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Abstract. In this paper, we are mainly concerned with a one-dimensional
wave control system. We assert the existence of non-orthogonal fusion
frames by extending this problem to a theoretical one introduced by Sz.
Nagy (Acta Sci Math Szeged 14, 1951). The key idea of this work is
based on the estimate inspired from Sz. Nagy (1951) using the spectral
analysis method. More precisely, we prove that if the eigenvalues of the
unperturbed operator are isolated and with finite multiplicity, we can
construct non-orthogonal fusion frames.
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1. Introduction
In the present paper, we consider the following one-dimensional string equa-
tion
Wit (T, 1) — Wap(z,t) =0, 0<2x <1, t>0, (1.1)
where w(z,t) denotes the transversal displacement of the string depart from
its equilibrium position at x and time ¢. The initial conditions are given by
w(z,0) = wo(z), wi(z,0)=wi(z),

whereas the Neumann boundary conditions are

we(0,1) = ua(t)

wg(1,t) = ua(t),

where u;(t),j = 1,2 designate the control input. To stabilize Eq. (1.1), many
authors such as Kobayashi [15] and Xu [17] used various control strategies.
For instance, we adopt the following general linear controllers from [17,19]

ui(t) = kaw(0, 1) +~yw(0,t)
{Uz(t) = —kowy(1,t) ! sw(l,t), (1.2)
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where
¥=>0, 6>0, k1 >0, ka>0 and ki +ka#0, ~v+0#0.
The abstract formulation of the problem is obtained by considering the fol-
lowing Hilbert space
X = H'(0,1) x L*(0,1),
where H'(0,1) is the usual Sobolev space order 1 and is equipped with the
inner product

(u,v) g ::/0 o' ()0 (x)dz 4+ yu(0)v(0) + du(1)v(1).

The inner product of two elements F' = (f1, f2), G = (g1,92) € X is defined
by

(F,G)x —/ F@)F @Az + 1 f(0)3:(0) +8H(1 /fz

Here and hereafter we use the notation u'(z) = 4% =
Define the operator A in X' by

D(A) == {(u,v) € H*(0,1) x H'(0,1) such that u/(0) = yu(0) + k1v(0),

(1) = —=du(1) — kav(1)}, (1.3)
Au,v) = (v,u"),  (u,v) € D(A). (1.4)

With the help of these notations, we can rewrite Eq. (1.1) into an evolutionary

equation in X:
IW(t) =AW (), t>0,
W(0) =W,
where W (t) := (w(x,t), w(x,t)) and Wy := (wo(z), w1 (z)).

It is interesting to note that in control and transport theory, it is very
difficult to show that a system satisfies the spectrum determined growth con-
dition. So, using the spectrum of the system operator to verify this property
becomes an attractive alternative. The authors in literatures achieved this
aim by studying the asymptotic behavior of the spectrum such as in [12,13]
or by proving the Riesz basis property of the eigenvectors of the system op-
erator (see [11,17,18]).

However, the Riesz basis property is not always verified. For instance, in
Egs. (1.2) and (1.3) if we assume that ky = 1 and k3 > 0 then the eigenvectors
of the system operator (1.4) fail to form a basis since sup,, || P, | = oo, where
P, is the eigenprojection corresponding to the isolated eigenvalue A\, of A.
So, can we extend the Riesz basis property to the notion of non-orthogonal
fusion frame?

The motivations for studying such a generalization are various and
meaningful. In fact, the concept of non-orthogonal fusion frame was initially
motivated by Cahill et al. [4] as a slight modification of the fusion frame (or
frame of subspaces) which has been established by Casazza and Kutyniok
[5] as a natural generalization of frame theory. The relevance of this notion,
as remarked in [5], is that it gives criteria for constructing a frame for H
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by joining sequences of frames for subspaces of H. This notion has been in-
tensely studied during the last years and several new applications has been
discovered. The difference between the non-orthogonal fusion frames and the
fusion frames is the use of the non-orthogonal projections instead of orthog-
onal projections.

Among this direction and in order to provide a positive answer, we are
interested in this paper by an analytic operator investigated in some valuable
papers such as [3,7-10,16]. More precisely, we deal with the following operator

T(e):=To+eh +*Tp+ -+ T +-- -, (1.5)

where € € C, Ty is a closed densely defined linear operator on a separable
Hilbert space H with domain D(Ty) while Ty, T5, ... are linear operators on
‘H having the same domain D D D(Ty) and satisfying

IThell < ¢*Hallell + bllToell)

for all ¢ € D(Tp) and for all k > 1, where a,b and ¢ are positive constants.

