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Generalized Riesz Systems and Quasi Bases
in Hilbert Space
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Abstract. The purpose of this article is twofold. First of all, the notion
of (D, £)-quasi basis is introduced for a pair (D, ) of dense subspaces
of Hilbert spaces. This consists of two biorthogonal sequences {p,, } and
{tn}, such that > >° (@, ¢n) (Yn,y) = (z,y) for all z € D and y €
E. Second, it is shown that if biorthogonal sequences {p,} and {¢n}
form a (D, £)-quasi basis, then they are generalized Riesz systems. The
latter play an interesting role for the construction of non-self-adjoint
Hamiltonians and other physically relevant operators.

Mathematics Subject Classification. 42B35, 47A07.

1. Introduction

A sequence {p,} in a Hilbert space H is called a generalized Riesz system if
there exist an orthonormal basis (from now on, ONB) . = {e,,} in H and a
densely defined closed operator 1" in H with densely defined inverse, such that
Fe CD(T)ND(T™H*) and Te,, = ppn, n = 0,1,.... In this case, (F,,T) is
called a constructing pair for {¢,}, [4,7,8]. Then, if we put ¢, := (T~ 1)*e,,
n=0,1,..., F, = {p,} and F, := {¢,} are biorthogonal sequences in H,
that is, (@n, Ym) = Opm, n,m =0,1,.. ..

The notion of generalized Riesz system is useful to investigate non-self-
adjoint Hamiltonians constructed from F, and F,. More precisely, let F, be
a generalized Riesz system with a constructing pair (F.,7T) and define v, as
above. Then, we consider the operators:

HS :=THST ', AZ :=TAZT™" and B :=TBST ',
together with
HY = (T*)"'HST*, AG == (T*)"'AZT* and B} := (T~ ")*BST™,
where a = {a,,} C C. Here:

00 00 00
o = o = o =
He = E Qpépn @ €np, Ae = E Qpt1€n @ €pitl, Be = E Qpt1€n+1 & €y

n=0

n=0 n=0
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are a self-adjoint Hamiltonian, the lowering operator, and the raising operator
for {e,}, respectively (if, z,y,z € H, (y ® 2)x := (z,2) y).

Since HG ¢n = anpn, AGon = anpn-1 (0 if n = 0) and BZon =
Qnt1¢n+1, 7 = 0,1,..., it seems natural to call the operators HZ, AZ and
B¢ the non-self-adjoint Hamiltonian, and the generalized lowering and raising
operators for {y,}, respectively. Similarly, since Hivn = antpn, AGyn =
antn—1 (0if n =0) and By = ant1tn+1, the operators Hy, A}, By} are
called the non-self-adjoint Hamiltonian, generalized lowering operator, and
raising operator for {¢,, } respectively.

Then, it is interesting to understand under what conditions biorthogonal
sequences F, and Fy are generalized Riesz system, which is what we will
discuss in this paper.

Studies on this subject have been undertaken in Refs. [6-9]. Here, we
want to explore this question in a more general framework.

Let D, and Dy be the linear spans of the biorthogonal sequences F,
and Fy, respectively, and define the subspaces D(¢) and D(¢) in H by:

D(p) = {$€H§Z|<xa¢n> 2 <OO},
n=0

D(y) = {xEH;ZHx,wn) 2 <oo}.
n=0

Clearly, Dy, C D(y) and D, C D(¢). In Ref. [6], one of us has shown that
if both D, and D,, are dense in H (this case is called regular), then F, and
Fy are generalized Riesz systems. After that, in Ref. [7], it was proved that,
if either D, and D(y), or Dy and D(v)), are dense in H (the case is called
semiregular), again, F,, and F, are generalized Riesz systems. Hence, we will
consider under what conditions F, and F, are generalized Riesz systems
when none of the above conditions is satisfied. In Ref. [4], we have proved
that this holds under the assumptions that F, and F, are biorthogonal and,
at the same time, D-quasi bases, in the sense that:
> @ on) (Wn,y) = (,y), Va,y €D,
n=0
where D is a dense subspace in H, such that F, U F, C D C D(¢) N D(1)),
with some additional assumptions. In this paper, we shall show that this
result holds in a more general case. In Sect. 3, we define the notion of (D, £)-
quasi bases which is a generalization of D-quasi bases as follows:
Z<‘T7‘pn> <¢n7y> = <$,y>, VeeD,yeg,
n=0

where D and £ are dense subspaces in H, such that Dy, C D C D(y) and
D, C £ C D(v), and we show in Theorem 3.2 that, under this condition, F,,
and Fy, are generalized Riesz systems.

In Sect. 4, we shall investigate non-self-adjoint Hamiltonians, general-
ized lowering and raising operators constructed from (D, £)-quasi bases. This
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analysis can be relevant for concrete physical applications, and extends what
already deduced, for instance, in Refs. [2,3,6].

