
/ /|Vun|dxd7<0</ /vndxdT+I|f|L1(QT))~
0 0
Q

Q

Going back to (3.20), we obtain

t
[ Bt < ( | [onnar+ sl + ||g||L1<QT>).
0
Q Q

Recall that K (vn) > Chv, — Cy, then using Gronwall’s Lemma we conclude
that

lonllLrr) < C = CQ, [[fllLr @) 19l @r)-

Thus, by Theorem 2.7 , we have for all 51,9 < %—ﬁ,
unlleorLr @) + llunlle., (@) < C;

onlleo, ;1 (0) + llvnllE., (0r) < C.

Hence the existence result follows using the compactness result in Theorem
2.7. O
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3.2. The Case (f,g) = (0,0) and (ug,vo) # (0,0)

In this subsection, we suppose that f = g = 0 and (ug, vg) € L™ (Q) x L (Q)

where my, 07 > 1. Then, the system (1.1) is reduced to the following one:
u— Au =09 in Qp,
v —Av = [VulPin Qp,
u=v =0 on I'p,
u(z,0) = wug(x)in €Q,
v(z,0) =wp(z) in €Q,
U,V >0 in Qr.

The main existence result in this case is the following.

(3.21)

Theorem 3.3. Assume that (ug,vg) € L™ (2) x L7 (), where my,01 > 1.
Let p,q > 1 be such that

2 1
q < 0—1(7

N m)

(3.22)
ml(N + g1 + 1)
o1 (N + ml)
Then, for all T > 0, there exists a positive constant S depending only on T
and the data such that if

p <

[[uol|zm1 () + [[vollLer () < S,
System, (3.21) has a nonnegative solution (u,v) such that (u,v) € V; *(Qr) x

N +2 N +2
VOLB(QT) for all a < %;:1) and for all B < Ul(Ni_:—l)
Remark 5. The upper bound for ¢ obtained in the previous Theorem is the
same as in the case of nonlinear system with potential nonlinearities. We refer
to [32] and [44, Theorem 32.1], for more details about this class of systems.

Proof of Theorem 3.3. To prove the main existence result, we will take advan-
tage of the argument used in the proof of Theorem 3.1 obtained in the first
part of the paper. Using a suitable change of variable, we will show a rela-
tionship between the system (3.21) and the system (3.1) with suitable data

(f1,91)- 0
Let ¢ and n to be the unique solutions to the following problems:
Yy — A =0 in Qp, m—An=0 in Qp,
Y(x,t) =0 on I'r, and ¢ n(z,t) =0 on I'p,
P(x,0) = wp(x)in Q, n(x,0) = vo(z) in Q.

Thanks to Theorem 2.8, we have

(N + 2)my
N +mq '
(3.23)

2
n € L7 (Qr) for all v < (N + 1)01 and |Vi| € L*(Qp) for all s <

Notice that, if (u,v) solves System (3.21), then ¢ < v and n < v.
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We set u; = u — 1 and v1 = v — 1), then (uy,v1) solves

Opuy — Auqg = (v1 + 1)1 in Qp,
o1 — Avy = \Vul + V’L/)lp in Qp,

Uy = vy =0 on FT, (324)
ui(x,0) =0 in Q,
v1(z,0) =0 in Q.

Hence, to show the main existence result, we have just to show that system
(3.24) has a non-negative solution.

(N+2)o1
< N+oq

(N+2)0'1
N+oq

As above, we fix 1 < r
the set

very close to , then we consider

1
FT(QT) = {99 S El(QT) ; pE ET(QT) N LOO(O7 T7L1(Q)) with H(,DHVOLT(QT) < ¢ ra }7

where

1

T =
elhgrian = { [ I¥6llradt) +llelli=rssay.

We define now the operator L : F.(Qr) — E1(2r) by setting L(p) = vy,
where v; is the unique solution to problem

Oy — Avy = |[Vug + VY|P in Qp,
v =0 on I'p,
v1(2,0) =0 in Q

with u; being the unique solution to the problem

Oy — Aup = (n+ oH)? in Qr,
up =0 on I'p.
up(z,0) =0 in Q

It is clear that if vy is a fixed point of L in F,.(Q7), then (uq, v1) solves System
(3.24).
Notice that, for a universal constant C' > 0, we have

(N4 ¢4)! ~ Ol +n7),
and
|Vuy + VP < C([Vur [P + [V[P).

