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The Bochner—Schoenberg—Eberlein
Property for Vector-Valued ¢P-Spaces
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Abstract. Let X be a non-empty set, A be a commutative Banach alge-
bra, and 1 < p < co. In this paper, we establish some basic properties of
(P(X, A), inherited from A. In particular, we characterize the Gelfand
space of ¢?(X,.A), denoted by A(¢?(X,.A)). Mainly, we investigate the
BSE property of the Banach algebra ¢7(X,.A). In fact, we prove that
P(X,A) is a BSE algebra if and only if X is finite and A is a BSE
algebra. Furthermore, in the case that A is unital, we show that for any
natural number n, all continuous bounded functions on A(¢” (X, A)) are
n-BSE functions. However, through an example, we indicate that there
is some continuous bounded function on A(¢?(X,.A)) which is not BSE.
Finally, we prove that if £*(X,.A) is a BSE-norm algebra, then A is so.
We also prove the converse of this statement, whenever A is a supremum
norm algebra.
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1. Introduction

The notion of BSE algebras and BSE functions was first introduced and stud-
ied by Takahashi and Hatori in 1990 [18] and subsequently by several authors
for various kinds of Banach algebras, such as Fourier and Fourier—Stieltjes
algebras, semigroup algebras, abstract Segal algebras, etc. The interested
reader is referred to [5,8,11-14,19,20]. Moreover, in a recent work, Dabhi
and Upadhyay proved that ¢!(Z? max) is a BSE algebra [4]. Furthermore,
in [1], we investigated the BSE property for vector-valued Lipschitz alge-
bra Lip, (X, .A), and proved that for unital commutative semisimple Banach
algebra A, Lip, (X, .A) is a BSE algebra if and only if A is so.

The acronym BSE stands for Bochner—Shoenberg—Eberlein famous the-
orem which characterizes the Fourier—Stieltjes transforms of the bounded
Borel measures on locally compact abelian groups; that is, in fact, the BSE
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property of the group algebra L!(G) for a locally compact abelian group G;
see [2,7,17]. This has led the Japanese mathematicians to introduce the BSE
property for an arbitrary commutative Banach algebra as follows:

Let A be a commutative Banach algebra. Denote by A(A) to be the
Gelfand space of A; i.e., the space consisting of all nonzero multiplicative
linear functionals on A.

A bounded continuous function o on A(A) is called a BSE function if
there exists a constant C' > 0, such that for every finite number of 1, ..., @,
in A(A) and complex numbers ¢y, ..., c,, the inequality:

> eio(e)| <C > cie
Jj=1 Jj=1 A*

holds. The BSE norm of ¢ (||o|/ssg) is defined to be the infimum of all such
C'. The set of all BSE functions is denoted by Cpsg(A(A)). Takahasi and Ha-
tori [18] showed that under the norm ||.||gsg, Cese(A(A)) is a commutative
semisimple Banach algebra, embedded in C;,(A(A)) as a subalgebra.

Here, we provide some preliminaries, which will be required throughout
the paper. See [15] for more information. A bounded linear operator on a com-
mutative Banach algebra A is called a multiplier if it satisfies 2T (y) = T'(zy),
for all z,y €. The set M(A) of all multipliers of A is a unital commutative
Banach algebra, called the multiplier algebra of A. Set:

o —

M(A)={T:T e M(A)}.

Remark 1.1. Let A be a commutative semisimple Banach algebra. Suppose
that ® : A(A) — C be a continuous function, such that ®.4 C A. We call
® a multiplier of A. This is another definition of a multiplier of a Banach
algebra. In the presence of supersimplicity, this definition is equivalent to the
above definition, by considering ® = T'; see [16] for more details. Define:

M(A) = {®: A(A) — C : ® is continuous and &..4 C A}.

When A is semisimple, M(A) = M(A).

A commutative Banach algebra A is called without order if a.A = {0}
implies a =0 (a € A). A commutative and without order Banach algebra A
is called a BSE algebra (or has the BSE property) if it satisfies the condition:

Crsn(A(A)) = M(A).
Furthermore, A is called a BSE algebra of type I if:
Crsp(A(A) = M(A) = Cy(A(A)).

