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Abstract. The Chinea—Gonzalez class C5 @ Ci2 consists of the almost
contact metric manifolds that are locally described as double-twisted
product manifolds I X(x, x,) ]/\4\7 I C R being an open interval, M a
Kahler manifold and A1, A2 smooth positive functions. In this article,
we investigate the behavior of the curvature of Cs @ C12-manifolds. Par-
ticular attention to the N(k)-nullity condition is given and some local
classification theorems in dimension 2n + 1 > 5 are stated. This allows
us to classify Cs5 @ Ciz-manifolds that are generalized Sasakian space
forms. In addition, we provide explicit examples of these spaces.
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1. Introduction

Double-twisted products play an interesting role in clarifying the interrela-
tion between almost Hermitian (a.H.) and almost contact metric (a.c.m.)
manifolds. In fact, the Chinea—Gonzalez class C1—5 ® C12 = @ ,.5Ci ® Ci2
consists of the a.c.m. manifolds that are, locally, double—twisje(i products
] - eve[x(kl,)\z)M = (] - eae[XMafv\ganvg(/\h/\z))v e >0, (M7 J, g) being
an a.H. manifold, A\, \y: | — €,¢[xM — R smooth positive functions and
(©,6,1, 902 20)) the structure defined in (2.1). The class Cs @ Ci2 is the
subclass of C7_5 @ C12 consisting of the a.c.m. manifolds that are locally
realized as double-twisted products | — e,e[x(Ah)Q)J\//f, where (J\//I, j, g)is a
Kéhler manifold [9]. This points out the interrelation between Kéahler and
C5 @ Ch2-manifolds.

Relevant results involving the behavior of the curvature of Kéhler man-
ifolds are well known [13,17].

In this article, we develop a systematic study of the curvature of C5 @
C12-manifolds and obtain some classification theorems for those manifolds
that satisfy suitable curvature conditions. We also recall that, considering
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an a.c.m. manifold (M, ¢, £, 7, g) with fundamental 2-form ® and Levi-Civita
connection V, the Cy, C15 components of V& are determined by the codif-
ferential én and the 1-form V7, respectively [6]. This allows to specify the
defining conditions for the manifolds which fall in the class C5 & Ci5 and in
its proper subclasses C5, Cyo.

Let (M, ¢,£,1m,9) be a C5 @ Cio-manifold, with dim M = 2n + 1, and
put a = —S—Z, V = V€. For any vector fields X, Y, the “cosymplectic defect”
R(X,Y)op—ypoR(X,Y), R denoting the curvature of V, depends on «, da,
V and VV. In Sect. 3, we evaluate the cosymplectic defect and derive several
consequences, involving the Ricci and the *-Ricci tensors, also.

We put our attention to the (k, u)-condition proving that, in the context
of C5 ® C1o-manifolds, it is equivalent to the N (k)-condition. Considering an
N (k)-manifold of dimension 2n + 1 > 5, the function k is expressed as a
combination of a, &(a) and divV. Several properties of N(k)-manifolds are
derived. In particular, we prove that a manifold with constant sectional cur-
vature k either is a Cs-manifold and k£ < 0 or it is flat and falls in the class
C12. Moreover, suitable N (k)-spaces are locally isometric to a warped prod-
uct N x5 N’, N being a two-dimensional Riemannian manifold of Gaussian
curvature k and N’ is endowed with an @-Sasakian structure.

Section 6 deals with Cs @ Cio-manifolds that are generalized Sasakian
(g.S.) space forms. These spaces are characterized as the N (k)-manifolds with
pointwise constant ¢-sectional curvature, say c. Denoting by M?"+1(c, k),
n > 2, a g.S. space form, we prove that the function ¢+ «a? satisfies a suitable
differential equation. This allows us to state a classification theorem. More
precisely, if M2?"*1(c, k) is a g.S. space form in the class C5 @& C12 and a = 0,
then either M is cosymplectic or it falls in the class Cy5 and ¢ = 0. If o #£ 0,
then either M is locally conformal to C}3-manifolds that are g.S. space forms
with zero ¢-sectional curvature or M is a-Kenmotsu and globally conformal
to a cosymplectic manifold with constant y-sectional curvature.

Finally, in Sect. 7, for any n > 2, we construct a family of C;5-manifolds
M2 10, k).

Throughout this article, all manifolds are assumed smooth and con-
nected.

2. Preliminaries

Given an almost Hermitian (a.H.) manifold (]/\4\ , J. ,4), an open interval I C
R and two smooth positive functions A1, A2: [ X M — R, one considers
the almost contact metric (a.c.m.) structure (¢, &, 7, g(x,,r,)) on the product

manifold I x M , acting as
0 -~ 0
pas X )= (0,7X), nlaz, X)=ar,

1 0 * (=
£= X(a,()), Gin.20) = AL (dE @ dE) + A575(9),

(2.1)
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for any a € S(IXJ/W\),X € F(T]/W\), m: Ix M — I, mo: IxM — M\denoting
the canonical projections. Note that gy, »,) is the double-twisted product of
the Euclidean metric go and g [16]. The a.c.m. manifold I x (), x,) M= (I x
M , 0, f 1 90n, Az)) is named the double-twisted product manifold of (I, go)
and (M J, ,9) by (A1, A2). If Ay = 1, T x(q»,) M is denoted by I x,, M
and is called the twisted product manifold of (I, go) and (M,.J,3) by Ag. If
A2 = 1, the manifold I x(y, 1) M is denoted by I x M. Tn the case that
A1 is independent of the Fuclidean coordinate ¢ and Ay only depends on t,
I X (x;,20) M is called a double-warped product manifold, the metric gix, a,)
being just the double-warped product metric of gy and g by (A1, A2). If Ay
only depends on ¢, I xy, M is said to be a warped product manifold.
Applying the theory developed in [6,9], we are able to specify the
Chinea—Gonzalez class of the mentioned manifolds. In particular, if dlml\/j =
2, then I x()\l Az) M belongs to the class C5 & C1s. In the case that dim M =

2n > 4, (J 9) 1s a Kahler structure and the function \g is constant on M
then IX(/\l,Az)M is a C5® C2-manifold. Furthermore, if Ay = 1, 5, I X M falls
in the class Ci2. It is also known that any warped product manifold I x, M ,
where (]T/[\ , J ,g) is a Kahler manifold, belongs to the class C5 and is called
an a-Kenmotsu manifold, where oo = £(log A2). More generally, any double-
warped product manifold I Xy, ,) M such that (M J. ,g) is Kéhler and both
the functions A\j, Ay are non constant, is in the class Cs @ C12\(C5 U C1a).
This shows that Cs, C1o are proper subclasses of C5 @ Cio. Cosymplectic
manifolds set up the class C' = C5 N Cys.