We set fi = Cn? and g; = C|V9[P. Then thanks to the regularity of (ug,vo)
and by (3.23), we conclude that f; € L™(Qr) for all m < (% + 1)%% and

g1 € L7(Qr) for all o < %.

Since (3.22) holds, then by a direct computations, we verify that (m, o)
satisfies condition (3.2).
Thus, Theorem 3.1 implies that system (3.24) has a solution (uy,v1) €

Vo () x Vg % (Q) for all 0y < FUEE2 and 0, < (222,
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Recall that u = uy +, thus [Vu| € L?(Q7) with § = min{#;, "2

Since m can be chosen very close to (& + 1)%L, it holds that
m(N +2) oi(N+2)

0, ~ ~
YU Nt+2-m Ng—o,’

which means that for all € > 0, we have
g1 (N -|— 2)

<0 e.
Nq— o1 L

0, <

mq(N+2)

2 1
Now using the fact that ¢ < o1 (N—I——) to conclude that 61 > =3 7=
mi

Thus 6 ~ TN +2)

N+m1 :
In the same way, we obtain that |Vv| € L"(Qy) for all r ~ %:1'2)

To finish, we have just to show, in this case, that the smallness condition
(3.15) can be imposed on |[ug||rm1 (o) and [|vg|| o1 (o). Recall that from (3.15),
we need that

*

A
Hleim(gT) +llg1llze o) < ok (3.25)

Since f1 = Cn? and g; = C|Vy|?, using estimates (2.10) and (2.11) (Theorem
2.8) yields to

P

T N1 m
131 gy =l ) < Cllnll oy ([ ¢ 55~ a) ™

where C' depends only on p, ¢, m1, 01 and |2]. Since gm < 01(% + 1), then
qgmi (L q%) < 1. Thus,

o1

71 mN (L 1
111y < Cllvoll3%, o TH 7 Grmam),

In the same way, we obtain

T 1
- R L—pod (-1
||ngLU(QT) = C(/O /|V¢P0dxdt> < CHUQHiml(Q)TU(l P (ml ))
Q

(N+2
m

which follows using the fact that po < L. Combining the above esti-

mates, it hods that
[ f111%

Loy T 191llLe @)
1l—gm¥ (L — L 1—po 11
< (||vo||Lalm>Tm< E G g1, gy T TP >>)

Hence, for T fixed, we can choose S > 0 such that if

[[uollLm1 (@) + [[vol|Lor () < S,

then
p A*
AL m ) + l91llLe @) < =

given in (3.25). Thus, we conclude. O
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Remark 6. As in Remark 4, if my = o1 = 1, we deduce from (3.2) that
p < %—ﬁ and ¢ < %, the natural entropy regularity for the potential and

the gradient term respectively when dealing with L' data.

3.3. Blow-Up Result

In this subsection, we analyze the question of blow-up in the time of the
solution to system (3.21) in a suitable norm.

In the potential case, the blow up is based on a suitable convexity argu-
ment and Jensen inequality. In our case, and to get a control of the gradient
term, we need to use a specifically weighted Hardy-type inequality. More
precisely we have the next universal inequality proved in [45, Theorem 1.6].

Theorem 3.4. Assume that Q) C ]RN, N > 2, be a bounded regular domain.
Let a > 1 and suppose that 0 < o < a — 1. Setting d(x) := dist(x,00Q), then
there exists a positive constant C(,a,0) such that for all v € C§° (), we
have

/Qd"_a(x)|v(q:)|“dx < C/Qd“(ac)|Vv(x)|adx. (3.26)

Notice that the above result is not valid in general if 0 > a — 1. As a
consequence we get the next blow-up result.

