Mediterr. J. Math. (2018) 15:204
https://doi.org/10.1007/s00009-018-1251-4
1660-5446,/18/050001-19

published online October 1, 2018

© Springer Nature Switzerland AG 2018

Mediterranean Journal
of Mathematics

@ CrossMark

Split Null Point Problems and Fixed Point
Problems for Demicontractive Multivalued
Mappings

Pachara Jailoka and Suthep Suantai

Abstract. In this paper, we consider the split null point problem and
the fixed point problem for multivalued mappings in Hilbert spaces. We
introduce a Halpern-type algorithm for solving the problem for maximal
monotone operators and demicontractive multivalued mappings, and
establish a strong convergence result under some suitable conditions.
Also, we apply our problem of main result to other split problems, that
is, the split feasibility problem, the split equilibrium problem, and the
split minimization problem. Finally, a numerical result for supporting
our main result is also supplied.
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1. Introduction

Throughout this paper, we shall assume that H, H; and Hs are real Hilbert
spaces with inner products (-,-) and norms || - ||, and let I be the identity
operator on a Hilbert space. Let N be the set of positive integers and R the
set of real numbers.

Recently, the split inverse problem (SIP) was widely studied by many
researchers [6,8-10,12,17,18,23] as its applications are desirable and can be
used in real-world applications, for example, in image recovery, signal pro-
cessing, the intensity-modulated radiation therapy, etc (see [4,7,8,11]). The
SIP concerns a model which is to find a point

x* € Hy that solves IP; (1.1)

such that
y" = Az™ € Hy solves IP,, (1.2)
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where IP; denotes an inverse problem formulated in 7y and IP5 denotes an
inverse problem formulated in Hs, and A : H; — Hs is a bounded linear oper-
ator. In 1994, the first instance of the split inverse problem was introduced
by Censor and Elfving, that is, the split feasibility problem [8]. After that,
other split problems were introduced such as the split variational inequality
problem [12], the split common null point problem [6], the split common fixed
point problem [9], the split equilibrium problem [23], the split minimization
problem, etc (see Sect. 4).

In this work, we focus our attention on the following split null point
problem (SNPP) which was introduced by Byrne et al. [6]: given two mul-
tivalued mappings By : H; — 27 and By : Hy — 2M2, the problem is
formulated as finding a point

x* € Hy such that 0€ By(z") and 0 € Ba(Ax™). (1.3)

Let B be a multivalued mappings of H into 2%, then the null point set of
B is denoted by B710 := {z € H : 0 € Bz}. In other words of the SNPP,
the problem of finding a point of the null point set of a multivalued mapping
such that its image under a given bounded linear operator belongs to the
null point set of another multivalued mapping in the image space. Then, the
SNPP (1.3) can be rewritten as follows: Find a point z* € H; such that

z* € B{'0 and Az* € By'0.

The SNPP for maximal monotone operators was studied by many
researches in both Hilbert spaces and Banach spaces; see, for instance,
[1,2,6,30,31]. The subdifferential of a lower semicontinuous and convex func-
tion is an important example of maximal monotone operators and its resol-
vent operators are often used to construct algorithms for solving the mini-
mization problem of the function. In [15], Combettes and Pesquet considered
proximal splitting methods constructed by the resolvent operators of the sub-
differential of functions to study signal processing.

To solve the SNPP (1.3) for two maximal monotone operators By and
Bs, Byrne et al. [6] proposed the following two algorithms:

Tpal = Jfl (mn + yA* (J/}\92 — I) Axn) , neN, (1.4)

and

u e H1,
Tpt1 = apu+ (1 — an)Jf‘ (xn + v A* (JAB2 — I) Axn) , neN,

(1.5)
where J/\B ' and Jf 2 are resolvents of By and Bs, respectively, A* is the
adjoint operator of A. They obtained a weak convergence result of Algorithm
(1.4) and a strong convergence result of Algorithm (1.5) under some control
conditions.

In many areas, stability or equilibrium is a fundamental concept that
can be explained in terms of fixed points, and the fixed point theory is very
significant in nonlinear analysis and has been widely studied. In 2015, the
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problem of finding a common solution of the null point and fixed point prob-
lem was first studied by Takahashi et al. [33]. It is well known that the class
of demicontractive mappings [20,24] includes several common types of classes
of mappings occurring in nonlinear analysis and optimization problems. In
2017, Eslamain [16] considered the problem of finding a common solution of
the split null point problem and the fixed point problem for maximal mono-
tone operators and demicontractive mappings, respectively (see also [22]).
Furthermore, fixed point theory was also studied in the case of multivalued
mappings and it can be utilized in various areas such as game theory, control
theory, mathematical economics, etc.