In Table 1, we list the defining conditions of any a.c.m. manifold (M, ¢,
&,m,g) which falls in C5 @ Ci2 or in its subclasses. These conditions are
formulated in terms of the covariant derivatives Vi, V7, V denoting the Levi-
Civita connection of M. Note that, since V¢£ is the vector field g-associated
to the 1-form V¢, the vanishing of V¢ is equivalent to the condition that the
considered manifold is in the class C'5, namely it is an a-Kenmotsu manifold.
Moreover, it is known that any Cs @& Cho-manifold satisfies

Vx¢&=a(X —n(X)§) +n(X)Ves, X eD(TM) (2.2)
dn=nAVen, d(Ven)=—(aVen+Ve(Ven)) An, (2.3)

where dimM = 2n+1 and a = fg—z. Furthermore, if dim M > 5, the Lee
form of M is w = —an and it is closed. Applying (2.3), one has

da = £(a)n+ aVen. (2.4)

In the sequel, given a Cs @ Cio-manifold (M, ¢, &, n, g) we will denote by
D, D+ the mutually orthogonal distributions associated with the subbundles
Kern and span{¢} of the tangent bundle TM, respectively. These distribu-
tions are both totally umbilical foliations. More precisely, H = —a¢), is the
mean curvature vector field of any leaf (N, ¢’) of D, ¢’ being the metric in-
duced by g. Furthermore, (J = )., ,¢') is a Kéhler structure on N. For the
sake of simplicity, we will denote by V' the vector field V¢&, which represents
the mean curvature vector field of any integral curve of D*.
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Table 1. Defining conditions of some Chinea-Gonzalez

classes
Classes Defining conditions
Cs @ Cha (Vxp)Y = a(g(pX,Y)§ —n(Y)pX)
—n(X)((VemeY €+ n(Y)p(Vel))
Cs (Vxp)Y = a(g(pX,Y) —n(Y)pX)
Cha (Vxp)Y = —n(X)((Ven)pYE+n(Y)p(Ve))
C V=0

Applying the main results in [9,16], one obtains a local description of a
C5 ® Cra-manifold (M, ¢, &, n, g). More precisely, for any point z € M, there
exist an open neighborhood U of x, € > 0, a Riemannian manifold (F,g), two
smooth positive functions Ay, Ag: | — €, ¢[xF — R and an isometry f: (] —
€, €[XF, gx,,n.)) — (U, g, ) such that the canonical foliations of the product
manifold correspond to the distributions D, D+. Tt follows that f*(%l%) =
£, and, for any t €] — ¢, ¢[, fi(F) is a leaf of D, where f; = f(t,-). Note
that there exists to €] —¢, €[ such that g = f (g, ). Furthermore, considering
the Kéhler structure (j: (fritopo J<)|rr»9) on F and the corresponding
a.c.m. manifold | — €,€[x(x, x,)F defined as in (2.1), then the map f: ] —
& el F = (U, 014,80, 9),) is an almost contact isometry.

Finally, if (M, p,&,n,g) is a Cio-manifold, then D is a totally geodesic
foliation. By [16], it follows that Ay = 1 so that M is, locally, realized as the
a.c.m. manifold )] — €, €[x F, F being a Ké&hler manifold.

3. Some Curvature Relations

In this section, we focus on the main properties of the curvature R of the
Levi-Civita connection V of a Cs & Cho-manifold (M, ¢,£,n,9), R(X,Y) =
[Vx,Vy]— Vx,y]- For the Riemannian curvature, we adopt the convention
R(X,Y,Z, W) = g(R(Z,W,Y),X) = —g(R(X,Y, Z),W). This allows us to
obtain an explicit expression of the cosymplectic defect, namely the (0,4)-
tensor field A acting as

ANX,Y,Z,W)=R(X,Y,Z, W) — R(X,Y,oZ, oW).
We also state some properties of the Ricci tensor p and the *-Ricci tensor

p* and evaluate the mixed sectional curvature, denoted by K (X, &), for any
unit vector X orthogonal to &.

Proposition 3.1. Let (M, ¢,£,1n,9) be a Cs @ Ci2-manifold. For any vector
fields X, Y, Z on M one has:
R(X,Y)pZ = o(R(X,Y)Z) + alag(eY, Z) + n(Y)g(eV, Z)) X
—a(ag(pX, Z) +n(X)g(eV, 2))Y
HY ()n(2) +a®g(Y, Z) + an(Y)g(V, Z))pX
~(X(a)n(2) + a*g(X, Z) + an(X)g(V, Z))pY
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+a(n(X)g(Y, Z) = n(Y)g(pX, 2))V
+(X)(g(Y, Z) = n(2)g(V,Y)) — n(Y)(ag(X, Z)
9(V, X))V

((X)Vy eV —n(Y)VxpV)

+(X(a)g(¢Y, Z) = Y(a)g(pX, Z)

+9(¢V. Z)(n(X)g(V,Y) —n(Y)g(V, X))
—n(X)g(Vy eV, Z) +n(Y)g(Vx eV, Z))E.

-n(Z)
n(Z)

Proof. Since M is a C5 @ C1a-manifold, for any X,Y € I'(T'M) one has

(Vxp)Y = a(g(¢X,Y)§ —n(Y)pX) —n(X)(g(V, oY) +n(Y)pV).
(3.1)

Let X,Y,Z be vector fields on M. By direct calculus, applying (2.2), (3.1),
we have

R(X,Y)pZ =p(R(X,Y)Z)+Vx((Vy¥)Z) = Vy(Vx9)Z) — (Vixy1¥)Z

+(Vx¢)(VyZ) = (Vyp)(VxZ)
=p(R(X,Y)Z) —2dn(X,Y)(n(2)¢V — g(¢V. Z)E)

—an(Z)(VxpY — VypX — ¢o[X,Y])
+ X(a)(g(pY, Z)E=n(2)9Y) = Y (a)(9(¢X, 2)§ — n(Z)pX)
+a®(g(¢Y, Z)(X = n(X)€) — g(pX, 2)(Y —n(Y)¢E))
+an(X)g(pY,Z) —n(Y)g(pX, 2))V
+0(Z)((X)VypV —n(Y)VxeV)
+ag(eV, Z)(n(Y)X —n(X)Y)
= (Vxn)Z(apY +n(Y)eV) + (Vyn) Z(apX + n(X)eV)
+ ((g(Vx9Y, Z) = g(VypX, Z) — g(0[X,Y], Z))
+n(Y)g(VxeV,Z) —n(X)g(Vy eV, Z))E.

(3.2)

By (3.1) we also have

VxeY = VypX =o[X, Y]+ (Vx@)Y — (Vyp)X
=o[X, Y]+ an(X)pY —n(Y)pX)
+ (2a9(pX,Y) +n(X)g(V,Y) = n(Y)g(pV, X))E.

Then, substituting into (3.2) and applying (2.2), (2.3), one obtains the state-
ment. g

Corollary 3.1. Let (M, ¢,&,n,9) be a Cs ® Cra-manifold such that dim M =
2n + 1. The following properties hold:
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(i) For any X,Y € I'(TM), we have

R(X,Y)E =X(a)(Y = n(Y)§) = Y()(X —n(X)¢) + *(n(X)Y —n(Y)X)
+ ((X)g(V,Y) = n(Y)g(V, X))(V — af)
—n(X)VyV +n(Y)VxV

(a)(Y n(Y)E) =Y (a)(X —n(X)E)
+0(X)(R(E,Y)E = E(@)Y) = n(Y)(R(E, X)€ - £(a) X).

(i) For any unit vector X orthogonal to &, one has
K(X,8) = —(&(a) +a?) — g(V,X)* + g(Vx V. X).
(iti) The Ricci tensor satisfies

p(&,€) = —2n({(a) + o) — divV,
p(X, &) = —(2n — 1)(X — n(X)&)(a) + n(X)p(£, €).