Theorem 3.5. Let A1 the fist eigenvalue of the Laplacian operator with Dirich-
let condition and denote 1, the associated positive eigenfunction normalized
in LY(2). Suppose that ¢ > 1 and p > 2, then there exists a positive constant
C(p, q,Q) such that if

/(ué7 +vd)prde > C(p,q,Q),
Q

then any solution to system (3.1) blow up in a finite time in the sense that,
for some T*(p, q,Q) < 0o, we have

Jim [ (P, ) + 02, 1) )1 () do = oo,

Q
Proof. Using 1 as a test function in booth equations of u, v, it holds that

u(m,t)cpl(x)d:er)\l/u(x,t)gpl(x)dx > /vq(x,t)cpl(x)dx, (3.27)

dt
Q Q Q
and

< [ ot @)+ 2 / o(@, Deon (2)da > / Vu(z, )P (z)de. (3.28)
Q

Q Q
By Jensen inequality we conclude that

% u(z, t)pr(z)de + M / u(z, t)pr (z)dz > ( / v(:z:,t)gol(as)dx)q.
Q

Q Q
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Since ¢ = dist(z, 9Q), then

/ Ve, )Py (2)dz > C / V(e £)Pdist(z, 992)dz.
Q Q

Recall that p > 2, using the weighted Hardy inequality in Theorem 3.4 and
by Jensen inequality, there results that

/|Vu(:]c,t)\pdist(m, aQ)dz > C(Q) /u”(dist(x,aﬁ))l_pd:p e, /up(ac, )1 (2)da

Q Q
P
> C(!u(m,t)cpﬂx)dx) .

Denoting by Y (t) = ffzu(x,t)gol(x)dx and Z(t) = gfzv(x,t)gol(ac)da:, it

holds that

{Y’(t) + MY (t) > CZ9(¢),
Z'(t) + MZ(t) > CYP(1).

Setting [ = min{p, ¢} > 1, we get

(Y + 2Z) )+ M (Y + 2Z)(t) > C(ZUt) + YP(£) > C(Y(t) + Z(t)) — C(Y (t) + Z(t)).

Denoting by W (t) = Y (¢) + Z(t), then

W' (t) + CW(t) > W(t).

Since I > 1, then we get the existence of positive constant Cy such that if
W(0) > Cy, then there exists T* > 0, depending only on the data, such that

lim W(t) = oo.

t—T*

Hence we conclude. O

Remark 7. (1) The above argument is based on a suitable Hardy (or

(2)

Poincaré) type inequality. In the case where p € (1,2), inequality like
(3.26) does not holds in general and another approach is needed to treat
this case.

Notice that from [1], we know that the associate elliptic system has a
solution. Hence, we hope that, under suitable conditions of the initial
data, existence of a global solution holds. However, the main difficulty is
to get a suitable comparison principle (to use monotony arguments). In
the case of single equation with gradient term, the comparison principle
was proved in [3] under natural condition on the exponent of the gradient
and following the ideas of [5]. The argument in [3] does not work for
system and it seems to be very interesting to find another way to prove
the associate comparison principle.
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4. Some Extensions

Following closely the arguments developed in the previous section, we shall
also treat the following nonlinear system, where the gradient terms |Vu|P and
|[Vu|? act as a source term.

4.1. First Model
Let us consider the system

u—Au= V|24 f in Qp,
v —Av = |VulP +g in Qp,

u=v =20 on ['p,

u(z,0) =0 in Q, (4.1)
v(z,0) =0 in Q,

U, v >0 in Qp

where (f,g) € L™(Qr) x L7 (Qr).

Notice that the case where f = g = 0 with non-trivial initial conditions
and p,q < 2 was treated in [6]. In that paper, the authors showed the exis-
tence of global solutions of the associated Cauchy problem under additional
assumptions on p, ¢ and the initial data.

Without the condition p, ¢ < 2, and under some natural conditions on f and
g, we are able to prove the next existence result.

Theorem 4.1. Suppose that m,o € [1, N + 2) and let p,q be such that

po <m=TN+2)
N+2-m’
(4.2)
qm<6270(N+2).
N+4+2—-0

Then there exists T* < T such that system (4.1) has a nonnegative solution
(u,v) € V5" (Qp+) x Vg2 (Qp) for all « <m and 8 < 5.

Proof. The proof follows closely the arguments of Sect. 3, and uses the same
fixed-point arguments. However, for the reader’s convenience we include here
some details.

According to (4.2), let us fix r > 1 such that %’:_JY < r < 7 and define
the set

Fr(Qr)
= {so € Br(Q1) 5 ¢ € Br(Qr) N L(0,T3 L (9) with [[¢lly o) < efa}
Then F,.(Q2r) is a closed convex subset of E1(Qr).

