Mediterr. J. Math. (2018) 15:132
https://doi.org/10.1007/s00009-018-1179-8
1660-5446,/18/030001-15

published online May 30, 2018 I
(© Springer International Publishing AG,
part of Springer Nature 2018

Mediterranean Journal
of Mathematics

@ CrossMark

On the Existence of Ground State Solutions
for Fractional Schrodinger—Poisson Systems
with General Potentials and Super-quadratic
Nonlinearity

Zu Gao, Xianhua Tang and Sitong Chen

Abstract. In this article, we are concerned with the following fractional
Schrédinger—Poisson system:

(—AYu+ V(z)u+ ¢u= f(u) inR?

(A ¢ = u? in R?,
where 0 < s <t < 1,25+ 2t >3, and f € C(R,R). Under more relaxed
assumptions on potential V(z) and f(z), we obtain the existence of
ground state solutions for the above problem by adopting some new
tricks. Our results here extend the existing study.
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1. Introduction

In the present paper, we deal with the existence of ground state solutions for
the following fractional Schrédinger—Poisson problem:

(Cafpidomem—o S

where 0 < s <t < 1, 25+ 2t > 3, and (—A)?® is the fractional Laplacian of
order s. Here, the fractional Laplacian (—A)® is defined, up to normalization
factors, by the following singular integral:

(=A)*u(x) = C4P.V. /R Mdy,

where P.V. is a commonly used abbreviation for “in the principle value sense”
and C is a dimensional constant that depends on s. Via the Fourier transform
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F, (—A)?® can also be computed by the following:
(=A)%u = FH(gP*(Fu), VEER?,

(see [13] and the references therein for further details on fractional Laplacian).
V and f satisfy

(V1) V € L*°(R3) and inf,cps V(z) > 0;

(F1) f e C(R,R), and there exists constants Cy > 0 and p € (2,2%), where

2% = 3f25 is the fractional critical Sobolev exponent, such that

[f(w)] < Col+[ulP™h), VuekR;
(F2) f(u)=o0(u) asu — 0.

Recently, fractional Laplacian equations have concrete applications in
many fields, such as thin obstacle problem, optimization, finance, phase tran-
sitions, anomalous diffusion, and so on. For previous related results, see
[1,4,5,8,9,12,14,18,21-23,27,31,32] and the references therein.

System (1.1) is called a fractional Schrédinger—Poisson system, which
is also called fractional Schrodinger—Maxwell system, because it consists of
a fractional Schrodinger equation coupled with a Poisson term. It is well
known that a great attention has been devoted to the fractional and non-local
integro-differential operators like (1.1), for the thought-provoking theoretical
structure and their impressive applications in many fields. In fact, the frac-
tional Laplacian (—A)® is a non-local operator in the fractional Schrodinger
equation, which is obvious a difficulty. And then, Caffarelli and Silvestrein
made greatest achievement in overcoming this difficulty by the extension
theorem in [7]. The authors used some extension to transform the non-local
problem into a local problem, and established some existence and nonex-
istence of Dirichlet problem involving the fractional Laplacian on bounded
domain. Furthermore, a great deal of progress has been made to the fractional
Laplacian equations after the work [7].

If s=t=1, 2 €R3 System (1.1) reduces to the classical Schrodinger—
Poisson system:

(1.2)

—Au+V(z)u+ ¢u= f(u) inR3,
_A(b:uz in RS,

which was first introduced by Benci and Fortunato in [3] to describe the
interaction of a charge particle with an electromagnetic field. The existence
and multiplicity of solutions of System (1.2) had been investigated extensively
by many authors in the past several years; we refer the interested readers to
see [2,5,16,19,24,28,30,33] and the references therein. The literature mainly
focuses on the study of System (1.2) with V(z) = 1 or V(z) = V(|z|), and
f satisfies the following assumptions of Ambrosetti-Rabinowitz type and 4-
superlinear as follows:

(AR) f(u)u > 4F(u) >0, Vu € R, where F(u) = [, f(s)ds;

(SF) hm|u\—>oo Fé};) = Q.

