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Abstract. This paper is devoted to study a class of abstract fractional
evolution equation in a Banach space X:

DSx(t) + Ax(t) = F(t,z(t)), teR, (1)
where 0 < a < 1, —A is the infinitesimal generator of a Cp-semigroup
on X, and F(t,z) is an appropriate function defined on phase space; the
fractional derivative is understood in the Weyl-Liouville sense. Combin-
ing the fixed point theorem due to Krasnoselskii and a decomposition
technique, we obtain some new sufficient conditions to ensure the exis-
tence of asymptotically almost periodic mild solutions for (1). Our result
generalizes and improves some previous results, since the Lipschitz con-
tinuity on the nonlinearity F(¢,z) with respect to x is not required. An
example is also presented as an application to illustrate the feasibility
of the abstract result.

Mathematics Subject Classification. 34A08, 43A60, 26A33.
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1. Introduction

The theory of almost periodic functions was introduced in the literature
around 1924-1926 with the pioneering works of the Danish mathematician
Bohr [1,2]. Loosely speaking, almost periodic functions are those functions
which come arbitrarily close to being periodic when one looks over long
enough time scales, they play an important role in describing the phenomena
that are similar to the periodic oscillations which can be observed frequently
in many fields, such as celestial mechanics, nonlinear vibration, electromag-
netic theory, plasma physics, engineering, ecosphere, and so on [3-5].

As a natural extension of almost periodicity, the concept of asymptotic
almost periodicity, which was the central issue to be discussed in this paper,
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was introduced in the literature [6, 7] by Fréchet in the early 1940s. Since then,
the theory of asymptotically almost periodic functions and their various ex-
tensions has attracted a great deal of attention of many mathematicians due
to both their mathematical interest and significance as well as applications
in physics, mathematical biology, control theory, and so forth. In particular,
asymptotically almost periodic functions have been utilized to study vari-
ous ordinary differential equations, partial differential equations, functional
differential equations, integro-differential equations, as well as stochastic dif-
ferential equations (see, for instance, [8-14] and the references therein), and
due to their significance and applications in control theory, mathematical bi-
ology, physics, etc., the study of asymptotically almost periodic solutions to
various differential equations becomes an attractive topic in the qualitative
theory of differential equations.

With motivation coming from a wide range of engineering and physical
applications, fractional differential equations have recently attracted great
attention of mathematicians and scientists. This kind of equation is a gen-
eralization of ordinary differential equations to arbitrary noninteger orders.
Fractional differential equations find numerous applications in the field of vis-
coelasticity, feedback amplifiers, electrical circuits, electro analytical chem-
istry, fractional multipoles, neuron modeling encompassing different branches
of physics, chemistry, and biological sciences [15-18]. Many physical processes
appear to exhibit fractional order behavior that may vary with time or space.
In recent years, there has been a significant development in ordinary and par-
tial differential equations involving fractional derivatives; we only enumerate
here the monographs of Kilbas et al. [15], Podlubny [16], Miller [17], Zhou
[18], and a series of papers [19-30], and the references therein. The study of
almost periodic type solutions to fractional differential equations was initi-
ated by Araya and Lizama [31]. In their work, they investigated the existence
and uniqueness of an almost automorphic mild solution of the semilinear frac-
tional differential equation:

Dfz(t) = Az(t) + F(t,z(t)), teR, 1<a<?2,

when A is a generator of an a-resolvent family and Df' is the Riemann—
Liouville fractional derivative. For more on almost periodic type solutions to
fractional differential equations, one can refer to [32-39] and the references
therein. Especially, very recently, in [39], Mu, Zhou, and Peng considered the
fractional differential equation in an ordered Banach space X:

DYa(t) + Ax(t) = F(t,z(t)), teER, 2)

where 0 < a < 1, —A is the infinitesimal generator of a Cy-semigroup on X,
and F(t,z) is an appropriate function defined on phase space; the fractional
derivative is understood in the Weyl-Liouville sense. Applying Fourier trans-
form, they first gave reasonable definition of mild solutions of Eq. (2). Then,
they established the existence and uniqueness results for the corresponding
linear fractional evolution equations, and accurately estimated the spectral
radius of resolvent operator. Finally, they established some sufficient condi-
tions for the existence and uniqueness of periodic solutions, asymptotically
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periodic solutions, asymptotically almost periodic solutions, asymptotically
almost automorphic solutions, and other types of bounded solutions when
F(t,x) satisfies some ordered or Lipschitz conditions.