Now, define the operator

L N FT(QT) — El(QT)
pr— Llp)=v
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where v is the unique solution to problem

—Av=|VulP+g¢g in Qp,
v =0 on I'p,
v(z,0) =0 in Q
with u being the unique solution of the problem

—Au=|Vp|?+ f in Qr,
U =0 on I'p,
u(z,0) =0 in Q.
It is clear that if v is a fixed point of L in F.(Qr), then (u,v) solves the
system (4.1).
Since gm < 7, then |[Vp|? € LY(Q7). Thus u is well defined and u €

1, N+
Vo (Qr) for all a < Nl

By Theorem 2.8, we get

IVl < CHIVW Ty

< (I anay) + o)
L”L(QT)

(4.3)
Now, since p < m then |VulP + g € L'(Qr). Thus v is well defined and, at

2
least v € Vg *(Qr) for all a < Ni T Thus, L is well defined. In the same
way, it holds that

IVollzrar) < C[IIVl}0m gy + lgllze@n] (4.4)

o(N +2)
N+2—0

IVollzo@r) < CIV@IE Mm@ + 1 mapy + l9llzeon |-

with 7 = Since po < T, and using inequality (4.3), we obtain
Since gm < r < @, using Holder’s inequality and Proposition 2.1 we obtain

IVllzr@r) < CllIRI ) + 17 gy + lgllzo o)

Now, by Theorem 2.7, we reach that

ol o222y < C IS o, + gl @) + LAy

Thus,

lollyzriamy < CINEL - ) + 17 ey + gl ]
It is clear that the above estimate holds in Qp« for all T* < T. Hence, by
choosing T* < T such that
1
C[ﬁ + Hf”pm,(QT*) + Hg”LU(QT*)} < gpq?

we have L(F,.(Qp«)) C Fr(Qp+).
Now the continuity and the compactness property of L follow as in the proof
of Theorem 3.1. Hence, we conclude. O
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4.2. Second Model
We deal now with the system

u— Au = |Vo|? in Qp,
vy —Av = [VulP in Qp,
u=v =20 on I'p,
u(z,0) =ug(r) in
v(z,0) =wo(z) in Q,

U,V >0 in Qp,

(4.5)

where (ug,vg) € L™ (Qr) x L7 (Qr). We have the next existence result.

Theorem 4.2. Assume that (ug,vo) € L™ (Q) x L7 (Q) where my,01 > 1.
Let p,q > 1 be such that
01 (N + 2m1)
my(N +o1)

)

(4.6)
mq (N + 20’1)

o1(N +mq) ’

Then for all T > 0, there exists a positive constant S depending on T and the
data such that if

l[uoll L (@) + [[vol|Lor () <8,

System (4.5) has a nonnegative solution (u,v) such that (u,v) € Vg *(Qr) x

N2 N42
VP (Qr) for all a < % and for all B < %‘;)

Proof. We follow closely the change of variables used in the proof of Theorem
3.3. Let ¥ and 7 to be the unique solutions to the following problems:

Yy — A =0 in Qp, m—An=0 in Qp,
P(x,t) =0 on I'p, and ¢ n(z,t) =0 on I'p,
P(x,0) =wuo(x)in Q, n(z,0) =wo(x)in Q.

Thanks to Theorem 2.8, we have

(N + 2)0’1 s (N + 2)m1
|Vn| € L7 (Qr) for all v < Ntor - and |Vi| € L*(Qp) for all s < Nimi o
(4.7)
We set u; = u — 1 and vy = v — 7, then (uy,v1) solves
Opuy — Aup = |V, +Vnl? in Qr,
o1 — Avyp = \Vul + VIMP in Qp,
U = U1 =0 on FT, (48)
uqp(z,0) =0 in Q,
U1 (xv 0) =0 in Q.