In fact, for (AR) and (SF), it is easy to verify the Mountain Pass geometry
and the boundedness of (PS) or (C). sequences.
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When V(z) =1 as follows:

{—Au+u+¢u:f(u) in R?,

—A¢ = u? in R3, (1.3)

more specially, the case that f(u) = |u[P~2u associated with (1.3) has been
paid much attention by various authors. In detail, for p € (4,6), in [6,10], a
radial positive solution of (1.3) was obtained and the corresponding energy
functional was proved to attain a local minimum at zero by Mountain Pass
Theorem. On the other hand, for the aim of obtaining the nonexistence of
nontrivial solutions of (1.3) for p < 2 or p > 6, a related Pohozaev equality
was provided in [11]. Later, Ruiz [19] proved the existence of a positive radial
solution for 3 < p < 4, and the nonexistence of any nontrivial solution for
2 < p < 3. Obviously, the result fills the gap p € (2,4] left in the previous
study. Ruiz’s approach in [19] is to get the minimizer on the Nehari-Pohozaev
manifold M, which is defined as a linear combination of the Nehari mani-
fold and the Pohozaev manifold. However, we should also notice that Ruiz’s
method cannot be applied for general nonlinearity f. Then, Sun and Ma [20]
proved that (1.3) admits a least energy solution if f satisfies (F1), (F2) and
the following assumption of Ambrosetti-Rabinowitz type (AR’) there exists
p > 3, such that f(u)u > pF(u) > 0 for u € R\{0}.

Actually, Sun and Ma [20] employed Jeanjean’s monotonicity trick [17]
to get a bounded (PS) sequence, then adopted Pohozaev identity and global
compactness lemma to obtain a series of nontrivial critical points, which were
used to construct a special (PS) sequence, and then proved the boundedness
of the special (PS) sequence, and hence, got a nontrivial critical point of
the initial problem. More recently, by exploiting some new tricks with mild
conditions on potential V' and f, Tang and Chen [25] made a substantial
improvement to the main results in [20].

When f(u) = plu|?%u + |u|*~2u, p € RT is a parameter, ¢ € (2,2%),
s,t € (0,1) and 2s + 2t > 3, taking advantage of Pohozaev—Nehari manifold,
the arguments of Brezis—Nirenberg, the monotonic tricks and global compact-
ness lemma, Teng [26] investigated the existence of a nontrivial ground state
solution for System (1.1). Moreover, in the situation, where the nonlinearity
f(u) = |u|P~2u has subcritical growth, p € (3,23), t = s € (2,1), V satisfies
(V1) and the following assumptions:

(V2) V(o0) := liminf|, o V(y) > (F)V(z).
(V3) V(z) is weakly differentiable, and satisfies (VV(x),xz) € L*(R?®) U

o*

L7 2 (R3):
25V (x) + (VV(z),2) >0 ae. x € R®

With the similar spirit of [30], Teng [29] studied the existence of ground
state solutions, which is a minimizer of the reduced functional restricted on
the manifold introduced in [19]. It is worth mentioning that the approach is
invalid for generally nonlinear case.

It is natural to ask whether or not the existence results got in those
classical contexts can be extended to non-local fractional systems. Motivated
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by the results mentioned above, especially [15,25], our main goal in the paper
is to prove the existence of a ground solution for System (1.1), which makes
a substantial improvement to the main results in [29].
Before stating our main results, we shall introduce the following as-
sumptions on the potential V' and the nonlinearity f as follows:
(V4) V(z) is weakly differentiable, and satisfies (VV (z),z) € L*(R?), and
for some gy > 0

25V (x) + (VV(x),2) > 0 a.e. x € R3,

(Fg) hm|u‘ﬁoo % = OQ.
(Fy) [(s 4+ t)f(u)u — 3F(u)]/|u|*s20/(s+8) is a nondecreasing function of u
on R\{0}.
(F5) There exist £ > 2 and C; > 0, such that
fw) ’ fw)
2 U

- <0 [(s F ) fw)u — (4s + 26 F(u)]

where g is Sobolev imbedding constant, such that vo||ul|3 < ||ul|? for
u € H¥(R3).

Remark 1.1. There are indeed functions which satisfy (V1)—(V4). An exam-

ple is given by V(z) = V; — Ir\%’ where V; > 1 is a positive constant.

We are now in a position to state the main results of this paper.

Theorem 1.2. Suppose that (V1)—(Vs) and (F1)—~(F5) hold. Then, System
(1.1) has a ground state solution ug € H*(R3)\{0}.

Theorem 1.3. Suppose that (V1), (Va2), (V4) and (F1)—(F4) hold. Then, Sys-
tem (1.1) has a ground state solution ug € H*(R3)\{0}.

The plan of this paper is as follows. In Sect. 2, we present some notations
and preliminaries. In Sect. 3, we prove Theorems 1.2 and 1.3, respectively.