2. Preliminaries

In this section, we review some results on generalized Riesz systems needed
in the rest of the paper. By Lemma 3.2, [7], we have the following.

Lemma 2.1. Let {¢,} be a generalized Riesz basis with a constructing pair
(Fe,T). Then, we have the following statements.

(1) T* has a densely defined inverse and (T*)~1 = (T~1)*.

(2) Let vy, == (T"YH*e,, n = 0,1,.... Then, {p,} and {1,} are biorthog-
onal and (T~1)* is a densely defined closed operator in H with densely
defined inverse T*. Hence, {¢n} is a generalized Riesz basis with a con-
structing pair (Fe, (T~1)*).

(3) D(p) N D(v) is dense in H.

Next, for any ONB {e,,} in H and a sequence {¢,} in H, we introduce

the operators Tg’e7 Tye and Te , as follows:

Tg,e := the linear operator defined by Tgyeen =@n, n=0,1,...,

00
Tap,e = Z Pn @ €n,
n=0

oo
Te,p = Z en ® Op.
n=0

Similarly, we can introduce, for the set {t,} in Lemma 2.1, the operators
Tg’e, Ty e, and T, . These operators had a role in Ref. [7] and will also be
relevant here. By Lemmas 2.1, 2.2 in Ref. 7], we get the following.

Lemma 2.2. (1) T, is a densely defined linear operator in H, such that:
Tpe 2 T&e and T£7e€n =Tpetn=pn, n=01,....

(2) D(Te,p) = D(p) and (T35,.)* =T5 . =Te -
3) TO _ is closable if and only if T,, . is closable if and only if D() is dense
w,e L)
in H. If this holds, then:

1) =Tpe = (Te)" (1)
Furthermore, by Lemmas 2.3 and 2.4 in Ref. [7], we have:

Lemma 2.3. Let F, and Fy be biorthogonal sequences in H. Suppose that
D(p) is dense in H. Then, we have the following:
(1) Tye has an inverse and T, C Te .y = (Tpe)*
(2) The following (i), (ii), and (i) are equivalent:
(i) Dy is dense in H.
(ii) Tp.e has a densely defined inverse.
(iii) T3 (= Te,p) has a densely defined inverse.

If this holds, then T} = (T;})*.
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(3) For the operators Ty ¢ and T, y, the same results as in (1) and (2) hold.
By [7], Theorem 3.4, we also get

Theorem 2.4. Let F, and Fy be biorthogonal sequences in H, and let F. be
an arbitrary ONB in ‘H. Then, the following statements hold:
uppose that bo an are dense in H. Then, resp. s a

1) S that both D, and D, d in H. Then, Fy, Fy) i
generalized {?z’esz basis with constructi?g pairs (}“e: Tye) and (Fe, Te_,i)
(resp. (Fe,Type) and (]-'e,T;;&)), and Ty e (resp. Tye) is the minimum
among constructing operators of the generalized Riesz basis F, (resp.
Fy), and T;}b (resp. Tg;) is the mazimum among constructing oper-
ators of F, (resp. Fy). Furthermore, any closed operator T  (resp. K)
satisfying Tye C T C Tgi (resp. Tye C K C ngl)) is a constructing
operator for F, (resp. Fy).

(2) Suppose that D(¢) and Dy are dense in H. Then, F, (resp. Fy) is a
generalized  Riesz basis with a constructing pair (Fe,Type)
(resp. (}'E,T;;)) and the constructing operator Ty . (resp. T;(zl)) is the
minimum (resp. the mazimum) among constructing operators of Fy,
(resp. Fy).

(8) Suppose that D(v) and Dy are dense in H. Then, Fy, (resp. Fy) is a
generalized  Riesz basis with a constructing pair (Fe,Tye)
(resp. (fe,Te_}i})) and the constructing operator Ty . (resp. Te_,'glb) is
the minimum (resp. the mazimum) among constructing operators of Fy
(resp. Fy).

Theorem 2.4 shows how the problem stated in Introduction (under what
conditions biorthogonal sequences F,, and F, are generalized Riesz systems)
can be solved in the case when either D, and D(¢) or Dy and D(yp) are
dense in H. However, this problem has not been solved completely in case
that both D, and D, are not dense in H, which is what is interesting for us
here. We will see how the operators Ty, ¢, T¢ o, Ty and T, 4 will be relevant
in our analysis, together with the (D, £)-quasi bases, we will define in the
next section. This result is a generalization of the one obtained in Ref. [4].

3. (D, £)-Quasi Bases

In this section, we extend the notion of D-quasi bases by introducing a second
dense subset £ of the Hilbert space H, and we relate these new families of
vectors to generalized Riesz systems.