Hence, to show the main existence result, we have just to show that system
(4.8) has a non-negative solution.
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(N+2)oy
N+o,

For r close to , we consider the set

1
Py () = {4 € i) € Br(22) 1 L2(0,7: L) with lgllyra,) < 677 .

We define now the operator L : F.(Qp) — E1(Qr) by setting L(p) = vy
where v; is the unique solution to problem

Oyv1 — Avy = |VU1 + V’(/J|p in Qr,

U1 =0 on I'p,

v1(x,0) =0 in Q,
with u; being the unique solution to the problem

Oru; — Aug = |V + Vo|? in Qp,

Ul =0 on 'y,

uy(zx,0) =0 in Q.
It is clear that if vy is a fixed point of L in F,.(Qr), then (uy,v1) solves the
system (4.8).
Following the same approach as in the proof of Theorem 3.3, we reach to the
desired result. 0

4.3. Third Model

Finally, let us analyze the following system:
us — Au=u|Vol?+ f in Qr,
ve—Av =v|VulP +g in Qr,
u=v =10 on I'p,

u(z,0) =0 in Q, (4.9)
v(z,0) =0 in Qp,
U,V >0 in Qp,

which is more involved due to the presence of an interaction term in both
equations (the dependence on u and v appears in the two equations).
Notice that, in the case of one equation and in the particular case p = 2, the
problem

ug — Au=ulVul> + f in Qp,

u =0 on I'r, (4.10)

u(z,0) =0 in Q

was studied deeply in [27]. The authors proved the existence of a solution to
(4.10) if f € L™(Qr) with m > &2 See also [26] for some extensions.

In the sprit of the results obtained in [27] and [26] and keeping free the values
of p,q > 1, we have the next existence result for System (4.9).

Theorem 4.3. Suppose that (f,g) € L™ ()X L7 (Qr) with1 < m,o0 < N+2.
Let p,q > 1 be such that

m(N +2+ No)
(N+2—m)(N+1)

po <

(4.11)
o(N 42+ Nm)

(N+2—0)(N+1)

qgm <
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Then System (4.9) has a nonnegative solution (u,v) € Vy"*(Qr) x Vol’B(QT)
(N +2)m and § < (N +2)o

Proof. We follow closely the argument used in the proof of Theorem 4.1. How-
ever, taking into consideration the structure of System (4.9), some technical
modifications are needed.

Define the function

Ti(s) = s — C(s'H9 + s1HP),

for all a <

with C being a universal positive constant depending only on the data. Since
q,p > 1, then we get the existence of a unique value ¢ such that

max Ti(s) =7T1(¢) = A",
Thus

(= C(0Fa it 4 %). (4.12)

By a continuity argument, we choose 0 < T* < T such that

*

A
Lfllm (@) + [19llo (@7e) < Ik
hence,
O(z”q + 0P |l gy + ||g|Lo(QT*)> </. (4.13)
Now, we define the set

Fro(Qr-) = {«o,w) € By(Qr-) x By (@),

(. 0) € Vo " (Qr+) x Vg’ (Qr-) and ellyr gy T 1¥1lyae(0p < g}’

where r and 6 are chosen such that
po(N +1) . m(N + 2)
O(N+1)— No N+2—-m

=m,

(4.14)

gm(N +1) <f< o(N +2)
r(N+1)— Nm N+2—-0"
Notice that, under the condition (4.11), we get the existence of (r,0) closed
to (m, @) such that the condition (4.14) holds.
It is clear that F}. o(Qp+) is a closed convex subset of Eq (Qq+) x Eq (Qp+).
Now consider the operator
L : FT,Q(QT*) — El(QT*) X El(QT*)
= (p,¥) — L(p,¢) = (u,0)
where u and v solve, respectively, the following problems:
Ut — Au = cp+|V¢|q + f in QT*,
u =0 on FT*,
u(z,0) =0 in Q

Ql
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and

—Av =9, |VpP+¢ in Qp-,
v =0 on FT*,
v(z,0) =0 in Q.

Of course, if (u, v) is a fixed point of L in F,. g(Qp-), then (u,v) solves system
(4.9).

We claim that if (¢,1) € F.(Qp+), then

HS0+|V1/J|q

< Ollellyar ey X 1N 1 n
L (@) Yo (@) Y@

Indeed, we have

’ :// wTIVW’”dxdtS// lo|™ [ Vep| 9™ da dt.
L™ (Qq+) Qs Qs

Hence, using Holder’s inequality gives

N4l
where v = r~— N

4| Vip|?

v—m

gc(// |<p|"dmdt) ’ (// |v¢|qmﬁdxdt) o
L™ (Qpx) Qrx Q=

(4.15)

o+ |Vl?

