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Spectra of Weighted Composition
Operators on Analytic Function Spaces
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Abstract. Let £ be a complex Banach space with open unit ball Bg.
For analytic self-maps ¢ of Bg with ¢(0) = 0, we investigate the spec-
tra of weighted composition operators uC, acting on a large class of
spaces of analytic functions. This class contains, for example, weighted
Banach spaces of H*-type on Bg, weighted Bergman spaces AL (Bn)
and Hardy spaces H? (By). We present a general approach for deducing
new information about the spectrum and for estimating the essential
spectral radius of uCly,.
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1. Introduction

Throughout this article, E stands for a complex Banach space of arbitrary
dimension and B = {x € F : ||z|| < 1} for its open unit ball. Moreover,
let ¢ : By — Bpg be an analytic mapping and v € H(Bg), where H(Bg)
is the space of analytic functions on Bg. Recall that a mapping is analytic
if it is Fréchet differentiable at every point in its domain. Each such pair
(p,u) induces via composition and multiplication a weighted composition
operator uCy(f) = u(f o ¢) which preserves H(Bg). Our object of study is
the operator uC, acting on a Banach space, X (Bg), of analytic functions
on Bg, specifically, its spectrum o(uC,,). This is a topic of current interest;
see for instance [4,5,7,11,13,16,25] and other references quoted below. Very
little is known about the spectrum of the composition operator C, acting on
classical analytic function spaces for a non-univalent symbol ¢ of the open
unit ball By in CV.
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Some information about the space X (Bg) is unavoidable to obtain in-
teresting results for uCy, acting on X (Bg). Therefore, the space X (Bg) will
always satisfy five conditions stated in Sect. 2 that are fulfilled by very natural
and common Banach spaces of analytic functions like the weighted Bergman
spaces, AP (By), the Hardy spaces, H?(By), 1 < p < oo, and, even in the in-
finite dimensional setting, the weighted spaces of analytic functions H°(Bg)
as we show in the examples of the next section.

Our quite general approach allows us to extend earlier results. For in-
stance, the main result (Theorem 15) of Cowen and MacCluer in [9] contain-
ing information about the spectrum for (weighted) Hilbert spaces of analytic
functions and composition operators with univalent and not unitary on any
slice symbol that fixes the origin, is generalized by Corollary 4.14 where it
is only required that the norm of the derivative mapping at the fixed point
0 be less than 1 and neither the analytic function spaces are required to be
Hilbert. In the context of the weighted spaces of analytic functions H2°(Bg)
and weighted composition operators, we extend to arbitrary dimensions the
description of the spectrum in case E = C by Aron and Lindstrém [2], and
the one of Yuan and Zhou [27] given for the case v = 1. Also the results for
weighted Bergman spaces are new.

The main result (Theorem 4.9) provides conditions for the spectrum to
contain a disc centered at 0 and all finite products of eigenvalues of the de-
rivative mapping ¢’(0) € L(FE), the Banach algebra of all bounded operators
on F. The radius of such disc is closely related to the essential spectral radius
of the operator: actually, equal in the case of HJ°(By) in which we give a
complete description of the spectrum. This relationship motivated the esti-
mations in Sect. 3 where we extend Lefevre’s Theorem 2.5 in [20] to weighted
spaces of analytic functions using quite different techniques.

Our standing assumptions are ¢(0) = 0 with ||¢’(0)|| < 1 and that the
range of ¢ is a relatively compact set. The core of our results is Lemma 4.8.
It is an elaboration on the nice sharpening in [9] of Kamowitz technique [18]
that has been further exploited by many other authors [3,12,15,22,28]. Tt
strongly depends on the existence of (iterated) interpolating sequences that
in the infinite dimensional setting was initiated in [12] and developed in [14].
Such suitable interpolating sequences are known to exist when E is a Hilbert
space or E = Cy(X), X alocally compact Hausdorff topological space. Thus,
the mentioned standing assumptions suffice to get the results for both the
ball and the polydisc.

2. Conditions and Examples

Recall that Hy(Bg) := {f: Bg — C: f analytic and bounded on balls of
radius less than 1} is a Fréchet algebra when endowed with the topology of
uniform convergence on balls of radius less than 1. By H*°(Bg) we denote
the subspace of Hy(Bg) of bounded functions endowed with the topology of
uniform convergence on Bg.



MJOM Spectra of Weighted Composition Operators Page 3 of 22 34

We deal with a vector space X (Bg) of analytic functions on Bg and
a norm on it || - || that renders X(Bg) a Banach space. As usual, for each
x € Bpg, 05 is the evaluation functional defined by d,(f) = f(z) for all
f € X(Bg). We assume that X (Bg) contains the constant functions, so then
all d, are non-zero.

The Banach space X (Bg) is assumed to satisfy the following conditions:

(I) For every x € Bg, §, : X(Bg) — C is a linear bounded functional, and
the closed unit ball B = {f € X(Bg) : ||f|| < 1} of X(Bg) is compact with
respect to the compact-open topology 9.

In particular, for each z € Bg there is a f, € X(Bg) with ||f;]| <1
such that ||0,||x = f.(z). Moreover, by the Dixmier-Ng theorem, there is a
Banach space * X (Bg) whose dual space is isometrically isomorphic to X (Bg)
and, further, the mapping « € Bg +— §, € *X(Bg) is holomorphic because it
is weakly holomorphic. Actually, *X (Bg) is the subspace of X (Bg)* of the
elements that are mp-continuous on bounded sets.

(IT) For every g € H*(Bg) and f € X(Bg), the function fg € X(Bg).