Motivated by a classical work due to Sz. Nagy [16], we study the exis-
tence of non-orthogonal fusion frames related to the perturbed operator (1.5).
Indeed, in [16] the author proved that if we designate by P,, the eigenprojec-
tion of Ty related to the eigenvalue A, then for |¢| enough small there exists
a sequence of eigenprojections { P, (¢)}nen~ of T'(¢) that can be developed as
entire series of € as follow:

Po(e) =P, +ePy1+&*Puo+---. (1.6)

Based on the estimates given in [16], we establish, under sufficient conditions,
the existence of a sequence of complex numbers (g, ),en+ and a sequence of
eigenprojections {P, () }nen+ of (T'(€y))nen- having the form (1.6) such
that the system {P,(e,),vn nen~ i a non-orthogonal fusion frame for H,
where (vy,)nen+ is a family of weight.

Note here that Eq. (1.6) plays a crucial role in the existence of the non-
orthogonal fusion frame related to the perturbed operator (1.5). In fact, it
allows us to get a considerable improvement to the results developed in [3]
and [10] since the eigenvalue A, of T is not necessarily with multiplicity one.

However, the non-orthogonal fusion frame {P,, (), vy, }nen+ depends on
(en)nen~. Further, it is related to a sequence of operators (T'(e;,))nen- and
not to the operator (1.5).

In this context and in order to get such improvements, we study the
existence of a fixed ¢ for which the families {P,(¢), v, }1' U {Pn(en), vn} %41
and {P,(¢), v} U{ P, v}, (N > 1) form non-orthogonal fusion frames
for H. More precisely, we show that for |¢| enough small the first NV projections
coincide with a sequence of eigenprojections (P, (€))1<n<n of T'(e) that can
be developed as an entire series of €.

Again, these families more or less rely on e. Indeed, it is clear here that
either the first N projections are associated to the perturbed operator T'(¢)
or all the projections are related to a sequence of operators (T'(g,,))nen+. So,
can we assure the existence of a fixed complex number ¢ so that the family
{P,(€),vn }nen~ is a non-orthogonal fusion frame for H?
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In order to get a positive answer, we provide sufficient conditions assur-
ing the existence of a non-orthogonal fusion frame for a fixed complex number
e. In fact, based on the spectral analysis developed in [16], we show that for
le| enough small the family {P,(g), v, }nen+ associated to the perturbed op-
erator (1.5) forms a non-orthogonal fusion frame for H. Here the sequence
of eigenprojection (P, (g)),, is associated to T'(¢) and can be developed as an
entire series of ¢.

The content of the present paper is as follows: In the next section, we
state some definitions and preliminary results concerning the concept non-
orthogonal fusion frames and function of finite order. We advise that section
3 contributes to the main body of this paper. In this section, we prove the
existence of non-orthogonal fusion frames where the eigenvalues of Tj are not
necessarily simple. In the last section, an application to a one-dimensional
controlled wave system is presented.

2. Preliminaries

The objective of this section is to present some definitions and basic properties
concerning the notion of fusion frames and non-orthogonal fusion frames that
will be needed in the sequel. To this interest, let H denotes a separable Hilbert
space and I a countable index set.

We begin this part by introducing the concept of frames of subspaces
which have been renamed, recently, as fusion frames. This new concept can
be considered as a generalization of frames (see [5]).

Definition 2.1. An operator P € £L(H) is called a projection if P? = P. If in
addition we have P* = P then P is called an orthogonal projection. O

Definition 2.2 [5]. Let {W;};c; be a family of closed subspaces in H and
let {w;}ier be a family of weights, i.e., w; > 0 for all i € I. Then, we
say that {W;};cr is a frame of subspaces with respect to {w;};c; for H
(or {(W;,w;)}ier is a fusion frame), if there exist constants 0 < A <B < oo
such that

AP <Y wilmw, (NP <BIFIP, forall feH,

i€l

where myy, is the orthogonal projection onto the subspace W;. The numbers
A, B are called the fusion frame bounds. &

Now, we give a formal definition of non-orthogonal fusion frames which
are a modification of fusion frames with a sequence of non-orthogonal pro-
jections operators.

Definition 2.3 [4]. Let {W, };cr be a sequence of closed subspaces in H and let
{w;}icr be a family of weights, i.e., w; > 0 for all i € I. For each i € T let Py,
be a projection onto W;. Then, we say that { Py, w; }icr is a non-orthogonal
fusion frame for H, if there exist constants 0 < A < B < oo such that
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AIFIP <Y il Pw (NP < BIFI?, forall feH.

il
The numbers A, B are called the non-orthogonal fusion frame bounds. &

The following Theorem is an extension of [2, Proposition 2.4] to the
case of non-orthogonal fusion frame.

