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Abstract. In this paper, we use Schauder and Banach fixed point theorem
to study the existence, uniqueness and stability of periodic solutions of
a class of iterative differential equation

cox’ (1) + c12' (t) + caz(t) = x(p(t) + bx(t)) + h(t).
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1. Introduction

Delay differential equation of the form

a'(t) = ft,a(t —7(t)))
has been discussed in [1,5]. In particular, the delay function 7(¢) depends
not only on unknown function, but also state 7(¢,z(t)) have been studied
in many literatures in the past few years ([6,7,12,13]). Cooke [2] points out
that it is highly desirable to establish the existence and stability properties
of periodic solutions for equations of the form

z'(t) + ax(t — h(t,x(t))) = F(t),
in which the lag h(t,z(t)) implicitly involves x(t). Eder [3] considers the
iterative functional differential equation

o' (t) = 2BI(t)
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and obtains that every solution either vanishes identically or is strictly mono-
tonic. Feckan [4] studies the equation

2'(t) = f(2 (1)

by obtaining an existence theorem for solutions satisfying x(0) = 0. Si and
Cheng [8] consider the analytic solutions of the form

7' (t) = x(at + bx(t)).

Further discussion is made in [9-11] for existence of analytic solutions of
several iterative functional differential equations with state or state derivative
dependent. Recently, Liu and Li [6] consider the analytic solutions of the form

cor” (t) + era’ (t) + cpu(t) = x(p(t) + ba(t)) + (), (1.1)
in a neighborhood of the origin.
In this note, we will study the existence of periodic solutions of Eq. (1.1).
Reducing (1.1) with y(¢) = p(t) + bxz(t) to the auxiliary equation
coy” (t) + 1y’ (t) + eay(t) = y(y(t)) — p(y(t)) + cop” (¢)
+ep'(t) + cap(t) + bh(2). (1.2)
The periodic solutions of (1.1) will be considered by (1.2). For convenience,
we will make use C(R,R) to denote the set of all real-valued continuous

functions map R into R.
For T' > 0, define

Pr = {x ECR,R): z(t+T) = x(t), Vt ER}.

Then Pr is a Banach space with the norm

lzll = max [2(t)] = max |z(t)]

For P > 0, L > 0, define the sets
Pr(P,L) = {x € Pr:|lz|| <P, |x(te) — x(t1)] < Lltg — t1], Vi1,ta € R},

which is a closed convex and bounded subset of Pr, and we wish to find
T-periodic functions @ € Pr(P, L) satisfies (1.1).

2. Periodic Solutions of (1.2)

In this section, the existence of periodic solutions of Eq. (1.2) will be proved.
Let us state the Schauder fixed point theorem, which will be used to prove
our main theorem.

Theorem 2.1 (Schauder). Let Q be a closed convexr nonempty subset of a
Banach space (B, || - ||). Suppose that A maps  into Q and is compact and
continuous. Then there exists z € Q with z = Az.
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Throughout this paper, we assume that all functions are continuous
with respect to their arguments and the following condition holds:

(H) b 3& 0, ¢ 75 0,2 =0,1,2, p € PT(Pp7Lp) and h € PT(Ph,Lh) are
given.

We begin with the following lemma:

Lemma 2.1 ([14]). It holds

PT(P, L) = {II? S PT : ||£EH S P, |I‘(t2) 7I(t1)| S L|t2 — t1|,

Vti,to € [O,T]} (21)
Lemma 2.2 For any ¢,v € Pr(P, L),
n—1
||<P[n]—¢[n]|\§ZL]||<P—¢||> n=12,... (22)
§=0
Proof. The result follows from the definition of P (P, L). O

Now we rewrite (1.2) as a fixed point equation.

Lemma 2.3. y € Pr is a solution of Eq. (1.2) if and only if

1 t+T u+T & o .
y(t) = %E(CmEl)E(COvEl)/t / @, (s)ewo e D dsdu,

(2.3)
where
- 1 1
E(CO7CI) = & ) E(CO,Cl) — T (24‘)
eco —1 eco” —1
and
D, (1) = y(y(t)) — p(y(t)) + cop” (t) + c1p’(t) 4 cap(t) + bh(t),  (2.5)
C szCC Cc1— C27CC ~ C*szcC
6 - et/ anVlne oop o ooViue g o
3
w and we see ¢, + ¢ = ¢1,C1¢1 = CoCa.