Proof. Let X,Y be vector fields on M. By Proposition 3.1, we get
R(X,Y)E = —¢*(R(X,Y)E) = (Y () + a’n(Y))p*X
— (X(a) + a®n(X))p*Y

—n(X)(an(Y) —g(V,Y))V
+n(Y)(an(X) - g(V, X))V
+n(X)p(VypV) = n(Y)p(VxeV).

Moreover, using (3.1), we have

N(X)e(VyeV) =n(Y)p(VxeV) = = n(X)(Vye)pV +n(Y)(Vxe)pV
—n(X)VyV +n)VxV
an(X)g(V,Y) —n(Y)g(V, X))§
—n(X)VyV +n(Y)VxV.

Thus, substituting into the previous formula, we obtain the first equality in
(1). The second relation follows by a direct calculus.

To prove property (ii) it is enough to apply (i) observing that, for any
XeTM, X L& ||X||=1, one has K(¢,X) = —g(R(§, X)¢, X).

Let {e1,...,eam,eant1 = &} be a local orthonormal frame on M. Since
V is orthogonal to &, applying (ii) we have

2n

= ZK(f, ¢i) = —2n(é(a) + %) — VI + ) g(VaV.e)

- =1
= —2n(f(a)+a®)+ > g(VeiVie).
i=1

Thus, the first formula in (iii) is proved. Finally, by (i) we obtain
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2n

X 5) = ZR(X7eia§7ei)
i=1

= -2nX(a +Z €i(a)g(X = n(X)& ei) +n(X)p(E, §) + 2nn(X)E(a)

—(2n - 1)(X — (X)) (@) +n(X)p(&, £).
O

We recall that, given two (symmetric) (0,2)-tensor fields P, @, the
Kulkarni—-Nomizu product P ® @ acts as
(PO Q)X,Y,Z,W)=PX, 2)QY, W)+ P(Y,W)Q(X, Z) (3.3)
- P(X,W)Q(Y,Z) = P(Y,Z)Q(X, W). "
In particular, for the sake of simplicity, one puts 7 = %g D g.

Proposition 3.2. Let (M, p,&,1,9) be a Cs®Cha-manifold such that dim M =
2n+ 1. For any X,Y,Z, W € T(TM) one has:

AX,Y,ZW) = —a*(m(X,Y, Z,W) —m(X,Y,pZ, oW))
—a((g® (& Ven)(X,Y, Z,W)
(9O e Ven)(X,Y, pZ,oW))
(g ([daen)(X,Y,Z,W)+(nen) ® (V(Ven)
—Ven®@ Ven))(X,Y, Z,W).

Proof. We only outline the proof, which requires a quite long calculation.
Let XY, Z W be vector fields on M. Starting by the equality

AX,Y, Z,W) = g(R(X,Y)pZ — ¢(R(X,Y)Z), oW) + g(R(X,Y)&, Z)n(W),

one applies Proposition 3.1, Corollary 3.1 and adopts the notation
V(Ven)(X,Y) = (Vx(Ven)Y = g(VxV,Y).

Then the statement follows by direct calculation, also applying (3.3). O

Remark 3.1. In [9], the cosymplectic defect of a manifold that belongs to a
class containing C5 @ C12 as a proper subclass was evaluated with respect to
the minimal U (n)-connection. Considering a manifold in the class C5 @ Cha, it
is easy to verify that the formulas in Proposition 3.2 and in [9] are equivalent.

Corollary 3.2. Let (M, p,&,n,g) be a Cs®Cra-manifold with dim M = 2n+1.
The following properties hold:

(i) For any X,Y € I'(D), we get
ALY, X,Y) = —a2(|X |V - g(X, V)2 — g(X, oV)?).
(ii) For any X,Y € I'(T'M), we have
(p=p")(X,Y) = = ((2n — 1)o® + &(a))g(X,Y) — a®n(X)n(Y)
= (2n = 1)X(a) + divVn(X) — ag(V, X))n(Y)
= (2(n = Dan(X) +g(V, X))g(V,Y)
+g(VxV —n(X)VV)Y).
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(iti) Denoting by T, T* the scalar and x-scalar curvatures, we get
T — 1% = =2(2n%a® + 2né(a) + divV).
(iv) The skew-symmetric component of p* is given by
p*(X,Y) = p" (Y, X) = (2n — 1)(X(a)n(Y) = Y(a)n(X))
+2(n = Dalg(V,Y)n(X) = g(V, X)n(Y)).
Proof. Property (i) is a direct consequence of Proposition 3.2.

Let X,Y be vector fields on M. With respect to a local orthonor-
mal frame {613 <oy €2n, g}a we write (p - p*)(Xv Y) = 22:1 A(X7 €i, K ei) -

7

R(X,£,€,Y) and apply Proposition 3.2 and Corollary 3.1. So, we obtain (ii)
and then (iii). Furthermore, since p is symmetric, by (ii) we have

p (X Y) = p" (Y, X) = (2n = (X (e)n(Y) = Y ()n(X)
—ag(V, X)n(Y) + ag(V,Y)n(X))
—9(VxV =n(X)VeVY) +g(VyV = n(Y)VeV, X).
On the other hand, applying (2.3) we get
0=9(VxV,Y) = g(VyV,X) + (ag(V,X) + g(VeV, X))n(Y)
— (ag(V,Y) + g(VeV, Y))(X).
Hence, substituting into the previous formula, we obtain (iv). O

Proposition 3.3. Let (M, p,&,n,9) be an a.c.m. manifold with dim M > 5. If
M is a-Kenmotsu or a Cia-manifold, then p* is symmetric.

Proof. Since dim M > 5, by (2.4) and Corollary 3.2, for any X,Y € I'(T'M)
we have
PH(XY) = p* (Y, X) = a(g(V, X)n(Y) — g(V,Y)n(X)).
]

Proposition 3.4. Let (M, ¢,&,n,9) be a Cs @ Ciz-manifold with dim M > 5.
The following properties are satisfied:

(i) For any X,Y,Z, W € T'(TM), one has
R(X,Y,Z,W) = R(pX,pY,pZ,oW) = (g ® (n@n)(X,Y,Z,W)
+ (gD (& (da—aVen))(X,Y,Z,W)
— (9@ (@ (do = aVen)))(X, Y, 0Z, W)
+ (@) @ (V(Ven) — Ven @ Ven))(X, Y, Z, W).
(i) For any X,Y € I'(TM), one has
p(X,Y) = p(pX, pY) = (2na® + divV )n(X)n(Y)
~ 20— Da(Ten)Y + (Te(Ven)Y + Y (@))n(X)
+ (@(Ten)X - (20— DX (@))(Y)
+ (Vx(Ven)Y = (Ven) X(Ven)Y
— (Vex (Ven)oY + (Ven) e X (Ven)eY.
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Proof. We observe that, for any X,Y,Z, W € T'(TM), one has
R(X,Y,Z,W) — R(pX, oY, 0Z,oW) = MX,Y, Z, W) + AMpZ, oW, X, Y).