If both (I) and (II) hold, the multiplication operator M,(f) = fg is
continuous on X (Bg), thanks to the closed graph theorem. A subsequent
application of the closed graph theorem shows the existence of a constant
Mx > 0 such that || M| < Mx||g]co-

(III) X(Bg) C Hy(Bg).

This inclusion mapping is a continuous embedding thanks to the closed
graph theorem.

Denote by P, f the n-th term of the Taylor series at 0 of the analytic
function f € X(Bg). For m € N, let

Xm(Bg)={fe X(Bg): P,f=0forn=0,1,...,m—1}.

That is, a function in X (Bg) belongs to X,,,(Bg) if the first m terms of its

Taylor series at 0 vanish. Equivalently, f € X (Bg) belongs to X,,(Bg) if,
f(z)

s Tl is bounded in some punctured ball centered at 0.

and only if

(IV) For each m € N there is a constant ¢(m) > 0 (depending also on the
norm of X (Bg)) such that for all x € Bg we have

102 x,,. < c(m)ll2|"™[|3I,

where X,,(Bg) is endowed with norm of X (Bg) and ||d,|x, denotes the
norm of J, restricted to X,,.

What can we say about this condition in the complex plane? Now,
Be = D is the open unit disk. If for a positive integer m we have that
Xm(D) = 2™ X (D), then there is a constant ¢(m) > 0 such that

[F(2)] < elm)l="[| fllx (|0l (2.1)

for every f € X,,(D) and z € D. Indeed, this can be proved following the
proof of [3, Proposition 3.3] and for completeness we give the details. The
map f € X,;,(D) — f/2™ € X(D) is well defined, linear and continuous by
the closed graph theorem. Hence there is ¢(m) > 0 such that ||f/2"||x <
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c(m)||fllx,, for each f € X,, (D). Now, for 0 # w € D and f € X,,(D), we
obtain

[f(w)] = |w|™|f(w)/w™] < Jw[™[|f/z"[|x]|0w]] < c(m)[w]™[|f]]x,.]10w]-
Notice that from this result, we can obtain Propositions 2 and 11 in [22].

(V) For every 0 < r < 1, consider K,.(f)(x) = f(rz). The operator K, :
X(Bg) — X(Bg) is well defined and ||K,|| < 1. In case dimE < oo, the
operator K, is compact.

The operator uCy, : X (Bg) — X (Bg) will be assumed to be bounded.
Since u = uCy (1), we get that v € X (Bg).

Notice that whenever ¢(Bg) is a relatively compact set strictly inside
Bg, C, is a compact operator: for any net (f;) C B that we may suppose by
(IT) to be Tp-convergent to some g € B, we have that (f; o ) is uniformly
convergent to g o ¢ in H>°(Bg), hence convergent in X (Bg).

Next, we list a number of spaces satisfying the above conditions to which
our main result applies.

2.1. Examples

(a) The weighted space of analytic functions
H(Bg) := {f : Bg — C: f is analytic and || f]|, = sup v(x)|f(x)] < oo}
x€EBE

is a Banach space when endowed with the || - ||, norm. Here, v : B — (0, 00)
is a weight, that is, a continuous, bounded and norm non-increasing function,

in particular, v(z) = v(y) if ||z|| = ||y||. For example, v, (z) = (1 — ||z||*)*
with « > 0 is such a weight. Moreover, the associated weight of v is defined
by 0(z) = ﬁﬂr € Bpg. Notice that for the constant weight v(z) = 1,

HE(Bg) = H™(Bg).

Using Montel’s theorem [6, Theorem 17.21] it follows that condition (1)
holds. Next, we check condition (IV'). For given m € N, we need to show that
there exists a constant ¢(m) depending only on m, so that if f € H>,, (Bg)
and x € Bg, then /

[f @) < clm)llz )™ 102 [[] f]]o-
Indeed, for £ € E such that ||£|| = 1, consider the function f : D — C,
fe(2) = f(2€), where f € H,, (Bg). Moreover, define we(z) = v(2§). By ra-
diality of the weight v, it follows that w¢(2) = we([2]). Clearly, fe € Hg? (D)
and || fellwe < || fllo- Now since ijjz’m(ID)) = zmeU‘; (D), we may apply (2.1)
to get for 0 # = € Bp that

[f @) = [fzp Ulzll) < elm) 16y L 1o ll™,

and since [|0j,[] < [[0]|, the statement follows. Also, the other conditions
are easily seen to be satisfied.

(b) The standard weighted Bergman space AL (By), o > —1,p > 1, is
the set of all analytic functions on By such that

\m&z/‘mmwm—mWM@<w,

By
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I'(N+a+1)
NT(a+1) *
The set of polynomials are dense in AL (By). By [26], for z € By we have

where dv(z) is the normalized volume measure on By and ¢, =

1

[0l = ———sa

(=% »

(2.2)

By Montel’s theorem and Fatou’s lemma it can be seen that condition (I)
holds. The only condition that we need to verify is (IV), since the other
conditions are clearly valid. For £ € Sy, the map f € AR (By) — fe €
A%, (D) is bounded by Theorem 1.1. in [19], so there is a constant ¢(N) >
0 such that

[ fellaz,, . @) < c(N)Ifllaz@y)-

If fe AL (By), then fe € A, ,,, (D) =2"A%, (D), so by (2.1) we
obtain for 0 # z € By that

[F ) = 1z ([2]) < e(m)e(N) 2] f]| az @) 192

(¢) The Hardy spaces HP(By), 1 < p < 0o, are defined by

HP(BN>={feH<BN>:||f||zp= s [ If(TC)I”dU(C)<OO}7

0<r<1

where Sy denotes the unit sphere in CV and o is the normalized surface
measure on it. The set of polynomials are dense in H?(By). It is known [29]
that for z € By, we have

1
0] = ———%- (2.3)
. (I—1]z)>

For condition (I) we use Montel’s theorem and Fatou’s lemma. For £ € Sy,
using Theorem 1.1. in [19], we obtain that the map f € HP(By) — fc €
AR5 (D) is bounded. Here, A” | (D) = H? (D). Therefore, there is a constant
¢(N) > 0 such that

[ fellaz, ) < (N[ fl|mr@a)-

For f € HE,(By), then fe € A%, (D) = 2™AY _,(D), so using (2.1) we
get for 0 # z € By that

[F ) = [f 5 (2) < ctm)e(N) 2™ 1 Fll e @) 9= 1-

All the other conditions can easily be verified.