Theorem 2.1. Let { Pw,,w; }ier be a non-orthogonal fusion frame for H with
frame bounds A and B, {Z;}ic1 a family of closed subspaces in H and {v; }icr
a family of weights such that 0 < w; < v; < V/2w;. Suppose that there exists
an 0 < R < A such that

> lPw,(f) = Pz (PI* < RIfI?, forall feH,

i€l

where Py, (respectively, Pz,) denotes the non-orthogonal projection onto W;
(respectively, Z;). Then {Pgz,,v;}ticr i a non-orthogonal fusion frame with

frame bounds A (1 — \/E)Q and B (\/54— \/§>2. O

Proof. Let f € ‘H. Using Minkowski’s inequality, we have

s(2v$|PW,,<f>— ) <2v2||Pz ||2>é.

icl el

[y

(Z v?llei(f)HQ)

i€l
Hence, we obtain

1 1

z(ZvﬂPw |2> (Zv2||Pw<f le(f)||2>2

icl il

W=

(Z v?IIle(f)HQ)

i€l

> (Z w?| P, (f)||2> = (Z 1P, (f) Pzi(f)||2>2
> (ﬁ— VE) |11l -
Therefore,
2
ZI% 1Pz, (f)]? > A (1 - \/f) 1112
1€

Similarly, we have

Sl Paf ||2<B<f 742 ) 1712,

el
Indeed, it follows from Minkowski’s inequality that

1

(sznpw ||2>2.

i€l

S

iel i€l

(Z V2| Pz (f ||2> (Z o2 Pw. ( |2>
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Since w; < v; < V2w;, we get

1

(Zvﬂpzi(f)P) < (vanpwi(f) —Pz,i<f>||2> + <2Zw?||Pwi<f>|2>

i€l i€l el

< (VE+V2B) | Il

W=

Consequently, {Pz,,v;}icr is a non-orthogonal fusion frame with frame bo-
2 2

undSA(lf %) andB(\@Jr\/%). O

We close this part by recalling some results from [20] concerning function

of finite order.

Definition 2.4 [20, p. 61]. An entire function f(z) is said to be of exponential
type if the inequality

f(2)] < AePFl vzeC (2.1)

holds for some positive constants A and B.
The smallest of constants B such that (2.1) holds is said to be exponen-
tial type of f. &

Definition 2.5 [20, p. 63]. An entire function f(z) is said to be of finite order
if there exists a positive number k such that

M(r) = max{|f(z)| such that |z] =7} < e

as soon as r is “sufficiently large”, i.e., r > r(k). The greatest lower bound
of all positive numbers k for which this is true is called the order of the
function. %

Remark 2.1 [20, p. 64]. An entire function of exponential type is of finite
order at most 1. &

Theorem 2.2 [20, Theorem 5, p. 64]. If f(z) is an entire function of finite
order p, then

n(r) = O(rP+e)

for every positive number £, where n(r) denotes the number of zeros of f(z)
contained in the disk {z € C  such that |z] <r}. &

Theorem 2.3 [20, Theorem 6, p. 64]. If f(2) is an entire function of finite
order p and if z1, 22, 23, . . . are ils zeros, other than z = 0, then the series

>
n=1 ‘Zn|a

is convergent whenever o > p. &
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3. Main Results

In this section, we provide some sufficient conditions that ensure the existence
of non-orthogonal fusion frames related to the perturbed operator T'(g) [see
Eq. (1.5)] when the eigenvalues of T are not necessarily with multiplicity
one. Let then H be a separable Hilbert space and Tj a linear operator on H
verifying

(H1) Ty is closed with domain D(T}) dense in H.

(H2) The eigenvalues (A, )nen~ are isolated and with finite multiplicity.

Let 11,715,753, ... be linear operators on H having the same domain D and
satisfying the following hypothesis:
(H3) D D D(Tp) and there exist positive constants a,b and ¢ such that
forall kK >1

ITiell < ¢ Hallpll + bl Towll),  for all ¢ € D(Tp).

Let € be a non zero complex number and consider the eigenvalue problem

Top +eTip+Top+ -+ e Thp +--- = Ap
¢ € D(To)

Before going further, we state the following result established in [16] assuring

the convergence and the closure of the series >, - ek T

Theorem 3.1 [16, Theorem 3]. Assume that assumptions (H1) and (H3) hold.
Then for |g| < é, the series

Top +eTip+ & Top+ -+ Trp+ -

converges for all ¢ € D(Ty). If T(e)p denotes its limit, then T(g) is a linear

operator with domain D(Ty) and for |e| < ﬁ, the operator T'(€) is closed.$y

Let n € N* and A, the eigenvalue number n of the operator Ty. Since (Tp —
2I)~1 is an analytic function of z and ||(Tp — zI) || is a continuous function
of z then we designate by:

M, = max (Ty — 2, 1)1,

n n

Ny i= max | To(To = 2D) || = max [T+ 20 (To — 2nd) ™',

Zn €Chn

and
ap = abM,, + bN,,
dn

where C, = C(\,, ) the circle with center \,, and with radii r, = % and

dp, = d(Ap,0(Tp)\{\n}) is the distance between A, and o(Tp)\{A\.}.
Let P, be the eigenprojection for the eigenvalue )\, defined as:
1

Py = ——
211 Cn

(T — 2, 1) dz,,.