To the best of our knowledge, much less is known about the existence
of asymptotically almost periodic solutions to Eq. (2) when the nonlinearity
F(t,z) as a whole loses the Lipschitz continuity with respect to x. Motivated
by the above mentioned works, the purpose of this paper is to establish a
new existence result of asymptotically almost periodic mild solutions to the
Eq. (2). In our result, the nonlinearity F'(¢,z) does not have to satisfy a
Lipschitz condition with respect to x (see Remark 3.5). As can be seen, the
hypotheses in our result are reasonably weak (see Remark 3.7), and our result
generalizes those as well as related research and has more broad applications.
In particular, as application and to illustrate the feasibility of the abstract
result, we will examine some sufficient conditions for the existence of asymp-
totically almost periodic mild solutions to the fractional partial differential
equation given by the following:

Ofu(t, x) = 9%u(t, ) + p(sint + sin V2t) sin u(t, z)
+Ve_|t|u(t,m) sinu?(t,z),t €R, x€[0,7],

with Dirichlet boundary conditions u(t,0) = u(t,7) =0, t € R, where p and
v are constants.

The rest of this paper is organized as follows. In Sect. 2, some concepts,
the related notations, and some useful lemmas are introduced. In Sect. 3, we
present some criteria ensuring the existence of asymptotically almost periodic
mild solutions. An example is given to illustrate the feasibility of the abstract
result in Sect. 4.

2. Preliminaries

This section is concerned with some notations, definitions, lemmas, and pre-
liminary facts which are used in what follows.

Throughout this work, N, Z, R, and C stand for the set of natural num-
bers, integral numbers, real numbers, and complex numbers, respectively. Let
(X, -1, (Y5l - lly) be two Banach spaces, BC(R, X)) (resp., BC(R xY, X))
is the space of all X-valued bounded continuous functions (resp., jointly
bounded continuous functions F' : RxY — X). Furthermore, Cy(R, X) (resp.,
Co(RxY, X)) is the closed subspace of BC(R, X) (resp., BC(RxY, X)) con-
sisting of functions vanishing at infinity (vanishing at infinity uniformly in
any compact subset of Y, and in other words:

lim |lg(¢,2)|| =0 uniformly for z €K,
[t]—+o0
where K is an any compact subset of Y). Let also L(X) be the Banach space
of all bounded linear operators from X into itself endowed with the norm:

ITllx) = sup{l|Tz| : z € X, =] = 1}.
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First, we recall some basic definitions and results on almost periodic and
asymptotically almost periodic functions.

Definition 2.1. [1,2, Bohr] A continuous function F' : R — X is said to be
(Bohr) almost periodic in ¢t € R if, for every € > 0, there exists I(¢) > 0,
such that every interval of length [(¢) contains a number 7 with the property
that:

|F(t+7)— F(t)]| <e forevery teR.

The number 7 is called an e-translation number of F'(¢) and the collection of
those functions is denoted by AP(R, X).

Lemma 2.2. [12] AP(R,X) is a Banach space with the norm
[Fllco = supyer [|1F(£)]]-

Definition 2.3. [12] A function F': R x Y — X is said to be almost periodic
if F(t,x) is almost periodic in ¢ € R uniformly for € K, where K is any
compact subset of Y.

The collection of those functions is denoted by AP(R x Y, X).

Lemma 2.4. [12] Let F(t,z) € AP(R x X,X) and ¢(t) € AP(R,X), then
O(t) = F(t,¢(t)) belongs to AP(R, X).

Definition 2.5. [6,7, Fréchet] A continuous function F': R — X is said to be
asymptotically almost periodic if it can be decomposed as F'(t) = G(t)+®(t),
where

G(t) € AP(R, X), ®(t) € Co(R, X).
Denote by AAP(R, X) the set of all such functions.
Lemma 2.6. [12/ AAP(R, X) is also a Banach space with the norm || - ||oo-

Definition 2.7. [12] A function F' : R X Y — X is said to be asymptotically
almost periodic if it can be decomposed as F'(t,z) = G(t,x) + ®(¢, z), where

G(t,z) € AP(R x Y, X), ®(tz) e Co(RxY,X).
Denote by AAP(R x Y, X) the set of all such functions.

Next, we recall the definitions of some fractional derivatives and inte-
grals which are used in this paper (see [40]).

Definition 2.8. [40] Let f € LP(R/27Z) (1 < p < +00) be a periodic function
with period 27 and the property that its integral over a period vanishes. The
Weyl fractional integral of order « is defined as follows:

1 27
1200 = 5 [ =9 f(s)as
where
e eikt
() = Z W for 0 < a< 1.
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The above Weyl definition is accordant with the Riemann-Liouville def-
inition [15]:
« 1 ! a—1 a
1200 = a7 [ (=97 1(6)ds, (12H()
1

= m/t (t—s)"""f(s)ds

for 27 periodic functions whose integrals over a period vanish, see [39].