Proof. By direct calculation, we can see that (2.3) is a T-periodic solution of
(1.2).

Suppose y(t) is a T-periodic solution of (1.2); then it is easy to find
Eq. (1.2) can be written in the form of

“ly wt

(005 4y (0o 4 Ty (0o + Zy(t)er
Co Co Co
1 g

= (y(y(t)) —p(y(t)) + cop” (t) + c1p’ () + cap(t) + bh(t)) et
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or

Co

=— (y(y(t)) = p(y(t) + cop” () + c1p' (t) + cap(t) + bh(t)> e’

(2.6)
Integrating (2.6) from ¢ to ¢ + T and using the fact y(t + T') = y(t) obtain

Co €o

o t+T
y'(t)+ —y(t) = i/t (y(y(S)) —p(y(s))

S (s5—t)
eco
+ cop” (s) + c1p'(s) + cap(s) + bh(s )) ———ds,
e’ —1
Therefore,
1 [t+T [utT
uo = - / / y(y(s)) — p(y(s)) + cop () + c1p’ (3) + cap(s) + bh(s)
t u
S(o—uw) E(u—t)
egT —leew —1
This completes the proof. ]

Now we will need to construct a mapping that satisfies the hypotheses
of Theorem 2.1. To this aim, consider the map A : Ppr(P,L) — Pr defined
as follows:

1 t+T u+T C1 =
A0 = @B [ [ 2yt E0 dsdu
Co t
(2.7)
where E(cy, ¢1), E(co,¢1) and @, (t) are defined as in Lemma 2.3.

Lemma 2.4. Suppose (H) holds and p € Pr(P,, Ly); then operator A is con-
tinuous and compact on Pp(P,L).

Proof. Take p,1 € Pr(P,L),t € R; then by (2.2),
[(Ap)(t) — (AY)(1)]

< —|Bleo,@) | E(eo.a)]

+T u+ s—u — (u—
ool / / — Dy (s)lee ( L " dsdu
(1 +L+Ly)

< o] lle = Il (2.8)

thus A is continuous.

Now we will show that A is a compact map. It is easy to see that
Pr(P, L) is a uniformly bounded and equicontinuous on R; then using Arzela-
Ascoli theorem we know Pr(P, L) is a compact set. Since A is continuous, it
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maps compact sets into compact sets; therefore A is compact. This completes
the proof. O

Theorem 2.2. Suppose (H) holds; furthermore, the following inequalities hold

a1
b|Ph+|c2|Pp<5+4H . |)<<|CQ|—1>P7 (2.9)
el
eloo T B(eo a0 | P4 By o) (1 e Ty L
|c2] |E(co,C1)|
_ el 1]
P (5 9Ly Lo feolLy + 2leo Py + Pylerle 1T 4 Pyfarfelnl T
EcoeD)] T ool
[ 2
P, (1 leol R
+ e p( +e + |E(Co,01))
el 1
1P| 1+ eleol - L 2.10
+ |1 p( +e +|E(60761))) < leo|L, ( )

then Eq. (1.2) has a periodic solution in Pr(P,L).
Proof. For any ¢ € Pr(P,L). let
¢y (t) = y(y(t)) — p(y(t)) + bh(), (2.11)

then

t+T
+ Ll (s u)+ 2 1(u t)dsdu

t+T u+T 01
/ / SR g edy
t U
lco| P+ P,+ |b|Py

< ol N h 9.12
< ol B (o, ) B (co, )] (2.12)

<e @' (P+ P+ |b|Py)

T _
oo (WG D sdy

+T C1
/ / bt G g sdy

leol
< 2.13
= e \E(Co701)|\E(00701)| (213)

