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Abstract. In this paper, we present new fixed point theorems for multi-
valued nonexpansive mappings. Since Banach space can have any geo-
metric structure, we consider mappings such that their perturbation
by the identity operator is expansive. Then we derive some fixed point
results including existence theorems for the sum and product of some
classes of nonlinear operators. Three illustrating examples for functional
and differential inclusions are supplied.
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1. Introduction and Preliminaries

Nonexpansive mappings (that is mappings with Lipschitz constant equal to
1) appear in many nonlinear equations for which the Banach principle for
contraction mappings fails. For single-valued nonexpansive mappings, the
fixed point theory for nonexpansive is well developed in the literature (see,
e.g., [8,15] and references therein). Since the pioneer work of Browder, Gohde,
and Kirk, it is well known that the geometry of the space plays a key role
in the existence theory for such classes of mappings (see, e.g., [15, Theorem
1.3]); in this respect, uniformly convex Banach spaces were first considered as
early as in the 1970s. Since then much progress has been made in the research
for existence results as regards the functional space and/or the structure of
the domain of mappings under consideration (for instance when the so-called
Opial’s condition holds) (see, e.g., [13] and references therein).

Concerning multivalued nonexpansive mappings, the theory also de-
veloped in a parallel way starting from the extension of the Leray—Schauder
topological degree to some classes of multifunctions by Petryshyn, Fitzpatrick,
and Nussbaum in the 1970s [20-22]. When the space X is uniformly convex
and the multifunction is nonexpansive and compact valued, the classical re-
sult due to Lim [19] naturally extends Browder-Goéhde-Kirk Theorem. The
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structure of the domain together with different kinds of boundary conditions
is imposed by many authors to get existence of fixed points for nonexpansive
multifunctions. We also mention paper [24] where an inwardness condition
both with a condition on the asymptotic center of bounded sequences are
assumed (see also [17]). A condition on the characteristic of noncompact con-
vexity of the space is introduced in [11], where some existence results are
derived. When the domain is weakly compact, a fixed point theorem was ob-
tained in [3] when the nonexpansive mapping satisfies some further growth
condition.

Our aim in this paper is to extend the existence results obtained in

[10,12] to multivalued nonexpansive mappings. We present a constructive
proof for nonexpansive mappings. In this section, we have also collected the
necessary material we need in our proofs.
Let X,Y be two normed spaces and T': D C X — 2Y (also denoted T : X ~»
Y or T: X — Y in the literature) a multivalued mapping. The set CL(X)
will refer to the family of closed subsets of X, CLC(X) the family of convex
closed subsets of X, B(X) the family of bounded subsets of X, BCL(X) the
family of bounded closed subsets of X, K(X) the family of compact subsets
of X, and KC(X) the family of compact convex subsets of X.

A mapping T is called lower semi-continuous (1.s.c for short) provided
that, whenever z € X and V is an open set such that T'(x)NV # (), there exists
an open neighborhood U of x such that for all y € U, we have T'(y) NV # 0.

T is called upper semi-continuous (u.s.c for short) provided that, when-
ever z € X and V is an open set containing T'(x), there exists an open set U
such that for all y € U, we have T'(y) C V.

More details on multivalued analysis can be found, e.g., in [14].

On B(X), one may define a metric, the Hausdorff metric H(.,.) by

H(A, B) = max{H4(A, B), Hy(B, A)}, A, B € B(X),

where Hg(A,B) = sup,ca(infyep ||z — y||). Some basic properties of the
Hausdorff metric can be easily deduced. We mention some of them that will
be used in this work. The following lemma is readily proved.

Lemma 1.1 [16, Thm. 1.15]. Let A, B € X. Then,

d(z,A) <d(z,B)+ H(A,B), Vx € X.

Lemma 1.2. Let A, B be two bounded subsets of a normed space X and xg €
B. Then,

0 < Hu(A,zo - B) < |IA],

where ||A]] = sup {||z|, = € A}.
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Proof.
Hy(A,z9 — B) = sup inf lla — (o — b)l|
< sup inf {[la] + [lzo — bl[}
= igg{llall + inf flzo — 0]}

= sup{||al|} = ||4]|.
aelz{ll 1} =14l 0

Lemma 1.3. Let A be a bounded convex subset of a mormed space X and
ag, g € A. Then, for all0 < o, <1

int {[1(1 ~ a)a+ aas — Aroll} < (1= B)zo]l

Proof.
(1 = a)a+ aap — Baol| = (1 — a)a + aao) — zo + (1 — B)zo
<16 = ol + (1 = B) [z,
where b = (1 — a)a + aag € A for A is convex. Since inf,e 4 ||b — x| = 0, the

result follows.

The following two lemmas are concerned with the sum and product of
sets when the space has the structure of a Banach algebra, that is when for
all subsets X7, X C X, we denote

X1—|—X2:{a—|—b: anl,beXg}.
X1Xo :{ab: a € Xy, bGXQ}.