(d) The weighted Hardy spaces of bounded type H(By) introduced by
Cowen and MacCluer in [9] also satisfy the above five conditions. See the
paper to verify it: Condition (I) is recalled in the bottom line of page 227.
Condition (II) is [9, Proposition 1]. Condition (IV) follows from their com-
putations in page 227 for the reproducing kernels, that is, the evaluation
functionals:
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oo

2 = (N=148)* 1
I6:1%,, = 3 (N—l)!s! 7(s)?

. 23 —1+j+m)! 1
= |7 Z‘ NG ) rG £
%lm(N71+ﬁ(N71+j+U~%N*1+j+m)Vm
< 7] Jz::o (N=DYlG+1D - (j+m) 7(4)?
- Jz:% N =Dl ((”Hl) (Hj+m>)7(j)2

< Qm)l=l"[l8- %0~

where b is the assumed constant satisfying % >b>0and Q(m) =

w1 (1+ &=1) Notice also that [|6. || — oo when |z| — 1 by Proposition 2
in [9] and that the set of polynomials is dense in H(By).

3. The Essential Spectral Radius

Recall that for the essential spectral radius of an operator T, we have that

re(T) = inf,, {/ |le, and by ¢, we denote the n-fold iterate of ¢, so that

Yn = popo---o0¢p (n times). In this section, we obtain estimates for the

essential norm and spectral radius of the weighted composition operator uC',.
We first consider the operators C, o K, = C,, where 0 <7 < 1.

Lemma 3.1. Suppose that o(ABg) is a relatively compact subset of E for all
0 < A < 1. Then every Cy, 0 K, : (Hb(BE),TO) — Hy(Bg) defines a linear
continuous mapping and {C, o K, : 0 < r < 1} is an equicontinuous family.

Proof. The balanced hull, Ly, of ¢(ABg) C ABg is a relatively compact set
strictly inside Bg for all 0 < A < 1.
Since for all 0 < r < 1,
(Cp 0 Kr)(f)lxpe = sup |f(re(z))] < Sup FW) = Flzx,
yeLix

|z]| <A

{C, 0 K, :0 <r <1} is an equicontinuous family. O

The closed unit ball B of X (Bg) is a compact subset of (Hb(BE),TO)
by condition (I).

Lemma 3.2. Suppose that ¢(ABg) is a relatively compact subset of E for all
0< A< Forevery0 <A <1,

lim sup —sup | f(re(z)) = f(p(2))] = 0.

TR fEB o)<
Proof. Let us see that for all f € Hy(Bg), lim,_1(C, o K,)(f) = Cy(f) in
Hy(Bg). Fix e > 0 and 0 < A < 1. The uniform continuity of f in ABg leads
to some § > 0 such that |f(u) — f(v)| < € if u,v € ABg and ||u —v| < .
Therefore, if r > 1—46, one has ||ro(z)—¢(z)|| < 4. So, for all z with ||¢(z)|| <
A, we get | f(ro(z)) — f(e(@))] <€, that is, [[(Cyp 0 Ki)(f) = Co(f)llaps <€
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Therefore, {C,0 K, : 0 < r < 1} converges to C,, for the topology of the
pointwise convergence, hence also for the topology of uniform convergence on
compact subsets of (H (Bg), TO) since they coincide on compact subsets due
to [24, 1. 4.5]. So the statement follows because B is (H(Bg), )-compact.

O

Proposition 3.3. Assume that ¢(Bg) is a relatively compact subset of E. For
the weighted composition operator uC,, : X (Bg) — H{°(Bg), we have that

[uC,]le < 21lim [u(@) 10 Il x
=" N ||5m||
le(2)]>s

Proof. First of all, notice that for 0 < r < 1, (Cy, 0 K,)(f)(z) = f(re(z)), so
CyoK, : X(Bg) — H*(Bg) is a compact operator as a composition operator
whose symbol r¢ lies in a compact subset of Bg. Since u € HS°(Bg), also
the operators uCy o K, : X(Bg) — Hg°(Bg) are compact.

Next, by using that v(z) < o(x) = H51x|| and v € H°(Bg), we estimate
|uCy o K —uCyl| <

sup sup 4o ) — fo@))]
F€B [lp(z)|<s 0]l
s sup L fra)) - ot (3.1)

FEB llo()|=s

Concerning the first summand, we have

sup sup O poe)) - po@))]
7€B [lp(a)<s 0]l

< llullsup sup  |f(ro()) = flp(2))]-
1€B [lo@)]<s

So, we may apply Lemma 3.2 to conclude that for fixed 0 < s < 1, the first
summand tends to 0 whenever r — 1.
Concerning the second summand, realize that

flro(e) = fleo(2) = Ko ()(e() = fle() = (Kr — Id) (f)(¢(x)).