In this article, inspired and motivated by these works, we are interested
to study the split null point problem and the fixed point problem for multi-
valued mappings in Hilbert spaces. In Sect. 3, we introduce a Halpern-type
algorithm [19] for finding a common solution of the split null point problem
and the fixed point problem for maximal monotone operators and demicon-
tractive multivalued mappings, respectively, and prove a strong convergence
theorem of the proposed algorithm under some suitable conditions. In Sect. 4,
we reduce our problem to other split problems, i.e., the split feasibility prob-
lem, the split equilibrium problem and the split minimization problem. In
Sect. 5, we also present the numerical example to demonstrate the conver-
gence of our algorithm.

2. Preliminaries

We denote the strong and weak convergence of a sequence {z,} C Htoz € H
by x, — z and =, — z, respectively. Let C' be a nonempty closed convex
subset of H.

Recall that the (metric) projection from H onto C, denoted by Pc is
defined for each x € H, Pox is the unique element in C such that

|z — Pox|| = d(x,C) :=inf{||lx — 2| : z € C}.
It is known that Pox € C' is characterized by the following property:
(x — Pox,z— Pex) <0 forall zeC.

Let T : C' — 2¢ be a multivalued mapping. An element p € C is called a
fixed point of T" if p € T'p. The set of all fixed points of T" is denoted by F(T').
We say that T satisfies the endpoint condition if T'p = {p} for all p € F(T).

A subset D of C' is said to be proximal if for each x € C, there exists
y € D such that

[ —yll = d(z, D).

We denote by CB(C), K(C), and P(C) the families of all nonempty closed
bounded subsets of C', nonempty compact subsets of C'; and nonempty prox-
imal bounded subsets of C, respectively. The Pompeiu-Hausdorff metric on
CB(C) is defined by

H(A, B) := max {sup d(a, B),sup d(b, A)}
a€A beB
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for all A, B € CB(C).
We now recall the definitions of some multivalued mappings in Hilbert
spaces.

Definition 2.1. Let C' be a nonempty closed convex subset of H. A multivalued
mapping T : C — CB(C) is said to be

(i) nonezpansive if

H(Tz,Ty) < |lz —yl forall z,yeC,
(i) quasi-nonexpansive if F(T) # () and
H(Tz,Tp) < ||z —p|| forall zeC,pe F(T),
(iii) demicontractive [13,21] if F(T) # 0 and there exists k € [0,1) such that
H(Txz,Tp)? < ||z — p||* + kd(x, Tx)? for all x € C,pe F(T).

It is noticed in Definition 2.1 that the class of demicontractive mappings
includes classes of nonexpansive and quasi-nonexpansive mappings.

We provide an example of a demicontractive multivalued mapping which
is not quasi-nonexpansive.

Example 2.2. Let H = R. Define a multivalued mapping 7' : R — 28 by

T {[9;,5:1:], if <0,

5z, —2], if 2 >0.
Then F(T) = {0}. For each 0 # = € R,
H(Tz,T0)? = | — 5z — 0]* = 25|z — 0|* = | — 0> + 24|z |>
Clearly, T is not quasi-nonexpansive. We also have
2 2
9x 11x 121
Az, Te)* = |z — (== )| === = =|z
Thus,
96 (121 96
H(Tz,T0)? = |z — 0> + — | —|z|* ) = —=d(z, Tx).
(T 107 = fo 07 + {5 (B laf) = frate. o)

Hence, T' is demicontractive with a constant k = % € (0,1).

For a multivalued mapping T : C — P(C), the best approximation
operator Pr is defined by

Pr(z) ={weTzx: |z —w|| =dxTr)}.

Note that F(T) = F(Pr) and Pr satisfies the endpoint condition. In [27],
they gave an example for the best approximation operator Pr which is non-
expansive, but 7 is not necessary to be nonexpansive.

Definition 2.3. Let C' be a nonempty closed convex subset of H and let
T :C — CB(C) be a multivalued mapping. The multivalued mapping I — T
is said to be demiclosed at zero if for any sequence {z,,} in C' which converges
weakly to x € C' and the sequence {||z,, —yn ||} converges strongly to 0, where
Yn € Txy, then z € F(T).
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Let us recall the maximal monotone operator. A multivalued mapping
B of H into 2™ is called a maximal monotone operator if B is monotone, i.e.,

(x—y,z—w) >0 forall z,y€ dom(B),z € Bz,w € By,

where dom(B) := {x € H : Bx # 0}, and the graph G(B) of B,
G(B) :={(z,z) e Hx H: z € Bz},

is not properly contained in the graph of any other monotone operator, i.e.,

(x,2) €G(B) & (x—y,z—w) >0 forall (y,w)e€ G(B).

For a maximal monotone operator B : H — 27" and A\ > 0, we define
the resolvent of B with parameter A by
JE = (I +AB)".
It is known [5] that JZ : H — dom(B) is single-valued, firmly nonexpansive,
i.e., for any z,y € H,
|78z = IBy||* < (TP — TPy,x —y),
this is equivalent to
(Jz = Iy, (J¥z —x) = (J{y —y)) <0,

and F(JP) = B7'0 = {z € H : 0 € Bz}. Moreover, I — JZ is demiclosed at
Zero.