The proof can be found in [16].

Lemma 1.4. Let X be a normed space and Ay, Az, By, and By bounded
subsets of X. Then,

H(Al + A27 Bl + Bg) < H(Al,Bl) —+ H(A27B2).
Lemma 1.5. Let X be a normed space and A, B,C € BCL(X). Then,
H(AC,BC) < H(0,C)H(A, B).

Definition 1.1. We shall call T : D ¢ X ~ X a contractive multivalued
mapping if there exists some k € (0,1) such that

H(T(2),T(y)) < kllx =y, forall z,y e D.

T is called nonexpansive when k£ = 1. Then recall the classical Covitz
and Nadler fixed point theorem [4].

Theorem 1.6. Let (X,d) be a complete metric space and T : X ~ CL(X) a
contractive mapping. Then T has at least one fixed point, i.e., x € T(x)NX.

Finally, we will make use of:
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Definition 1.2. Let T': D C X ~» X be a multivalued mapping. Then T is -
expansive if there exists a nondecreasing or, continuous function 1 : [0, c0) —
[0, 00) with 4(0) = 0 and % (r) > 0, Vr > 0 such that for all z,y € D

H(T(x), T(y)) = d(llx = yll).

We are ready to state and prove our main existence result.

2. Existence and Uniqueness Result

Theorem 2.1. Let X be a Banach space, D > 0 a nonempty closed convex
subset, and T : D ~~ CLC(X) a multivalued map with T (D) bounded. Assume
that T is a nonexpansive and (Iq — A\, T) is ¥-expansive, where (Ap)nen C
(0,1] 4s a real sequence converging to 1. Then T has a unique fized point in
D.

Proof. For each integer n > 1, define the approximation operator T;, : D ~~
CLC(D) by T,,(z) = AT (), for all x € D. Since T,, is a contractive multi-
valued mapping, then by Theorem 1.6 for every n € {1,2,...}, T, has a fixed
point z,, € Ty, (x,) N D for each n > 1.

Claim 1. (2,,)nen is a Cauchy sequence. Since (Iq — A\,)T is y-expansive, by
the triangle inequality, we have, for all m >n > 1:

Y(llzn — 2ml) < H((Ta = AnT)(zn), (Ia = AnT) (2))
< H((Ia = AT )(zn), (1 = An)T(24))
+ H((1 = A)T(zn), (1 = Ap)T(2))
+ H((1=X)T(xm), Ta — AnT)(xm))-

The three terms in the right-hand side are now estimated separately:
(a) The first term. Since T'(D) is bounded, let

M = |T(D)|| = sup{llyll, y € UsenT(x)}.
By Lemma 1.2, we have
Ha((1 = Ao)T (), (Ia = AnT)(20)) = Ha((1 = Aa) T (), 20 — AT (1))
< H(l - /\n)T(xn)H
< (1—=X,)M.
Taking a = 8 = A\, Tg = f\—:, ag = vy, and A = T(z,,) in Lemma 1.3, we
get

Hy((Ia — AT (0), An)T(20))

= sup { inf ||z, — Apvn — (1 — )\n)wn|}
v €T (z) wn €T (zn)

= sup { inf — An)wy, + A\, — )\n:rn/)\nH}
v €T (z,) (Wn€T 93n)

< sup (1= A)[lzn/Anll
’U,LET(Qin)

S (]- - )\n)Ma
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for = € T'(x,) C T(D). Hence,
H((Tqg = AT (), (1 = Xp)T(xy)) < (1= N,) M. (2.1)
(b) The second term. Since T is nonexpansive, we have the estimates:
H((1 = AT (), (1= A)T () = (1= A H (T (), T(n)
< (1 =) |zn — 20|

< (1 =) Qallzn/Anll + AmllZm /Aml]) -
Then,

H((1=X)T(20), (1 = Ap)T(2m)) < (1= X)) (A + Am) M. (2.2)

(¢) The third term. Taking a = A\, 8 = A, @0 = Wiy, To = T /A,
and A = T(x,,) in Lemma 1.3, we obtain

Hd((ld — /\nT)(l‘m), (1 — )\n)T(l‘m))

= sup { inf (1= Ap)vm — T + )\nwm}
Wi €T (T1m) Vi €T (T 1)

sup { inf  ||(1 = Ap)vm + Apwa, — )\mxm/x\mﬂ}
Wy, €T (T 1) Vm €T (Tm)

< (1 - Am)”mm//\mu
S (1 - Am)M
Again, Lemma 1.3 with o = 1 — \,,, 8 = A, a0 = Uy, To = T /A, and

A =T(x,,) yields
Hd((l - )\n)T(xm)v (Id - )\nT)(fEm))

= sup { inf (1= X))o — xm + )\nme}
Vm €T (zrm) \WmET (m)

< (= Am)llzm/Am]

< (1= XAp)M.
Collecting the above estimates, we conclude that

H((1 =X )T (xm), Ta — AT () < (1= \p) M. (2.3)
To summarize, (2.1), (2.2), and (2.3) imply that

2.4
= u(n,m)Mv ( )

where the double sequence u,, ,, converges to 0, as n,m — oo.
Arguing by contradiction, assume that there exists €9 > 0, two subse-
quences (Zn, )s (Tm, )k, and kg = 1,2, ... such that

tk = ||xnk - JCWL@” 2 €0, VEk Z kO-

Then we distinguish between two cases:
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(i) v is nondecreasing. We have

u(nkymk)M 2 w(”xnk - xmk”) > 1/)(50) > 0.