Hence,

1 1
| |f(re(z)) = fe(2))| = mll%(z)llx W(Kr = Id)(f)(¢(x))

||5 | o)l
”64,0(35)”)(

< -2,
162

So the second summand is bounded from above by 2 - supj,)|>s
|¢(z)H|5¢(1)|lx

ll9z Il
Therefore, [uCplle < liminf, ;1 [uCy o Ky — %Col| < 2 - SUP|ya)>s

[ (@) 104 () Il x [
(A ’
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Proposition 3.4. Assume that ¢(Bg) is a relatively compact subset of E.
There exists Mx > 0 such that for the weighted composition operator uCy, :
H>*(Bg) — X(Bg), we have

1 [w(z) |10
[uCylle > Myt lim  sup — 220
’ Yool omizs 19ellx

Proof. If for some s < 1, {x : ||¢(z)|| > s} = 0, then the right hand side is 0,
and we are done. So we are left in the case that ¢(Bg) does not lie strictly
inside Bg.

We can find a sequence (z,) € Bp such that lim, |[¢(z,)| = 1 and

. [u(@n [10p@ll 7 [u(@) ]84 ()
lim, = = W1 SUP o) > — o, x

ality, we may assume that also (go(mn)) converges to some a € Bp with
lal| = 1. Let I € E*, |[l|| = 1 such that |la]| = I(a). Thus, lim,, {(¢(z,)) = 1.
Put z, = I(p(2n)).

As shown in the proof of [17, Theorem 3.1] there is a subsequence of
(z5,) that we still denote the same, there are functions f,g, € A(D), two
sequences of increasing positive integers (ng) and (my), and a sequence of
complex numbers (¢i) with |ex| < 1, such that

. Without loss of gener-

Z lek f (2)gn, (2)] <1 forall 2, |2] <1 (3.2)
k=1
and
1\ F
ek f (26) gy (28) > 1 — <2> for all k. (3.3)

By condition (I), for each k € N we can also find a function f; €
H>(Bg) such that || fx]] <1 and that

18 (ae) | = fr(e (). (3.4)
Now, consider Fj, := M(c, fmx g, )o1(fi). According to condition (II), the se-
quence (Fy) C H°(Bg) and

B < 1Meewsme guyor [ [ Fll < Mx[] (s ™ gan) o D) || oo L] < M-

Let T : H*(Bg) — X(Bg) be a compact operator. By (3.2) the
map (§g)k — Y opeq EkFk is a well-defined, bounded operator from ¢y into
H3°(Bg). Consequently, the sequence (Fy) converges weakly to zero and
[|T(Fx)|| — 0 in X(Bg). Thus using condition (I), we get

Mx |JuCp =T = [[(uCy = T)E[| > [[(uCo) Fy || — [IT(F)|

1 1\*
> mlu(xk)l | (1 - (2) ) — | T(F)|l,

and we are done. O

The above two results yield an extension of [20, Theorem 2.5] to the
weighted spaces case. We are now able to state the following essential spectral
radius result.
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Corollary 3.5. Assume that ¢(Bg) is a relatively compact subset of E. For
the weighted composition operator uC,, acting on H°(Bg), we have that

K/hm g ll[u(e) - ulpn @)

sup

re(uCy) = liminf
o 571 o, (2)]>s [0z

n

The proof of the next result is much easier than Proposition 3.4 and the
result can be applied to the spaces HP(By) and AE (By).

Proposition 3.6. Assume that ||0;|| — oo when ||z|| — 1 and that the con-
tinuous polynomials are dense in X(Bg). Then for the weighted composition
operator uC,, acting on X (Bg), we have that

Oz
[uCylle > lir% sup w.
571z >s [0z ||

Proof. Take a sequence (z,,) C Bg with ||z,|| — 1 when n — oo such that

. lu(@)[[[0p@)|l . 19zl
lim sup ————— = lim |u(z,)|————.
N T A2, o) 16z,

Let L, := 32y € X(Bp)*, then I, — 0 weak® in X (Bp)*. Indeed, clearly

ol
for any continuous polynomial P, lim,, l,(P) = lim,, ﬁéf"‘)‘ = 0, and on the

closed unit ball of X(Bg)*, the weak*-topology coincides with that of the
pointwise convergence on the total subset of the continuous polynomials.

For an arbitrary compact operator T': X (Bg) — X (Bg), it follows now
that

| * * | ool
WG =112 Jim (1wC,)* ()l = IT*()) = T fuCea)| et

and the statement follows. O

Now, we can deduce the following lower estimate of the essential spectral
radius of uC,.

Corollary 3.7. For the weighted composition operator uC,, acting on H? (By)
and AP, (By), respectively, for o > —1,p > 1, we have that

So (~ e ulo,
re(uC,) > liminf “i/lim sup 19, 5 l1u(2) ulen(2))]

n s=1 1>, ”52”
Here, we recall an upper estimate of the spectral radius of C, on A% (By).
Proposition 3.8. Let a > —1,p > 1. Assume that ©(0) = 0 and that the

composition operator Cy, is bounded on Ag (By) for some —1 < 3 < . Then
for Cy, acting on AL (By), we have that

1ia O, (=
TE(CSO)N:*E < liminf ’(/lim sup 19, ¢ )”

n s—1 |z|>s ||5Z||
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In case N =1, then Cy, : AL (D) — AP (D), a > —1,p > 1, is always bounded
and

. 5
re(C,) e < liminf v{/hm sup Wen)l

n s=1 2> ||6Z||

Proof. We will use Corollary 4.7 in [24] which gives that

a—p
1z \ 7
[|Cylle < Climsup ( ,
ohe |z|—1 1- |(p(Z)|2
where C' is an absolute constant. Since ||0,|| = ——xzrrs, We conclude
A-fz2) 7

that

a—F
66, (2) ) N¥TEe

re(C,) < liminf y|lim sup < TEA

n s—>1|Z‘ZS

and the first statement follows. For the second statement, we use Corollary
3.9 in [21] (see also page 141 in [10]), that is,

: -z \
[|Cylle < Climsup <> .
oie |z|—1 1- “p(Z)P

O

The next lemma contains useful information about the essential spectral
radius of uCl,.