Let f be a convex function of H into (—oo, o0], then a subdifferential
df of f at x € H is defined by

Of(@) = {y € H: f(@) + g,z —a) < f(2), V=€ M.
It was shown [26] that if f is a proper, lower semicontinuous and convex

function, then Jf is a maximal monotone operator.

Ezample 2.4. (Indicator Function). Let C' be a nonempty closed convex sub-
set of H. Define a function ic : H — (—o0, 00] of C' by
() 0, if zedC,
ic(x) =
¢ 00, if ©¢C.

Thus, i¢ is a proper, lower semicontinuous and convex function, and hence
OJic is maximal monotone. It is not difficult to show that

. yeH: {y,z—x) <0, Vze C}, if xe(,
alC(m):{é | | } it 2¢C
and J2¢ = (I + \dic)~" = Pg for all A > 0.

Next, we give some significant tools and facts for proving our main
result.
Lemma 2.5. Let x,y € H, € R. Then the following inequalities hold on H.:

() [l +ol? < Il + 2y, + )
(i) flowr + (1= @)y = alla? + (1 = o) y]* — (1 = )2 —
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Lemma 2.6 [34]. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let T : C — CB(C) be a k-demicontractive multivalued mapping.
Then, we have

(i) F(T) is closed;

(ii) If T satisfies the endpoint condition, then F(T) is conve.

Lemma 2.7 [35]. Suppose that {t,} is a sequence of nonnegative real numbers
such that

tn+1 S (1 - an)tn + anﬂn + 6na n e Nv
where {an, }, {Bn} and {0,} satisfy the following conditions:
(i) {an} - [0’ 1}7 2211 Qn = 005
(ii) limsup, B, <0 or Y07 |anfBn| < o0;
(iii) &, >0 for alln € N, Y 0° | 6, < .

Then, lim, o t, = 0.

Lemma 2.8 [25] Let {T',,} be a sequence of real numbers such that there exists
a subsequence {n;} of {n} which satisfies T, < Ty, 41 for all i € N. Also
consider the sequence of positive integers {p(n)} defined by

p(n) :=max{m <n:T, <Tpi1}

for all n > ng (for some ng large enough). Then, {p(n)} is a nondecreasing
sequence such that p(n) — oo as n — oo, and it holds that

Loy STpmy+1, Tn S Tpmy+r-

3. Main Results

In this section, we present an algorithm for finding a common solution of the
split null point problem and the fixed point problem for maximal monotone
operators and demicontractive multivalued mappings, respectively, and prove
a strong convergence result.

We now prove our main theorem.

Theorem 3.1. Let Hy and Hs be two real Hilbert spaces and C' be a nonempty
closed convexr subset of Hqi. Let A : Hi — Ho be a bounded linear opera-
tor. Let By : H1 — 2"t and By : Ho — 272 be mazimal monotone oper-
ators such that dom(By) is included in C, and let Jfl and JfZ be resol-
vents of By and Ba, respectively, for A > 0. Let T : C — CB(C) be a
k-demicontractive multivalued mapping. Suppose that I —T is demiclosed at
zero and T satisfies the endpoint condition. Assume that © := F(T)NQ # (,
where Q = {x € B{'0: Az € B;'0}. Suppose that u € C and {z,} is a
sequence generated by x1 € C' and

Un = JLH (@0 + YA (T2 — 1) Axy),
un = (1= 6)yn + dzn, (3.1)
Tnt1 = apu+ (1 —ap)u,, neN,

where z, € Ty, the parameters v, 6 and the sequences {a,}, {\n} satisfy
the following conditions:
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(i) v € (O, W) and § € (0,1 —k);

(ii) ay, € (0,1) such that lim,, e at, = 0 and > 07 | ay = 00;

(ili) Ay, € (0,00) such that iminf,, . A, > 0.
Then, the sequence {x,} converges strongly to a point x* € O, where x*
== P@u.

Proof. By Lemma 2.6, we have F(T) is closed and convex, and hence © is
also closed and convex. Let z* = Pgu. By characterization of the metric
projection, we get

(u—zfp—2a") <0 forall peoO. (3.2)
Since z* € O, we obtain Ta* = {z*}, Jfﬂlx* = z* and J;\B;(Ax*) = Az*.
We first show that {x,} is bounded. Since J fi ! is nonexpansive and A is a
bounded linear operator, we have

=P = o (e (52— 1) ) |

2
<|

Ty + A" (Jf: — I) Az, — z*

2
=z — 2|2 + 42 HA*(Jf: ~ DAz,

+2y (w0 — ", A (JP2 = 1) Az, )

2

< llzn = 2|2 + 2 AIR || 78 (Az) - Awy
* 7B2
+ 2y <Aacn — Ax" J 7 (Azy) — Axn> . (3.3)

Now we take
Ep =2y <A33n — Az, Jf: (Azy,) — A$n> .