Letting k — oo in (2.4) implies that ¥ (g9) = 0. Given the properties of
1, it follows that g = 0, a contradiction.
(ii) ¢ is continuous. Since T'(D) is bounded and z,, € A\, T(x,,), we have

0<eo<tr < (Amy, +An, )M < 2M.

Taking again subsequences, if need be, the real sequence (1 )i converges
to some limit tg > g, as k — 4o00. The function v being continuous
together with the property ©(r) = 0 <= r = 0, we find that ¥(ty) > 0,
while, by (2.4), ¥(to) = limg— 400 ¥ (tx) = 0, a contradiction.

Therefore, we have proved that (x,),en is a Cauchy sequence in D. The
subset D being closed in the Banach space X, the sequence (x,)nen C D
converges to some limit x € D.

Claim 2. x is the unique fized point of T. Using Lemma 1.1 and the nonex-
pansiveness of T, we get
d(z, T(z)) < d(z,2n) + d(@n, T(2))
< d(z,zp) + d(@n, T(z,)) + H(T(z,), T(x))

Sllz—wzpll+  inf  flzn — ol + [|2n — 2
Yn €T (xy

n

1
<2l =l + (1 3 ) el
Passing to the limit as n — oo, we get d(z, T(z)) = 0, that is « € T'(x).

To check the uniqueness of the fixed point, consider z,y € D two pos-
sible fixed points of T'. Since (I — A\,,)T is expansive, we have

Y(llz —yl) < H((a — An)T(2), (Ia = AnT)(y))
< H((Ia = AnT)(2), (1 = An)T (2))
+ H((1 = A)T(2), (1= Aa)T(y))
+ H((1 = 2)T(y), (Ia = AaT)(y))-

We have to deal with each term of the right-hand side.
For all z1, 29 € T(x), we have

[ = Anzy — (1= M)zl = [l = b2y, 22)|,
where b(x1,x2) = Apx1 + (1 — \p)xe € T(x), for T is convex valued. Since

inf |z —b(z1,22)|| =0 and inf ||z —b(z1,x2)]| =0,
x2€T () z1€T(x)

we deduce that
H((Ia = AnT)(2), (1 = An)T(2)) = Ha((Ia — A T)(2), (1 = An)T'(2))

= sup inf |lo—Axr — (1= Ap)za||
zo €T (x) T1 €T (x)

=0.
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In the same way, we can check that
H((l - An)T(y)a (Id - )\nT)(y)) = 0.
Regarding the second term, we have by the nonexpansiveness of T
Y(llz —yll) < H((1 = Xa)T(2), (1 = A)T(y))
< (1=l —yll
< (1—A,)2M.

Letting n — oo guarantees that ¢ (||z — y||) = 0, hence ||z — y|| = 0. The
proof of Theorem 2.1 is completed. O

Remark 2.1. (a) If D is bounded, then so is T'(D), as already seen in the
single-valued case (see, e.g., [9, Lemma 1.1]) and the situation is the
same for k-contractions multivalued mappings 7' : X ~» Y. Indeed, B is
a bounded subset of X, z,z¢ € B, then, by Lemma 1.1:

lyll <[[Tx|| < H(Tx, Two) + | Twol| < kllz — zoll + [[zoll, Vy € T

(b) Convexity of D is required for T}, to self-map the subset D with T}, (z) =
AT (z) + (1= A\,){0} C D.

(¢) The closure of values of T comes from application of Covitz—Nadler
Theorem 1.6, while convexity of values is required in the proof of The-
orem 2.1.

3. Consequences

Immediately, we have:

Theorem 3.1. Let X be a Banach space, D > 0 a nonempty closed convex
subset, and T : D ~~ CLC(X) a multivalued map with T (D) bounded. Assume
that T is a nonexpansive mapping and (1q — T) is Y-expansive. Then T has
a unique fixed point in D.

The proof of this theorem is the same as in Theorem 2.1, where (A, )nen
C (0,1]. We only check the triangle inequality in Claim 1:
Yz — zml]) < H((Ia = T)zn, (Ila — T)zm)
<H((Iqg = T)zn, (1= X)T(2))
+ H((1 = A)T(2n), (1 = An)T'(21))
+ H((1 = An)T(2m), Ta — T)Xm).