Thus, property (i) follows by Proposition 3.2.
Considering an adapted local orthonormal frame {ey,...,e,, €11 =
Vet ..., ean = pen, £} on M, for any X,Y € I'(T M), we write

2n
,O(X, Y) - p(‘)DXa QDY) = Z(R(X7 €i, Yv 62') - R(‘)OXv Pei, @Yv @61'))
i=1
Then, applying (i) and Corollary 3.1, one proves (ii). O

Remark 3.2. We point out that, being p symmetric, the tensor field consid-
ered at the right side of formula (ii) in Proposition 3.4 has to be symmetric.
This is equivalent to the condition

0=2(n—1)((X(a) = a(Ven)X)n(Y) — (Y(a) — a(Ven)Y)n(X))
+Q(X,Y) = Q(Y, X) — Q(vX,pY) + Q(»Y, 0 X),

for any X,Y € I(TM), where Q = V(Ven) + (Ve(Ven) +aVen) @n. In fact,
by (2.3) we know that @ is symmetric. Thus, if dim M = 3, the above equality
reduces to an identity. If dim M > 5, by (2.4) we obtain that (da—aVen)®n
is symmetric, also.

4. The k-Nullity Condition

In contact geometry, the behavior of the tensor field h = %Lg(p, L¢ denoting
the Lie derivative with respect to £, plays an important role for the classifi-
cation of manifolds satisfying suitable curvature conditions [2,3].

The following result shows that the vector field V' of any Cs & Cio-
manifold specifies h.

Lemma 4.1. Let (M, ¢,&,n,9) be a Cs & Cra-manifold. For any X € T(TM)
one has h(X) = —5g(V,@X)¢. Therefore, h vanishes if and only if M falls
in the class Cs.

Proof. By direct calculation, for any X € I'(T'M) one has
2h(X) = (Vep) X — Vox €+ 9(Vx§) = —(Ven)pXE = —g(V, pX)E.
Since V is orthogonal to &, we obtain A = 0 if and only if V" = 0. 0

Lemma 4.2. Let (M, p,&,m,9) be a Cs ® Cr2-manifold. Assume the existence
of smooth functions k,u on M such that

R(X,Y)§ = k(n(Y)X = n(X)Y) + p(n(Y)h(X) = n(X)n(Y)), (4.1)
for any XY € T'(TM). Then one has ph =0 and da = &(a)n.
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Proof. By Corollary 3.1 and the hypothesis, for any X,Y € I'(D), we have
X(@)Y —Y ()X =R(X,Y){ =0.

It follows that X («) = 0 so that da = &(a)n.
Given X orthogonal to &, by Corollary 3.1 and Lemma 4.1, we obtain

KX + gV, pX)E = ~R(X, )¢
= (E(0) + 0?)X + g(V, X)(V — a€) = Vx V.

Taking the inner product by &, we get —ag(V, X)—g(VxV,&) = sug(V, 0 X).
Moreover, applying (2.2) one has g(VxV,&) = —g(Vx§, V) = —ag(V, X). It
follows that pg(V,pX) =0, for any X € I'(T'M). O

Condition (4.1) was first considered in [4] in the context of contact man-
ifolds, k, pu being suitable real numbers. Contact manifolds satisfying (4.1),
also named (k, p1)-manifolds, have been deeply studied ( [3] and References
therein). We call N(k)-space an a.c.m. manifold (M, ¢, &,n,g) admitting a
smooth function k such that

R(X,Y)E=k(n(Y)X —n(X)Y), X,Y €T(TM). (4.2)

Lemma 4.2 clarifies that conditions (4.1), (4.2) are equivalent in the case of
a C5 @ C1o-manifold.

In [15], the authors proved that the curvature of an a-Kenmotsu man-
ifold always satisfies (4.2), where k = —(£(a) + o?). The next results show
that this property does not extend to C5 @ Ci2-manifolds.

Proposition 4.1. Let (M, ¢, &, n, g) be a Cs®Cra-manifold such that dim M =
2n+ 1> 5. If M is an N(k)-manifold, the following properties hold:

(i) da = &(a)n, oV =0.

(i) k=—(¢(a) + a?) — 3=divV.
(iii) adivV = 0.
(iv) For any X € I'(T'M), one has

1
VxV = —%divV(X — (X)) + g(V, X)V + n(X)VV.
Proof. By Lemma 4.2, we have da = £(a)n and comparing with (2.4) we

obtain aV' = 0. Then, also applying Corollary 3.1, for any X € I'(D) one
gets

EX = R(X, €)= —(¢(a) + o)X —g(V, X))V + VxV. (4.3)
Let {e1,...,e2n,e2,+1 = &} be a local orthonormal frame on M. By (4.3),
we have
2n 2n
2nk =Y g(R(ei, §)& ei) = —2n(&(a) + %) = VI + D g(Ve, Ve
i=1 i=1

= —2n(&(a) + a?) — divV.
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Then, (ii) follows. Moreover, since V' = 0, we get 0 = 21221 g(Ve, (aV),e;) =
do(V) — adivV = —adivV. This proves (iii). Finally, using (4.3), for any X
orthogonal to &, we have

1
ViV = (—%dwv)x +g(V, X)V.
This relation entails (iv). O

We point out that the distribution D on any manifold as in Proposition
4.1 is spherical. In fact, the equation da = £(a)n means that the leaves of D
are extrinsic spheres.

Proposition 4.2. Let (M, ¢,£,1,9) be a Cs®Cha-manifold such that dim M =
2n+1 > 5. Assume that M is an N (k)-manifold. Then, for any U, X € T'(D),
one has:

(i) R(U,X)V = (U(k) — kg(V,U))X — (X (k) — kg(V, X))U.
(ii) U(k + 5=divV) = (k + 5=divV)(Ven)U.

Proof. Let U, X,Y be vector fields on M. By direct calculation, applying
(2.2) and (4.2), one has

(VuR)(X,Y)§ =U(k)(n(Y)X = n(X)Y) + kn(U)(g(V.Y)X — g(V, X)Y)
+ ak(g(U,Y)X —g(U, X)Y)—aR(X,Y)U—n(U)R(X,Y)V.
(4.4)

Now we consider U, X orthogonal to £ and apply the second Bianchi identity,
namely

(VuR)(X, )¢+ (VxR)(E,U)E + (VeR)(U, X)E = 0.
By(4.4) we get
Uk)X - XU+ k(g(V,X)U —g(V,U)X) — R(U, X))V = 0.
Hence, (i) follows. Furthermore, applying Proposition 4.1, we have
R(U,X)V =Vy(VxV) - Vx(VuV) =V x)V
= iV (g(V, X)U — (V,U)X)

1
— %(U(divV)X — X (divV)U).
Thus, comparing with (i), one has
I L.
U(k+ 5-divV ) X = X (k + o—divV )U
1
- (k + %dwv) (g(V, U)X — g(V, X)U).
It follows that (ii) holds. O

Remark 4.1. By Proposition 4.1, it is easy to verify that property (ii) of
Proposition 4.2 is equivalent to the condition

U(¢(e)) = &(e)g(V,U), U eT(D).
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Proposition 4.3. Let (M, ¢,£,1,9) be a Cs®Cho-manifold such that dim M =
2n 4+ 1 > 5. Assume that M is an N(k)-manifold. For any X,Y,Z, W €
I(TM) one has:

(i) R(X,Y)pZ =p(R(X,Y)Z)+ (k+®n(X)(n(Z)eY — g(pY, Z)¢)
— (k+a®InY)((2)pX — g(pX, Z)E)
+a?(g(Y, 2)X — g(0X, 2)Y
+9(Y, Z)pX — 9(X, Z)pY).
(ii) AM(X,Y,Z, W)= —a*(m(X,Y,Z,W) -1 (X,Y,0Z, oW))
+(k+a®)(g® men)(X,Y,Z,W).
Proof. Let X,Y, Z, W be vector fields on M. By Propositions 3.1, 4.1 we have
R(X,Y)pZ =o(R(X,Y)Z) + £(a)n(Z)(n(Y)pX — n(X)pY)
+a?(9(0Y, 2)X — g(eX, 2)Y + g(Y, Z)pX — g(X, Z)pY')
+n(2)(g(V, X)n(Y) — g(V.Y)n(X))eV
+0(Z)((X)VypV —n(Y)VxpV)
+ (E(@)(n(X)g(eY, Z) —n(Y)g(pX, Z))
+9(pV, Z)(n(X)g(V,Y) = n(Y)g(V, X))
= n(X)g(VyeV,Z) +n(Y)g(VxV, Z))E.
Moreover, applying (3.1) and Proposition 4.1, we get

VgV = (Vx@)V +o(VxV) = gV, X)oV — (5-divV )X +n(X)o(VV).