Now, we are ready to state the objective of this section.
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Theorem 3.2. Assume that hypotheses (H1)—(H3) hold and the family
{P,, W, }nen+ is a non-orthogonal fusion frame for H with lower and up-
per non-orthogonal fusion frame bounds A and B, respectively. Then, there
exist a sequence of complex numbers (e,)n and a sequence of projections
{Pn(en) }nen+ having the form

Pu(en) =Py +enPoi+eiPuo+ - +eiPoit -,

such that for |e,| < ﬂmanna“ffm(q_’_an) the family {Pn(en),Vn tnen=

forms a non-orthogonal fusion frame for H. Here {wy tnen+ and {vy bnens
are two families of weights verifying wy, < v, < v2w,. &

Remark 3.1. Notice that in [3, Theorem 3.2] the author proved the existence
of a Riesz basis associated to the perturbed operator T'(e,) using a spec-
tral analysis method based on the fact that the eigenvalues (A,)nens of T
are with multiplicity one. However, due to [6, Theorem 2.13|, a frame is a
Riesz basis if and only if it is w-linearly independent. Further, the concept
of non-orthogonal fusion frame can be viewed as a generalization of the one
of the frame. So, Theorem 3.2 can be considered as an extension of [3, The-
orem 3.2] to the non-orthogonal fusion frame. On the other hand, we assure
the existence of non-orthogonal fusion frame by assuming that (A, )nens are
not necessarily simple. &

Proof of Theorem 3.2. Let n € N* and z,, € C,,. We have
T(e) — 2,0 =Ty — 2] + Ty +2To + ...
= I+ (Ty — 2 D) "+ T (To — 2o 1) —...) (To — 2a1)
= (I +5)(To — znl), (3.1)
where

(oo}
Si=Y Ty — z0) "
k=1

Let ¢ € H such that ¢ # 0. It follows from hypothesis (H3) that

I1Sell <> lel*ITh(To — zD) " |
k=1

< el Y lel* " all(To = 2 d) 7 + bllzn(To — 20 )~ + 1)
k=1

(oo}
<ol S lel g an.
k=1
Hence,

oo
151 < D lel*e" .
k=1

Then, for |¢] < % we have
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So, for |e| < q+1an we get |[|S|| < 1 and I — S is invertible with bounded
inverse. Thus, Eq. (4.17) implies that T'(¢) — 2, is invertible with bounded
inverse. Consequently, for [e| < - +1% we obtain C, C p(T'(¢)). Hence, let
P, (¢) be the eigenprojection on W, . = R(P,(¢)) defined by

-1
i ).,

where R(P,(g)) designates the range of P,(¢). It follows from [16, p. 134]

that for |e| < q+1an we have

P.(e) =P, +ePy1+&*Puo+ - +ePi+ - (3.2)

P,(e): (T(¢) — z,0) " tdzy,

and
| P ill < 70Myom(g+ an)ifl, for all 7 > 1. (3.3)

For each eigenvalue \,, of Ty, we fix an ¢,, € C such that
V6A
TNV T My, + VOA(q + )

It is easy to see that |e,| < ﬁ%n, then Eqgs. (3.2) and (3.3) imply that P, (e,,)
can be developed as entire series of €, as follow

len] € |0,

Pn(sn) :Pn+5npn,l +53L-Pn,2++€zzpn,z+ )
with
| Pnill < rpMypo (g + an)ifl, for all 7 > 1.

Hence, we obtain

| Pr(en) — Pull =

o0
> enPu
=1
oo
<> el Pl
=1

oo
< lenlrnMuan (g + o)

i=1

oo
< raMyag|en| Z(|5n|(q + an))Fl'
i=1

V6.A
TNV, Ty My an+V6.A(g+an)

Since |e,| < , we get

n 'I'LMn n
1Pu(en) — Py < —onlralnon
1- |5n|(q + O‘n)

V6A
<

nmU,

If we denote by

R:= Zvi”Pn(gn) - PP?,
n=1
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Eq. (3.4) yields R < >°°° | -84, = A. Hence, we have

n2n2 T

> 02|Pu(en)f = PufIP < RIfI?, VfEH,

n=1
with R < A. Then, due to Theorem 2.1 the family {P,(g,), Vs }nen+ forms a
non-orthogonal fusion frame for H. O

Now, it remains to show the existence of a fixed complex number &
such that the families {P,(e),v,}Y U {Py(en), v}, and {Py(e), v} U
{Py,vn}% 4, are non-orthogonal fusion frames for H.

Theorem 3.3. Suppose that hypotheses (H1)—(H3) hold and the family
{Pp,Wn }nen+ is a non-orthogonal fusion frame for H with lower and upper
non-orthogonal fusion frame bounds A and B, respectively. Then, there exist

a sequence of complex numbers (e,)nen- and two sequences of projections
{Pu(&)}nen and {Pn(en) fnen- having the form

Pn(g):Pn+5Pn,1+52Pn,2+"'+€ipn7i+"'
Pn(en):Pn+€npn71+€$LP7L72+...+€%P”J‘+...