By Remark 1.1, in the case that A is a semisimple commutative Banach
algebra, the BSE property of A is equivalent to the following equality:

Crse(A(A)) = M(A).

It is worthy to note that all semisimple Banach algebras are without order.
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Let X be an arbitrary non-empty set and consider the Banach algebra
¢*(X) with pointwise multiplication. In [19], the authors proved that the
Banach algebra ¢1(X) is BSE if and only if X is finite.

Throughout the paper, let X be a non-empty set and A be a commuta-
tive Banach algebra. In this paper, at first, we investigate several properties
of the vector-valued Banach algebra ¢?(X, A) (1 < p < c0), inherited from A.
Moreover, we characterize the Gelfand space of the Banach algebra (X, A)
by the set X and the Gelfand space of A. Then, we present necessary and
sufficient conditions for (X, .A) to be a BSE algebra. In fact, we prove that
P(X,A) is a BSE algebra if and only if X is finite and A is a BSE algebra.
Furthermore, we show that for any n € N and a unital Banach algebra A, the
Banach algebra Cpgg(n) (A(IP(X,A))) = Cpspn) (X x A(A)) is equal to the
Banach algebra Cp,(X x A(A)). However, with an example, we show that this
result is not true for Csg(X x A(A)), even for a unital Banach A. Moreover,
we investigate BSE-norm property for £!(X,.A) and prove that if £}(X, A) is
a BSE-norm algebra, then A is so. We also prove that the converse of this
results is valid, whenever A is a supremum norm algebra.

Finally, we present a different proof, from abstract Segal algebras point
of view, to show that /(X)) is a BSE algebra if and only if X is finite.

2. Some Basic Properties 7 (X, .A) Inherited from A

Let X be a non-empty set, A be a commutative Banach algebra, and 1 <
p < oco. Let:

(X, A) = {f X o A Y @) < +oo} .
reX
It is easily verified that ¢P(X, A) is a commutative Banach algebra, endowed
with the norm:

1/p
I£1l> = (Z IIf(w)II”> (f € °(X, A))
zeX

and pointwise product. In this section, we investigate some elementary and
basic properties about (X, A), which will be useful for further results. Let
us first introduce some noteworthy vector-valued functions on X, which play
an important role in our results. For any finite subset F' of X and nonzero
element a € A, we define the function 62" as follows:

a teF
55(t>:{0 tg F.

These functions belong clearly to ¢P(X,.A). In the case that F' is a singleton,
namely F' = {x}, then we simply rewrite 6" as §%.

Proposition 2.1. Let X be a set, A be a commutative Banach algebra, and
1 < p < 0. Then, P(X,A) is unital if and only if X is finite and A is
unital.
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Proof. At first, suppose that X is finite and A has an identity e. It is not
hard to see that the constant function:

I:X—>A x—e¢

is the identity element of ¢?(X, A). Conversely, suppose that I € (P(X,A) is
the identity element of ¢?(X,.A). Then, for each f € (X, A), we have:

f@)I(z) = f(x) (zeX).
Specially:
(@)l = [ (2)I(2)[] < ()] ()] (z € X).

Thus, for each x € X, I(x) = 0 or ||I(x)|| > 1. Note that since I € /P(X, A),
I(xz) = 0, except for finitely many x1,...,x, € X. Now, we show that:

X ={z1,...,z,}.

Suppose on the contrary that there exists z € X, such that « ¢ {x1,...,2,}.
Take a € A to be nonzero and consider the function 67 (¢). Thus:

0= I(z)d; () = 65 (x) = a,
which is impossible. It follows that X = {z1,...,2,}. In the sequel, we show
that A is unital. For all x € X and a € A, we have:

I(t)d5(t) = 65(t) (¢ € X).
Consequently:

I(z)a=a (xe€X,acA).
It follows that I is a constant function. Indeed, for all z,y € X with z # y:

() I(y) = I(x) = I(y)-

Therefore, I(x) is the identity element of A. O
Proposition 2.2. Let X be a set, A be a commutative Banach algebra, and

1 < p < co. Then, ?(X,A) is without order if and only if A is without
order.