— = qm%. Thus, by the defini-

Going back to (4.15) and applying Proposition 2.1 to obtain

m = %
' o |V < c( i |so|”dzdt> ( J[ vulras dt)
L’"(QT* QT* QT*

< Ol ey X 01050 s

and hence the claim follows.
O(N+1)

In a Symmetrlc way and since pgm

Thus u, v are well defined and (u, v) € E1(Qp+) x E1(Q7+). Now, by Theorem
2.8, we get

< r, we obtain that

b | Vl? < Cllllyge ey X N12Iar g,

Lo (Qps)

¥ullimarey < C@) (el % 61 g, + I llmar ).

1907y < C(Q7) (wnv&smw) X el + ||g||La<QT*>),
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) _ o(N+2)
N Y agnde = — 7
Nt2—m P97 Ni2_¢
(u,v) € Vo™ (Qp+) x V¥ (Qp+) and

. Since 7 < M and 0 < @, then

ullyar iy + ol .y < C(Qr0) (||¢|V01.7-<QT*) 9100

o

< cmT*)(ﬂﬂ O |l g + ||g||L0<QT*>>

|<‘0||1‘)/01’T(QT*) + ||fHLm(QT*) + ||g||L“(QT*)

</
The last estimate follows by (4.13). Therefore, we conclude that L(F} g(Qp+))
C Frp(Qp-).
The rest of the proof is the same as the proof of Theorem 4.1. O

Remark 8. To illustrate our previous result, let us give some examples of
p, q, m and o.

e If m,0 > N + 2, the existence result holds for all p,q > 1.

e If p=¢=1and m = o, a sufficient condition on m that guarantees the

existence of a solution is m = o > 1\;(]5:12 ).
e If p = ¢ = 2 and m = o, condition (4.11) implies that m = o >
(N42)(2N +1)
3Nt2 -
e If m = 0 = 2, then the condition (4.11) implies that
- 3N +2
PSNNT1)
- 3N +2
TS NNT1)
Or 1\?(%121) > 1if N < 2. Hence for N > 3, it seems that the condition

p,q < 1 is necessary as it will be shown in the next proposition.

Proposition 4.4. Assume that m = o = 2. Then for all p,q > 1, there exist
f, g € L*(2r) such that System (4.9) has no solution at least for N large.
Proof. We consider the case where 0 € Q and f(z,t) = g(z,t) = ﬁ, where
2 < o < & If (u,v) is a solution to System (4.9), then using a suitable
comparison principle it holds that :

e, 1) vl ) > [

// |:c|_(a_2)\Vu\pdxdt+// =D | V| tdadt < oo.
QT QT

Hence, applying Caffarelli-Kohn—Nirenberg’s inequality (see [22]) to obtain

r wONE T o \E
/ </p*dx> dt—|—/ (/q*dx> dt < co.
0 |x‘7(a—2) 0 |x|7(o¢—2)

Q Q

in BT(O) X (tl,tg) CC Qrp.

Thus,



MIOM Existence Results to a Class of Nonlinear Parabolic Systems Page 27 of 30 119

Now, using the behavior of u, v at the origin, it holds that

1 1
/ 5 dz +/ 5 dz < C(T, Q).
B,.(0) |x‘p*(a—2)+%(a—2) B,.(0) |x|q*(<¥—2)+“7(a—2)

Thus

* *

p*(oz72)+%(oz72)<Nandq*(a72)+%(a72)<N.

Let p,q > 1 fixed, by choosing N > max{ 2;’f14, qujflh we get the existence
of a < % such that
p*(a—2)+p—(a—2) zNandq*(a—Z)—l—q—(a—Q) > N,
p q
which is a contradiction with the existence result. O

Remark 9. In a forthcoming work we will treat the case of the Cauchy prob-
lem, and analyze questions such global existence versus finite-time blow-up.
Notice that, for a semi-linear reaction-diffusion system with potential terms,
the existence of a Fujita-type exponent has been proved in [32], see also [44,
Theorem 32.7] for an alternative proof in the subcritical case.
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