Lemma 3.9. Assume that (Bg) is a relatively compact subset of E and that
©(0) = 0. Suppose that |u(z)| ||0,]|~* — 0 as ||z|| — 1. Then,
|u(@)[ [0 |u(@)[ [0

lim sup =lim sup —————. (3.5)
s=Lg>s 0]l s=lo@))zs 0l

Proof. Since ||¢(x)| < ||z||, the limit on the right hand side is not greater
than the one on the left hand side. There is a sequence (x,) C Bp such
[u@ el _ y;

. ) 10g(a
that [|z,[| — 1 and limsup,_; ——5. = = lim, W From the

bounded sequence (go(xn)), we get a convergent subsequence, say to a € F,

which we denote the same. If [[a|| = 1, we have lim sup,(,)|—1 W >

lim,, % that leads to the equality in (3.5). While if ||la|| < 1, then

the sequence (5¢($n)) is, by condition (I), a convergent one in *X(Bg),
and hence bounded. Therefore, according to the assumption lim SUP||3(|—1

el — o, (3.5) holds as well. O

Remark 3.10. Equality (3.5) also holds if there is a constant d > 0 such that
lle(@)|| > d||z|| for all z € Bg and ¢(0) = 0. Such is the case of univalent
¢ : By — By with ¢(0) =0 and ||¢’(0)]| < 1, as pointed out in [9, page 239)].
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4. The Spectrum

Define an operator S on a direct sum of Banach spaces X = X7 @ --- @ X,,.
Such an operator leaves invariant each direct subsum X & --- @ X, if and
only if it has a lower triangular matrix representation

S 0 0 0

. Sm—l,m—l 0
Sml Sm2 cee Sm,mfl Smm
where Sji : X; — Xj;.. Recall that an operator S is called a Riesz operator if
re(S) =0.
Throughout this section, we assume that ¢(0) = 0 unless otherwise
stated.

Theorem 4.1. [12, Corollary 2.4] Let X = X; @ --- ® X,,, be a direct sum
of Banach spaces, and let S be an operator on X with a lower triangu-
lar matriz representation. If X is infinite dimensional, and the operators
Si1, -+ Sm—1.m—1 are Riesz operators, then o(S) = o(S11) U+ U (Smm)-

Let P, := P(*E) C H>(Bg) denote the subspace of homogeneous
polynomials of degree £ on E. The Taylor series expansion at 0 of each
element f in X(Bg) yields a direct sum decomposition of X (Bg),

X(Bp)=Po @@ Pn_1® Xn(Bg),
because the mapping f € X(Bg) — Pr(f) € Py is a continuous projection
of X(Bg) thanks to conditions (IT) and (III).

Lemma 4.2. The operator uC,, leaves invariant the space X,,(Bg).

Proof. Fix x € Bpg. It is easy to see, from the Taylor series expansion of
 at 0, that the function g : D — E defined by g(\) = p(Ax) satisfies
g(A) = Ahg () for a particular analytic function h, which depends on x and
A. Set f € X, (Bg). We have that

u(fop)(Ax) = u(Az) Y Pof(p(Ar))

n>m

= u(A\z) Z Py f(Ahg (X))

= u()\x) Z )\"Pnf(hx(A)%

and so there is no non-null term of degree less than m in the series expansion
of u(f o p)(Ax). Therefore, if )~ @Q, is the Taylor series of uCy(f), there
must be no non-null term of degree less than m in

D Qn(Az) =D X"Qu(x).



34 Page 12 of 22 P. Galindo, M. Lindstrom and N. Wikman MJOM

By Lemma 4.2, the weighted composition operator uC,, leaves invariant
the spaces Xy_1(Bg) =P @ ... ® Pypo1 @ Xpn(Bg), 0 <k <m-—1, and
leaves the space X,,(Bg) invariant as well. Consequently, uC, has a lower
triangular matrix representation

Cn 0 0 0

UCW ’
.. Cm_17m_1 0
le Cm2 e Cm,mfl Cmu

where the operator Cy, is the restriction of uC, to X,,(Bg). By Theorem 4.1,
we can determine the spectrum of uC, by determining the spectrum of C,, :
Xm(Bg) — X,,(Bg) and the diagonal elements Cyy : P, — Py as soon as
they are Riesz operators.

Next, we proceed to determine the operators Ckr. We use the following
result:

Lemma 4.3. (i) For v := u — u(0), the function ﬁ is bounded in some
punctured neighborhood of 0.
(ii) For every x € By, we have ||o(x) — ¢’ (0)(z)]] <

llz]

1—(lfl*

v(z)—u'(0)
llll

wE) (OO _ o g L@

2 = lim
- z—0 [El [El

Proof. Since lim,_,
W + [|u/(0)||, the statement i) follows.

To realize ii), consider the Taylor series of ¢, > =,

according to Cauchy inequalities, || Py, ¢|| < 1. Then,

P,,¢, and recall that

le(@) = ' 0)(@) < Y 1Pap@)ll < Y ll=]™ | Pmel]
m=2

m=2

S [ES
<D llzlm = :
= 1 — |z

Proposition 4.4. For every [ € Py,

Crr(f) (@) = w(0)f (¢ (0)(2),-..,¢'(0)(x)) ,
where f is the k-linear symmetric mapping determining f.