Definition 2.9. [40] The Weyl-Liouville fractional derivative is defined as

(D)) = ﬁ:%([i‘“f)(t) for 0 < a < 1.

It is shown that the Weyl-Liouville derivative (0 < a < 1)

DIN0 = Frmay g [ = o)"Fas

coincides with the Caputo, Riemann-Liouville, and Grunwald-Letnikov de-
rivative with lower limit —oo [16]. It is known that DS’ = D% (DY) for
any a, 3 € R, where DY = Id denotes the identity operator and (—1)"D" =
D7 = d"/dt" holds with n € N, see [17].

Let us now recall the definitions and properties of semigroups of linear
operators (see [41] for details) and a new operator which was introduced in
[39].

Assume that —A is the infinitesimal generator of a Cp-semigroup
{T(t)}+>0. If there are M > 0 and v € R, such that [|T(t)|nx) < Me"?,
then

M+ A) e = / e MT(t)adt, ReA > v, x € X.
0

A Cy-semigroup {T'(t)};>0 is said to be uniformly exponentially stable
if there exist two constants M,d > 0, such that

|T(t)|| < Me% for all t > 0. (3)

In addition, a Cy-semigroup {T'(¢)};>0 is said to be uniformly bounded if
there exists a constant M > 0, such that

IT@®)] <M forall t>0. (4)
Let
—a / 0 (O)T(t°0)d0, ¢ > 0, (5)

where {T'(t)};>¢ is a Cy-semigroup and (,(6) is a probability density function
with

oo

Cal6) = % 2}(—1)”—19”—1””‘;f1) sin(nma).

One has the following results.

Lemma 2.10. [39]
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1. Assume that {T'(t)}1>0 is a uniformly bounded Cy-semigroup satisfying
(4). Then, for any fized t > 0, V(t) is a linear and bounded operator,
that is, for any © € X, one has |V (t)z| < M|z|/T(«).

2. If {T(t) }+>0 is a Co-semigroup, then {V(t)}i>0 is strongly continuous.

3. If {T'(t)}1>0 is exponentially stable satisfying (3), then

IV()llxy £ MEq,o(—6t) for all t > 0.

In the following, we recall the definitions and properties of Mittag—Lefer
functions [15]:

> tk > tk
E.t)= ———— EB,o)=Y ———— teC.
®) ’;F(ak—i-l) ®) I;)F(a(k—i—l))
These functions have the following properties for o € (0,1) and ¢ € R:

Lemma 2.11. [42]
1. Ba(t) > 0, Eqalt) > 0.
2. [43] (Ea(t)) = (1/a)Ea,a(t).
3. [44,45) lim Eo(t) = lim_Foa(t) =0.

Now, we present the following compactness criterion, which is a special
case of the general compactness result of Theorem 2.1 in [37].

Lemma 2.12. [46] A set D C Cy(R, X) is relatively compact if

1. D is equicontinuous.

2. | ‘lim z(t) = 0 uniformly for x € D.
t|l—+oo

3. the set D(t) := {x(t) : « € D} is relatively compact in X for every
teR.

The following Krasnoselskii’s fixed point theorem plays a key role in the
proofs of our main results, which can be found in many books.

Lemma 2.13. [47] Let B be a bounded closed and convex subset of X, and
J1, J2 be maps of B into X, such that Jyx + Joy € B for every pair x,y € B.
If Jy is a contraction and Jo is completely continuous, then the equation
Jix + Jox = x has a solution on B.

3. Asymptotically Almost Periodic Mild Solutions

In this section, we study the existence of asymptotically almost periodic mild
solutions for the fractional evolution equations in a Banach space X of the
form:

D2 (t) + Ax(t) = F(t,z(t)), t € R, (6)

where the fractional derivative is understood in the Weyl-Liouville sense,
0 < a < 1, —A is the infinitesimal generator of a Cy-semigroup on X, and
F:Rx X — X is a given function to be specified later.

In [39], applying Fourier transform, Mu, Zhou, and Peng proved the
following Lemma.



MJOM Asymptotically Almost Periodicity for a Class Page 7 of 22 155

Lemma 3.1. Assume that —A generates an exponentially stable Cy-semigroup
{T(t)}i>0. If x : R — X is a function satisfying the equation DT x(t) +
Az(t) = F(t) for t € R, then = satisfies the integral equation:

() = / " (= 8P WVt — 5)F(s)ds, t € R,

—00

where V(t) is defined by (5).