Definition 3.1. Let 7, and F, be biorthogonal sequences in H, and let D
and & be dense subspaces, such that D, C D C D(p) and D, C € C D(¥).
Then, ({¢n}, {tn}) is said to be a (D, £)-quasi basis if:

Z <1‘, 90k> <wk7y> = <£E, y>

k=0
forall z € Dand y € €.
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It is clear that any (D, D)-quasi basis is a D-quasi basis in the sense of

1.

Ezample 1. A very simple example of a (D, £)-quasi basis can be constructed
as follows. Let {e,} be an ONB for H. Let «, an unbounded sequence of
positive real numbers having 0 as limit point. To be more concrete, let us
take:
L if n is even
Qp =4 " . .
n if n is odd.

Let Tz =) | ay, (z,€,) e, be defined on the domain:

D(T) = {x eH: i@k + 1)?|(2, ean11)|* < oo} .
k=0

The operator T is unbounded, self-adjoint, invertible with inverse 77! i
defined as T~ 'y = >>7 , o, (z,€,) €, on the domain:

D(T~ {yEH Z% (y, e2r)] <oo}.

Both D(T) and D(T~!) are dense subspaces of H and they are different
as one can easily check. Let us set ¢, = Te, and ¥, = T 'e,, n € N.
The ¢, = apen,, while ¢, = T e, = a,'e,. Moreover D(p) = D(T),
D(y) = D(T'). Then, we have:

Z z @n 'l/)na Z T, Antn <a7l e”’y> (ac,y)
n=0 n=0

Thus, (Fy,, Fy) is a (D(p), D(1))-quasi basis.

Ezample 2. Let Hy = p2 + 22 be (twice) the self-adjoint Hamiltonian of a
one-dimensional harmonic oscillator. We consider H to be the closure of the
operator acting in the same way on the Schwartz space S(R), and T = 1 +p?,
which is an unbounded self-adjoint operator defined on D(T) = W22(R), the
Sobolev space of functions having first and second order weak derivatives in
L?(R). The operator T' = Hy+ 1 — 22 is unbounded, invertible with bounded
inverse T~ !. The eigensystem of Hy is well known:

1
- _H,(x)e
Vonplrl/2 (@)

n > 0, where H,(z) is the nth Hermite polynomial. Moreover:

Hoen(z) = (2n + ey (x), en(z) = —a?/2,

Hof = @2n+1)(en®en)f =Y 2n+1)(fen)en, VfeESMR). (2)

n=0 n=0

Tt is easy to see that e,(z) € D(T), so that we can define @, (x) =
(Tey)(z) and ¥y, (z) = (T~ te,)(z). We get:
1

pula) = (2+ 20— e (o), Vo) = 5 [ &7V enly) dy
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These functions are, respectively, eigenvectors of H = THyT ! and HT, with
eigenvalue 2n + 1. Some computations show that, for instance:

H:HO—2<]l+2xd) G*.
dx

Here, G( ) is the Green function of T', G(z) = ie7I*l, and (G f)(z) =
Jz G( (y)dy, for all f(x) € L*(R). Of course, we can rewrite H as
follows H Ho — 2(1 + 2izp) G*, which is manifestly non-self-adjoint.

The sets F, and F,, are biorthogonal and form a (D(T'), H)-quasi basis,
since:

Z fNPk Q/Jku <fag>7
k=0

for all f(z) € D(T) and g(x) € L*(R).

Let F, and Fy be biorthogonal sequences. Suppose that F, is a gener-
alized Riesz system with constructing pair (Fe,T). We put ¢1 := (T1)*e,,
n = 0,1,.... Then, F and .7-'3; := {¢I'} are biorthogonal sequences, but
Fy does not necessarily coincide with .7-'$ . For this reason, we will call the
constructing pair (F.,T’) natural for the biorthogonal sequences F, and Fy,
if Fy = Fj. If D, is dense in H, then (F,,T) is automatically natural for
F, and Fy.

The next theorem, which is the main result of this paper, shows that the
notion of (D, £)-quasi basis is intimately linked to that of generalized Riesz
system.

Theorem 3.2. Let (F,,Fy) be a biorthogonal pair and D and &€ be dense
subspaces in H, such that Dy C D C D(p) and D, C € C D(2p). Then, the
following statements are equivalent:
(i) (Fp,Fy) ts a (D, E)-quast basis.
(ii) For any ONB F. = {e,} in H, F, is a generalized Riesz system with a
natural constructing pair (F.,T) satisfying D(T*) 2 D and D(T~') D
E.
(11i) For any ONB F, = {e,} in H, Fy is a generalized Riesz system with a
natural constructing pair (F., K) satisfying D(K*) D € and D(K~') D
D.
If the statement (i) holds, then we can take (T, ()™ " and (T ,[p) ™" as T
and K in (i) and (iit), respectively. If Dy, is not dense in H, then T, ., does
not have an inverse, but T, [ has an inverse.