Proof. Denote R(x) = ¢(z) — ¢'(0)(x). Then we use the binomial formula
fle(@) = f(¢'(0)(x) + R(x))
k
Yo (F) (¢ 0) (@), 5 ' (0)(x), R(x), . b, R(x)) -

=0
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We claim that if [ > 0, the corresponding term in this sum belongs to X1 :
Indeed,

F (@ 0)(2), 5L, ¢ (0)(2), R(z), .., R(x))

[+

=1{#0 (1) =0 () a7 )

where all terms are bounded bearing in mind Lemma 4.3. Moreover, for [ = 0
the term is a k-homogeneous polynomial, and

HH%H [v(@)F (£O0)(@), £ ¢ 0)))|

<t 1 (ro () 400 ()

is bounded in a neighborhood of 0, where v(z) = u(x) — u(0).
Now,

f

('( E¢'(0)(2))

k

(S F( k=l ' (0)(x), R(z), .t ., R(x))>
=1
2) (f (#/( ¢ (0)(2))

k
(Z e !,w’(O)(x),R(x),.?.,R(m))) :

Here, the last three terms belong to X (Bg), and so their %" term in the
Taylor series vanishes. Therefore, Ci,(f) = w(0)(f (¢’ (0)(z),.%., ¢ (0)(z))).
O

Now, we apply Lemma 3.1 in [12] to obtain
Lemma 4.5. 0 (Cri) = {u(0) - A1 -+ Ay 1 A; € 0(¢/(0)),1 < j <k}

Definition 4.6. A finite or infinite sequence {z,} C Bp is called an iteration
sequence for ¢ if ¢(z1) = 241 for k > 0, and a sequence {z,} C B is called
an interpolating sequence for H*°(Bp) if for any bounded sequence {a,} C C
there exists f € H*(Bg) such that f(z,) = a, for n € N.

Recall the following Schwarz’s lemma type inequality as shown in [12]:
Suppose that ¢ : B — Bpg satisfies ¢(0) = 0 and ||¢'(0)|| < 1. Then for
each s < 1, there exists a < 1 such that

le(@)|| < allzll, forzekE, |z|<s. (4.1)
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Hence, given 0 < 7 < s < 1, there exists € > 0 such that

1= lle@I o
Ll

Lemma 4.7. Let E be a complex Banach space and let ¢ : B — Bpg be
analytic such that ©(0) = 0 and ||¢’(0)|| < 1. Suppose that there exist W C
Bg, with (W) C W, 6 > 0 and € > 0 such that

1= le@l o
T

Then, there exists a constant M > 1 which depends only on €, such that any
finite iteration sequence {xo,x1,...,xN} satisfying xo € W and ||zn]| > § is
an interpolating sequence for H*(Bg) with interpolation constant not greater
than M.

>14e€ xz€Bg, r<l]|z|<s.

>1+¢, forallzeW such that ||x]| > 6 . (4.2)

The proof of this lemma can be seen in [15]. It relies on the interpolation
result [14, Corollary 8]. We will refer to inequalities of the form (4.2) as Julia-
type estimates.

Denote

Y(uCyu,; W) :=liminf .| lim  sup 1@ lxtule) - ulen(@))
’ " =1 o, (@)]2s 1621l x

Lemma 4.8. Consider the weighted composition operator uC, acting on
X (Bg). Assume that ©(0) = 0, ||¢'(0)|| < 1 and that ¢(Bg) is a relatively
compact subset of E. Suppose also that ||p,|| =1 for alln € N and that there
exists W C Bg with o(W) C W and such that a Julia-type estimate holds
for some €,6 > 0. If X # 0 satisfies |\| < y(uCy; W), then X € o(uCly).

Proof. We will consider iteration sequences {z}7°, such that zp € W and
[|z0]] > 0. In view of (4.1), the norms of the elements of any such iteration
sequence decrease to 0. We define N = N(z) to be the largest integer such
that ||zn|| > d. The hypothesis guarantees that for all k& > 1, pr(Bg) is
not contained in the ball {||z|| < d}. Consequently, we can find zy for which
N(zg) is arbitrarily large.

Choose ¢ < 1 such that

lez)ll < ellzll, =€ B, ||z < V.

We can assume that ¢ > v/6. By considering separately the cases ||zx| < V6
and ||zx | > V9, we see also that ||zy,1]| < ¢l|zn||. Since || zni1]| < ¢l|zn] for
n > N + 1, we obtain by induction that

lznkll < Fllznll, k>0

Since u € Hy(Bg) it holds that 0 < C := max{sup;<s [u(2)],sup, |

u(zy)|} < 0o. Put Dy(20) = |u(z0) - - - u(zg—1)|-
For any iteration sequence (2x)32, and m € N, let us define Ly, on

Xm(BE) by

Ly.(f) = +Zu w(zp—1) f(z6) A7

k=1
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By using condition (IV), we get that Ly , is bounded, because

oo

> ulz0) . ulz-1) f(zr)A"

k=N+1

< Dn(z0) Y C*NINTFe(m)|z|™ 02, | x[I£]

k=N+1
< Dula)lflletm) 3 A (N e )™ 5,
k=N+1
= m [C-c™ N
<UD Galetm) Y Woalclanl™ (S57) i
k=N-+1

Since (zj) converges to 0 in B, also (., ) converges, so

> mA k=N
s (5 (5)”)

k=N+1

So there exists mg so that if m > m, then L, , is bounded, i.e, ‘CMO < 1.
Note that (C}, — M )(Lxn) = —Ad,, because for any f € X,,,(Bg),
(Cpy = A (Law), [) = Lau(uCy(f) = Af)
= Lyu(u- fop) = ALxu(f) = ul20)f(¢(20))

) sy e u(zen)u(z) (k) AT
k=1
“Af(z0) = > u(z0) - ulze-)ATFT (k) = = Af(20)
k=1
+Zu(z0) (2k) A" f (2h41)
k=1

= ulzo) -+ ulze—1) AT (1) = —Af(20)-

Now, we find a suitable lower bound for ||Ly ,]||. For 0 < K < N, pick
Il € E*, ||l = 1 such that l(zx) = ||zk||, and by using Lemma 4.7, pick
f € H*(Bg) with ||fllcc < M and f(zx) = 0 for all 0 < k < N except
for k = K, in which case f(zx) = 1. By (I), there is fy € X(Bg) such
that [|fo]| < 1 and fo(2x) = ||0.,||x. Then by condition (II), the function
g:=1""fo-f€Xn(Bg)and |g| <M.