V6A *
such that for le| < TS (TP AP cy TP where N € N*, the
systems

(i) {Pu(e), o0} U {Pu(en), vn} N1

(i) {Pn(e), Un}{v U {anvn}?vo+1
form non-orthogonal fusion frames for H. Here {wy, }nen+ and {vy bnen+ are
two families of weights verifying w, < v, < V2w,. &

Remark 3.2. It is interesting to note that in Theorem 3.2 the obtained non-
orthogonal fusion frame depend on a sequence of complex numbers (&, ) pen- .
Further, they are related to a family of operators (T'(e,))nen+, whereas
in Theorem 3.3 the first N projections in the two non-orthogonal fusion
frames are associated to the perturbed operator T'(e) for a fixed complex
number e. &

Proof of Theorem 3.3. Let n € [1, N], N € N*. Clearly, we have
vV6A

lel <
SUP,,e1, ] (annrnMnan +V6A(q + Oln))
1
< .
q+ap

Hence, in view of [16, p. 134] the eigenprojection P, (g) can be developed as
entire series of ¢, i.e.,

Pn(‘sn):Pn+5nPn,1+5721Pn,2+"‘+5:zpn,i+"'a
with

| Pill < rnMpan(q+an)™t, foralli>1.
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So, we have

120 (€) = Pull =

ZE P
< Z e[| P
=1

o0
<Y el ra Mpam (g + o) ™

=1

o0
< TnMnO‘anl Z(|€|(q + an))i_l'

i=1

Consequently, we get
le|rn Mo,

[Pa(e) = Poll < —r7———
1—lel(q+ o)

V6A

< .

NIV,
Let n > N + 1. For each eigenvalue A, of Ty, we fix an ¢,, € C such that

V6A

(3.5)

en| € 10,

enl TNUR T My iy, + V6A(q + i)

As e, < Fan , thus following some ideas of the above we get
V6A

[1Pn(en) = Pull <

(3.6)

nmTU,
Now, let P,, € {P, ()} U{P,(,)}%,1- It follows from Egs. (3.5) and (3.6)

that
V6A
n\cn _Pn . .
[Pa(en) = Pall < 222 (3.7)
Setting

R:=> v|P, - Pl
n=1

then Eq. (3.7) implies that R < >°° = A. Therefore, we have

n=1 n27r2
S RUPT — Pufl? < RIFI, € H,
n=1
with R < A. Consequently, in view of Theorem 2.1 the family { P, (), v, } U
{Pu(en), 0}, forms a non-orthogonal fusion frame for H. This achieves
the proof of the first item.
The proof of the second item is similar to the one of the first item. [
We note here that the non-orthogonal fusion frames obtained above
depend totally on the sequence (&,,),, or partially on the fixed complex number
€. So, our objective now is to prove the existence of a family of non-orthogonal
fusion frame for T'(¢).
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Theorem 3.4. Suppose that hypotheses (H1)-(H3) hold and the family
{P,, W, }nen+ is a non-orthogonal fusion frame for H with lower and upper
non-orthogonal fusion frame bounds A and B, respectively. Further, assume
that for all n € N* there exists a sequence (1, )nen+ in R satisfying

(i) {z € C such that |z — \p| < rn} No(To) = {An};
(ii) SUp,,>q Q< 005

© 2
(iii) anl(vnrnMnan) < 00.

Then, for |e| < VA there exists a sequence
- ‘ | \/ZZOZI(vnr7LMnan)2+\/Z(q+ SUp, > an) q

of projections { Py (¢) }nen+ having the form
P.(e) =P, +ePy1 +&*Pyo+---

such that the family {P,(),vntnen forms a non-orthogonal fusion frame
for H. Here {wp}nen= and {v,tnen= are two families of weights verifying
wy, < vy < V2w, &

Remark 3.3. Theorem 3.4 improves Theorems 3.2 and 3.3. Indeed, in The-
orem 3.2 we have proved that for each eigenprojection P, of Tp, there exist
a sequence of complex numbers (g, )nen+ and a sequence of eigenprojections
(Pp(en))nen+ of (T(e,))nen+ such that the system {P,(g,), v, }nen- forms a
non-orthogonal fusion frame for H. We point out here that the non-orthogonal
fusion frame { P, (&,,), vn }nen+ is related to the eigenprojections of a sequence
of operators (T(e,))nen+ and depends on the sequence (&), en+. Further, in
Theorem 3.3 we assert the existence of a fixed complex number ¢ only for the
N first projections; whereas in Theorem 3.4, we give a fixed complex number
¢ for which the system {P,(¢), v, }nen~ forms a non-orthogonal fusion frame
for H. Furthermore, the family of subspaces {W,, c}nen~ coincide with the
range of the eigenprojections (P (g))nen+ of T(g). &

Proof of Theorem 3.4. Let n € N*. It is easy to see that

VA
\/Zzo_l (UnTn Mpan)? + VA (¢4 sup,>; an)
o

el <

<

g+ o

Then, it follows from [16, p. 134] that the eigenprojection P, (g) can be de-
veloped as entire series of e as follow

Pn(gn):Pn+€nPn,1 +82LP7L,2+"'+5;PH,Z'+"’7 (38)

with

| P ill < 70Myom(g+ an)ifl, for all 7 > 1. (3.9)
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Hence, Egs. (3.8) and (3.9) yield