Proof. First, suppose that A is without order and 0 # f € (P(X, A). Then,
there exists zp € X, such that f(z¢) = a # 0. By the hypothesis, there exists
b € A such that ab # 0. It follows that:

f(20)8;,° (z0) = ab # 0,

and so, f 0,° # 0. Consequently, ¢’(X,A) is without order. Conversely,
suppose that ¢?(X, A) is without order and 0 # a € A. For any z¢ € X, we
have:

05, (o) = a # 0.
By the hypothesis, there exists f € ¢?(X, A), such that f 05 # 0. Thus:
f(xo)a = f(x0)dy, (x0) # 0.
Take b := f(z0). It follows that ba # 0. Therefore, A is without order. O



MJOM The Bochner—Schoenberg—Eberlein Property Page 5 of 18 94

Theorem 2.3. Let X be a set, A be a commutative Banach algebra, and 1 <
p < 00. Then, the Gelfand space of (P(X, A) is homeomorphic to X x A(A).
Proof. Define the function © as:
O0: X xA(A) — A(P(X,A))
(@,0) = O,

where:

O(z,p)(f) = o(f(x)) (f € LP(X, A)).
It is obvious that ©(, ) € A(P(X,A)) and so © is well defined. Now, we
show that © is injective. Suppose that ©(, ,) = Oy ), for some z,y € X
and ¢, 9 € A(A). Then, for any f € (P(X, A), we have p(f(x)) = ¥ (f(y)).
For each a € A, consider the function oim vl Thus:

(0L @) = v (357 (y))
It follows that:

pla) =v(a) (acA),
and we obtain ¢ = . Moreover, the equality o(f(z)) = ¢o(f(y)) (f €
P(X, A)), which implies that p(f(z) — f(y)) = 0 for each f € (P(X,A).
If © # y, then:
p(0g(x) =65 (y)) =0 (a € A).
This implies that ¢(a) = 0 for all a € A and so ¢ = 0. This contradiction
implies that x = y. Consequently, © is injective. To prove the surjectivity,
let ® € A((P(X,A)). Since ® is nonzero, there exists f = =,y 0%, such
that ®(f) # 0. It follows that ®(6%°) # 0, for some o € X. Such zy € X is
unique. Indeed, let there exists © # xq, such that ®(6*) # 0. Since 0%°.0% = 0,
we have:
0= ®(65°.67) = (65°)2(57) # 0,

which is a contradiction. Now, define:

wo: A—C

po(a) = ®(65°).
We show that ® = O, o). For f € (P(X, A), we may rewrite f as:

fl@) =" 05 (@),
tex

Thus, we obtain:

Oan o) (f) = 20(f (o)) = @ (557, ) = @().

This implies that © is surjective. To prove the continuity of ©, consider the
net {(za, Ya)}aca converges to (z, ), in the topology of X x A(A). So that
there exists ag € A, such that for all @ > ag, xo = z. Moreover, for each
fer(X,A), we have:

lim © 4.0 () = limpa (f(2)) = @(f(x)) = Oa,) (f)-
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Thus, © is continuous. For openness, let O, ,.) tends to O(z, ), in the
Gelfand topology of A(¢P(X,.A)). It follows that for any f € ¢P(X,.A):

1 O(s, ) (F) = O ().
and so:
lim @0 (f(2a)) = ¢ (f(2))-
In particular, for a € A with ¢(a) # 0, we have:
lim @0 (95 (2a)) = (35 (2)) = ¢(a).
|p(a)
2

, there exists ag € A, such that for all & > ag:

le(a)|
|Pa(da(za)) — pla)l < ==

We show that there exists a; € A, such that for any o > oy, x, = x. Suppose
on the contrary that for any a € A, there exists 3, > « such that zg, # x.
It follows that there exists 34, > ao, such that zg, # x. Thus:

[p(a)l

5
Since 05 (zg,,) = 0, this implies that ¢(a) = 0, which is a contradiction. So
that there exists oy € A, such that x, = x, for any « > «y. This means that
the net {x,}aea tends to z, in the discrete topology of X. Furthermore, for
o > oy, 0%(z4) = a, which implies that lim, ¢, (a) = ¢(a). Consequently,
{¢ataca tends to o, in the Gelfand topology of A(A). This completes the
proof. O