We now calculate

Lxu(g) = ulz0) -+ - u(zr-1) A" [z [|™ 102 | x + D (20)

XY ufan) e w(ze—1) A" folzi) f(2e)l™ (2).
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We assume that Dy (zp) # 0. The first term is bounded above by

D (z0) I\ |zxc ™18 |1

and the second term is bounded above by

Dy(z0) Y C*NAT*MIS,, xlzl™

k=N+1
<DN(ZO)MM0< > Ck_N|A|_k(Ck_N||ZN|)m>
k=N+1
00 C k—N
_ —N
= D (20) M Mo|A| < > (p\cm) >||ZN||m
k=N+1
00 C k—N
—N m m
< D (z0)M My A| <Z (Mc) >||ZK|| .
k=N+1
Thus,
|Lxu(9)] = D (20) A5 (|2 ™ 1824 || x
[e%e) C k—N
~Da(AT O, S () N
k=N+1

There is mq > mg, so that if m > my we have

k=N+1
So,

MJOM

oo C . k—N DK(ZO) -
> (5) < Dagamamarey s 1 Dato) 0

1 — m
[Lxw(g)] > §DK(20)|)\| Bz ™02, || x  regardless the value of Dy (z).

Consequently,

1 - m
3 Dr (o) AT ke ™10 llx < aullllgllo < 1Lxull - My,

which gives us

1 DK(Z()) K
Ly 0. AT,
ILxull 2 5 o, 25 ™ 102 [ x |l
in the case |Dg (20)| # 0.
If
A e u(o,
[A| <liminf ,|lim  sup 196 (o llx[ulz) uly (x))|’
" = ln (@))|2s 1621 x
zeW
we can pick g > 0 such that
100, () lx [u() - - - - u(on())]

[A| < p < liminf ,|lim  sup
" 571 o ()| > 1102 | x
zeW
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Hence, there is ng such that if K > ng, it holds that

UK <l sup 1005 ()| x () - - - - - u(pk (z))]
s ok ()| > (1021 x
xeW

So for every K > ng, we can find x € W with ||¢x (z)|| > J such that

e < ey, o),
1621 x
for which necessarily Dy (zg) # 0.
We consider the iteration sequence {p;(x)}22, that satisfies indeed the
condition ||¢x (z)|| > ¢. So for zyp = x, we have N = N(zp) so that ||zn]| > 0,
K < N and zg = ¢k (). Pick Ly, as above.

Now,
(Ch = AD Il A6zl x,,
1Al = BR8N o () [
_ 2RIV 1020 | X 1
Di(20)  [lox @)™ 1605 () || x
QARHIMy (|62l x,0
Di(z0) 6™ [|6p () lIx
2ARHIM, |05 llx 1
0 r@)llx  Dr(20)
Since
K < H%K(ZO)HXDK(ZO)’
1626l x

in combination with the above inequality we now get

2N M0z llx 1 2N FFEM0z0llx [0en e llx  _k
6™ |0 @) lx Dk (20) 010 Il x 162011 x

2M || (|/\|>K
< — | — .
<

By choosing K > ng large enough, we see that C;, — AI is not bounded
from below and consequently C,,, — AT is not invertible, i.e., A € o(C,). O

We are now ready to formulate the main result.

Theorem 4.9. Consider the weighted composition operator uCy, acting on
X (Bg). Assume that ©(0) = 0, ||¢'(0)|] < 1 and that p(Bg) is a relatively
compact subset of E. Suppose that there exists W C Bp with o(W) C W
such that a Julia-type estimate holds for some €,0 > 0. Then,

{u(0)} U{u(0)As -+ Ak 2 Aj € 0(£(0)),
1<i<k, k>1U{XN: A <y(uCy; W)} C o(uCy).
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Proof. First of all, notice that the linear mapping ¢'(0) € L(F) is a com-

pact operator, since by the Cauchy integral formula (see [23, 7.3 Corollary]),

¢ (0)(z) = 5= f\E\:l/Q %‘ﬂdg belongs to the closed convex hull of the com-

pact set 2¢(Bg). Therefore, the mappings Cjy in Proposition 4.4 are com-
pact.

In case that ||p,|| = 1 for all n € N, the result follows from Theorem 4.1,
Lemmas 4.8 and 4.5. If for some n € N, |[¢,|| < 1, then v(uCy; W) = 0, and
the argument is simpler as there is no need of Lemma 4.8. O

From the above result, we get several consequences.