Substituting into the previous formula and using property (ii) of Proposition
4.1, (i) follows.
Finally, property (ii) is obtained by (i) and the relation
+hn(W)(n(Y)g(X, Z) — n(X)g(Y, Z)).
O

Theorem 4.1. Let (M, p,&,n, g) be a Cs@®Cra-manifold such that dim M > 5.
Assume that M has constant sectional curvature k. Then either M is an «-
Kenmotsu manifold and k = —a? or M is flat and falls in the class Cis.

Proof. Let x be a point of M and consider unit vectors X, Y € T, M such
that ¢,(X,Y) = g2(X,9Y) = 0, (X) = 1n,(Y) = 0. Since M has constant
sectional curvature, we have R = kmy, so that
R.(X, Y)Y — 0. (R, (X, Y)Y) = -k, X.
On the other hand, by Proposition 4.3, one obtains
Ro(X, Y)Y — ¢u(R(X,Y)Y) = a(z)?p. X.

It follows k + a(z)? = 0. Thus, « is a constant function. Since oV = 0, one
of the following two cases occurs

(i) a#0,V=0,k=—0a?
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(i) a =0, k= 0.
In case (i), M falls in the class C5, namely it is a-Kenmotsu, o = constant
and k = —a? < 0. In case (ii), M is flat and falls in Cs. O

We remark that, for any a € R, a # 0, an a-Kenmotsu manifold with
constant sectional curvature k = —a? is locally a warped product | —¢, €[x \ F,
where F' is a flat Kéhler manifold and A(t) = aexp(—|alt), a = const > 0. On
the other hand, a flat C'j2-manifold is locally realized as a product ] —¢, e[x F,
F being a flat Kéhler manifold and \: ] — €,¢[xF — R a smooth positive
function. The action of A will be specified in Sect. 7.

Proposition 4.4. Let (M, p,&,1,9) be a Cs®C1a-manifold such that dim M >
5. If M is an N (k)-manifold, the curvature satisfies the following identities:
R(X,Y,Z, W) =R(X,Y,oZ,oW) + R(pX,Y, Z, oW)
+ R(X, Y, Z,oW) (4.5)
+ kn(W)(n(Y)g(X, Z) —n(X)g(Y, Z)),

R(X,Y,Z, W) = R(pX,pY,0Z, oW)
Th(g® m@n)(X,Y, Z,W), (4.6)
for any XY, Z W € T(TM).
Proof. The statement follows by Proposition 4.3 observing that, for any vec-
tor fields X, Y, Z, W on M, one has:
R(X,)Y,Z, W) =R(X.,Y,pZ, W)+ R(pX.,Y, Z,oW) + R(X, oY, Z, pW)
+AMXY, Z,W) = MZ, oW, X, oY) +0(Y)R(Z, W, &, pX)
and
R(X,Y,Z, W) = R(eX, Y, 0Z, oW) + A(X,Y, ZW) + Ao Z, oW, X, Y).
O

Remark 4.2. If k = const = 1, properties (4.5) and (4.6) correspond to the
identities, called G, G3 identities, introduced and studied in [14]. Obviously,
the curvature of any a-Kenmotsu manifold satisfies (4.5), (4.6), being k =

—(&(a) +a?).

5. Local Description of N (k)-Manifolds

We are going to provide some local descriptions of a Cy @ Cpp-manifold
(M, p, &, g) satisfying the N (k)-condition, examining suitable distributions
on M. Assuming that V is nowhere zero, we can consider the rank 2 distribu-
tion D; = span{¢, V} and its orthogonal complement Di- = kern N kerVen.
By (2.3), one gets that Di is integrable. Moreover, Proposition 4.1 entails
that M falls in the class Cy2. It follows that, if D+ = span{¢} is spherical,
equivalently V¢V = —||V[|?¢, M is, locally, the a.c.m. manifold ,] — ¢, €[x F,
F being a Kahler manifold and A\: F' — R a smooth function [9].
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We recall that a Riemannian submanifold N of an a.c.m. manifold
(M, p,£,1m,g) is said to be a semi-invariant ¢---submanifold if the vector field

¢ € I'(T+N) and there exist two orthogonal distributions, D and ﬁj', on N
such that TN = D& D™, (D) = D and D C TN [5].

In the sequel, for the sake of simplicity, by V # 0 we mean that V is
nowhere zero on M.

Proposition 5.1. Let (M, ¢,&,n,g) be a Cra-manifold such that dim M = 2n+
1>5,V #0 and V¢V = —||V|]2¢. If M is an N(k)-manifold, then the
distribution Dy is totally geodesic and Di is spherical. Furthermore, each
leaf of Dy is an anti-invariant submanifold of M with Gaussian curvature k
and each leaf of Di is a semi-invariant &*-submanifold of M admitting a
Cg-structure.

Proof. By hypotheses and Proposition 4.1, we have that k = ——de and
VxV =kX +g(V,X)V —n(X)(||VI? + k)¢, X eT(TM). (5.1)

It follows that
d(lIVIP) = 2(IIVII* + k) Ven. (5.2)

By (2.3) and (5.2), we get 0 = d(||V||2 + k) AVen— (|[V]]2 + k)Ve(Ven) An.
Since V¢V = —||V]|%¢, it follows that V¢(Ven) An =0 and thus

1
dk = ||V||2V(l€)VfT]. (5.3)
Applying (2.2) and (5.1), it is easy to verify that the distribution D; is
totally geodesic. Moreover, considering a leaf N of D;, we have p(TN) C
T+ N, namely N is anti-invariant, and the Gauss curvature of N is given by

R, (&, V.6,V
k(x) = (vanﬁ ) 2 €N.