Consequently, for € =

|00 (05 (25,,)) — w(a)| <

Proposition 2.4. Let X be a set, A be a commutative Banach algebra, and
1 <p<oo. Then, (P(X,A) is semisimple if and only if A is semisimple.
Proof. Let (P(X, A) be semisimple and 0 # a € A. Then, for any z € X,
0% # 0. Define:
0: X xA(A) - A(P(X,A))
(337%0) = e(w,go)a
where
O, (f) =0(f(x)) (z € X,p e A(A)).
Then, there exists ¢ € A(A), such that O, ,(05) = @(0g(x)) # 0. This
follows that ¢(a) # 0 and A is semisimple. Conversely, suppose that A is
semisimple and 0 # f € ¢P(X, A). There exists o € X, such that f(zg) # 0.

Since A is semisimple, there exists ¢ € A, such that o(f(xo)) # 0. This
means that ©,, ) (f) # 0. O

A bounded net (e, )qcr in a Banach algebra A, satisfying the condition:
lim p(zeq) = ¢(z),

for every z € A and ¢ € A(A), is called A-weak bounded approximate
identity for A, in the sense of Jones-Lahr; see [6,9].
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Remark 2.5. Let X be a set. In [19, Theorem 5], it has been proved that
?1(X) has a A-weak bounded approximate identity if and only if X is finite.
One can follow the exact arguments to prove this result for ¢P(X), where
1<p<oo.

In the following result, we generalize [19, Theorem 5], for the vector-
valued case.

Theorem 2.6. Let X be a set, A be a commutative Banach algebra and 1 <
p < oo. Then, P(X, A) has a A-weak bounded approximate identity if and
only if X is finite and A has a A-weak bounded approximate identity.

Proof. First suppose that X = {x1,...,2,} is finite and (eq)acs is a A-weak
bounded approximate identity for A with sup,¢; [lea| < 8. For any a € I,
define the constant function f, on X as:

falz) =€n (x€X).
It is easily verified that f, € P(X,A), for all & € I. Moreover, for all i =
1,...,nand ¢ € A(A):
lim(zi, )(fo) = lim @(fa(2i)) = lim p(eq) = 1.

It follows that (fo)aer is a bounded A-weak approximate identity for /7 (X, A).

Conversely, suppose that (fa)acr is a bounded A-weak approximate identity

for /P(X, A) with sup,c; || fallp < 5. We first show that 2(X) has a bounded

A-weak bounded approximate identity. For a fixed element ¢ € A(A), define:
Jo :=v0fo: X —->C (ael).

Then, we have:

D lga@)P =3 o fala)l

zeX rzeX

D [(fal@))l”

zeX

< IlP Y I fala)?

reX
< B¥llvP.
It means that g, € ¢P(X), for all & € T and:

sup [|gallp < Bll¢]l-
[e%

Furthermore, for any x € X, we have:
lim @, (ga) = lim go () = limy(fa(2)) = Oz, (fa) = 1.

It follows that (ga)acrs is a A-weak bounded approximate identity for ¢7(X).
Therefore, X is finite by Remark 2.5. Now, take zy € X to be fixed and for
any « € A, and define e, := f,(2g) € A. Thus, we have:

leall = lfalzo)ll < [[fallp < B
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Moreover, for any ¢ € A(A):
lim p(eq) = limp(fa(20)) = I Oy ) (fa) = 1.

Therefore, (€4 )acr is a A-weak bounded approximate identity for A. O

3. The BSE Property for ¢ (X, .A)

In this section, we state the main result of the present paper. In fact, we
provide a necessary and sufficient condition for ¢?(X, .A) to be a BSE algebra.

Theorem 3.1. Let X be a set and A be a commutative semisimple Banach
algebra. Then, (P(X, A) is a BSE algebra if and only if X is finite and A is
a BSFE algebra.