When T is a single-valued mapping, we first recover from Theorem 2.1,
a result proved by Garcia-Falset in 2010 (see [12, Proposition 3.4]).

Corollary 3.2. Let X be a Banach space, C > 0 a bounded convex closed
subset of X, and T : C — C' a nonexpansive mapping such that (Iq —T) is
-expansive. Then, T has a unique fixed point in C'.



49 Page 8 of 21 Z. Bounegab and S. Djebali MJOM

Next, we prove a Krasnosel’skii type fixed point theorem. We will make
use of a result proved by Rybinski [23] for contractive mappings, namely
[23, Thm. 1]. The latter result turns out to be still valid for nonexpansive
mappings. The proof, just an adaptation based on two technical lemmas,
follows the same lines and thus is not reproduced.

Lemma 3.3. Let X be a paracompact topological space andY be a closed subset
of Banach space E. Let T : X x Y ~» CLC(Y) be such that for every x € X,
T(z,.) is nonexpansive in the second argument y, and for every y € Y, the
multivalued mapping T(.,y) is l.s.c. on Y. Then there exists a continuous
mapping h: X xY —Y such that h(z,y) € Pr(z) ={z €Y : ze€T(x,2)},
for every (z,y) € X x Y.

As a consequence, the following result extends Theorem [7, Thm. 3.2].
Corollary 3.4. Let D be a bounded closed convex subset of X and let Ty :
X ~ CLC(X) and Ty : D ~» BC(D) be two multivalued mappings satisfying

(a) Ty is a nonexpansive mapping and (g — Ty) is ¥-expansive,
(b) Ty is l.s.c. and compact,
(¢) for allz,y € D, Thx + Ty C D.

Then the sum Ty + T has a fixed point in D.

Proof. Define the multivalued operator T : X x D ~» CLC(X) by T(x,y) =
Ts(x) + Ti(y). First, we show that T(x,y) is a nonexpansive multivalued
mapping in y, for each fixed z € X. Let y1,y2 € X be arbitrary, then by
Lemma 1.4,

H(T(z,y1),T(x,y2)) = H(Tox + Tiy1, Tox + T1y2)
< H(Tyy1, Tryz)
<y — w2l

i.e., the multivalued operator T, (.) = T(z,.) is nonexpansive. In addition,
(Iq — T) is v-expansive, which follows from Lemma 1.4. Indeed,

H((Ia = T2) (1), (Ia = T2)(y2)) = H(yr — (Toex + T1y1), y2 — (Tox + Tay2))
> H(y1 — (Tox + Thyy) + Tox,
yo — (Tow + Try) + Tox)
= H(y1 — Try1,y2 — T1y2)
> Y((lyr — val))-

By Theorem 2.1, T, (.) has a unique fixed point y, € Ty (y.). Hence, Pr(z) =
{z€D:zeT(x,z)} = {y.}. Moreover, T(.,.) satisfies all conditions of
the nonexpansive version of [23, Thm. 1]. As a consequence, there exists a
continuous mapping h : X x D — X such that h(z,y) € Pp(z), that is

Va € X, there exists a unique y, € D : h(z,y.) = {y. }.
In particular, this defines a single-valued mapping

0: = h(z,z),
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from X to X. We have that ¢ is compact on D. Since Ty is compact, T»(D)
is totally bounded. Let £ > 0. Then there exists Y = {y1,...,y,} C X such
that
T3(D) C Ui To(ys) + B(0,9(e)).
In particular, for each y € D, we have that Tx(y) C U To(y;) + B(0,¢(¢))
and there exists yr, € Y (1 < k < n) such that
H(Tx(y), Ta(yx)) < ¥(e).

By definition of Pr(z), o(y) € T>(y)+T1(o(y)) and o(yx) € Ta(yr)+T1(o(y))-
Thus, (Iq — T1)o(y) C To(y) and (Ig — T1)o(yx) C To(yk). Since Ty is ¢—
expansive, we deduce that

Y(llo(y) — olyr)|) < H((Ia — T1)o(y), (Ia — T1)o(yx)) (3.1)
< H(Ta(y), Ta(yr)) (3.2)
< (). (3.3)

(a) If v is continuous, then so is ¥»~1. By (3.1) there exists 1 such that
Y(|lo(y) — o(yr)ll) — ¥(e) < no. Thus for all § > 0, we have

[ @ le(y) — e(y)ll) — &~ (W ()] <6,

that is, |||o(y) — o(yx)|| — €] < d. The number § being arbitrary, we get
lo(y) — e(yr)ll <e.
(b) If 4 is nondecreasing, then | o(y) — o(yx)| < e.
We have proved that, for each y € D, there exist y, € Y such that o(y) C
B(o(yk), ), that is, o(D) C U B(o(y:), ), showing that g is compact.
As a consequence, by Schauder s fixed point theorem, there is some z*
such that

z* = po(z") = h(z",2") € T (0(z")) = T'(z", (o(z™))
=T(z* z*) = Ta(z*) + Ty (z*),

a fixed point of the sum operator T + T5. O

The third result concerns the existence of a fixed point for the product
of two nonexpansive mappings in a Banach algebra X. The proof follows
the same lines as in Corollary 3.4 applied to the product mapping T'(x,y) =
Tix.Toy by making use of Lemma 1.5. We omit the proof.