Let N’ be a leaf of Di. For any X,Y € T'(TN’'), by (2.2), (5.1), we
obtain g(VxY.&) = 0 and ¢(VxY,V) = —kg(X,Y). By the Gauss formula,
it follows that N’ is totally umbilical with mean curvature vector field H =
—WV. Moreover, denoting by V+ the normal connection of N’, we have

k k
VxH=—-[X vV + VxV |, X eID(TN).
* ( <||V||2> vz x )

On the other hand, by (5.2), (5.3), we get X(W) = 0. Moreover, using
(5.1), we have V%V = 0. Substituting into the above equation, it follows
that N’ is an extrinsic sphere.
Now, we consider the distribution span{¢V} on N’ and denote by D
its orthogonal complement on N’. Since ¢*V = —V € I'(T+N’), we have
p(span{pV}) C TLN’ Moreover, for any X € I'(D) one has g(¢X, ¢V) = 0,
namely ¢(D) = D. This means that N’ is a semi-invariant fl—submamfold
of M.
Finally, putting ¢' = g,/ ;. & = HV”go .1 = ¢, we consider the
(1,1)-tensor field p’on N’ such that ¢'(¢') = 0 and ¢'(X) = X, for any
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X L ¢ In particular, for any X € I'(T'N’) one has

1
¢'(X) = pX + Wg(cpv, X)V. (5.4)
It is easy to check that (¢, &', n’, ¢') is an a.c.m. structure on N'. Furthermore,
we denote by V' the Levi-Civita connection of (N’,¢’), apply the Gauss
formula and obtain

VxY =ViY — (X,Y)V, X,Y eT(TN).

Kk
V1P
Then, by direct calculation, also applying (5.1), (5.4), one has

k
(V@)Y = _W(QI(X’ V)¢ —n'(Y)X), X, Y eI(TN').
It follows that (N’,¢’,&',n’,¢') is an @-Sasakian manifold, with @ = *ﬁ7
and it falls in the class Cs [3,6]. O

Applying Proposition 5.1 and the decomposition theorem of Hiepko, we
are able to state the following classification theorem.

Theorem 5.1. Let (M, p,&,n,g) be a Cra-manifold such that dim M = 2n +

1>5,V#0 and VeV = —||V||2€. If M is an N(k)-manifold, then (M, g)
1s locally isometric to a warped product N x ) N’, where dim N = 2, N has
Gaussian curvature k and N’ is an @-Sasakian manifold, o = —ﬁ.

Corollary 5.1. Let (M, p,&,1n,9) be a Cia-manifold such that dim M = 2n +
1>5V #0 and VeV = —||V||2¢. If M is flat, then (M,g) is locally
1sometric to a Riemannian product N x N', dim N = 2 and N, N’ are flat
manifolds. Furthermore, N' admits a cosymplectic structure.

Proof. Since M is flat, M is an N(0)-manifold. Hence, using Proposition
5.1, both the distributions D; and Di are totally geodesic. In fact, for any
X € I'(Df) one has VxV = 0 = Vx&. By Theorem 5.1, (M, g) is locally
isometric to a Riemannian product N x N’, where N is a flat 2-dimensional
manifold and N’ admits an a-Sasakian structure, with @ = 0. O

We end this section considering the distribution D’ = span{¢,V, oV}
on M. As in the previous case, we assume V # 0 and D+ spherical.

Proposition 5.2. Let (M, p,&,m,9) be a Cia-manifold such that dim M =
2n+1> 5,V # 0 and VeV = —||V|[2¢. If M is an N(k)-manifold, the
distribution D' is totally geodesic and each leaf of D' is an N(k)-manifold
belonging to the class Cis.

Proof. By Proposition 4.1, we get k = —ﬁdivv. Moreover, applying (2.2),
(5.1) and the defining condition of the class C12 (see Table 1), an easy calculus
entails

Vv€=0=Vgyl= VeV,
VvV =(IVIP+k)V, VvV = (VI +k)eV,
VoV = koV, VoyeV = —kV.
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The above formulas, together with the hypothesis V¢V = —||V|%¢, imply
that the distribution D’ is totally geodesic.

Let N’ be a leaf of D'. Tt is easy to verify that (¢’ = ¢ ., =
Eons M = Mpnir 8 = lpnrorns) 18 a0 a.cam. structure on N'. Since N is
totally geodesic, (N/,¢’,&’,n',¢') is an N(k)-manifold and falls in the class
C1a. O

Theorem 5.2. Let (M, p,&,n,9) be a Cra-manifold such that dim M = 2n +
1>5V #0 and VeV = —||V||2¢. If M is flat, then (M,g) is locally
1sometric to a Riemannian product N' x N”, where N' is a three-dimensional
Ci2-manifold, N" is a Kdhler manifold and N', N are both flat.

Proof. Since M is flat, M is an N(0)-manifold. Let D't be the orthog-
onal complement of D’. By (2.2), (5.1), for any X,Y € I'(D'}) we get
g(VxY, &) = 0 = g(VxY,V) = g(VxY,¢V). Hence, the distribution D'+
is totally geodesic and each leaf N” of D'+ is totally geodesic and flat. More-
over, (J" = ¢, 9" = 9oy, pnn) 18 @ Kihler structure on N”. Then, also
applying Proposition 5.2, we get the statement. O

6. The Case of Generalized Sasakian Space Forms

In this section, we consider a Cs @ Cha-manifold (M, ¢, &, 7, g) which is a
generalized Sasakian space form (g.S. space form), namely M admits three
smooth functions fi, fa, f3 such that the curvature tensor satisfies

R = fimi + f25 + f3T, (6.1)
where 71, S, T are the tensor fields acting as

m(X,Y,Z2) =g(Y, Z)X - g(X, 2)Y,

S(X,Y,Z) = g(X,0Z)pY — g(Y,0Z)pX +29(X, oY )0 Z,

T(X,Y, Z) = n(X)n(2)Y —=n(Y)n(2)X + g(X, Z)n(Y)§ — g(Y, Z)n(X)¢.
This class of a.c.m. manifolds was introduced in [1] and subsequently stud-
ied by a number of mathematicians from several points of view. In partic-
ular, in [8] it was proved that M is a g.S. space form if and only if M
is an N (k)-manifold with pointwise constant @-sectional curvature ¢ and,
for any X,Y € T'(D), the cosymplectic defect satisfies A(X,Y,X,Y) =
LIXPIY))? — 9(X,Y)? — g(X, ¢Y)?), | being a smooth function on M.

Now, also applying Corollary 3.2 and Proposition 4.1, it is easy to obtain
the following result.

Proposition 6.1. Let (M,¢,&,m,9) be a Cs @ Cia-manifold with dim M =
2n+ 1 > 5. The following conditions are equivalent:
(i) M is a g.S. space form.
(ii) M is an N(k)-manifold with pointwise constant @-sectional curvature
c.

Moreover, if one of the previous conditions holds, one has k = —(&(a) +a?) —
; c—3a? c+a? c+a? .
sodivV, fi =80 fy = SHfo = f) — k= S 4 (o) + 5-divV.
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Taking into account Proposition 6.1, we denote by M?"*1(c, k) a g.S.
space form with pointwise constant ¢-sectional curvature ¢ and satisfying the
k-nullity condition.

Proposition 6.2. Let (M, ¢,£,1m,9) be a Cs @& Cia-manifold. If M*" (e, k),
n>2,1is a g.S. space form, the following properties hold:

(i) For any point xg € M, the leaf (N, J,g") of D through xq is a Kdhler
manifold with constant holomorphic sectional curvature (c + a2)(xo).
(ii) de = £(c)n.
(i1i) For any X € T'(D), one has X (&(c)) = &(c)g(V, X).
(iv) ¢V =0.
(v) dk = &(k)n + kEVen.

Proof. Let g € M and (N,J = @,4,9" = Glryern) be the leaf of the
distribution D through xg. Since M is a C5 @ Chz-manifold, we know that
(J,¢") is a Kéahler structure on N and N is totally umbilical with mean
curvature vector field H = —a§), . Denoting by R’ the Riemannian curvature
of N and applying the Gauss equation, for any x € N and any unit vector
X eT,N, we get

R(X,J.X, X, J,X) = Ro(X, 0. X, X, 0, X) + a(z)? = (c+ o®)(z).