Proof. First, suppose that ¢P(X, A) is a BSE algebra. Then, by [18, Corollary
5], P(X, A) admits a A-weak bounded approximate identity. Proposition 2.6
implies that X is finite and 4 has a A-weak bounded identity. Again, by [18,
Corollary 5], we have:

M(A) € Crsp(A(A). (3.1)
Now, we prove the reverse of inclusion (3.1). Suppose that o € Cpgp(A(A)).
Then, there exists a bounded net (ax)xea C A, such that for each ¢ € A(A),
limy ax(¢) = o(p). For any A € A, define the constant function fy : X — A
by fa(x) = ay, (z € X). Since X is finite, then f) € P(X, A), for all XA € A.
Moreover:

M O(z,¢)(fr) = limp(fi(z)) = limep(an) = o) (z € X, € A(A)).
Define the function ¢’ as follows:
o X x A(A) — C
o'(z,0) = olp)
for all z € X and ¢ € A(A). Thus, we have:

o'(z,p) = 0o(p) = liinﬁ(sO) = 11;11?;9@,@) (r € X,0 € A(A)).

This implies that ¢’ € Cpgr(A(P(X,.A))). Since £P(X, A) is a BSE algebra,
it follows that o’ € M(¢?(X, A)). Now, take a € A and consider the constant
function f : X — A defined by f(z) = a (x € X). Then, f € #(X,A), and
so there exists g € ¢P(X,.A), such that ¢’ f = g. Consequently for all x € X
and ¢ € A(A):

o' (x,0)f(z, ) = Gz, ).
It follows that:

a(p)e(f(z)) = a(p)e(a) = p(g(z)), (3.2)

and so:
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Semisimplicity of A implies that g(z) = g(y), for all z,y € X. So that ¢ is
a constant function and thus g(z) = b (z € X), for some b € A. Now, the
equality (3.2) implies that:

a(p)ale) = o(p)p(a) = ¢(g(z)) = @(b) = b(e).
Therefore, o a = 3, and so, 0 € M(A), as claimed.

Conversely, suppose that X is finite and 4 is a BSE algebra. By [18,
Corollary 5], A has a A-weak bounded approximate identity. By proposition
2.6, P(X,A) also has a A-weak bounded approximate identity. Again, by
[18, Corollary 5], we have:

M(P(X, A)) € Csu(A(P(X, A))).
For the reverse of the above inclusion, suppose that o € Cpsg (AP (X, A))).
We show that o € M(fP(X,.A)). To that end, take h € ¢#(X,A). We find
g € fP(X,A), such that o h = g. By [18, Theorem 4], there exists a bounded
net (fa)rea in €P(X, A), such that sup, || fall, < 3, for some 5 > 0, and:

lim f(z,¢) = o(z,9) (z € X,p € A(A)).
Thus:

o —

limp(fa(2)) = fr(@)(p) = a(z,¢).
For each x € X, we define the function o, as follows:
oy A(A) — C
ox(p) = o(z,¢) = liinf/x(?)(w

This follows from [18, Theorem 4] that o, € Cpsg(A(A)). Since A is a BSE
algebra, o, € M(A). Thus, for each z € X, there exists a, € A, such that

oxh(z) = a;. Now, define the function g on X as follows:
g: X — A
T = ag.

For all z € X and ¢ € A(A), we have:

o~

Thus, o h= g. So that ¢P(X, A) is a BSE algebra. O

Remark 3.2. In [19, Theorem 5], it is shown that for an arbitrary non-empty
set X:
(X)) = Cpsp(X) C M(H(X)) = Cy(X).

Moreover, Cpgp(X) and Cy(X) coincide if and only if X is finite. In fact,
(1(X) is a BSE algebra of type I if and only if X is finite. Note that, by some
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similar arguments as in the proof of [19, Theorem 5], we can deduce the same
results for /P(X) (1 < p < 00), as well. Moreover, it is easily verified that if
X is finite and A is a unital BSE algebra, then:

(X, A) = M(P(X, A)) = Cpsp(X x A(A)) C Cy(X x A(A)).
However, these equalities are not valid in general. For instance, take X to be
a finite set and A to be a non-unital BSE algebra. Then:

o —

r(X,A) G M(0P(X, A)) = Cpse(X x A(A)) € Cp(X x A(A)).