Proof. Take arbitrary € D and y € £. Since € D(T,,,) = D(y) and
y € D(Te ) = D(¢), we have:

oo

<.Z‘,y> = Z< wna Z z, T een Tw,eenay>

n=0 =

= Z (Teom,en) (en, Te py) = (Te o, Te py),
n=0
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which implies that:
(Tewle) ™" € (Teo[p) and (Te,p[p) ™" C (Teye)". (3)
2

Now, we put 7' := (Teyle)™t. Since D(T) = TeyleD(Teyls)
Teyple€ 2 Tey[eDy = De and D((T71)*) = D((Te,p[£)*) 2 D(Tep[p) ™)
= Te o[ pDTe.o[D) 2 TeplpDy = De, it follows that T is a densely
defined closed operator in H with densely defined inverse, such that e C
D(T)N D((T~')*). Furthermore, we have:

Ten = (Teyle)  Teplepn = ¢n,
(Tﬁl)*en = (Te,w[f)*en :Tw,een =tn, n=0,1,...

Thus, F, is a generalized Riesz system with a natural constructing pair
(Fe, T). Furthermore, we have D(T~') = D(T, ,[¢) 2 € and by (2) D(T*) 2
D(Te ,[p) 2 D. Thus, (i) = (ii).
In a similar way, setting K = (Te,[p)~', we can show that Fy is a
generalized Riesz system for a natural constructing pair (Fe, K) satisfying
D(K*) D & and D(K~1) D D. Thus, (i) implies (iii).
(ii) = (i) Take arbitrary x € D and y € £. Since:

[ee) oo

<x’<pk> <’¢)1€7y> = Z <‘T7T6n> <(T71)*€7L7y>

k=0

~
Il
=

o

(T x, e,) <en,T_1y> = <T*x,T_1y> = (x,y),

=~
Il
<

it follows that (F,,Fy) is a (D, E)-quasi basis. Similarly, we can show (iii)
= (i). This completes the proof. O

For D-quasi basis, we have the following:

Corollary 3.3. Let F, and Fy be biorthogonal sequences and D be a dense

subspace in H, such that D, U Dy, CD C D(p) N D(y). Then, the following

statements are equivalent:

(i) (Fy,Fy) is a D-quasi basis.

(ii) For any ONB F. = {e,} in H, F, is a generalized Riesz system with a
natural constructing pair (F.,T) satisfying D(T*) N D(T~') D D.

(11i) For any ONB F, = {e,} in H, Fy is a generalized Riesz system with a
natural constructing pair (F., K) satisfying D(K*) N D(K~1) D D.

If (i) holds, then we can take (Te [p)~ ' and (Te,,[p) ! as T in (ii) and K

in (iii), respectively.

By Theorem 3.2, if (F,, Fy) is a (D, £)-quasi basis, then, for any ONB
Fe=A{en}, Teple) ™' and (Te ,[p)* are constructing operators for the gen-
eralized Riesz system F,, such that (T, [c) ™t C (Te o [p)*, and (Te o [p) !

and (T 4[g)* are constructing operators for the generalized Riesz system
.7:¢, such that (Te,ga |—D)71 - (Te7¢ |—g)*
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Remark. For a biorthogonal pair (Fy, Fy), it is clear that Dy C D(p) and
D, C D(¢). What is not clear is whether D, C D(y) and D, C D(¢). For
this reason, it may be more convenient to work, in some concrete cases, with
(D, £)-quasi bases rather than with D-quasi bases.

Let F,, be a generalized Riesz system with constructing pair (F.,T'). We
discuss now when there exists a sequence Fy, in H and subspaces D and £ in
H, such that F, and F, are biorthogonal and define a (D, £)-quasi basis:

Proposition 3.4. Let F, be a generalized Riesz system with a constructing
pair (Fe,T). Then, (.7-},.7—"%) is a (D(T*),D(T~1))-quasi basis and T =

(Ter o) (T = (Lol )

Proof. Tt is clear that (F,, F[) is a (D(T™*), D(T~"))-quasi basis. Further-
more, since Te,, = ,, n =0,1,..., we have:

Toe CT,
which implies that:
T* CTe .
Hence, we have:
T* =Tepl D1+

Thus, we have:

(T") ' = (Tee [ i) -

Since (T"Y*e, = 4T, n = 0,1,..., we can similarly show T =

n

(Te,wT |—D(T71))_1. This completes the proof. 0

Next, we consider when there exists a subspace D in H, such that (F,, f,f )
is D-quasi basis.