Since dim NV > 4, it follows that N has constant holomorphic sectional cur-
vature (¢ + o?)|,. So, we obtain (i). On the other hand, by Proposition 6.1,
M is an N (k)-manifold. Hence, applying Proposition 4.1, « is constant on N.
This implies that ¢ is constant on N. It follows that the function c is constant
on any leaf of D, that is (ii) holds.

By (ii), we obtain d(£(c)n) = 0. So, applying (2.3), one has (d¢(c) —
&(c)Ven) An =0 and (iii) follows.

Finally, using the second Bianchi identity, one has foV = 0 and dk =
&(k)n — f3Ven (ct. [7], Section 4). Applying Propositions 4.1, 6.1, we easily
obtain (iv) and (v). O

Remark 6.1. In the same hypotheses of Proposition 6.2, applying the main
results in [9], we have that M is locally almost contact isometric to a double-
twisted product manifold | — e, €[x (5, x,)F, where € > 0, (F, J,§) is a Kihler
manifold with constant holomorphic sectional curvature (c+a?), and Ay, Az
] — €,¢[xF — R are smooth positive functions.

Proposition 6.3. Let (M, ¢,£,1m,9) be a Cs & Cra-manifold. If M*" (e, k),
n>2,1is a g.S. space form, then the following differential equation holds:

d(c+a?) = =2(c+a)an. (6.2)
Proof. Let U, X,Y be vector fields on M and Z € T'(D). By (6.1), we have

(VoR)(X.Y.2) =U(f)m(X.Y. 2) + U()S(X.Y. 2) + UUT(X.Y. 2)
 B(VuS)(X,Y.Z) + f2(VuT)(X, Y. 2), (6:3)
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where f1, fo, f3 are related to ¢, k as in Proposition 6.1. Furthermore, it is
easy to verify the following relations:

(VuS) (XY, Z) =g(¢Y, Z)(Vup)X — g(Vup)Z,Y )X
— 90X, Z)(Vue)Y + g((Vup)Z, X)pY
+29(Y, X)(Vup)Z +29((Vup)Y, X)pZ,
(Vo) (X,Y,Z) =(n(X)Y —n(Y)X)(Vun)Z
+(9(X, 2)(Vun)Y — g(Y, Z)(Vun) X)§
+ (9(X, Z2)n(Y) — g(Y, Z)n(X))Vué.

To apply the second Bianchi identity, using the above formulas, Propo-
sitions 4.1, 6.1, 6.2 and (2.2), (3.1), a direct calculus entails

vln) = if(c —30%)(U), U(f2) = if(c +a”)n(U), (6.4)
Py Gy (VUSIX Y 2)=20f( o (90X, Z)(Y) —g(Y: ZIn(X))eU
2,0 9 X)u(U)eZ). (6.5)
Fs @ 3 (VOTN XY 2) = 5 (20 o (o(X, 2)n(Y) = a(¥, Zn(X))U
JF(U’;‘{’Y)U(U)(U(X)Y —n(Y)X)g(V, Z)
093, 9K 2)g(V.Y) = 9(¥, 2)a(V, X)n(U)), (6.6)

where o represents the cyclic sum over U, X, Y.
Now, choosing U = &, Y = Z, X L U,Y,pY, and substituting into
(6.3)-(6.6), the second Bianchi identity gives

(36(c—302) + 20 ) 121X + (X(fs) — foa(V, X))|1Z|%€ = 0.

This implies &(c — 3a?) + 8afs = 0. Using (iii) in Proposition 4.1 and
Proposition 6.1, it follows that 0 = &(c — 3a?) + 2a(c + a?) + 8aé(a) =
é(c+a?) +2a(c+ a?). On the other hand, by Propositions 4.1, 6.2, we know
that d(c + a?) = £(c + a?)n. Hence, the statement holds. O

Now, we are able to classify g.S. space forms belonging to the class
Cs @ C1a.

Theorem 6.1. Let (M, ¢, &,n,g) be a Cs ® Cra-manifold. If M2+ i(c, k), n >
2, 1s a g.S. space form, then exactly one of the following cases occurs:

(i) M is cosymplectic and c is constant.

(i) M falls in the class C12\C and ¢ = 0.

(iii) o # 0 and ¢ + o = 0. Moreover, there exist an open covering {U;}icr
of M and, for any i € I, a smooth function o;: U; — R such that
(Ui, pi = ‘Plui7§i = eXP(*Ui)QUi,Th = eXP(Ui)mUﬂgz‘ = eXP(QUz')g\Ui)
s a g.S. space form with zero @-sectional curvature, which falls in the
class C1o.
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(iv) M is a-Kenmotsu and the function ¢+ o2, which is nowhere zero, has
constant sign. Moreover, M is globally conformal to a cosymplectic man-
ifold with constant p-sectional curvature sign(c + o).

Proof. If a = 0, by Proposition 6.3, we get that ¢ is a constant function. If
¢ # 0, applying Proposition 6.2, it follows that the vector field V' vanishes, so
that M is a cosymplectic manifold. If ¢ = 0, by Proposition 6.1 and (6.1), the
curvature tensor of M is given by R = (ﬁdivV) T. In this case, if divV # 0,
then M is a Cio-manifold but it is not cosymplectic. If divV = 0, M is flat
and either M is cosymplectic or M falls in the class C12\C. We conclude
that, if @ = 0, one of the cases, (i) and (ii), occurs.

Now, we suppose that a # 0. Since the Lee form w = —an is closed,
by Proposition 4.4 in [9], M is a locally conformal Ci3-manifold, namely
there exist an open covering {U;}icr of M and, for any ¢ € I, a smooth
function o;: U; — R such that U; is endowed with the Cya-structure (U;, ¢; =
Plu,» & = exp(—03)&),,, i = exp(oi)n),,, 9i = exp(20:)g),,. ) and do; = wy, .

The Levi-Civita connections of the local metrics g; fit up to the Weyl
connection V acting as

VxY =VxY —an(X)Y —an(Y)X +ag(X,Y)¢, X,Y e T(TM).

Furthermore, fixed i € I and denoting by R the (0, 4)-curvature tensor of V,
it is well known that in U; one has

exp(—20;) R=R—-PQ® g, (6.7)

where P =Vw —-w®uw + %Hwﬂzg. Applying Proposition 4.1 and (2.2), it is
easy to verify the following relations

1
P=—¢(amen— 50429,

(POYXY.ZW)= o’g(m(X,Y,Z),W) - &(e)g(T(X,Y, Z),W).
Substituting into (6.7) and applying (6.1), Proposition 6.1, it follows that
c+a?

4
Since w is closed, by (6.2) and the connectedness of M, one of the following
two cases occurs

(a) c+a? =0,
(b) ¢+ a? # 0 everywhere.

T— c—i—oz2

(1 + ) + ( + %divV) T. (6.8)

In case (a), Eq. (6.8) reduces to R = (%divV) T. To rewrite this equation

with respect to the metrics g;, ¢ € I, we put V; = ﬁ&fi and denote by T; the
tensor field on U; defined as T'. An easy calculation entails

Vi = exp(—204)V] divV; = exp(—20;)divV, , T, = exp(—20;)T;.
It follows that

U, Ui

Ry,

1
— (7dei>Ti, iel.
2n
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Combining the above formula with Proposition 6.1, we get that the Cio-
manifolds (U;, p;, &, mi, gi) are g.S. space forms with zero @-sectional curva-
ture. Hence, (iii) holds.