< Ppe e

t+T
" oSSm0+ =0 g g,

. t+7T -5 u+T &
/ ew/ it
t u

_c
—¢e <0
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1 +T e - ¢ aip El u+T
— e % / e <o “|plu)eo”(eco” —1)— */ p(s)ecods |du
t €0 Ju
2|co|Pp
< ha - 2.14
= [allE(co, 1)||E(co, 1) .
t+T

rl (S u)+CD (u—t) dsdu

= et 7 Sgy Cl C1y,
=e @ p'’(s)eco dsdu
t

u

C1y t+T c1—¢ utT (5]
—=L —Ly Ls 1
=e ©o e <o €eco dp (s)du
t u

2P, |c1]
< P — 14+ —|. 2.15
= [Bo, 01 Ecor )] ( c1|> (3:19)
By (2.12)—(2.15) and (2.9), we have

|co /HT/HT y(s)e"°(s WO Gy

€o u

< 7||E(CO’01)HE(00,01 <‘/ u+T¢y(3)€% WL g sdu
+]col /t+T /HT (s)ems TV ggqy
+ e /HT /HTP (s)ees CTIFETD godu
+|C2| /t+T /u+Tp(S)ecl( u)+ (u t)d du

1 lco|] P+ Pp+ |b|Pp
_— E 00,01 E Co,Cl — P —
| || (o, enlIEC )|<|62| |E(co, c1)[|E(co, 1)

2|co| Pp 1]
- = Lt
|E(co,€1)]|E(co, 1) [e1]

2|colle1| Py |co| Py )

[(Ap) ()] < —[E(co, 1)[|E(co, 1)

[e1[[E(co, c1)[[E(co,e1)| — [E(co,c1)[|E(co, 1)
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e |ei]

1
= (P+Pp+|bph)+2pp(1+> +228p, 4+ P,

|ez| e leal P

lez| lea]
<P

1
—(P+ Py + [b|Py) + P, <5+4|01|>
Without loss of generality, assume ¢y, to € [0,7]; we obtain
to+T u+T A (s—u T (g —
/ 2 / p(s)ers T L) g g,
to u
4T pu+T S ew ——
/ / p(s)e ( )+ ( tl)dsdu
to+T pu+tT cl( u
/ / p(s)e dsdu
to
to+T fu+T L (s—u
/ / p(s)e i “dsdu

+T [u+tT g
/1 / p(s)eco WD “dsdu
ty

—Cly¢, — iy,
e 0 —e <o

_th
0

21 1 el g
s Pp ~ ——elol |tg —t1
?leal |E(co,¢1)||E(co, 1) | |
_Z tv+T futT 61
Ch / / p(s)e s 7T dsdu
to+T
to u+T e
o / / p(s)ecs 7T “dsdu
t
B eleol T [ta — ta]
2 — U1
“leal IE(CD,cl)HE(co,cm
[e1] 1 Sl
+Pp— e leol " |t — tq
" ezl [B(co, )] [tz = ta]
1 Izal
+ p|01| elco\T|t2_t1|

Je2| [E(co, 1)

IE”T
|Ell Ppelﬂu\ [l 1
— = —— | 14elol” + ——— ||ta — t1|,
2| TB(cor )] [Blea,en] )12 74
to+T Cl .
/ / B (T () d s
ta
t+T -
/1 / (s u)Jr%(U*tl)deu
t1
to+T < Kt
/ / St Bugsdulle Bt _ oGt
to
to+T
o /2 / 1(5 Rk dsdu
ta

214

(2.16)



214 Page 8 of 15 H. Y. Zhao and J. Liu

MJOM
t+T ~1 <1
/ / e TG dsdu
< 2P el 0‘ to — 1
BB 4l
04T putT 5
+e —&h / P (s)e 5 (WS sy
to+T u
¢ 7.
+e —ath /2/ WS dsdu
t1
< 2P, to — t
- \E(CO»Cl)HE(Co,ClN |2 1
(]. +P) 2‘ 1‘T
f P ty—t
|E(co,c1)] t2 = 1|
(1—|—P) \?
to —t
ey M
\Cll
P e\col 21| o 2
_ 1 TeoT to —t 2.17
E(co.d)| + eleol ™ 4+ E(co,c1)|>| 2 1| ( )

to+T  put+T =
/ / P(s)e TR T dsqu
tz u
t14+T u+T =
*/ / p(s)ers TR T dsdu
t1 u
totT  putT . -
/ / P (s)ewo 5~ WG dsdul e — e w0
totT  putT o
/ / P (s)em I sy
to u