The above Lemma motivates the following definition of mild solution to
Eq. (6), which is a reasonable definition and also given in [39], it is essential
for us.

Definition 3.2. A function z : R — X is said to be a mild solution to Eq. (6)
if

ac(t)z/ (t— $)°= 1V (t — 5)F(s,2(s))ds, t€R,

— 00

where V(¢) is given by (5).
In the proof of our result, we need the following auxiliary results.

Lemma 3.3. Assume that {T(t)}i>0 is exponentially stable satisfying (3).
Given Y (t) € AP(R, X). Let

Dy (t) := /t (t—s)*'V(t—s)Y(s)ds, tcR.

— 00

Then, ®1(t) € AP(R, X).

Proof. First, from Lemmas 2.10(3), 2.11, and E,(0) = 1, it follows that:

st = | [ = vi-avas

< Wik | [ - vie-sas

L(X)
t
< MHYHOO/ (t —5)* 1By o(—6(t — 5)%)ds

= MY oo Ea(—6(t — 5)%)]

— 00

MY
5 b

which implies ®,(¢) is well defined and continuous on R. Since Y(¢t) €
AP(R, X), then for every € > 0, there exists I(¢) > 0, such that every interval
of length I(¢) contains a number 7 with the property that:

Y (s+7)=Y(s)]| < e for every s € R,
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which together with Lemmas 2.10(3), 2.11, and E,(0) = 1, implies that

H@@+Ty4mum:H[;(rmuww*va+r—gygms

—/ (t—s)*"'V(t —s)Y(s)ds

H/ —8)* W (t —s)Y(s+7)ds

—/_ (t— )V (¢ — 8)Y (s)ds

< [ -9 V-9l (s ) - Yl

— 00

<e

/_;(t — 8Vt — 5)ds

L(X)

< Me /75 (t —8)* 1By o(—6(t — 5)¥)ds

— 00

t _Ms

oo 0
which implies that ®(t) € AP(R, X). O

= MeE,(—6(t — s)%)

Lemma 3.4. Assume that {T(t)}>0 is exponentially stable satisfying (3).
Given Z(t) € Co(R, X). Let

Dy(t) := /t (t—s)* 'V (t—s)Z(s)ds, tER.

— 0o

Then, @2(15) S Co(R,X)

Proof. First, similar to the proof of Lemma 3.3, it is easy to see that ®»(¢) is
well defined and continuous on R. Since Z(t) € Cy(R, X), one can choose
an Ny > 0, such that || Z(t)]] < e for all ¢ > Nj. This together with
Lemma 2.10(3), Lemma 2.11, and E,(0) = 1, enables us to conclude that
for all t > Ny:

N1
|@a(1)]] < / (t - $)* 1V (t - 5)Z(s)ds

H/N JoLY (¢ — 5)Z(s)ds

<12l

Ny
/_ (t—s)* 'V (t —s)ds

L(X)

+e /t (t—8)* 1V (t — s)ds

Ny

L(X)
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Ny

< M||Z||oo/_ (t = )2 B o(=5(t — 5))ds
+Me /t (t—8)* T Ey o(—0(t — 5)*)ds
Ny
= M|\ Z||oo Ea(—5(t — 5)*) io + MeEq(—8(t — 5)%) jv
Me

< M| Z]joo Ea(=0(t = N1)%) + —=,
which together with Lemma 2.11(3), implies that lim; ;o ||®2(t)]] = 0.

On the other hand, from Z(t) € Co(R, X), it follows that there exists
an Ny > 0, such that ||Z(t)]| < e for all ¢ < —Ns. This together with
Lemma 2.10(3), Lemma 2.11 and F,(0) = 1, enables us to conclude that for
all t < —Na:

(1) = H / ;u )PV~ 5)Z(s)ds

<e

/t (t—s)*'V(t—s)ds

— 00

L(X)

< Me/t (£ — ) B o (—6(t — 5)%)ds

M
= MeEo(—=6(t—5)*)| = TE
which implies that lim;—._ |®2(¢)|| = 0. O

Now, we are in position to state and prove our main result. For that,
let us introduce the following assumptions:

(Hy) F(t,z) = Fi(t,z) + Fa(t,x) € AAP(R x X, X) with
Fi(t,z) € APR x X, X), Fa(t,z) € Cp(R x X, X),
and there exists a constant L > 0, such that
[ Fi(t,x) — Fi(t,y)|| < Lz —y|| forallteR, z,y € X. (7)

(H3) There exist a function 3(t) € Co(R,RT) and a nondecreasing function
®: Rt — R, such that for all t € R and z € X with |z| <r:

|Fo(t, 2)|| < B(1)®(r) and liminf o) _ (8)
r— 400 r
Remark 3.5. Assuming that F(¢, ) satisfies the assumption (Hy), it is noted
that F(t,x) does not have to meet the Lipschitz continuity with respect
to x. Such class of asymptotically almost periodic functions F'(¢,z) is more
complicated than those with Lipschitz continuity and little is known about
them.