Proposition 3.5. Let F, be a generalized Riesz system with constructing pair
(Fe,T). Suppose that F. C D(T*T) N D(T~(T~")*). Then, (F,, F[) is a

(D(T*) N D(T~Y))-quasi basis and T = (Teﬂ,bT (D(T*)QD(TA)) , (T hH* =
1
(Te,pr(T*)mD(Tfl)) .

Proof. We denote for simplicity 97 by . At first, we show that D(7~1') N
D(T*) is a core for T~!. Take an arbitrary « € D(T). Let |T| = [; AdEp())
be the spectral resolution of the absolute |T'| := (T*T)Y/? of T. Then, we
have TEr(n)x € D(T*)ND(T~'), n=0,1,... and lim,,_,o, TEr(n)x = Tx.
Furthermore, take an arbitrary y € D(T!). Then, y = Tz for some z € D(T)
and we have lim,, ... TEr(n)z = Tx = y and lim, oo T~ Y(TEr(n)z) =
lim,, oo Ex(n)z = 2 = T~ ty. Thus, D(T~1) N D(T*) is a core for T~ 1.

At second, we show that D(T~') N D(T*) is a core for T*. Take an
arbitrary y € D(T*). Let [T*| = [;° AdEr-(A) be the spectral resolution
of the absolute |T*| := (TT*)'/? of T*. Then, it follows that Fp-(n)y =
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T(T*|T*|2Er«(n)y) € D(T~Y)ND(T*), n=0,1,..., lim, o Er-(n)y =1y
and lim,, oo T* Er+(n)y = T*y. Thus, D(T~1) N D(T*) is a core for T*.

At third, we show that D, C D(T~')n D(T*) C D(p) N D(¢)) and
Dy € D(T~Y)N D(T*) € D(p) N D(x)). It is clear that o, = Te, € D(T~1).
Furthermore, since F, C D(T*T), we have:

Tz, pn) = (Tx,Te,) = (x,T*Te,)
for all € D(T). Hence, we have ¢, € D(T*). Thus D, C D(T~')n D(T*).
And since ¥, = (T~ Y)*e, (= (T*)"Le,), we have 1, € D(T*). Furthermore,
since F. € D(T~HT~1)*), we have:
(T g ) = (T~ y, (T en) = (, T-H(T 1) en)

for all y € D((T~')*). Hence, we have ¢, € D(T~'). Thus Dy, C D(T') N
D(T*). We show D(T~1)N D(T*) C D(p) N D(z)). Indeed, take an arbitrary
y € D(T~Y) N D(T*). Since

Dol P =) [y Ten) P =Y (T y,en) [ = | Tyl
k=0 k=0

k=0
and
Z | <yawk> |2 = Z ‘ <T_1yvek> |2 = ||T_1y||2a
k=0 k=0

we have y € D(¢) N D(3).
Finally, we show that (F,, ) is a (D(T*) N D(T~"))-quasi basis and

- -1
T= (Te’w l—D(T*)”D(T’l)) (T = (Te,cp ’—D(T*)OD(Tfl)) . Since

(z,01) (Y, y) = Z (z,Ter) (T) ex,y)

k=0 k=0
o0

= Z (T*x, ex) <ek,T_1y>
k=0

= (T*z, T 'y)
= (z,9)
for all z,y € D(T*)ND(T~1), it follows that (F,, fg) isa (D(T*)ND(T1))-

quasi basis. Furthermore, since T-! C T, ,, and D(T~) N D(T*) is a core
for T—1, we have:

T~ =T prynpr-1) = Tew [ Drynpr-1),

which implies that T = (Te 4 [D(T*)QD(T—I))_l. Furthermore, since T, . C T
and D(T~1) N D(T*) is a core for T*, we have:

T = T*[pr-npr-1) = Te o[ D(r)nD(T-1))

which implies that (7*)™* = (Te o[ pr-)np(r-1))~*. This completes the
proof. O
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4. Physical Operators Constructed from (D, £)-Quasi Bases

In this section, extending what was discussed recently for instance in Refs.
[2,3,6], we investigate some physical operators constructed from (D, £)-quasi
bases. Let (Fy,Fy) be a (D,E)-quasi basis. As shown in Theorem 3.2,

F, is a generalized Riesz system with constructing pairs (F., (Te y[c)™")
and (Fe, (Te,,[p)*) for any ONB F. = {e,}, such that (T, ,[s)"t C
(Te,p[D)*, and {3, } is a generalized Riesz system with constructing pairs

(Fe, (Te [p)~1) and (F, (Te,yrp)*), such that (Te ., [p)™! C (Teyle)"
Here, we put, to keep the notation simple:

T=(Teyle)™" or (Teoln)
K:(Te,w’—D)_l or (Teple)”