Finally, we examine case (b). Since M is connected, the function ¢ + o>
has constant sign. Moreover, by Propositions 4.1, 6.2, we have (c+a?)V = 0.
This implies that V' = 0, namely M is an a-Kenmotsu manifold. On the
other hand, solving (6.2), we get w = dlog+/|c + a2|. Since w is exact, M is

globally conformal to the a.c.m. manifold (M, ¢, ﬁf, lc +a2|n, |c +
CT&

a?|g), which is cosymplectic [15]. Furthermore, with respect to the metric
g = |c+ a?|g, (6.8) becomes

1 c+a? — 1. o
zﬁ&ﬂsm:fszgn<c+a2><m+S+T>.

R = 1

The above equation means that (M, p, ————¢ +/|c + a2|n, |c + a?|g) has
) ) \/m ) )

constant @-sectional curvature sign(c + o?). Hence, (iv) occurs. O

Remark 6.2. In [7], the authors gave a local classification of g.S. space forms
M2 FY(f1, fa, f3), n > 2, assuming that for any i = 1,2, 3, if the function f;
does not vanish, then f; # 0 everywhere. The authors proved that nine cases
can occur and these cases are not mutually exclusive. Obviously, a restriction
on the Chinea—Gonzalez class of the g.S. space form entails that some of the
mentioned cases have to be excluded. Comparing the result stated in Theorem
6.1 with main Theorem 1.3 in [7], we get that a C5®Cz-manifold M?"1(c, k)
has to satisfy one of four cases listed in [7], namely the ones denoted by (a),
(e), (f), (g). We also remark that in our context the hypothesis f; = 0 or
fi # 0 everywhere is needless.

7. Examples

In Theorem 4.1, we have shown that a C5 @ Co-manifold (M, ¢, &, n, g) with
dim M = 2n+1 > 5 and constant sectional curvature is either an a-Kenmotsu
manifold or a flat Co-manifold. Note that, as remarked in Section 4, in
the first case, it is known that M is locally described as a warped product.
Furthermore, the hyperbolic space H?"*!(—a?) is the local model of space
forms carrying a non-cosymplectic a-Kenmotsu structure.

More generally, in Theorem 6.1 we have classified g.S. space forms
M?"*1(c, k). Taking into account case (ii), we are going to provide a method
for constructing a whole family of g.S. space forms M?"+1(0, k) falling in the
class C12\C.

Let (Jo,go) be the canonical Kihler structure on R?®, n > 2, I C R
an open interval and A: I x R?® — R a smooth positive function. We know
that the a.c.m. manifold M = yI x R?", defined as in (2.1), falls in the class
C12\C. According to Proposition 6.1, Theorem 6.1 and formula (6.1), the
condition that M is a g.S. space form M?"T1(0,k) is equivalent to require
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that its curvature tensor satisfies
1.
R= (%de)T = —kT. (7.1)
Using the curvature formulas in [16], we have
R(X,8)Z = (9(Vx(gradlogA), Z) + X(log \) Z(log )¢, X, Z € I'(D),

where V is the Levi-Civita connection on (M, g = g(» 1)) and grad is evaluated
with respect to g. By an easy calculation, also considering Corollary 3.1 and
Proposition 4.1, one can check that (7.1) is equivalent to the condition

9(Vx(gradlog\), Z) + X(log\)Z(log \) = —kg(X,Z), X,Z eT(D).

Considering the orthonormal frame {8%17 R %, ¢} on M, the above equa-
tion corresponds to the following PDE’s system:
0%\ .
D200 + kz)\éw =0, 4,7=1,...,2n. (7.2)

Hence, for any i # j, one has 522 = 0. It follows that A(t,2!,...,2%?") =

Zk:l ap(t,z*), where ay is a function only depending on ¢ and x*. Substi-
tuting into (7.2) and assuming i = j, we get % = —kA. This implies that
the function kA only depends on ¢. Putting —kA = 2C(t), it follows that
a;(t,2') = C(t)(2%)? + B;(t)z' + E;(t), for any i = 1,...,2n. We can conclude
that (7.1) is satisfied if and only if
2n
At,at,. 2™ =) (CH)(a') + Bi(t)a') + E(t), (7.3)
i=1
where B(t) = Y7 Ei(t) and C(t) = —3k\.

We observe that for A to be a positive function we have to narrow its
domain. Supposing 0 € I, we can assume C(0) > 0, E(0) > 0 and B;(0) > 0,
i =1,...,2n. Thus, there exists an open interval J, 0 € J C I, such that
C(t) > 0, E(t) > 0 and B;(t) > 0, for any ¢ = 1,...,2n, t € J. Putting
U =R x---xR%, the function A: J xU — R, defined as in (7.3), is smooth
and positive.

We conclude that the a.c.m. manifolds M = yJ x U are g.S. space forms
M?+1(0, k) belonging to the class C12\C.

Remark 7.1. The condition & = 0 is equivalent to require that the a.c.m.
manifolds M = yJ x U are flat and \(t,z!,...,2%") = Zfﬁl B;(t)x' + E(t).
Note that the method above described is similar to the procedure used in
Theorem 5.2 in [7]. In our case, the hypothesis that f3 = —k is nowhere zero
is needless.

Finally, we provide an explicit example of a Cjs-manifold satisfying the
hypotheses of Theorem 5.2.

Example 7.1. Given three non-negative real numbers By, B, 11, E such that
(B1, Bny1) # (0,0), one considers the open set W = {(z?,...,2?") € R?"|z!
> 0,2""1 > 0} and the smooth positive function \: R x W — R acting as

At 2t ... 2*") = Biz' + B, 12" + E.
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By Remark 7.1, we know that the a.c.m. manifold M = \R x W = (R x
W,p, & = %%,n = Mdt,g = N\2dt @ dt + go) is flat and falls in the class

C12\C'. Note that, for any i = 1,...,n, @(%) = JO(a?ci) = %. Using
the formulas in [16], it is easy to verify that the tensor field V = V& =
—+(B132r + By 5:95r) satisfies the condition V¢V = —|[|V|[2¢. Moreover,

considering the distribution D’ = span{{,V, oV} on M and putting U; =
a%l + #, Us = Uy, we have D' = span{\¢, Uy, Us}.

Given the open set N’ = {(t,y,2) € R®|y > 0,—y < 2z < y}, (to,z0)
(to, zd, ..., x8") € M, we define the map f: N’ — R x W acting as

Fty,z) = (aji@—z),xa,...,x&jimz),...,x%”) .

Putting N = Ao f and ¢’ = N?2dt ® dt + dy ® dy + dz ® dz, it is easy to
check that f is an isometric immersion with respect to the metrics ¢’ and g.
Note that (N’, ¢’) is the leaf of D’ through (tg, z¢) and, applying Proposition
5.2, (N, = = @dz+ £ @dy,& = 5,1 = Ndt,¢) is a flat Cro-
manifold. Moreover, up to an isometry, the leaf of D’* through (to, ) is
R?"~2 endowed with its canonical Kahler structure. Thus, applying Theorem
5.2, M is locally isometric to the Riemannian product N’ x R?"~2,
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