Lemma 3.6. Given F(t,x) = Fi(t,z) + Fa(t,x) € AAP(R x X, X) with
Fi(t,z) € APR x X, X), Fy(t,z) € Co(R x X, X).
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Then, it yields that

sup [|[Fy(t, x) — Fi(t,y)|| <sup [F(t,2) — Fty)ll, zyeX. (9
teR teR

Proof. To show this result, it suffices to verify that

{Fi(t,x) — Fi(t,y) : t e R} C {F(t,x) — F(t,y) : t e R}, z,yeX.

If this is not the case, then, for fixed z,y € X, there exist some t; € R and
€ > 0, such that

I(Fi(to, ) — Fi(to,y)) — (F(t,z) — F(t,y))| = 3¢ for all t € R.

It is clear that lim; 4o | Fa(t, ) — Fa(t,y)| = 0, which implies that there
exists a positive number 7', such that for all t > T"

[F2(t, @) — Fa(t, y)|| <e. (10)

Since Fy(t,xz) € AP(Rx X, X), one can take [ = [(¢) > 0, such that [T, T +1]
of length [ contains at least a 7 with the properties:

|Fi(to +7,2) — Fi(to, x)|| <e, |[[Fi(to+T1,y) — Fi(to,y)|| < e,
which enable us to find that

[Fa(to + 7,2) = Falto + 7 y)ll = [|[F(to + 7,2) — F(to + 7,y) — Fi(to, z) + Fi(to, )]
—[[F1(to + 7,2) — Fi(to, z)||
7||F1(t0 +T7y) - Fl(t07y)H > g,

which contradicts (10), completing the proof. O

Remark 3.7. In Lemma 3.6, (9) implies that when F'(¢, 2) meets the Lipschitz
continuity with respect to « with Lipschitz constant L, then F} (¢, z) satisfies
(7). Note that in [39], to be able to apply the well-known Banach contrac-
tion principle, a Lipschitz condition for the nonlinearity F'(¢,z) of Eq. (6) is
needed. Thus, our condition in the assumption (H;) is weaker than those of
[39].

Let 5(t) be the function involved in assumption (Hs). Define
¢
o(t) == / B(s)(t —5)* ' Eqa(—6(t —s)*)ds, teR.

Lemma 3.8. o(t) € Co(R,RT).

Proof. Since 3(t) € Co(R,R™), one can choose a T} > 0, such that ||3(t)]| < e
for all ¢ > Ty. This together with Lemmas 2.10(3), 2.11, and E,(0) = 1
enables us to conclude that for all t > T;:
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T

a(t) < B(s)(t — 8)*  Ey.a(—6(t —5)*)ds

+ ; G(s)(t — s)a_lEa,a(—é(t —5)%)ds

T
< (1Bl / (t = ) Eaa(~8(t - 5)°)ds

— 0o

+Me /Tt (t = )1 B o (—6(t — 5)%)ds

= M BEa(—5(t— )|+ MeBL(—5(t — 5))|'

— 00 T
Me
5
which, together with Lemma 2.11(3), implies lim;_, 1 o o(t) = 0.
On the other hand, from 3(t) € Co(R,R"), it follows that there ex-
ists a To > 0, such that ||3(¢)|| < e for all ¢ < —T,. This together with

Lemma 2.10(3), Lemma 2.11, and E,(0) = 1 enables us to conclude that for
all t < =T,

< M|BllocEa(—0(t = T1)%) +

o(t) < 5/t (t —8)* 1By o(—0(t — 5)*)ds = e B, (—06(t — 5)%) b Me

e —o0 57
which implies lim;_, o o(t) = 0. O
Theorem 3.9. Assume that —A generates an exponentially stable Cy-semigroup
{T(t)}+>0 satisfying (3). Let F': R x X — X satisfy the hypotheses (Hy) and

(Hz). Put ps := sup,cp o(t). Then, Eq. (6) has at least one asymptotically
almost periodic mild solution whenever

ML + Mpipy < 1. (11)

Proof. Consider the coupled system of integral equations:

v(t)z/ (t— )WVt — 8)Fy(s,0(s))ds, ¢ € R,

—00

w(t) = /_ (t—8)* 'V (t — 8)[Fi(s,v(s) + w(s)) — Fi(s,v(s))]ds (12)

t
+ / (t—8)* 'V (t — 8)Fa(s,v(s) +w(s))ds, teR.