Since J ff is firmly nonexpansive, we have
En =2y <Amn — Ax* + (Jff (Azy,) — Aacn>

— (Jﬁ? (Az,) — Axn4> ,Jﬁ'ﬁ’ (Az,) — Axn>

=2y (<J>{3n2 (Azx,,) — Az™, Jff (Azxy,) — Axn> - Hij (Az,) — Az,

2

)
< =2y HJf: (Azy) — Az, (3.4)

By (3.3) and (3.4), we obtain that
2
lom = 21 < llon = 2* 12 = (2 = 2| AI2) | T2 (Az2) - Az,

By Lemma 2.5 (ii) and the demicontractivity of T with the constant k, we
have

11 = 6)(yn — %) + 8(z0 — 2")|?

lun = 2*[1* = I(
(1= 0)llyn — 2" [* + 8]z — 2*[[* = 6(1 = &) lyn — za?
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(1= O)llyn — 2" [I* + 8d(zn, Tz*)? = 6(1 = 6)|lyn — za?
(1= 8)llyn — 2*[* + 6 H(Tyn, T2*)* = 6(1 = 8) [y — 2nll?
(1= 8)llyn — 2*[1* + 8 (Ilyn — 2™ 1> + k d(yn, Tyn)?)
=61 = 8)llyn — 2l
< (1= 0)llyn — 2*|* + 8llyn — 2> + Skllyn — 2nl|?
= 0(1 = 0)lyn — 2l
= llyn = 271 = 61 = & = 8)[yn — 2nll?
<l — 2|12 = (2 = AP I32 (Azn) — Azl |?
=61 =k = 8)llyn — zal*. (3-5)

<
<

It follows that
[un — 2% < [lzn — 27
Thus, we have
[2n1 — 2" = [lom(u —27) + (1 = an) (un — 27|
< anflu =2+ (1 = an)|un — 27|
< apllu — 27| + (1 — ap)lJen — 27|
< max {[|lzn — 2", [Jlu — 27|}
By continuously taking this process, we obtain
[n — 2" < max{[[z1 — 27, [lu —2"[|}

for all n € N. Therefore, {x,} is bounded. This implies that {y,} is also
bounded. It follows from (3.5) that

[#n1 = 2*[1° = [lom(u — %) + (1 — ) (up — 2%)|?
< apllu— x*”Q + (1 = ap)llun — m*HQ
< apflu— 2| + [lz, — 2*?

12 = A AIPI (Azy) - Az, |?
75(1714?75)”%1—2””2. (3.6)
Thus, by (3.6), we get the following two inequalities
V=AY (Azn) = Azn|* < anllu—2*|* + |2 — 2| = 200 — 2"
(3.7)
and
01—k = 0)llyn — zull?* < anllu —*|* + lzn — 2*[ = lznts — 2™ (3.8)

Now, we divide the rest of the proof into two cases.
Case 1 Assume that there exists ng € N such that {||z,, — 2| }n>n, is either
nonincreasing or nondecreasing. Since {|lx,, — z*||} is bounded, then it con-

verges and |z, — 2*||? — ||xpt1 — 2*[|> — 0 as n — oo. Since v € (O, ﬁ)

and a,, — 0 as n — oo, then by (3.7) we deduce that
lim Hij (Azy,) — Az,

n—oo

= 0. (3.9)
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Similarly, in view of (3.8), since § € (0,1 — k) and a,, — 0 as n — oo, we
have

lim ||y, — 2] = 0. (3.10)

By (3.3) and (3.4), we also have

By the firmly nonexpansivity of J; ' and (3.11), we have

2
T+ YA (Jf; —I) Axn—x*H < lan — 2|2 (3.11)

Iy =12 = [0 (o 7" (532 = 1) Awa) = 20|
< <JB"1 (wn +yA* (JB2 - 1) Axn>
J>\ " Ty + A" (JBZ —I) Axy —x >

= (yn — %0 + A" (I3 — 1) Axy, — 2"
< (5 -1) )

:

5 <||yn =2 + [[an + A" (902 = 1) Awa — 27|

o =20 = (982 = ) )

1 2

< 5 (I =71+ o = 1 = g = 0 = 4" (552 = 1) )
1 * *

= = (lym =212 + llzn = 112 = llyn = ol = 224" (J22 = I) Azal?
2
+27 (g — 20, A7 (122 = 1) Az ))
1 * * * 2
< 5 (I =212 4 om = 271 = = 2l = 22 4" (922 = 1) s
+2'y\|ynfmn|\‘A* (JﬁffI)Axn‘),

which implies that

lym = 117 < lam = 212 = llym = a2 + 291y — wall |47 (JE2 = 1) Az,

(3.12)
Since T is k-demicontractive, then it follows from (3.12) that
Jonss — 12 < anllu— |2 + (1= ag)un — 22
anllu =2+ (1 = ) (1= )y — 27[|* + dll2n — 27||*)

)lyn — a*||* + 0H Ty, Tx*)?
N)lyn — a*[I* + 0llyn — 2|12

+

anllu =2 + (1 = 8)llyn — 2*||* + 8 d(2n, Tz*)?
anlu— 2 |* + (1 -
+(1-

IAIAIAN A

anllu — | +
+8k d(yn, Tyn)*
< apllu = 2”4 [lyn — 2*[|* + 6klyn — 20|
|| — llyn — @nl?