04T putT o .
—/ / p”(s)eﬁ(sfu)Jr%udsdu
t1 u
Ie1l
Pelal "

1] lea]
< & __lalfsy to —t
Eleo,e) 1B (e,a0)] ool \° T Teol )12 =4

t+T

/ ef TR sy
totT
/ / p(s)eco TWF w0 dsdu
ty

Pe fal(,, [a
elco C1 C1
< P —— (3 +— |lta—t
= [E(co, c)[[E(co, 1) |CO|< | 0|>| 2=l

te~ @
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to —t
Co» ) ( >| ? 1‘
Beret” [e1] |ca |
= 34+ — |t2—t1|
|E (COacl)”E 0,01)||Co| |col

c1| Ied
(L +2P, + P, I 1: ST L p |cl|ecéT>|t2_t1

\E(Co,m)l Fleol

(2.18)

and

to+T putT o
/ / byp(s)e B (omwH 5 (umta) dsdu
to u
t+T  putT -
_/ / Py(s)e o (oWt (um ) dsdu
t1 u
to+T putT . -
/ / ¢¢(s)eﬁ(sfu)+%"dsdu
tz u
f T (s—u)+ G )
/ / co - dsdu
to
ti+T -
/ / 71 smut R dsdu
t1

to Aty

_T -
e 0 —e <

IN

e?

|El| P+ Pp + |b‘Ph [e1lp
A — = — leo |t2 — tl‘
|ea| [E(co, €1)[|E(co, 1)
ti+T ¢ <z
te wh / Jeeo TG dsdu
to+T
te @l / / Cé (=t G dsdu
t1

@ P+Pp + |b‘Ph e co\
= lea| |E(co, e1)[|E(co, 1)
‘61|P+P +|b|Ph 2\ IT

to —t
ool 1B(co.d)] t2 = i
‘01|P+P +|b|Ph \61\T|t —t|
ool TB(co. ) 1

_ [@| P+ P, +[b|Py IqT( 1l 7 1

7 =~ 1+ el -l-i, to — 1t 2.19
|CQ| |E(Co,cl)| |E(Co,61)|>| 2 1‘ ( )
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By (2.16)—(2.19), using (2.10), we have

(Ap)(t2) — (Ap)(t1)

1 _ to+T fu+T Y T
< B alE@el(| [T [T outeen TR dsdu
|CO‘ to u
ti+T ru+tT (g L (y—
_/ / ¢(p(s)ecll)(‘ u)Jrqu(u tl)dsdu
ty
tot T  futT BN
/2 / p”(s)e“;(S WG ) 4ody,
to u
T putT SL(s—u)+ L (u—
_/ / P (s)e B CmIFR @ty
ty
totT [futT o
+|CI| / / p'(s)e &4 (s— ’U«)+ (u t2)d d
to u
"ty +T u+T e (s— Tl (g —
_/ / p'(s)e<o 0 CTIT LT gy
tq u

tob T futT N T
+e2| / / p(s)eco (o=t (=) gsdu
to u

ity 4T futT B ()t P (e
_/ / p(s)eco( I+l tl)dsdu
tq u

1 1l 1
L B, el P py i (1 e T
el o2 Blco.er)]

c1| P, C
.<'>( o)+ 2 e e

+ |eo]

IA

E\ Ty
wol T +P\cl|ef >
le1|By (14 et T 4 — 2 tlalPy (1 e T4 — 1 lta — t1]
+|c1 el I —— c1 elco T — 2 — U1
g |E(co, 1) ? |E(co,c1)|
§L|t2—t1|

Therefore, (Ap)(t) € Pr(P,L). So by Lemma 2.4, we see that all the
conditions of Schauder’s theorem are satisfied on Pr (P, L). Thus there exists
a fixed point y in Pr(P, L) such that y = Ay, from Lemma 2.3, y is a T-
periodic solution of Eq. (1.2). This completes the proof. O

From the relation between x and y, we have the following result:

Theorem 2.3. Assume the conditions in Theorem 2.2 hold; then (1.1) has a
periodic solution in PT(ﬁ(P + P,), = (L + Lp)).