If (v(t),w(t)) € AP(R,X) x Cp(R,X) is a solution to system (12), then
z(t) :=v(t) +w(t) € AAP(R, X) and it is a solution to the integral equation

x(t) = / (t—s)* 'V(t—s)F(s,x(s))ds, teER,

— 00
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that is, x(t) is an asymptotically almost periodic mild solution to Eq. (6).
Hence, the problem has shifted to show that system (12) has at least a solution
in AP(R, X) x Cy(R, X).

Define a mapping A on AP(R, X) by

(Av)(t) = / (t — )"V (t - s)Fy(s,v(s))ds, t€ER.

—00

First, since the function s — Fj(s,v(s)) is bounded on R and

iacle = | [ v om s s

< il | = Vi sas

L(X)
< M||F1||oo/ (t —8)* 1By o(—6(t — s)¥)ds

= M| B[l Ba(—5(t — )™

— 00

_ M|
(5 )
which implies that (Av)(¢) exists. Moreover, from Fi(t,x) € AP(R x X, X)
satisfying (7), together with Lemma 2.4, it follows that

Fi(-,v(-)) € AP(R, X) for every v(-) € AP(R, X).

This, together with Lemma 3.3, implies that A is well defined and maps
AP(R, X) into itself.

In the sequel, we verify A is continuous.

Let v, (t),v(t) be in AP(R, X) with v, (t) — v(t) as n — oo, then one
has

Ja0)) - el = | [ =97 V= 9)[Filovale) = Ao u(s)]as

< L/_ [(t—5)* "V (t — s)[vn(s) — v(s)]||ds
< ML|jv, — v||w1 (t = $)° " Bu.a(—6(t — 5)*)ds

= ML|on — vl Ba(-0(t — 5)7)| = M= Vlee.
Therefore, as n — oo, Av, — Av, and hence, A is continuous.

Next, we prove that A is a contraction on AP(R, X) and has a unique
fixed point v(t) € AP(R, X).

Let v1(t),v2(t) be in AP(R, X), similar to the above proof of the conti-
nuity of A, one has

IA0a)(®) ~ (Al < 25 o3 = v,



MJOM Asymptotically Almost Periodicity for a Class Page 13 of 22 155

which implies

I[Au]0) = (A2l Olloe < 25 101 = valle

This together with (11) proves that A is a contraction on AP(R, X). Thus,
the Banach’s fixed point theorem implies that A has a unique fixed point
v(t) € AP(R, X).

For the above v(t), define I' := ' + T2 on Cy(R, X) as follows:

(Flw)(t) = /7 (t— s)a*V(t — 8)[Fi(s,v(s) + w(s)) — Fi(s,v(s))]ds, teER,

(M2w)(t) = /_ (t —8)* 'V (t — s)Fa(s,v(s) +w(s))ds, tecR.

First, from (7), it follows that
|1F1(s,v(s) +w(s)) — Fi(s,v(s))]| < Lljw(s)|| for all s € R, w(s) €,
which implies that
Fi(,v() +w(:) = Fi(-,v()) € Co(R, X) for every w(-) € Co(R, X).

According to (8), one has
IFa(s.0(s) + w(s))]| < B)(r +sup [o(s)])
seR

for all s € R and w(s) € X with ||w(s)|| < r, then
B(,u() +w() € CoR, X) as B(-) € Co(R,RT).

Those, together with Lemma 3.4, yield that I' is well defined and maps
Co(R, X) into itself.

To complete the proof, it suffices to prove that I" has at least one fixed
point in Cy(R, X).

Set Q. = {w(t) € Co(R, X) : ||w]leo < 7}. In view of (8) and (11), it is
not difficult to see that there exists a constant ky > 0, such that

ML

ko + Mp2® (ko + sup ||U(5)||) < ko.
d seR
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This enables us to conclude that for any ¢t € R and wy (t), wa(t) € Qp,:

(T wn)(t) + (Tw2) (8]

<[ [ -9 = IR s, 0(s) +1(5) — Fis,0(s)))ds
+ /_ (t — )"V (t — 8)Fa(s,v(s) + wa(s))ds

aS /_ It = )7V (¢ = 8)[F1(s, v(s) +wi(s)) = Fi(s,v(s))]llds
+/ 1t = 8)* 1V (t = 5)Fa(s, 0(s) +wa(s))[lds

— 00

< / It — 5)* V' (t - s)n(s) s

— 00

<1>(||w2||oo+sup||v<s>||) [ 186 = 9w - s

< L|w1 oo H/ —5)* 1V(t—5)d

L(X)

Ma <w2||oo+§gﬂg||v<s>||) | A=) Bt = )

SML||w1HOO/ (£ — )% Boo(—6(t — 5))ds

— 00

M@ (nwgum _ ||v<s>||)

< MLleHooEa(_(s(t —5)%)

t
T Mpa (wzuw +sup ||v<s>||)
. sup

_ ME|wills
)

+Mpo® (ko + sug ||v(s)||>
sE

S kO?