For a generalized Riesz system F, with constructing pair (F.,T'), we can
define a non-self-adjoint Hamiltonian HZ := THXT!, a generalized low-

ering operator Ag := TA2T~! and a generalized raising operator Bg =
TBXT~!. Similarly, for a generalized Riesz system {t,} with a construct-
ing pair (F¢, K), we define a non-self-adjoint Hamiltonian Hy} := KHg K1
a generalized lowering operator Ay = KAZK —! and a generalized raising
operator By := KBg K~'. However, we do not know whether these opera-
tors are even densely defined or not. Suppose that D, is dense in ‘H. Then,
since HS pn = Qnpn, AGpn = anpn-1 (0if n =0) and BG on = ant10n+1,
it is clear that HZ, Ag and Bg are densely defined, but since Dy, is not nec-
essarily dense in H, the operators H 1‘;, Ag, and Bg need not being densely
defined. Therefore, we first investigate when D, or Dy, are dense in ‘H under
the assumption that (F,, Fy) is a (D, £)-quasi basis.

Before going forth, we shortly discuss an example which is the leading
model for the objects which we are dealing with and which allows an explicit
computation of all involved operators.

Example 3. Let Hy = p*> + 22 be the self-adjoint Hamiltonian introduced
in Example 2 above, and let T" be the following multiplication operator:
(Tf)(z) = (1 + 2?)f(x), for all functions f(x) € D(T) = {g(x) € L*(R) :
(1 + 2?)g(z) € L2(R)}. T is an unbounded self-adjoint operator, invertible
with bounded inverse 7!

As seen in (2), Hp has the form H® where @ = {2n+ 1, n € N} and
{en} is the orthonormal basis constructed from the Hermite polynomials. To
simplify notations, we will omit here explicit reference to .

If we identify K with 77!, straightforward computations show that:

o 1T o dix
where V,,(z) = 2% + 2S+22)2 and Vy(z) = 2% — 1+ —=—. Notice that, because

of the relation between T and K, H, = Hj, even if this is not evident
from our explicit formulas. From a physical point of view both H, and Hy
can be seen as a modified version of the harmonic oscillator where an extra
potential is added, going to zero as 2, and the manifestly non-self-adjoint
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terms + 1‘_1~_””2 p appear. These Hamiltonians can be factorized as follows: H, =

2B, A, + 1 and Hy = 2B, Ay + 1, where
1 2z 2z

1
’ \/§<x L+ 2+2p> \/E(x+1+ g Zp>’

A 1 2z " B 1 2z )
= — 7 =—|lz——=—1p]).
HRVCANR By M T P

All these operators formally collapse to ¢ = 7 (x +ip) ortocl = \/5 (x —ip)
for large x. It is also interesting to observe that B, = A and A, = B,

The two vacua of A, and Ay, corresponding to the lower eigenvectors
of H, and Hy respectively, can be easily obtained by solving the differential
equations A,po(z) = 0 and Ay1po(x) = 0. The solutions we find in this way
coincide with those we find introducing:

1
on(z) = (Tey)(v) = W

while

(1+ xQ)Hn(x)e_IQ/z,

and
o o 1 Hn (IE) 712/2
9071(93) - (Ken)(x) - \/Wl +$2 € )

see Example 2. Incidentally, it is clear that e, (x) € D(T'). Of course, e, () €
D(K), since D(K) = L%(R).

The last point we want to consider here concerns the density of D, and
Dy in L?(R). More concretely, we will check that F, is total in D(T) and
that Fy is total in D(K) = L2(R). In fact, let f(x) € D(T) be such that
(f, on) = 0 for all n. Hence, 0 = (f, ¢,,) = (T'f,en), so that Tf = 0 and, since
Tf € D(K), f(x) =0 a.e. in R. Similarly, we can prove that, if g(z) € L?(R)
is such that (g,1,) = 0 for all n, then g(z) =0 a.e. in R.

We come now back to investigate more general situations.

Proposition 4.1. Suppose that (F,,Fy) is a (D, E)-quast basis. Then, we have
the following statements.

(1) Dé C D(p), where Dé is an orthogonal complement of D, in H.
(2) If DN Df,; is dense in D, then Dy, is dense in H.
Similar results hold for Fy.

Proof. (1) For z € D, we have:

<T<p,eena-r> = <90n7x> =0,
for any ONB F, in ‘H and n = 0,1,.... Since F, is a core for T,, . by
Lemma 2.2, we have z € D(T}; ) = D(Te,,) = D(p).
(2) For any z € D, there exists a sequence {z,} C DN D}, such that
lim,, o0 2, = . Slnce (Fyp, Fy) is a (D, £)-quasi basis, we have:
(,y) = Tim (2n,y)
n—oo

oo

k=0
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for all y € €. Hence, we have x = 0. Thus, D,, is dense in H.
O

Proposition 4.2. Let (F,,Fy) be a biorthogonal pair, such that D(p) and
D(v) are dense in H. Then, we have the following:

(1) (Fp, Fy) is a (D(g),E)-quasi basis for some dense subspace € in H,
such that D, € € C D(v) if and only if Dy is dense in H. If this is
true, (Fy, Fy) is a (D(p), Dy)-quasi basis.