Corollary 3.5. Let D be a nonempty and closed subset of a Banach algebra
X and let Th : D ~ BC(X),To : D ~ BC(X) be two multivalued operators
such that

(a) Ty is a nonexpansive mapping,

(b) Ty is l.s.c. compact and ||To(D)|| =M <1,

(c) for ally € D, 14(.) — Th(.)T2(y) is v—expansive,

(d) Th(z)T>(y) is a convex subset of D, for each x,y € D.
Then the product T = T1.T5 has a fized point in D.
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4. Applications: Functional Integral Inclusions

Given a closed bounded interval of the real line J = [0,1] in R, L'(J,R)
and L>(J,R) will denote the Lebesgue spaces of integrable and essentially
bounded functions, respectively. These are Banach spaces with norms in L'
and L denoted by ||.||[1 and |.||, respectively. The space of real contin-
uous functions on J, X = C(J,R) is endowed with the sup-norm |z| =

Supye s [2(1)]-

4.1. Example 1

Consider the following functional integral inclusion:
t
2(t) € F(t, (1)) +/ k(t,$)G(s,2(s))ds, te (4.1)
0

where k : J x J — Ris L and F,G : J x R ~» CLC(R). By solution of
problem 4.1, we mean a function x € C(J,R) such that

z(t) = v1(t) —l—/o k(t,s)va(s)ds, teJ,

where vy (t) € F(t,z(t)), va(t) € G(t,z(t)), v1 € C*(J,R), and va € L' (J,R).
First, recall:

Definition 4.1. A multivalued map G : J x R ~ KC(R) is said to be L'-
Carathéodory if

(a) the mapping ¢ — G(t,z) is measurable for each = € R,

(b) the mapping x — G(t,x) is upper semi-continuous for almost all ¢t € J,

(c) for each real number p > 0, there exists a function g, € L'([0,1],RT)
such that

|G(t,u)|| = sup{|v|: v e G(t,u)} < g,(t), ae. t e

and for all v € R with |u| < p, i.e., G is locally integrably bounded. (G
is integrably bounded whenever g does not depend on p).

For any function z, consider the selection set
Sc.. = {ve L*[0,1],R) : v(t) € G(t,x(t)), ae.teJ}

When G is L'-Carathéodory, we know from a result due to Lasota and Opial
[18] that for each € C(J,R), the set Sg . is nonempty. Our first existence
result in this section is:

Theorem 4.1. Assume that

(Hy) F : J xR ~ KC(R) is a nonexpansive mapping and (Iq — F) is 1)-
expansive in its second argument,
(Hz) there exists 0 < L < 1 such that

H(F(t,z),F(t,0)) < L|x|, for eachx € R andt € J,
(H3) G:J xR~ KC(R) is L'-Carathéodory,
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(Hy) there exists a real number r > 0 such that
> IE@ O + [Ikfollgrlls
- 1—-L
Then problem (4.1) has a solution in C(J,R).

Remark 4.1. Of course, when G is integrably bounded, Assumption (Hy) is
not needed.

Proof. Let D = B(0,r) be the closed ball in X centered at the origin, with
radius 7 in X, where the real number r satisfies (Hy4). Define the operators

Tia(t) = F(t,x(t), teJ (4.2)

and
t
Tow := {u € X :u(t) = / k(t,s)v(s)ds, teJ, ve SG@} . (4.3)
0
Then problem (4.1) is equivalent to the operational inclusion

x(t) € Tha(t) + Tox(t), teJ (4.4)

For i = 1,2, T;(x) are shortened here to T;z. We will show that the multi-
valued operators T7 and T» satisfy all conditions of Corollary 3.4. Clearly,
Ty and T are well defined since Sg, # 0 and Sg, # 0 for each z € X.
Moreover by (Hz), T1 : X ~» CLC(R) is a nonexpansive multivalued mapping
and (Ig — T1) is Y-expansive.

Claim 1. Ty takes bounded convex values. Given x € D and y € Ty, there is
a v € Sg 4 such that

1
y(t) = / k(t,s)v(s)ds, t € J.