+ 0kl|yn — za?. (3.13)

< anllu =2 ? + [lon — 27|

+ 29|y — znl| HA* (Jﬁ? - I) Az,
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By (3.9), (3.10) and (3.13), we deduce that
lym = wall® < @nllu = 212 + 2yllga — 2all 4" (172 = 1) Az,

+0kllyn — 2nll* + llzn — %[ = @1 — 27> — 0
as n — oo, which implies that ||y, — 2, || — 0 as n — co. We next show that

lim sup(u — 2%, 2,, — ™) < 0.

n—oo

To show this, let {,,} be a subsequence of {z,} such that

lim (u — 2% 2,; — 2) = limsup(u — 2%, 2, — ").
J—0o0 n— o0

Since {zn,} is bounded, there exists a subsequence {zn; } of {z,,} and p €
Hy such that z,; — p. Without loss of generality, we can assume that z,; —
p. Since A is a bounded linear operator, we have (z, Az,,, — Ap) = (A2, 2, —
p) — 0 as j — oo, for all z € Hy, this implies that Az, — Ap. From (3.9)
and by the demiclosedness of I — Jff at zero, we get Ap € F(Jf:) = By 0.
Since z,,;, — p and ||y, — || — 0 as n — oo, we have y,, — p. From (3.10)
and by the demiclosedness of I — T at zero, we obtain p € F(T'). Now let us
show that p € By 0. From y,, = anl (xn + VA*(J)]?; — I)Ax,), then we can
easily prove that

Ain (a:n — Y + A (ijf - I) Aa:n) € Biyn.

By the monotonicity of B;, we have

<yn—v,/\1n (xn—yn+7A* (Jﬁ2 —I) A:cn) —w> >0

for all (v,w) € G(By). Thus, we also have
1 *
<yn]. — v, b (asnj —Yn; + VA (anzj — I) Axnj> — w> >0 (3.14)

for all (v,w) € G(Bp). Since y,, — p, |[Tn, — yn,/| — 0 and H(Jf:
— I)Az,,|| — 0 as j — oo, then by taking the limit as j — oo in (3.14)
yields

<p -0, 7w> Z 0

for all (v,w) € G(B). By the maximal monotonicity of By, we get 0 € Byp,
i.e., p € By 0. Therefore, p € O. Since x* satisfies the inequality (3.2), we
have

limsup(u — 2™ 2, —2*) = lim (u — 2% 2,,, —2") = (u — 2%, p — 2") <0.

n—oo J—00

By using Lemma 2.5 (i), we deduce that

lnss — 22 = (1 = an)(tm — 2°) + (s — 2|
< (1= an)? |l — 2 ||* + 200 (u — 2%, 20y — 2*)
< (1= ap)||zn — 2| + 200 (4 — ¥, 0y — ).

Hence, by Lemma 2.7, we can conclude that z,, — z* as n — oo.
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Case 2 Suppose that {||z, — 2*||} is not a monotone sequence. Then, there
exists a subsequence {n;} of {n} such that ||z,, —z*|| < ||xn,+1 — 2| for all
i € N. We now define a positive integer sequence {p(n)} by

p(n) :=max{m <n: |y — 27| < [leme — 27|}
for all n > ng (for some ny large enough). By Lemma 2.8, we have {p(n)} is
a nondecreasing sequence such that p(n) — oo as n — oo and
||xp(n) - x*HQ - ”mp(n)+1 - x*HQ <0

for all n > ng. From (3.7), we obtain that

tim || (122 = 1) Ay

n—oo

= 0. (3.15)

From (3.8), we have
lim [|y,(n) = 2pm) | = 0. (3.16)

n—oo

By (3.15), (3.16) and by the same proof as in case 1, we obtain that

lim sup(u — 2%, 2,0y — %) < 0.

n—oo
By the same computation as in case 1, we deduce that
pr(n)-i-l - x*”Z < (1 - O‘p(n))”zp(n) - x*”Q + 2O‘p(n) <u - 17*7 Lp(n)+1 — *T'*>
By applying Lemma 2.7 again, we obtain that ||z,,) — 2*| — 0 as n — oo.
It follows from Lemma 2.8 that
0 < flzn — ™| < [l@pm)+1 — 2| = 0

as n — oo. Hence {x,} converges strongly to z*. This completes the proof.
O

By properties of the best approximation operator, we have the following
corollary.