- Mpa (wzuoo +sup ols >||) < 2Ly,
sE

which implies that (T'l'wq)(t) + (I'%ws2)(t) € Q4. Thus, T maps Q, into itself.

In the following, we show that T'! is a contraction on Q. For any
w1 (t),wa(t) € D, from (7), it follows that

I[F1(s,v(s) + wi(s)) — Fi(s,v(s))] = [F1(s,v(s) + wa(s))
—Fi(s,v(s))]ll < Llwi(s) — wa(s)]l.
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Thus

[(Twr) () — (T wa) ()]
H/ _ gy IV(t—s)[(Fl(s,v(s)+w1(s))—Fl(sw(s)))

- (Fl(s, v(s) +wa(s)) — Fl(s,v(s)))}ds

<L le-9 V- ) - ea(o)llds

< ML|jw —wzuoo/ (t — )% Boo(—0(t — 5)*)ds

— 00

t - ML||W1_W2||00
)

= ML|wy — walleoEa(—=d(t — 5)%) = 3

which implies that

(M wn)(t) = (Twa) ()l < %Ilwl — walloo-

Thus, in view of (11), one obtains the conclusion.

From our assumption, it is clear that I'? is a continuous mapping from
Qp, to Q. Thus, to apply the well-known Krasnoselskii’s fixed point theorem
(see Lemma 2.13) to obtain a fixed point of ', one needs to verify that I'? is
completely continuous on €y, .

Given e > 0. Let {wg }{25 C Q, with w, — wp in Co(R, X) as k — +oo.
Since o(t) € Co(R,RT) Wthh follows from Lemma 3.8, one may choose a
t1 > 0 big enough, such that for all ¢ > ¢;:

<I><k0 + Hv||oo>o(t) < 3LM
In addition, in view of (H), we have
Fa(s,0(5) + wi(s)) — Fa(s, v(s) + wo(s)) for all s € (—00, 1] as k — +o0,
and
1B 0() + @) = Bl v() +wo( )| < 20 (ko + llelloe ) B() € L (=00, 4]

Hence, by the Lebesgue dominated convergence theorem, we deduce that
there exists an NV > 0, such that for any k£ > N:

M / — ) B o (—6(t — 5)2)[Fa (5, 0(5) + wi(5))

—Fa(s,0(s) + wo(s))]llds <

Wl ™
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Thus, when k£ > N:

1(T%wi) (t) = (T2wo) (1)

H/ = 8) TV (t — 8)Fa(s,v(s) + wi(s))ds
_/_Oo(t— $)° IV (t — 5)Fa(s, v(s) + wo(s))ds

< / l 1t = )71V (t = 8)[Fa(s, v(s) + wi(s)) = Fa(s,v(s) +wo(s))]]lds

— 00

max{t,t1}
+/ I(t = 8)* 7V (t = 5)[Fa(s, v(s) + wi(s))

t1

—Fy(s,v(s) + wo(s))]llds

O [ 1 B0 ) Fa(,06) + ()
—Fy(s,v(s) +wo(s))]llds

max{t,t1}
2210 (ko + o) [ B(5)(t — 8)* L a(~0(t — 5)*)ds

§ M/il H(t - s)aflana(fd(t _ s)a)[FQ(S,U(S) I wk(s))

~Fa(s,0(s) + wo(s))]ds + 2@ (ko + [[v] ) o(t)
2
+ ? =E£.

€
3
Accordingly, I'? is continuous on Q.

In the sequel, we consider the compactness of I'2.

Set B,(X) for the closed ball with center at 0 and radius r in X, A =
I2(Qy,) and z(t) = T?(u(t)) for u(t) € Q,. First, for all w(t) € Q, and
teR:

(%) ||—H / )Vt — ) (s, v(s) + w(s))ds
<M<I>(k0+z161§||v )/ Bs)(t — 5)° B o (—6(¢ — 5)%)ds

= Mooy (ko + s ||v<s>||) ,

in view of o(t) € Co(R,RT) which follows from Lemma 3.8, one concludes
that

| ‘lim (T2w)(t) =0 uniformly for w(t) € Q.
t|—+oo
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As

(T2w)(t) = /_ (t— )2V (¢t — 5)Fa(s, v(s) + w(s))ds
“+oo
— /0 Ta_1V(T)F2(t — 1ot —7)+w(t—7))dr.