0

By (Hs), we have for all t € J,

w(t)] < / k(. )lo(s)[ds < / k(t, )Gt 2(2)) | ds

1
S/O k(t, 5)l|gr(s)|ds < [|E]lso[lgrl1-
Then,

1Yl < [IElloollgrl1-

Hence, T has bounded values. Let u;, us € T, then there exist v1,v2 € Sg »
such that

ui(t) = /0 k(t,s)vi(s)dst € J and ua(t) :/0 k(t,s)va(s)ds te

For X € [0,1], we write

Aup(t) + (1 — Nua(t) = /0 k(t,s)(Avi(s) + (1 — XNva(s))ds

= / k(t, s)v(s)ds,

0
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where v(t) = Avy(t) + (1 — Nwa(t) € G(t,z(t)) for G takes convex values.
Thus, Thx is convex for each z € X.

Claim 2. Ty is lower semi-continuous on D. Let (z,) be a sequence that
converges to some limit 29 in X and let V= B(0,4), § > 0 be the open ball
of X centered at the origin with radius § such that Tobxo NV # 0. Then there
exists yo € Toxo with ||yol/sc < & and there exists vy € Sg 4, such that

yo(t) = /Ot k(t, s)vg(s)ds, teJ.

We can show that |yo(t)] < |klleollgrlli < 6. Since, by (Hs), G is L'-
Carathéodory, then G(t,z,) C G(t,x9) + €B(0,1), for all ¢ > 0 and large
enough n. To show that Tow, NV # 0, let y, € Tyx,. Then there exists
Uy € Sa,z, C (Sa,z, +€B(0,1)) such that

t
yn(t) = / k(t, )on(s)ds, ¢ € J.
0
Moreover, there exist v € Sg 4,, b € B(0,1) such that v, = v + €b. Hence,
|un] < |v] 4+ e. As in Claim 1, we have the estimate:

lyn ()] = <0+ [|k]looe

/Ot k(t,s)(v(s) +eb)ds

Letting ¢ — 0, there exists y € Tyx,, such that [|y2]|oc < &. Thus, Toz, NV #
(). This shows that 7% is lower semi-continuous on X.

Claim 3. For all z,y € D, Thx + Toy C D. For this let uy € Tlx and ug €
Toy. Then there exists vo € S, such that ug(t fo (t,s)va(s)ds, t € J.
Using (Hs) and (H3), we get

lua (t) + w2 (t)| = |ui (t) / k(t, s)va(s)ds|

< Jua(8)] + / Ik(t, s)ua(s)]ds
0
< IF )] + [Flloolgo I
< L]l + I1F(t 0) | + [Kllocllgs 1.
Hence,
s+ wsl] < L+ [|F(6 0) | + [ llocllge 1

By Assumption (Hy), we deduce that ||u; + us]ec < 7, proving our claim.
Finally, the compactness of T5 can be shown using Ascoli-Arzela Lemma both
with Assumption (H3) (see the proof of [7, Theorem 4.1]). We conclude that
the operators T7, T5 satisfy all conditions of Corollary 3.4. As a consequence,
the functional integral inclusion (4.1) admits a continuous solution on J.

O
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4.2. Example 2
Our second result concerns the following differential inclusion:

t t
x(t) 6/ k1 (t, s)F(s,x(s))der/ ko(t,s)G(s,z(s))ds, tedJ, (4.5)
0 0
where the kernels k1, ks : J x J — R are L°°. We have:

Theorem 4.2. Assume that
(Hy) F,G:J xR~ KC(R) are L*-Carathéodory multivalued mappings,
(Hz) there exists a function | € L*(J,R") such that

H(F(t,z), F(t,y)) <l(t)|z—y|, ae t€]0,1] and z,y € R,
(Hs) for all x,y € X there exists ug € Spo and vg € S,y such that

1(t)

t
fuo —voll < Dz~ g, ae.tepo.1)
(Hy) there exists a real number r > 0 such that
s [Elloo P + [lk2lloolgr 12
L= R oo /2

where F = fol | F(s,0)]ds.

and_|[lf1][k1]leo <1,

Then problem (4.5) has a solution in C(J,R).
Proof. Let D = B (0,r), where 7 is as introduced in Hypothesis (Hy). Define
the operators
t
Tyx = {u e X :ut)= / ki(t,s)v(s)ds, teJ, ve S’F@} (4.6)
0
and
¢
Tox = {u e X ut)= / ka(t,s)v(s)ds, teJ, ve SG,w} . (4.7)
0
Then problem (4.5) is equivalent to the operator inclusion

re€The+Tr, xze€D. (4.8)

The fact that T5 takes bounded convex values, is lower semi-continuous on
D, and compact can be proved as in Theorem 4.1.

Claim 1. T} is a nonexpansive mapping and (Iq — T1) is ¥-expansive. Let

z,y € X and u; € Thz. Then there is a v; € Sp, such that

uq (t) :/0 k1 (t,s)vi(s)ds, teJ.