Corollary 4.10. Let E be a Hilbert space or E = Cy(X), X a locally compact
Hausdorff topological space. Assume that uC, : H*(Bg) — H(Bg) is
bounded with ¢(0) = 0 and ||¢’(0)|| < 1. Suppose that ¢(Bg) is a relatively
compact subset of E. Then,

S0 e
A€ C:|A <liminf ,|lim sup I n )H|u(x) u(pn(@))]
" 5= o ()25 10|l
z€p(BE)

Uop(uCy) C a(uCly).
Proof. We need, respectively, [12, Theorem 6.1] and [15, Theorem 2.2]. Each

of them guarantees, respectively, that under the current assumptions, W =
»(BEg) satisfies the Julia-type estimates (4.2) for some €,0 > 0. O

One can find plenty of mappings ¢ which do fulfill the assumptions in
Corollary 4.10. Indeed, consider for every pair (k,m) € N x N, m > 1, the
mapping

k.m m m _.m IZEFQ x:cn+3 IZZH’
OO () €Ly = (2], gt 2, 5 g o o € ls.

Clearly, "™ (0) = 0, (©*™)"(0) = 0, since "™ is an m-homogeneous poly-
nomial and p*™(By,) C By, is relatively compact.

Corollary 4.11. Let Bg be either the n-ball By or the n-polydisc Ay . Assume
that uCy, : H°(Bg) — H(Bg) is bounded with ¢(0) = 0 and ||¢'(0)]| < 1.
Then,

{AeC A <re(uCy)} Uoy(uCy,) = a(uCy).

Proof. Recall that according to Corollary 3.5,

P e u(on,
re(uCyp) = lim inf K/lim sup 190 @ llu() pn ()

n s= 1o, (2)]>s [0z

As in the proof of Corollary 4.10 by using [12, Theorem 6.1] and [15, Theorem
2.2] respectively, W = Bp satisfies the Julia-type estimates (4.2) for some
€,0 > 0. Thus, it is clear from Theorem 4.9 that

{AeC: A <re(uCy)} Uoy(uCy,) C a(uCy).
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The converse inclusion follows from the fact that if A € o(uCy,) and || >
re(uCy), then X € o,(uCy,) by Lemma 7.43 and Theorem 7.44 in [1] or
Propositions 2.2 and 3.4 in [5]. O

Remark 4.12. Also for the Hardy space H*°(Bg), r.(uCy,) =" (uCy; p(Bg)).

Indeed, in this case, we have that ||0,|] = 1 and that w is bounded by
some M > 0. Hence,

sup  [u(z)u(p(r)) - - ulpn()]

lln ()]]>s

<M sup  Ju(y)u(e(y)) - ulen-1(y))l,
lpn—1()l>s
y€p(BE)

from where we get that r.(uCy,) < 'y(uC%,; cp(BE)), as required. This yields
the same conclusion as in Corollary 4.11, so we recover the main results
concerning the spectrum in [12,15,27].

Corollary 4.13. Let p > 1 and o > —1. If uC, is a bounded operator on
H(BN), A2 (By) and HP(By), respectively, with ©(0) = 0 and ||¢'(0)]| < 1,
then
{u(0)} U{u(0)A1 - Ag: \j € 0(¢'(0)),1 <j <k, k>1}U{X: |}
<7 (uCy;By)} C a(uCy).

Proof. If the range of some iterated of ¢ lies strictly inside By, we have
v(uCyu;By) = 0. If that wasn’t the case, then ||¢,|| =1 for all n € N and as
in the proof of Corollary 4.11, By satisfies the Julia-type estimates (4.2) for
some €, > 0. So we may apply Theorem 4.9. g

Corollary 4.14. Let p > 1 and o« > —1. If C, is a bounded operator on
H(By), A2(By) and HP(By), respectively with ¢(0) = 0 and ||¢’(0)] < 1,
then
{1JU {0 X i A €0(0(0),1 <5<k, kE>1}U{\:|)]
< (Cep:Bn)} C a(Cy),

where
[ SN Lyent |
70(Cyp;Bn) = liminf p/lim sup ————.
n S4’1|z|25 ||§Z||
Proof. Notice that Lemma 3.9 applies since lim, 1 [|0.|| = oo by Propo-
sition 2 in [9], (2.2) and (2.3), respectively. Thus, 7(Cy;Bx) = 70(Cyp: Bn).
Now the statement follows from Corollary 4.13. 0

This corollary yields [9, Theorem 15] because any map ¢ with ©(0) =0
not unitary on any slice does satisfy ||¢’(0)|| < 1, as shown in the proof of [9,
Lemma 14].

Corollary 4.15. Assume that ¢(0) = 0, ||¢'(0)|| < 1 and that the composition
operator Cy, is bounded on Ag(IB%N) for some =1 < 8 <« and p > 1. Then
for C, acting on AP (By), we have
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183 ACRP VEEED VP VAR (% () 1<j<k kzl}
{AE(C A < re(C +?3}
and, when N = 1, then C, : A(D )HAP( ), a > —1,p > 1, is always

bounded and
(0" :n >0} U {A eC: |\ < re(C’w)%} co(C,).
Proof. Both statements follow from Corollary 4.14 and Proposition 3.8. [

Remark 4.16. For every bounded operator 7' : E' — FE | it holds by the general
argument used in the proof of Corollary 4.11 that o(T") C ¢,(T) U {X € C:
Al < 7e(T)}. Therefore for C, : AE(D) — AE(D), a > —1,p > 1, with
©(0) = 0 and |¢'(0)] < 1, we obtain that

{<,0’(())” n > 0} U {)\ e C: |)\| < re(Cw)ﬁig}
Co(Cp) C{P O :n >0 U{NeC: [N <7re(Cy)}.

The univalent case with o = 0 was studied in [22]. In fact, it follows also
for univalent symbol ¢ with the above assumptions and o > —1,p > 1, that
o(Cy) ={'(0)" :n >0 U{A € C:[A <re(Cy)}. Indeed, in this case the
essential spectral radius r.(Cy,) can be calculated using that the generalized

Nevalinna counting function Ny 24 q(z) = (log m)ﬂa
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