Corollary 3.2. Let Hi and Ho be two real Hilbert spaces and C' be a nonempty
closed convex subset of Hi. Let A : Hi — Hsy be a bounded linear operator.
Let By : Hi — 2™ and By : Ha — 2™2 be mazimal monotone operators such
that dom(By) is included in C, and let Jfl and JfQ be resolvents of By and
By, respectively, for A > 0. Let T : C — P(C) be a multivalued mapping
such that Pr is k-demicontractive. Assume that I — Py is demiclosed at zero
and © := F(T)NQ # 0, where Q = {z € B{'0: Az € B;'0}. Suppose that
u € C and {x,} is a sequence generated by x1 € C' and

Yn = anl (Tn +7A*(Jﬁ2 —I)Ax,),
Up = (1= 6)yn + dzn, (3.17)
Tpi1 = apu+ (1 — ay)u,, neN,

where z, € Pr(yn), the parameters v, § and the sequences {a,}, { n} satisfy

conditions (1)—(iil) en Theorem 3.1. Then, the sequence {x,,} defined by (3.17)
converges strongly to x* € ©, where x* = Pou.

Proof. Since Pr satisfies the end point condition and F(T') = F(Pr), then
the result is obtained directly by Theorem 3.1. O
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We also obtain a result for solving the fixed point problem for demicon-
tractive multivalued mappings as follows.

Theorem 3.3. Let ‘H be a real Hilbert space and C be a nonempty closed
conver subset of H. Let T : C — CB(C) be a k-demicontractive multivalued
mapping. Assume that I —T is demiclosed at zero and T satisfies the endpoint
condition. Let uw € C' and {x,} be a sequence generated by x1 € C, and

{un =(1—0)xn + dz,,

(3.18)
Tnt1 = apu+ (1 — ap)uy, n €N,

where zp, € Tay,, § € (0,1 —k) and o, € (0,1) such that lim, o oy, =0 and
oo an = 00. Then, the sequence {x,,} defined by (3.18) converges strongly
to x* € F(T'), where x* = Pr(ryu.

Proof. Set H1 = Ho = H, A := 1, By := O0ic and By := 0, where i¢ is the
indicator function of C' and 0 is a zero operator. Then By and Bs are maximal
monotone such that dom(B;) = C, J,* = Pc and J{* = I for A\ > 0. We
also have Q := {z € B{'0: Az € By '0} = C, then © := F(T) N Q = F(T).
So the result is obtained directly by Theorem 3.1. g

When we take C' = H; and T' = [ is a single-valued mapping in The-
orem 3.1, then the result of Byrne et al. [6] for solving the SNPP (1.3) for
maximal monotone operators is a consequence of our main result.

Corollary 3.4 [6] Let Hy and Hs be two real Hilbert spaces, and let A :
H1 — Hao be a bounded linear operator. Let By : Hi — 2™ and By :
Hy — 2M2 be two mazimal monotone operators, and let Jfl and J;\BQ
be resolvents of By and Bs, respectively, for X > 0. Assume that Q =
{:c €B;'0: Ar € B;lO} # (). Suppose that u € Hy and {x,} is a sequence
generated by x1 € Hy1 and

Tni1 = ant+ (1 — ) J (asn + yA* (Ji32 - I) Axn) , neN, (3.19)

where vy € (O,W) and a, € (0,1) such that lim, oo, = 0 and

oo an =00 Then, the sequence {x,} defined by (3.19) converges strongly
to a point x* € €.

4. Other Split Problems Deduced from Main Problem

In this section, we reduce our main problem to the following split problems:

4.1. The Split Feasibility Problem

Let C and @ are nonempty closed convex subsets of H; and Hs, respectively,
and let A : Hy — Hs be a bounded linear operator. The split feasibility
problem (SFP) which was introduced by Censor and Elfving [8] for modeling
inverse problems is formulated as finding a point

x* € C such that Az* € Q. (4.1)
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Byrne [3] was the first who introduced the so-called C'Q algorithm which
does not involve matrix inverses in finite-dimensional spaces for solving the
SFP (4.1).

Now, we obtain a result for finding a common solution of the split fea-
sibility problem and the fixed point problem for demicontractive multivalued
mappings as follows.

Theorem 4.1. Let C' and @ be nonempty closed convex subsets of Hi and
Ho, respectively, and let A : Hi — Ha be a bounded linear operator. Let
T:C — CB(C) be a k-demicontractive multivalued mapping. Suppose that
I — T is demiclosed at zero and T satisfies the endpoint condition. Assume
that © := F(T) N A=1(Q) # 0. Suppose that u € C and {x,} is a sequence
generated by x1 € C' and

Yn = Po(z, + yA*(Pg — I)Ax,,),
Up = (1 = 6)ypn + 0z, (4.2)
Tpt1 = @+ (1 — ap)u,, neN,

where z, € Ty,, the parameters vy, 0 and the sequence {a,} satisfy the fol-
lowing conditions:

i) v e (0, W) and § € (0,1 — k);
(ii) an € (0,1) such that lim, oo oty =0 and Y7 | a, = 0.