Hence, for given g¢ > 0, one can choose a £ > 0, such that

H/;roo T W) By (t — 7, 0(t — 7) + w(t — 7))d7|| < eo.

Thus, we get

z2(t) € Ee({r* 7V (T) Fa(Av(A) +w(A) : 0 <7 <&t = S A< E |wlfoo < 7)
+B€0 (X)7

where ¢(K) denotes the convex hull of K. Using that V'(-) is strongly contin-
uous which follows from Lemma 2.10(2), we infer that

K= {r"'V(n)Fy(\v(\) +wN\) 0 <7 <€t —E< A< E [w]loo <7}

is a relatively compact set, and A C &c(K) + B, (X), which implies that A
is a relatively compact subset of X.
Next, we verify the equicontinuity of the set {(T?w)(t) : w(t) € Q, }-
Let k > 0 be small enough and t1,t3 € R, w(t) € Q,. Then, by (8), we
have

I(T2w)(t2) — (w)(t1)

- H/m“ = 8)* "MWV (tz — ) Fy(s, 0(s) + w(s))ds

7/ 1 (t1 — 8)* 7V (ty — 8)Fa(s,v(s) +w(s))ds

— 00

= / 2 1tz — )7V (t2 — 5) Fa(s,v(s) + w(s))|lds

ty

ti—k
+/ [[(t2 = )7V (2 = 5) = (t1 = 8)* 7V (t1 = )] Fa(s, v(s)

Tu(s))llds
+/ [(ta — 8)* 1V (ty — ) — (ta — 8)* 'V (t; — 8)|Fa(s, v(s)
t1—k
+w(s))llds
< M (ko + [|v]l-o) 8612 = )" Bt — 9))ds
+ (ko + vl )
x sup [tz = 8)* TV (t2 = 8) = (t2 = 8)* TV (t1 — )]

s€[—o0,t; —k]
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x/tlkﬂ(s)ds+M¢(ko+ ol )

ty
<[ (BNt = ) Btz 9))
t1—k
+B(s)(t1 — 8)* ' Eqa(—6(t1 — 5)*)) ds
—0 asto—t; — 0, k—0,
which implies the equicontinuity of the set {(T%w)(t) : w(t) € Qi }-

Now, an application of Lemma, 2.12 justifies the compactness of I'2.
Finally, from the Krasnoselskii’s fixed point theorem (see Lemma 2.13),

it follows that I' has at least one fixed point in €. This proves that system
(12) has at least one solution in AP(R, X) x Cp(R, X). O

4. Applications

In this section, we give an example to illustrate the feasibility of the above
abstract result.

Consider the following fractional partial differential equation with
Dirichlet boundary conditions of the form:

Otu(t, x) = ?u(t, x) + p(sint + sin v2t) sinu(t, x)
+ve Mu(t, z)sinu?(t,z), teR, zel0,x], (13)
u(t,0) =u(t,m) =0, teR,
where p and v are positive constants.
Take X = L?0, ] with norm | - || and define A : D(A) C X — X given

by Ax = 8292(25) with the domain:

D(A) = {JJ() € X:2" € X,2' € X is absolutely
continuous on [0, 7],2(0) = z(7) = O}.

It is well known that A is self-adjoint, with compact resolvent and
is the infinitesimal generator of an analytic semigroup {7'(t)};>0 satisfying
IT(t)] <e " fort> 0. Let

Fi(t,2(8)) == p(sint + sin v2t) sin 2(€), Fo(t,z(€)) := ve I1z(€) sinz?(¢).

Then, it is easy to verify that Fy, F» : R x X — X are continuous, F(¢,z) €
AP(R x X, X) satisfying

|Fy(t,a) — Fi(ty)l| < 2pllz — y] for all t € R, 2,y € X,
and
|Fo(t,z)|| < ve™l|z|| forallt eR, z € X,
which implies that F»(¢,z) € Co(R x X, X). Furthermore
F(t,z) = Fi(t,z) + Fa(t,x) € AAP(R x X, X).
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Thus, (13) can be reformulated as the abstract problem (6) and the assump-
tions (Hy) and (Hsz) hold with

L=2u, ®(r)=r, pt)= l/e_‘tl, pr=1, pa <.

Then, from Theorem 3.9, it follows that Eq. (13) has at least one asymptot-
ically almost periodic mild solution whenever 2u + v < 1.
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