1Pa(e) = Pall < D 1€l Pl
i=1

o0
< Z |5|iTnMnan(q + O‘n)i71

i=1
< raMpanlel Y (el +an))
i=1
1- |€|(q + an)
So, Eq. (3.10) entails the estimate
[1Pa(e) = Pull < rnMpan vA (3.11)

\/Z:o_l(vnrnMnan)2

Setting

R:= ZUEL”PH(&I) - P,

n=1

Eq. (3.11) implies that R < A. Hence, we have

Zv |Pu(en)f — Pufll> < RIfI?, VfeMH,

with R < A. Consequently, the result follows immediately from Theorem
2.1. O

4. Application to a One-Dimensional Wave Control System

To illustrate the importance of the above mentioned results, we consider a
controlled wave system given by

wy(x,t) = Wee(z,t), 0<ax <1, t>0,

ww<07t) wt(07t) + 'yw(O,t),

we(1,t) = —kowy(1,t) — dw(1,t),

w(z,0) =wo(z), wi(z,0)=wi(z),
where v, § > 0 and ko > 0. The abstract formulation of Eq. (4.1) is equivalent
to consider the Hilbert space X' defined by

X = HY0,1) x L*(0,1)

(4.1)

and the operator A given by
Au,v) == (v,u"), (u,v) € D(A),
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where
D(A) == {(u,v) € H*(0,1) x H'(0,1) such that u'(0) = yu(0) + v(0),
(1) = —=u(l) — kav(1)}.
Then, our initial problem can be written as
{ SW(t)=AW(t), t>0,
W(0) =W,

where W (t) := (w(x,t),w(z,t)) and Wy := (wo(x), w1 (z)).
It is easy to see that the operator A is a densely defined closed operator
in X and it’s adjoint A*, is given by

A (u,v) = —(v,u"),  (u,v) € D(A*),
where
D(A*) == {(u,v) € H*(0,1) x H'(0,1) such that u'(0) = —v(0) + yu(0),
u' (1) = kav(1) — du(1)}.
Before going further, we recall the following result from [19].

Theorem 4.1 [19, Theorems 3.1 and 3.2]. The operator A is with compact
resolvent. Further, we have

o(A) = {\ € C such that T(\) = 0},
where
T(A) := [(1 4 ko)A + 812X +7)ed +4[(1 — k2) A — e
¢

Proof. Suppose that 0 € 0,(A). Then, there exists (u,v) # (0,0) € D(A)
such that A(u,v) = (0,0), i.e.,

(4.2)

u(z) = a+ bx.

Substituting it into the boundary conditions, we get that the system (4.2)
has only the zero solution. Hence, 0 is not an eigenvalue of A.

Now, we consider the inhomogeneous equation AF = G, where F =
(u,v) € D(A) and G = (f,g) € X, i.e,

v(z) = f(z)

u’(z) = g(z)

u'(0) —yu(0) = f(0)
W/(1) + du(l) = —ka f(1).



MJOM Non-orthogonal Fusion Frames of an Analytic Operator Page 15 of 23 52

It is easy to see that uj(x) = 1 and ug(xz) = x are the solutions of the ho-
mogeneous equation u”(xz) = 0. An elementary calculation by the variation-
of-constants reveals that the general solution to the equation u”(z) = g(z) is
given by

u(z) = auy(z) + bug(x) + /Om _“1((t)) (S) + Uz(i) z)u 1t()t>

= a+bx+/m(—t+m) g(t) dt.
0

g(t) dt

Using the boundary conditions, we get
0= % |10 + Sua(1) ~ kas )+ [
_/1 (up(1) + duz(1))us(t)
0

ua (t)uy(t) — ug(t)uy (¢

®) g(t) dt

U2
uy (t)

ui (1) 4 6us (1))u
1(H)uy(t) = ua(t)

7 90t dt]

1 1
- 3|10+ 8 ks + [o-1-9) 90 o
and
o s s (1) + Sus (1))
= % [0 + o) - ropy + [ LDl o
[ )+
o ({0 — ()0 1)

- g(t)dt]
:Hf 0)6 — knf(1 —1—/01((%—1— ) d }

where
A = (u) (1) 4 dur (1)) + y(u5(1) + dua(1)) = 6 + (1 +6).
Since 0 ¢ o,(A), hence A # 0. Consequently, A~'(f,g) = (u,v). So, we
obtain
AT DI = 11w, v)]|?

1 1
:/ ()] dw+VIU(0)I2+5|u 1)|2+/ lo(z)[? dz
0

1 x 1 2
= b+/ g(t) dt dm+ f|bff(())|2 5 |7k2f(1) fbf/o g(t) dt
/ F(2)Pda
2 1 2
- b+/ g(t) dt dx—&-flb f(0)|2+% kgf(1)+b+/() g(t) dt
dt dx

s/o K )( +([M1at |dt)) 22 +1r0P) + 2 )p
+<'/01\ ()\dt)}dac
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< [[[(G+2) (2 + [ oo at)+ 2 02+ 1507 + s
+ /01 lf/ ()2 dt} dez.