Then {x,} defined by (4.2) converges strongly to a point ©* € O, where
T = P@u.

Proof. Set By := 0ic and By := 0ig. Then B; and By are maximal monotone
such that JJ' = Po and J? = Pg for A > 0. We also have B;'0 = C' and
By 10 = Q. Hence the result is obtained directly by Theorem 3.1. O

4.2. The Split Equilibrium Problem

Let K be a nonempty closed convex subset of H, and let h: K x K — R be
a bifunction. Recall that the equilibrium problem is to find a point z* € K
such that

h(z5y) >0 forall ye K. (4.3)

The solution set of Problem (4.3) is denoted by EP(h). To study the equi-
librium problem, we assume that the bifunction i : K x K — R satisfies the
following assumptions:

(Al) h(xz,z) =0 for all x € K;

(A2) h is monotone, i.e., h(z,y) + h(y,z) <0 for all z,y € K;

(A3) For each z,y,z € K, limsup,_,, h(tz + (1 — t)z,y) < h(z,y);

(A4) For each x € K, the function y +— h(x,y) is convex and lower semicon-
tinuous.

Kazmi and Rizvi [23] introduced and studied the split equilibrium prob-
lem (SEP): Let K; and K be nonempty closed convex subsets of H; and
Ho, respectively. Let hy : K1 X K1 — R and hy : Ko x Ko — R be two
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bifunctions, and A : Hy — Ho a bounded linear operator, the problem is to
find a point x* € K; such that

xz* € EP(h1) and Az" € EP(hg). (4.4)
We also need the following lemma and theorem.

Lemma 4.2. [14] Let C' be a nonempty closed convex subset of H and let h
be a bifunction from C x C to R satisfying (Al)-(A4). For any r > 0 and
r € H, define T" : H — C by

1
TTh(x):{yEC’:h(y,z)—FT(z—y,y—x)20, VZEC'}.

Then, the following hold:
(i) Th is nonempty and single-valued;
(ii) T" is firmly nonexpansive;
(iii) F(T") = EP(h);
(iv) EP(h) is closed and convex.

Theorem 4.3 [32]. Let C' be a nonempty closed convex subset of H and let h
be a bifunction from C x C to R satisfying (Al)-(A4). Define a multivalued
mapping Ay, : H — 2™ by

_JyeH Mz, 2) > (z —2,y), Yz C}, if xedC,
Anr) = {@, if 2¢C.

Then, the following hold:

(i) Ap is mazimal monotone;
(ii) EP(h) = A, '0;
(iil) Th = (I +rAp)~t forr >0, i.e., T is the resolvent of Ay,.

Recently, Suantai et al. [28] studied a problem of finding a common
solution of the split equilibrium problem and the fixed point problem for
%—nonspreading multivalued mappings, and proved a weak convergence the-
orem.

Now, we obtain a strong convergence result for solving the split equilib-
rium problem and the fixed point problem for demicontractive multivalued
mappings as follows.

Theorem 4.4. Let C and @ be nonempty closed convex subsets of Hi and Hs,
respectively. Let A : Hy — Ha be a bounded linear operator. Let hy : C x C' —
R and hy : Q x Q — R be bifunctions satisfying (A1)-(A4), and let T and
T2 be resolvents of Ay, and Ay, in Theorem 4.3, respectively, for r > 0. Let
T:C — CB(C) be a k-demicontractive multivalued mapping. Suppose that
I — T is demiclosed at zero and T satisfies the endpoint condition. Assume
that © := F(T)NQ # 0, where Q = {x € EP(hy) : Az € EP(h2)}. Suppose
that u € C and {x,} is a sequence generated by x1 € C and

Yn =TI (2, + yA*(Th2 — 1) Azy,) |

Up = (1 - §)yn + 52:”, (45)
Tpt1 = @+ (1 — ap)u,, néeN,
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where z, € Ty, the parameters v, § and the sequences {au,}, {rn} satisfy
the following conditions:

(i) € (07 ﬁ) and 6 € (0,1 — k);

(ii) an € (0,1) such that lim, ooy, =0 and >_,7 | ay, = 00;

(iii) r, € (0,00) such that liminf, ., > 0.
Then, {x,} defined by (4.5) converges strongly to a point ©* € O, where
T = P@u.
Proof. Set By := Ay, and By := Ap,. By Theorem 4.3, we know that B, and
By are maximal monotone, EP(h;) = By 0, EP(hy) = BQ_IO,T,’.“:L1 = Jb
and Tr}f = Jr]i?. Then the result is obtained directly by Theorem 3.2. 0

4.3. The Split Minimization Problem
Let f: H — (—00,00] be a function, we define the set of minimizer of f by
Argmin f:={x e H: f(z) < f(2), VzeH}.
If f is a proper, lower semicontinuous and convex function, then Of is a
maximal monotone operator. Moreover,
€ (0f)7'0 & 0€df(x) & flx)<f(z), V2€H & x € Argmin f,

i.e., Argmin f = (9f)7!0. In this case, the resolvent of df is called the
proximity operator of f (see [15]).