By Hypothesis (Hs), there exists w € F(-,y(-)) such that
lo1(t) —w| < U(t)|x(t) —y(t)], ae te
Then the multivalued operator U defined by U(t) = S, N K(t), where
K(t)={w e R:|vi(t) — w| <I(t)|x(t) — y(t)], ae. teJ}
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has nonempty values and is measurable. Let vy be a measurable selection
for U, which exists by Kuratowski-Ryll-Nardzewski Selection Theorem (see
[2,4]). Then vy € F(-,y(+)) and

[v1(t) —we(t)] < U(E)|x(t) —y(t)], ae te.
Define

t
P = / ki (t 8)va(s)ds, € J.
0
Then us € Ty and

/Ot k1 (t, s)vi(s)ds — /ot Ky (¢, )va(s)ds

|ur (t) — ua(t)] <

§/0 k1 (t,s)v1(s) —va(s)|ds

< [ e - vlas
< [kalloo 21l = wll-
As a consequence for all z,y € X and all uy € Tyz, we have
d(ur, Tvy) < [lur — wall < [[k1[loolltll1 ]|z — -
Hence,
H(Tyz, Tvy) < ||k1|loolll]l1]|z —yl|, for all z,y € X.

Since ||k1]|o]l]1 < 1, T} is a nonexpansive mapping. By Hypothesis (H3), we
can find ug, vy such that

killoo |l
g vl < Polo=llliny, (49)
where u(t) = fgk (t,s)up(s)ds and vf(t fo ki(t, s)vg(s)ds for t € J.
Let w [O,oo [0,00) be the contlnuous nondecreasing function defined
by ¥ (r 1-— ”h”""'”” ) r. For all z,y € X, we have the estimates, where
u € Tlx
||k1||oo||l||1

(= yl) = lle =yl = [Eall
<z —w) = (y - Uo)” + llu = ugll + llug — ol

Bl
eyl
, o Dl
SH@—u%%y—%w+Wu—%H+——§L—wx—w
killooll
sl

< itz = w) = (y = vg)l| + [lu = ugll
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Therefore,
Yz —yll) < nf {lil@ —u) = (y = vo)ll + [lu — g}
< _ ok
< nf e —w - (- ).

As a consequence,

Y(llz —yll) < Ha((la = Th)y, (Ia = T1)x).

Interchanging the roles of x, y, we obtain that the multivalued mapping (I4 —
T)) is w-expansive.

Claim 2. For all x,y € D, Tyx 4+ Toy € D. For this purpose, let u; € Tiz
and us € Tyy. Then there exist v1 € Spe and vy € Sg, such that ui(t) =
fot ki(t,s)v1(s)ds and uo(t fo ko(t, s)va(s)ds, t € J. Let ug € Sp, and
vy € Spyo satisfy condltlon (Hs). Then for all t € [0,1], v € F(t,z), and all
w e SF@,

[w(t)] < [v(t) — uo(t)] + [uo(t) — vo(t)] + [vo ()]
< o) —w(®)| + |w(t) —uo(t)] + l%)IIIH +[1F @, 0)]-
Taking the infimum over w € Sp, yields

1)

w0 < Qi+ 172.0).
Then,
lui(t) +ua(t)| = / ki(t,s)vi(s ds+/ ka(t, s)va(s)ds
/|k1tsvl |+/\k2t5 s)|
_/ |k1<t,s>|(”|| I+ IF (@, o>|)ds+||k2||oo||gr||1
k ool
< Werlilitlly ||+Hk1HOO/ 1E (s, 0)[[ds + [kalloollge 1
Finally,

[[ur + ual| < 4 [l F + [[K2lloclgr 1,

[[1 | o112
2
which implies, by Assumption (Hj), that ||ug + ualle < 7.
We conclude that the operators 77,75 satisfy all conditions of Corol-
lary 3.4, proving that the functional integral inclusion (4.5) has a solution in
X.

O
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4.3. Example 3

Our third application makes use of Corollary 3.5. Given a closed bounded
interval J = [0,a], a > 0 of the real line, consider the differential inclusion

{ (72295) € k)Gt x(), 1€ ] (4.10)
z(0) = x0 € R,

where f : J x R — R\{0} is continuous, w € R, k : J — R is a bounded
function, and G : J x R ~» KC(R). By solution of problem (4.10), it is meant
a function x € AC(J,R) such that

(a) the function ¢ — f(f(iwt()t)) is differentiable, and

i
(b) (%) =v(t), t € J for some v € L'(J,R) with v(t) € G(t,z(t)),

ae. teJ.

Here, AC(J,R) is the space of all absolutely continuous real-valued func-
tions in J. Problem (4.10) has been discussed in the literature in the partic-
ular case where f(¢t,2) = 1 and k(¢t) = 1, that is:

'€ G(t,z(t)), t € J,
{x(()) =z9€R (4.11)
(see Aubin and Celina [1, Chapter 2], Deimling [5]). Also, the problem
x(t !
(7)€ Gltat), ted (4.12)
z(0) =z €R

was discussed by Dhage [6] under mixed generalized Lipschitz and
Carathéodory conditions. Problem 4.10 is investigated here under nonex-
pansive and Carathéodory conditions. Recall the norm ||z|| = sup,¢; |(t)| in
C(J,R) and consider the hypotheses:

(Hy) The function f is bounded on J x R — R\{0} with bound K > 0, and
x — f(t,x) is a nonexpansive mapping.
(Hs) The multivalued operator G : J x R ~ KC(R) is L!-Carathéodory.