Hence, we have

g <c [ [/ FOF dralfOF +87wP+ [ o dt] da

=Cl(f, 9

where C' is a positive constant. Then, we get [|[A™!|| < C. So, 0 € p(A).
Further, it follows from the Sobolev embedding theorem that A~! is compact.
Thus the resolvent set of A is compact.

On the other hand, let A € C and we consider the eigenvalue problem

(A— \F =0,
{ F = (u,v) € D(A). (4.3)
The system (4.3) is equivalent to
v(z) — Au(z) =0
u’(x) — dv(z) =0 (4.4)

w'(0) = yu(0) +v(0)
u'(1) = =du(1) — kaw(1).

Clearly, we have v(x) = Au(z). Substituting it into the system (4.4), we get

u'(x) — N2u(x) =0
u’'(0) = yu(0) + Au(0) (4.5)
u'(1) = =du(1) — kaAu(1).

The solution of the system (4.5) is formally given by
u(r) = ae*® + be "
and satisfies the following boundary conditions

W (0) =aX—bA=(y+ A)(a+D)
{u'(l) = aXe* — b)\e;y)‘ = (=6 — koX)(ae* + be™?). (4.6)

Hence, the system (4.6) can be written as

ya=—(2X+ )b
{ a[(1+ k)X + 8]e* — b[(1 — k2)A — dle= = 0.

So, we get that the necessary and sufficient condition to obtain a non-zero
solution is

[(14 ko)X +6](2X +7)e +~[(1 = k2)A = dle > = 0.
O

Let 0(A) = (An)nen~. For each eigenvalue A, € o(A), the corresponding
eigenvector of A is

= )\—1 AT Y —)\nz:| , |: AnT Y —)\T,,m:|> ,
7 ( " [e @A, +7)° ‘ @A +7)°
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and the eigenvector of A* corresponding to A, is

n=¢&n At [e’\"x ___T e_’\”x} ,— [e’\"” S S e"“’ﬂ) ,
#n =6 ( ! (22 +7) (220 +7)

where

_ 4ry v v ]2 [ v _ r
1 A A
L |, [ A e e ———
S O W v [ 2wt TR T 2wmrn©
Evidently,

<90n7 @Z>X - 17 <(pma SO:L>X - Oa m 7é n.

For each \,, € o(A) and for F' € X the corresponding eigenprojection P, is
P F = (F,¢p) xpn

and

1Pall = lenllllenll = 1€alllonl®. (4.7)

Proposition 4.1 [19, p. 253]. The eigenvectors of A fail to be a basis for X.
Furthermore, we have

2 —4AR(A,)
|>\n| {Mle ) as k? # 13 (48)

~ —— <
||Pn|| 2‘%()\71”5 = ]\4’16728?()\")7 as ko = 1’

where My is a positive constant.

Proof. An elementary calculation reveals that

4
lim A te PG, = — (4.9)

V20
and

2
lim [A2RA €2 [l n I = % (4.10)
Then, combining Eqgs. (4.9) and (4.10) we get
. _ 1
T PR lonl? = o (4.11)
Hence, Eqs. (4.7) and (4.11) imply that sup,, ||P,|| = oo and consequently
the eigenvectors of A fail to be a basis for X'. On the other hand, I'(A) = 0
yields
2\ _ (ke — 1A +796
2X2(1 + ko) + [y(1 + k2) + 20\ + 6
So, for ke # 1 we obtain
|e2)\| — eQER)\ — |7(k'2 — 1)/\ + 75|
[222(1 + ko) + [Y(1 + k2) + 28]\ + 74|
(k2 = DA+ 9]
= 1222(1 + ko)
vk = 1) + 25
T 2+ R)

(4.12)
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Thus, it follows from Eq. (4.12) that
I\ < Dye 2% (4.13)
where D1 is a positive constant. Further, for k3 = 1 we have

2 2R\ 70
= < .
- 4P

Hence, we get
0
IA2] < %e—m. (4.14)

Consequently, Eqgs. (4.7), (4.11), (4.13) and (4.14) imply that

HP ” ~ ‘)‘ |2 < M1€74§R(An)7 as ko 7é 17
" 2ARNL)[6 = | Mre 2RO as ky = 1,
where M is a positive constant. O

The following result hold.
Proposition 4.2. The family {P,,wy, }nen+ forms a non-orthogonal fusion
frame for X, where w, = 1+5,§>0 O
[An|2

Proof. Tt is clear here that w,, > 0. Now, let f € X. In view of Eq. (4.8), we
have

anIIP HIZ <P anIIP I

n=1

- \A | [N

1 2
< 1P Z[zm T 1+5)} )