Let f1 : H1 — (—o00,00] and f5 : Hy — (—00,00] be two proper, lower
semicontinuous and convex functions, and let A : H; — Hs be a bounded
linear operator. The split minimization problem (SMP) is to find a point
x* € Hq such that

z* € Argmin f; and Az* € Argmin fs. (4.6)
The following result is immediately obtained when we take By = 0f;
and By = df in Theorem 3.2.
Theorem 4.5. Let f1 : Hy — (—o00,00] and fa : Ha — (—o00,00] be two
proper, lower semicontinuous and convex functions, and let A : Hy — Ho
be a bounded linear operator. Let T : Hy — CB(H1) be a k-demicontractive
multivalued mapping. Suppose that I — T is demiclosed at zero and T sat-
isfies the endpoint condition. Assume that © = F(T) N Q # 0, where
Q = {z € Argmin f; : Ax € Argmin fo}. Suppose that uw € H; and {z,} is
a sequence generated by x1 € Hy and

Yn = Jffl (a:n + yA* (Jff — I) Axn) ,
Up = (1 — (S)yn + 527“ (47)
Tpt1 = apu+ (1 — ap)uy,, neN,

where z, € Ty, the parameters v, 6 and the sequences {a,}, {\n} satisfy
the following conditions:

(i) v e (07 ﬁ) and § € (0,1 — k);

(ii) ay, € (0,1) such that lim,, .o at, = 0 and >0~ | ay = 00;

(iii) A, € (0,00) such that liminf,,_ ., A, > 0.
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Then, {x,} defined by (4.7) converges strongly to a point x* € O, where
z* = Pou.

5. A Numerical Example

In this section, we provide a numerical result for supporting our main.

Example 5.1. Let H1 = R and Hs = R® with the usual norms. Define a
multivalued mapping 7': R — CB(R) by

Ty e [—%,—Sm], if <0,
C\ [Be, %], if >0

By Example 2.2, it was shown that T is demicontractive with a constant
k= 2. Let h:[-9,3] x [-9,3] — R be a bifunction defined by h(z,y) =
y? + 2y — 222 and let f : R?® — (—o00,00] be a function defined by f(z) =

-4 27
1 2 —
5| Pz||*, where P = [ 1 _58
B, : R — 2R and By, : R? — oR® by By := Aj (see Theorem 4.3) and
By := 0f. By [29] and [15], we can write the explicit resolvents of By and By
in the following forms:

} . We define two maximal monotone operators

JlBlz:x and JlBZZ:(PTP—i-I)_lz

4
for all + € R and z € R3. Define a bounded linear operator A
R — R3 by Az = (2z,—5z,3z). Let © := F(T) N Q, where

{xEBl_lO:AxEBglO}.Takea":W,)\nzl,é:%,’yzw,u:
and choose z, = —5y;,. Thus, Algorithm (3.1) in our main result becomes

T | .

__ i1
= 19000n 16 95001
1 " T -1
X {xn+WA [(P P+1)"" (Az,) —Axn}}. (5.1)

We first start with the initial point 21 = 14 and the stopping criterion for our
testing process is set as: |z, —x,_1| < 10~". Now, a convergence of Algorithm
(5.1) is shown by Table 1 and it converges to 0 € ©.

6. Concluding Remarks

Our problem is the problem of finding a common solution of the split null
point problem and the fixed point problem for multivalued mappings in
Hilbert spaces. We focus on the class of maximal monotone operators for
the split null point problem and the class of demicontractive multivalued
mappings for the fixed point problem. We present an algorithm based on
Halpern’s method for solving the problem and also obtain some sufficient
conditions for the strong convergence of the proposed algorithm. The result
of Byrne et al. [6, Theorem 4.5] for solving the split null point problem and
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Table 1. Numerical experiment of Algorithm (5.1)

n Tn ‘mn - xn—1|
2 0.0250010 13.974999
3 0.0000709 0.0249301
4 0.0000177 0.0000532
5 0.0000132 0.0000045
15 0.0000038 0.0000003
24 0.0000023 0.0000001
25 0.0000022 0.00000009

the result for solving the fixed point problems for demicontractive multival-
ued mappings are consequences of our main result. Moreover, our problem of
main result can be applied to other split problems, i.e., the split feasibility
problem, the split equilibrium problem, and the split minimization problem.
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