Theorem 4.3. Further to Hypotheses (Hy),(Hz), assume that

o
f(oa xO)
Then problem 4.11 has a solution in C(J,R).

] T lelellgll < 1. (413)

Proof. Let D = B(0,r) be the closed ball in X centered at the origin and
with radius r = K (‘% + ||kHolo||1) Define the operators 17,75 for
te J by

Tia(t) = f(t2(t)) (4.14)

and

= u LU :L t S)vls)das v . .
sz(t)_{ € X : ult) f(t’x0)+/0k()()d, esg,m} (4.15)
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Then the differential inclusion (4.11) is equivalent to the operational inclu-
sion:

2(t) € Tva(t)Thz(t), te . (4.16)

We will show that the multivalued operators T and 75 satisfy all conditions
of Corollary 3.5. Clearly, T is well defined and T5 is also well defined for
Sc.e # 0, for each z € X. Moreover by Hypothesis (Hy), Th : X ~» CLC(R)
is a nonexpansive multivalued mapping. The fact that 7o takes bounded
convex values, is lower semi-continuous on D, and compact can be proved as
Theorem 4.1.

Claim 1. ||T3(D)| < 1. Given x € D, there exist w € Tox and u € S¢ , such
that

= o t sjul(s)ds
wlt) = %+ [ Ko
We have
= & t S)u(s)ds
wlt) = | Frges + [ Fo)uts)d
ZTo ¢
< 7|+ | @ uas
Zo ¢
< s |+ [ ke laolas.
Then,
Zo
ol < | s |+ el

Our claim then follows from condition (4.13).

Claim 2. ThxT5y is a convex subset of D for each x,y € D. Let x,y € D be
arbitrary and w, z € D. Then there exist u,v € Sg,y such that

w= st (gt [ Kopu(oyas)

and

2 = f(t,a(t) (f((fx) +f t k(s)v(s)ds) |
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For A € [0, 1], we have

2w+ (1 =Nz = Af(t,x(t)) (f((jjoxo) +/O k(s)u(s)ds)

=N () (f((fx) o t k<s)u<s>ds)

= f(tx(t)) (A (}c((foxo) + /Ot k(s)u(s)ds)

+(1-N) (f((“fomo) + /Ot k(s)v(s)ds)

t
Lo

= f(t,z(t (Jr/ k(s)(Au(s) + (1 — Xo(s ds).

(t, (t)) 7.0 T, (s)(Au(s) + (1 = Au(s))
Since G(t, y(t)) is convex, then w(t) = Au(t) + (1 — N)v(t) € G(t,y(t)), for all
t € J. Then w € Sg,, and Aw + (1 — N)z € ThaTsy, showing that ThaThy is
a convex subset of X. Moreover,

) + (1= 02001 < )] | 7| + [ )0 o)

< 150w s |+ 1 [ atehas.

Hence,

o ) ’
f(0,0) f(0, )

As a consequence, TyixTby is a convex subset of D, for all z,y € D.

I + (1 X)) < Ifll‘

T llglliklh < & (\ n ||k||||g||1) |

Claim 3. (Ig — T7(\)T2(y)) is -expansive, for all y € D. Let x,y € D,
u € Sy, and ¢ : [0,00) — [0, 00) given by

00) = (1= | | - sl )

Clearly, v is a continuous nondecreasing function. In addition, the following
estimates hold:

il =210 = (1= | 7| = Wl ) e =21

oz () - si020) (7o + t ke)uts)is) )

_ <(f(t,x(t)) — f(t, 2(1)) (f(?xo) T /Otk(s)u(s)(h» H

(| s+ Wl ) o - 21

= f(t,2(t)) ( el t k(s)u(s)ds)

<
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2+ £t (1)) <f(§0x0) * /Ot k(s)“(s)ds) H

1f (8 2(8)) — f(& 2())]

7}((850360) +/0 k(s)u(s)ds)

(|0 |+ g ) e - =1
x—ﬂuum(f£;0+éﬁmmwma
—z+ f(t, 2(1) (& + /Ot k(s)u(s)ds) H

Lo

””—ﬂﬂﬂamﬁ+wmmg
—(b£2®+kagl)m_4L

Interchanging the roles of x and z yields the estimate:
(o = 2l)) < H(la(z) = Ti(2)T(y), la(2) — Ti(2)Ta(y)), for allz,y € D.

Finally, 77 and 75 satisfy all conditions of Corollary 3.5, showing that the
operator inclusion 7175 has a fixed point, solution to problem (4.11).

<
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