It is worth to note that even in the case that X is finite, Cpgr(X x A(A))
may not be equal to Cp(X x A(A)), as the following example shows.

Ezample 3.3. Let X be a finite set with card(X) =n > 1 and A = >°(X).
Then, A({*°(X)) = X and since ¢£>°(X) is a unital BSE algebra, it follows
that ¢P(X,¢>(X)) is also a unital BSE algebra. Consequently:

—

EP(X,KOO(X)) = CBSE(X X X)
Suppose on the contrary that:
CBSE(X XX) :Cb(X XX) (33)
It follows that ¢7(X, ¢>°(X)) is a BSE algebra of type I, and so, by [18, Theo-
rem 3], £ (X, £°°(X)) is a C*-algebra. Consider the function f € (X, (> (X)),
defined by f(x) = 1 (x € X), where 1 € ¢°°(X) is the constant function
1(z) =1 (z € X). Then:

1F Fllp = 1£21l = n'/P # |1 £117 = n*/P.
This contradiction indicates that the equality (3.3) is not satisfied and:
Cese(X X X) S Cy(X x X).

In other words, there are continuous bounded functions on A(¢? (X, ¢*°(X)))
which are not BSE.

For a natural number n, a function o € Cy(A(A)) is called a n-BSE
function, if there exists positive real numbers § (depending only on n), such
that for any choice of ¢1,...,¢, in A(A) and complex numbers ci, ..., ¢,
the inequality:

n n
> ciole)| <C D e
Jj=1 Jj=1 A*

holds. The set of all n-BSE functions on A(A) will be denoted by
Cisg(n) (A(A)). We denote by |lo|lgsem), the infimum of such 3. By [19,
Lemma 1]:

Crse(m)(A(A)) = Cy(A(A))

if and only if there exists a positive real numbers [, (depending only on
n), such that for any choice of ¢1,...,¢, in A(A) and complex numbers
€1,...,Cn in the closed unit disk Cy, there exists x € A, such that ||z| < G,
and Z(p;) = ¢;.
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Let:
Cosu(ee) = [ ] Cosem) (A(A)).
neN
Evidently, ||o||Bse = sup,ey [|o]|BsEmn) and:
Cpsk(A(A)) = {0 € Cpsi(co) ¢ |lo]lBsE < 00}
Moreover, we have the following inclusions:
A C COpsu(A(A)) C CUBsE(s0) (A(A)) C -+
C Cpsg(2)(A(A)) € Crsea)(A(A))
= Cy(A(A)).
See [19], for more information.
In Example 3.3, we observe that a continuous bounded function on the
Gelfand space (P (X, .A) needs not be a BSE function. However, in the sequel,

we prove that for any unital commutative Banach algebra A and natural
number n:

Crsem) (A7(X, A))) = Co(A(LP(X, A))) = Cp(X x A(A)).

In fact, all continuous bounded functions on A(¢?(X,.A)) are n-BSE func-
tions.

Proposition 3.4. Let X be a set and A be a commutative semisimple and
unital Banach algebra with unit e. Then, Cpspn) (P (X, A)) = Cp(X xA(A)),
for each n € N.

Proof. To prove, we use [19, Lemma 1]. Take ¢1...,¢, € A, 21,...2, € X,
and @1, ..., ¢n € A(A). Define the function f on X as:

flz) = {Cie ze{ry,...,xn}

0 otherwise.

Then, for each i = 1,...,n we have:

(@i, 00) = @i(f(2:)) = pilcie) = ci.

Moreover:

n 1/p n 1/10
171l = (Z ||f(9cl-)||1’> = (Z |Ci|p> — /.
i=1 i=1

Thus, it is sufficient to take 3, = n'/?, and so, the proof is completed. O

Tt is known that in any commutative Banach algebra A, ||Z|ssg < ||z,
for all x € A. In [20], the authors were interested in a class of commutative
Banach algebras which satisfy the condition ||Z|gsg = ||z||, for each = € A.
These algebras are called BSE norm algebras. All function algebras on a
locally compact Hausdorff space, endowed with the supremum norm, and
also the algebra ¢!(X) belong to such a class. In the sequel, we show that
under some circumstances, £*(X,.A) also belongs to this class. To that end,
we require the following elementary lemma.
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Lemma 3.5. Let X be a set and A be a commutative semisimple Banach
algebra. Suppose that ¢, . ..cp, and (x1,01), ..., (Tn, ©n) are disjoint elements
of C and X x A(A), respectively, such that xp, = --- = zy,,, where 1 <
ki,... km <n. Then:

m
E Cl; Pk;
=1

0U(X,A)"
Proof. Let xp, =--- = = x. Then, we have:

W{Z%% wm%

{Z%% DWMK%
{ZW“ |W1q}
{. w%<%
{.“%MWMWMQ}

Z x'w 901

m )

n

Z (i, ¢i)

A*

Il
]
=
T

I
w
=1
T

-
M3
i

ci(wi, 9i)(0g)| :

Il
]
=
e}

1

=
3

| /\

1

1(X,A)"

Thus, the proof is completed. O

Recall from [16] that a Banach algebra A is called a supremum norm
algebra if ||a||cc = |lal|, for each a € A. For example, all C*-algebras are
supremum norm algebra.

Theorem 3.6. Let X be a set and A be a commutative semisimple Banach
algebra. If (1(X, A) is a BSE norm algebra, then A is so. The converse is
true if A is a supremum norm algebra.

Proof. Suppose that ¢1(X, A) is a BSE norm algebra. Thus, for each f €
(X, A), we have:

I1£1 = [ fl|BsE-
It follows that:
lall =671 = [0%][BsE  (z € X,a € A). (3.4)

Let a € A and take x € X to be fixed. Then, for any finitely many complex
numbers ¢y, . .., ¢, and the same number of elements (x1, 1), ..., (zn, @n) of
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X x A(A) with zg, = -+ =z, = x, we have:

Zcz CU“% = chwl(éz(xl))’
i=1

) |

= Z Ck; Pk; (5Z(xl€z))

i=1

= chi(pki (a)
i=1

= chid(spki)
i=1

m
< llallpse || Y crien,
i=1 A*
n
< |lal|se ZQ(%‘A&') ;
i=1 01(X,A)*

where the last inequality is obtained from Lemma 3.5. Consequently:

§ Cz Cﬂz,%

Note that if all zq,...,x, are different from x, then the inequality 3.5 is
obviously satisfied. Thus, we have:

162 [Bse < [lalpsE- (3.6)
Now, the equality (3.4) and inequality (3.6) imply that:
lall < llallese  (a € A).

Therefore, A is a BSE norm algebra.

Conversely, suppose that A4 is a supremum norm algebra. We show that
(X, A) is a BSE norm algebra. Take f € ¢1(X,A) to be nonzero. It is
enough to show that ||f]; < ||f|lgse. For & > 0, there exists N € N, such
that:

R

I
-

Ci(ﬂcm%) . (3-5)
01X, A)*

< |lallBse

7

N
Il —e <Y If (@)l
k=1

By the hypothesis:
@l = [ F@)llee = sup lo(f (@),

PEA(A)

for each k = 1,..., N. Since A is unital, A(A) is compact and so all m
(k =1,...,N) take their supremum on A(A). It follows that there exists
v € A(A), such that:

1F @)oo = lon(f@))| (k=1,...,N).
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Now let:
|| f ()|
C,=——"—_ (k=1,...,N).
S oy BN
Then, |Ck| =1 and:
N ) N
chf(ﬁﬂk,(ﬂk) = ZCWk(f(xk))‘
k=1 k=1
= 7@l + -+ )]
N
= 3" sl
h—1
> || fll —e.
Thus:
N A
£l =& < | Cuf (@ ox)] -
k=1
Moreover:
N N
C C h
1;1 (xk, or) Hhs|}1121 2 k(xk, or)(h)
N
= sup Crpr(h(zk))
Il <1 |22

< sup Z|Ck|||<Pk||||h(ﬂ?k)||
Ihll<1 4=
N

= sup [ ()|
uhulgl,;

<1

The last inequality together with (3.7) yields that:
N

Z Crof (xx, ex)

k=

[fll1—e <

< | flsse

ZCk(ﬂ?k,%)

k=1

< |IfllBsE-

Since ¢ is arbitrary, it follows that || f||; < ||f||Bse, as claimed.