<oo

Indeed, T'(\) is an entire function of exponential type. Then, it follows from
Remark 2.1 that I'()) is an entire function of finite order at most 1. Moreover,
(A )n>1 are the zeros of I'(A). Hence, Theorem 2.3 implies that the series
Zn21 W is convergent whenever £ > 0. Consequently, we have

2

1
Z[Qm o o pare | <

On the other hand, we have P, is a bounded operator with closed range.
Hence, in view of [1, p. 372], P,, admits a pseudo-inverse P,I. Moreover,

inf {||P,g|| such that ||g|| = 1,9 € N(P,)"} = HTTH
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Hence,

S wplPa(HIP = D I falPwplPHIT2 fo € N(P)*
n=1 n=1

>0

= > (1P = gall®) wal PHIT2, gn € N(P)
n=1

||9n||2 = 2 -2
> 11 sup (1~ WP (a16)
s (1) 2

>0

As a consequence, Egs. (4.15) and (4.16) imply that the family {P,,, wy, }nen-
forms a non-orthogonal fusion frame for X U

Now, let us consider the following operator:
A (u,v) == (=Dk(w, o)), (u,v) € D(Ap),
where
D(Ax) == {(u,v) € H'(0,1) x L*(0,1)}.
Let (u,v) € D(A). We have

4w, 0 = /|u e+ 2fo(O) + SV + /’w s
/|v )2dz + 1[0 (0)2 + dlo(1) + /|u" P

W ) ol + ) + [ o
= IIA(U VP + [l (u, )%
Consequently,
[ Ak (u, 0) || < [[A(u, )| + [I(w, v)]- (4.17)
Using the results described above, we can now prove the objective of this

part.

Proposition 4.3. For [e| < 1, the series A+, e? ALF converges for all
F = (u,v) € D(A). If we designate its sum by A(e)F, we define a linear
operator A(e) with domain D(A). For |e| < &, the operator A(e) is closed.

Proof. The proof follows immediately from Theorem 3.1 and Eq. (4.17). O

Theorem 4.2. For |e,| enough small and |e| enough small there exist two
sequences of projections { Py, (ep) tnen< and {Pp(€)}nen+ of T'(€) having the
form

Pn({':n) :Pn+5npn,1 +5ipn,2+"'
Pn(a) :P7L+5Pn,1 +€2Pn,2+"'
such that the systems
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(i) {Pn(en), whtnen-
(i) {Pu(e), w1 U{Palen), 0, }R 41
(i) {Pn(e), wp Y U{Pu,wy,} 40
form non-orthogonal fusion frames for X. &

Proof. The proof is a direct implication from Theorems 3.2, 3.3 and 4.1,
Propositions 4.2 and 4.3 and Eq. (4.17). O

Theorem 4.3. For |e| enough small, there exists a sequence of projections
{Pp(€) }nen+ having the form

P,(e) =P, +ePy1+e’Ppo+---

such that the family {P,(g),w) }nen+ forms a non-orthogonal fusion frame

for X. &

|Mn‘_%‘)‘nfl|‘

Proof. Let n € N*, \,, the n!" eigenvalue of A and 7, = min { 5 ,

[Ant1l=ZAnl]
el

As{z € C, |z = Ay| < ru}no(A) = {\,}, then let C,, = C(\,,7y) be the
closed circle with center \,, and radius r,, and z € C,.

It is easy to verify that the operator A is normal. Hence, it follows from
[14, p. 60] that

1

IRl =14~ =DM = Gy

Consequently, we obtain

o, = aM,, +bN,

= amax | R; || + bmax | AR, |

L 4 bmax |[I + 2R, ||
r 2€C,

n

< L 4 bmax(1 + |2[| R.)
—_— ma. z .
Tn zEC}: ?

Thus, we get
A
s v (2 ul), (13)

n T’I’L

_ |‘>‘n‘_%|)‘nfl‘|
- 2

If r, , then Eq. (4.18) yields

agp,<|{l—mmm—m——+b |24+ +——"——

2a 2

< b2 — 4.19
[l = F ] ’_EMM\ (4.19)

3 Al
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As T'()) is an entire function of finite order at most 1, Theorem 2.2 implies
that

n(r) < Cr*

for some constant C' and all values of r, where 1 < k < 1 4 £. If we choose
r = |\,| then n(r) > n and hence

ne < C% Ayl
Then, it follows from Eq. (4.19) that

C*
Zlgozn§2a|1i } <2—|—|1 |>

|\>\n+1| |l

For r, , we show by a similar way as the above that

2a 2
sup a,, < sup — +bsup |24 ———
n>1 n>1 “>\n+1‘ — Z Al n>1 |/\‘j\z+‘1| —z
Cx 2
< 2a +bl2+ < 00.
-3 -3

On the other hand, we have

00 2 o
z:(w;rnMnozn)2 < (sup an> Z(w;)Q
n=1 nzl n=1
2 oo
< <supan> Z2w,21
n21 n=1
< (sup«w
(supon) 3 s <

Consequently, the family {P,(¢),w] }nen+ forms a non-orthogonal fusion
frame for X. O

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.
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