(2) (Fo,Fy) is a (D, D(¢))-quasi basis for some dense subspace D in H,
such that Dy € D C D(p) if and only if Dy is dense in H. If this is
true, (Fop, Fy) is a (Dy, D(v))-quast basts.

Proof. (1) Suppose that (F,, Fy) is a (D(p), £)-quasi basis for some dense
subspace £ in H, such that D, C £ C D(%). Take an arbitrary « € Dj;.
By Proposition 4.1, (1) we have z € D(p). Since ({¢n}, {¢n}) is a
(D(y), £)-quasi basis, we have:

(x,y) = Z (z, 1) (Yr,y) =0
k=0
for all y € £, which implies that o = 0. Hence, D,, is dense in H.
Conversely, suppose that D, is dense in H. Then, we show that (F,, Fy)
is a (D(p), Dy,)-quasi basis. Indeed, take arbitrary x € D(p) and y €
th,. Then, y = Y7 ajp; for some a; € C, j = 0,1,...,n, and we
ave:

> (@, o) (Wr, y)

k=0

o0

= (@, Tyeer) (Tyecry)
k=0
= (Te o2, Te yy)

aj (Te o, Te.pj)

(2) This is shown similarly to (1).
O

Suppose that (F,,Fy) is a (D,E)-quasi basis. Let r := {r,} C R;
1<r,,n=0,1,... and we put:

@r = {TnPn},

"/}l = {1wn}
T T
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Then, (¢,,%1) is a biorthogonal pair satisfying:
Dy, = Dy € D(pr) € D(¢),
Dsor = Dw cec D(d’) - D(w%)»

where

D(g,) = {x €H,; Zr,%\ (z,01)|? < oo} and

Then, we have the following:

Proposition 4.3. Suppose that (F,,Fy) is a (D,E)-quasi basis and there
exists a sequence v := {r,} C R, such that 1 < r,, n = 0,1,... and
D(¢,) €D and D(ypy) is dense in H. Then, D, is dense in H and (F,, Fy)
is a (D(p), Dy)-quasi basis.

Proof. Since D(yp,) C D, it follows that (¢,,%1) is a (D(¢,), £)-quasi basis,

T

which implies by Proposition 4.2 that D, = D, is dense in H. O

We next consider the case that D, and D, are not necessarily dense in

H.

Proposition 4.4. Suppose that (F,,Fy) is a (D,E)-quasi basis. Then, there
exists an ONB Fy := {fn} in H, such that Tf ,[p is a positive self-adjoint
operator in H and (Ff,Tf (D) is a constructing pair for the generalized

Riesz system F,. Furthermore, (Fg,(Tf.»[p)™") is a constructing pair for
the generalized Riesz system Fy.

Proof. By Theorem 3.2, (T, ,[p)* is a constructing operator for the general-
ized Riesz system F, and any ONB F, = {e, } in H. Let T, [p = U|Te o[ |

be the polar decomposition of Te ,[p. Since T ,[p has a densely defined
inverse, U is a unitary operator on H. Here, we put f, = U*e,, n =0,1,....

Then, it follows that {f,} is an ONB in H and:
lTe,Lp |—’D|fn = |Te,<p|—D|U*en = (Te,tp [D)*en =n, n=01,...,

which implies that (F¢, |Te ,[p]|) is a constructing pair for F,. Hence:

T«/J,f c |Te,ga|—D| - Tf,q:a

and so T¢ ,[p = |Te,,[p|. This completes the proof. O
Similarly, we have the following.

Proposition 4.5. Suppose that (F,,Fy) is a (D,E)-quasi basis. Then, there
exists an ONB Fy = {gn} in H, such that Ty [ is a positive self-adjoint
operator in H and (Fq,Ty [e) is a constructing pair for the generalized

Riesz system Fy. Furthermore, (Fy,(Ty.4[e)™t) is a constructing pair for
the generalized Riesz system F,.
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We now consider a CCR-algebra-like structure for non-self-adjoint
Hamiltonians, and generalized lowering and raising operators by taking a
good domain for their operators. For that, the notion of unbounded operator
algebras is relevant [5,10,11]. Let D be a dense subspace in a Hilbert space
H. We denote by L£(D) the set of all linear operators from D to D. Then,
L(D) is an algebra equipped with the usual operations: X +Y, aX and XY

Theorem 4.6. Suppose that (Fy,, Fy) is a (D, E)-quasi basis, and Fy = {f,}
and Fy = {gn} in Proposition 4.4 and Proposition 4.5. Here, we denote by
T, the constructing operator Ty ,[p of F, and Ty the constructing operator
Tywle of Fy. Then, we have the following:

(1) If H¢D C D for some o = {a,} C C, then the linear span of T,D is
dense in 'H and the non-self-adjoint Hamiltonian Tg,HJ‘i‘Tcp_1 for Fy is
contained in L(T,D).