4. The BSE Property of £°(X)

MJOM

Let X be a nonempty set. By [19, Theorem 5], /!(X) is a BSE algebra if
and only if X is finite. Note that this result remains valid for ¢#(X), where
1 < p < oo. In this section, we provide another proof for this result, which
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is interesting in its own right. We first recall the definition of abstract Segal
algebras; see [3] for more information.
Let (A, ||.]|.4) be a commutative Banach algebra. A commutative Banach
algebra (B, ||.||5) is an abstract Segal algebra with respect to A if:
(i) Bis a dense ideal in \A.
(ii) There exists M > 0, such that ||b]|4 < M||b||s, for all b € B.
(iii) There exists C' > 0, such that |labl|z < Clla||.4]|b||5, for all a,b € B.

Moreover, B is called essential if:
B={ab: ac Abec B}.

Our new proof for [19, Theorem 5] is based on [10, Theorem 3.1], which is
described below:

“If (B, ].||g) is an essential abstract Segal algebra with respect to the
BSE algebra A, then B is a BSE algebra if and only if it has a A-weak
bounded approximate identity.”

For this purpose, we remind the reader of some known spaces. Recall
that ¢o(X) is the space, consisting of all functions vanishing at infinity. More-
over, co(X) is a Banach algebra under pointwise product and supremum
norm, defined as:

[flloo = {If(@)]: ze X} (f€co(X)).
The subspace cop(X) of ¢o(X), consisting of all finite support functions on
X, is dense in ¢g(X). Moreover:
coo(X) € 7(X) C co(X)
and || flleo < [ flp, for all f € 2(X).

Lemma 4.1. Let X be a set and 1 < p < oo. Then, ¢?(X) is an essential
abstract Segal algebra with respect to co(X).

Proof. Since ¢P(X) contains coo(X) and co(X) is dense in ¢o(X), it follows
that ¢P(X) is also dense in ¢o(X). Moreover, ¢P(X) is an ideal in ¢o(X) and
for each f € ¢P(X) and g € ¢o(X), we have:

1/p

1 gllp = (Z f(l‘)g(x)l”> < [fllpllgllee < oo
zeX

Consequently, (P(X) is an abstract Segal algebra in ¢o(X). In the sequel,

we show that ¢P(X) is essential. To that end, note that the collection F,

consisting of all finite subsets of X, is a directed set by the upward inclusion;

that is:

Fl S F2 if and only if F1 Q FQ.

It is easily verified that the net (xr)rer is a bounded approximate identity
for co(X), where x r is the characteristic function on X at F. To establish the
essentiality of ¢P(X), by applying Cohen factorization theorem, it is sufficient
to show that (xr)rer is an approximate identity for ¢(X); that is:

lfxF = fllp =r 0 (f € £7(X)). (4.1)
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Suppose that f € ¢?(X) and take € > 0 to be arbitrary. There exists N € N,
such that:

S f@)lP < e
i=N+1

Let Fy = {x1,...,2,}. Since f € ¢o(X), there exists finite subset F} of X,
such that | f(z)| < e, for all z &€ Fy. Set Fy := FyUFy. Thus, for each Fy < F,
we have:

1/p I 1/p
1fxe = fllp= | X @) fE(Ejf@Wj <¢,
o Ta i=N+1
and so, (4.1) is satisfied. This completes the proof. O

Note that ¢g(X) is a C*-algebra, and so, it is a BSE algebra by [18,
Theorem 3]. Now, Theorem 2.6 and Lemma 4.1 together with [10, Theorem
3.1] yield the following result.

Theorem 4.2. Let X be a set and 1 < p < co. Then, (P(X) is a BSE algebra
if and only if X is finite.

Proof. By Lemma 4.1, ¢P(X) is an essential abstract Segal algebra in co(X).
Since ¢g(X) is a BSE algebra, [10, Theorem 3.1] implies that ¢7(X) is a BSE
algebra. It follows that ¢?(X) has a A-weak bounded approximate identity,
and so, X is finite by Theorem 2.6. The converse is obvious. 0
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