3. Uniqueness and Stability

In this section, uniqueness and stability of (1.2) will be proved.

Theorem 3.1. In addition to the assumption of Theorem 2.2, suppose that
1+ L+ L, <|eal; (3.1)

then (1.2) has a unique solution in Pp(P,L).
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Proof. We know from the proof of Theorem 2.2 that A : Pr(P,L) —
Pr(P, L), Moreover, by (2.8), we get

1+L+ L
T”Ilsﬁfwl\, @, € Pr(P, L),
\+L+L

(3.1) means 2] ————2 < 1, so the fixed point must be unique by the Banach

[Ap — Ayl <

fixed point theorem. O

Theorem 3.2. The unique solution obtained in Theorem 3.1 depends contin-

uously on the given functions p(t) and h(t).

Proof. Let functions p(t), p(t) and h(t), h(t) in Pr(Py, Ly,) and Pr(Py, Lp)

be given. Then we consider the corresponding operators A, A defined by

(2.7). Assuming corresponding conditions (2.9), (2.10) and (3.1), there are

two unique corresponding functions y(t) and y(¢t) in Pr(P,, Lp) such that
y=A4y, §=A47.

Then we have

_ - o~ 14+L+L N [y
ly — gl < [[Ay — Ayl + || Ay — Ay]| < el Llly — 9l + 1|1 Ay — Ayl
which implies
~ |Cz| ~ T~
ly —yll < | Ay — Ayl
leal =1 =L — L,

Now, for ¢ € [0, T, we note

o S (sm )+ B ()
[ ) - et e

T putT L Lo
/ / et w0 “dsdu
t U

o lp—7l
S po —, 3.2
e2] [B(eo, 1) B coran)] 32)

_C1y

<e lp— Dl

t+T 5
— B(s))es TR dsdu

S
/ e S IG U sdy
t u

|col p — Dl
< — = — 3.3
= ea| [E(co, €1)||E(co,¢1) (3:3)

o — Dl

t+T (551 1 t
— P (s))ew TG (4D g5qy

t+T Clgpfi=c
/ / p(s)) e e “dsdu

—e CO
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|co 2|lp — |l
< 1%l dl _ 3.4
= [e1] |E(co, ¢1)||E(co, 1) (34
t+T u+T ~ =
/ (0"(s) = B"(s))ess T2 D dsdu
t+T 1 e
—e @ / / s))”eiﬁ “dsdu
EIET |p — Pl
< (o4 b, _ 3.5
CHal T ol Ble e Bleo,an) (35)
and
t+T _ . -
(h(s) — T(s))ed W+ @1 qgqy
u
t+T 01
<e w / / 55t U dsdul||h — |
|col |h — Bl
ol s — 3.6
< Yool B(eo, &) 1B co )] (36)
From (3.2)—(3.6), we arrive at
ly — 9l
|ea| .
< m”Ay* AZUH
f71(Siu>+%(uit>dsdu

|e2||E(co, ¢1)||E(co,C1)] 4T putT
= Jeol(eal — 1 - L - L) (/t /u (p(y(s)) — p(y(s)))e

t+T u+T

+leol / / p'’(s) — (s)) (s= u)+00 (u— t)d du
t+T u+T

+\C1|/ / P(s) — 7 (5))e b T 5 (=0 g q,

t+T u+T c1 Cl
Hes / [ s = Fpers 7 e dsau
Jt u

t+T  pu+T _ =8 S— ) Ol (e
Al [ ) = Rpers TR dsdu
t u
] 1 [ex] | [ea] ~
<2 (54 — 42 04 T |p -
lea| =1 —L— Ly |e2] [e1]  eol > =2l
b -
P —- ]
lcal —1—L—L,
This completes the proof. O

Now, we have the results for (1.1) by Theorems 3.1 and 3.2.

Theorem 3.3. Assume the conditions in Theorem 3.1 hold; then (1.1) has a
unique periodic solution in PT(l—i‘(P +P), 1 oy (L + Lyp)).
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Theorem 3.4. The unique solution obtained in Theorem 3.3 depends contin-
uously on the given functions p(t) and h(t).