(2) If H}E C & for some a = {a,} C C, then the linear span of TyE is
dense in 'H and the non-self-adjoint Hamiltonian TJngaTw for Fy is
contained in L(TyE).

Here, Hf and Hg' are the standard Hamiltonians for the ONB Fy and Fy,
respectively.

Proof. (1) Since D is a core for T, and T}, has the inverse, T,,D is dense in
H. By assumption, it is clear that T,H§ T, € L(T,D).
(2) This is shown similarly to (1).
a

Next, to consider the generalized lowering and raising operators defined
by (D, £)-quasi bases, we assume that:

0<ay<an<api andapiy <a,+r, n=1,..., forsomer > 0. (4)

Then, we have the following.

Theorem 4.7. Suppose that (F,,Fy) is a (D,E)-quasi basis, and T,, Ty,
Fr = {fn} and Fy = {gn} as in Theorem 4.6. Then. we have the follow-
ing statements.

(1) Suppose that D®(H§) := NpenD((H§)") € D and Ty ,D>*(HY) is
dense in H. Then, (.Ff,Tg =T |—Doc(H}!)) is a constructing pair for
F, and the non-self-adjoint Hamiltonian Hg = TgH}’ (Tg)fl for F,,
the generalized lowering operator Ag = TgA?‘ (ng)_1 for F,, and the
generalized raising operator Bg = TgBJ‘} (Tg)*1 for F, are contained
in E(TgDOO(HJ?)).

(2) Suppose that D>(Hg') C & and T, 4 D> (H') is dense in H. Then,
(Fg. T := Ty [ Do (m12)) s a constructing pair for Fy, and the non-self-
adjoint Hamiltonian H), := TgH; (T)~" for Fy, the generalized low-
ering operator AY), := T)AS(T}))~" for Fy, and the generalized raising
operator Bz[/)) = szBg (TIS)*1 for Fy are contained in E(szDoo(H;‘)),
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Proof. At first, we show that (]—"f,Tg) is a constructing pair for F,. Since
D(TY) 2 D*>=(H¢) 2 Fy, T9 is a densely defined closed operator in M.
Furthermore, since Tg C T, = Ty ,|p and T, has the inverse, Tg has the
inverse. By assumption, we have:

D((T9)™") 2 TyD(T) 2 ToD*(Hf) = Ty , D (HF),

which implies that Tg has a densely defined inverse. Furthermore, we have
the following:

ngfn:TapfnZSDn, n=20,1,....

Hence, we have (F,, Tf;) is a constructing pair for F.

Next, we consider the non-self-adjoint Hamiltonian H, g for F,, the gen-
eralized lowering operator A?a for F,, and the generalized raising operator
for B) for F,. Since we have:

(Hf)'z = af (x, fi) fr, =€ D((HF)"),
k=0

(A)"z = aps10ksa - Qgn (2, fig1) fi, @ € D((AF)),
k=0

(Bf )"z = Zak+lak+2 o Qeien (T fi) fev1, € D((BF)"),
k=0

it follows that:

w e D((HF)") Y ai"|(x, fi) | < oo,
k=0

r € D((Bf)") iff Z(Oékﬂ - i)’ (@, fora) |2 < 0o,
k=0

r e D((Bf)") iff Z(Oék+1 s agyn)? (@ fr) [P < oo
k=0

By (4), we have:

(g1~ ak+n)2| (z, fra1) |2

M8

oo
Zaiﬁﬂ (@, fry1) |* <

k=0

B
Il
=]

< (ak+(n_1)r)2n|<xvfk>|27

[M]8

=~
I
=

and

Do (a, fi) [P <Y (s - angn)?| (@, fi) [P
k=0

k=0

(n +nr)*"| (, fi) [

[M]¢

<

=
Il

0
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Hence, it follows that x € D((H{)") iff @ € D((A$)") iff z € D((B§)"),
which implies that D> (H§¢) = D*(A$) = D>°(B$). Furthermore, it is clear
that H), AY, B € L(TQD>(H¢)). This completes the proof.

(2) This is shown similarly to (1). O

Conclusions

This paper continues our (joint, and separate) analysis of biorthogonal sets
of vectors of different nature, and their interest in quantum mechanics. In
particular, we have shown that the extension of the notion of D-quasi basis
can be technically useful and may be of some interest in applications. How-
ever, more should be done, mainly on this aspect, and we plan to focus more
on physics in a future paper.
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