4. Examples

Give examples to illustrate that the assumptions of Theorem 2.3 do not self-
contradict.

Example 4.1. Consider the following equation:

22" (t) + 52’ (t) — Tx(t) = x(cos(t) + z(t)) + sin(t), (4.1)
where ¢y = 2,¢c1 = 5,c0 = =7,b = 1,p(t) = cos(t),h(t) = sin(t). & =
c1+ cz—4c002 _ 7,61 _ cl—\/c§—4c0cQ _ _27 Pp _ Ph _ Lp _ Lh _ 17

1 1 1 el
E(co, ¢ = , E(cg,¢1) = —= = ;
(co,c1) = ar T T (co,C1) N

here T = 27. Take P = 23, L = 1.35 x 10'2, then

b P, + |c2| Py (5 +4:01: + |C|> =135 < 138 = (|eo| — 1)P
2

and

n\ 1

c1|P, c Izl o lmlp
11 ( +|1|>+2<|coLp+2|c0|Pp+Pp|C1|e"0 + Pplcieleol )

|E(co, 1) |eol
e Py 14ete T 2 Py 14l T !
+ e +elol” + ———— | 4|5 +elol” 4 ————
i |E(co,¢1)] P |E(co,¢1)|
ed™ 225
=_— | 380+ 225¢%" — < 2.7 %102 = |¢ol|L,
(e — 1) ( + e o2 > |eol

By Theorem 2.3, Eq. (4.1) has a 2w-periodic solution x such that |z(t)| < 24,
and |z(t2) — z(t1)] < (1.35 x 1012 + 1)[ta — t1|, Vt1,t2 € R.
FEzxample 4.2. Consider

22" () + 52’ (t) — Tz(t) = x(Xcos(t) + x(t)) + Asin(t), (4.2)
where A > 0 is a parameter. Noting cg = 2,¢c4 = b,co = —7,b = 1,
¢ o= w = 7,¢ = 61_7”2_40002 = —2 as in Example 4.1,
p(t) = Acos(t), h(t) = Asin(t). P, = P, =L, = Lj, = \.

T
Bleof) = g — = s Blewi) = — = 1o

here T' = 27. Next, we consider P and L as variables to be defined by .
In fact, if we take P(\) > 22X L(\) > Aﬁ_Tl (29 + 16 — ;—?), a simple

[MB]
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calculation yields

wu¢+¢ﬂ&<5+4“+||>:1%Ag(@-—npuy

o 1
(Pt Py +|bPh)<1+ec T+>

|61|

ey _
eleol ™ |E(co,C1)] |E(co,c1)|

'3\

.,

c1|P, c el p
alLi? ( +|1|>+2<|CoLp+2|co|Pp+Pp|cl|e"0 + P, \cl|e

7)

|E(co,c1)] |col
T\T 2 T\T 1
FlePpl1+eio + ——— | 4 [ |Pp| 1460 " 4 ——
'1P< |E@mﬁﬂ) '1'”< Ewmqn>>
Ae2T T 32
< G <58+32e -5 ) <2L) = ol L.

Then (2.9) and (2.10) hold. So the conditions for Theorem 2.3 are satisfied
and thus Eq. (4.2) has a 2m-periodic solution such that |z(t)] < A+ P()),
and ‘.Ii(tg) — x(tl)\ S (/\ + L()\))‘tz — t1|, th,t2 € R. where P(/\) Z % and

L(X\) > % (29 +16e2™ — 612—9,) Furthermore, if we take L(\) < 6 — A, then

L+ L) + Ly < |eal;
by Theorem 3.1, Eq. (4.2) has a unique 27-periodic solution.

Remark 4.1. In fact, if A > X\ ~ 1.300912 x 1075, Eq. (4.2) has a solution
in Por(A+P(A), A+ L(N\)). If 0 < A < \g ~ 1.300912 x 107°, Eq. (4.2) has
a unique solution in Por (A + P(A), A + L(A)). Obviously, A =1 in Eq. (4.1)
satisfies the first case.
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