2. Preliminary Results

Throughout the paper, we denote by || - ||, the usual norm of the space
LP(R?) and by % the usual Fourier transform of u, the letters ¢;, C, C; stand
for different positive constants. Moreover, we set u, = 75T u(7z). Next, we
establish the variational setting of System (1.1) in fractional Sobolev spaces.

A complete introduction to fractional Sobolev spaces can be found in
[13]. For fixed « € (0,1), we define the homogeneous fractional Sobolev space
D*2(R3) as follows:

D2 (®) = {u € L (R J¢|ale) € LA(RY)],

3

which is the completion of C§°(R”) with the norm:

lullpes = / €22 [a(e) e
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From Plancherel’s theorem we have |ull2 = ||ull2, and then |||{|*ull2 =
|(—A)% ul|2. The fractional Sobolev space H*(R?) can be described through
the Fourier transform, that is

H(R?) = {u e 2®) [ (1ePae) + [a©)R)ds < +oo} .
R3
In this case, the inner product and the norm are defined, respectively, as

() = [ (P +a(ene) ) ds

and
20156V 12 o |76 |2 :
fulla- = [ (1ePtac@) + face)?)ac)
R3
Hence
2
e = ( L 0=a)5u@E + |u<x>|2>dw> | Vue HO®E),

For simplicity, we denote || - || by || - ||« in the sequel.

In terms of finite differences, the fractional Sobolev space H*(R?) can
also be defined as follows:

3 w 2 m3y | [0(@) — u(y)] 23 3
H*(R®) = { EL(R)7|xiy|a+% e L*(R XR)}

endowed with the natural norm:

1
(y)I? o\
|| e _</1R<3/Rs |x—y|2a+3 — 7 dxdy + ‘|u| dz ) .

In addition, in light of Propositions 3.4 and 3.6 in [13], we have

2
-yt = [ ePme P = s [ [ TR deay.

By [13], H*(R3) — L4(R?) is continuous for ¢ € [2,2%] and H*(R?) —
LL (R3) is compact for ¢ € [2,2,), and for any «a € (0, 1), there exists a best
constant S, > 0, such that

—A)Zu’dx
Sy = inf2fR3|( )24l -
ueD (f]Rs |u($)|2§d$) 2%
Next, we assume that s, t € (0,1). Observe that if 4s + 2t > 3, then

it follows that 2 < % < 7% and thus H*(R?) — L%(RP’). For u €

H*(R3), the linear functional £, : D%?(R?) — R is defined by

L,(v) = /]R3 u?vdz. (2.2)

The Holder inequality and (2.2) imply that

(2.1)

342t

ol ([ @) ([ @) < cluPloe.
(2.3)
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Then, by the Lax-Milgram theorem, there exists a unique ¢!, € D»?(R3),
such that

/ (fA)%gbfL(fA)%vdx:/ wvdz, Vo e DVA(RY), (2.4)
R3 R3
that is, ¢!, is a weak solution of

(_A)t¢z = ’LLQ, VS Rgv

and the representation formula holds:

u?(y
&' (z) = ¢ /R3 gv;?’)?tdy’ r € R3, (2.5)

which is called t-Riesz potential, where
(3 2t)
I(t)
Throughout the sequel, we often omit the constant ¢; in (2.5) for convenience.

Substituting ¢!, in (1.1), it leads to the following fractional Schrédinger equa-
tion, when V(z) = 1:

(—AYu+u+¢lu=f(u), xcR? (2.6)
whose solutions can be obtained by seeking critical points of the functional
¢ : H*(R3) — R defined by

1 s 1
plu) == / (J(=A)2uf®* + ) dz + — ¢t uPde — F(u)dz.
2 R3 4 R3 R3
From (2.1)—(2.3), we can deduce that

—3-
et =m 2272

342t

[ eaiotpar= [ otuar< ([ u@ac) © ([ etpian)
R3 R3 R3 R3
1 12 st
< o ([ m@IFar) © otlioes < el ot e
(27)

Therefore, (F1) and (Fy) imply that ¢ is well defined in H*(R?®) and
¢ € C1(H*(R?),R). For (V1), we define the functional in H*(R3) as follows:
1 s 1
®(u) = 7/ (J(=A)2ul? + V(z)u?) dz + 7/ qbtuuzdx—/ F(u)dz,
2 R3 4 R3 R3

which is also well defined in H*(R?) and ® € C'(H*(R3),R) with derivative
given by

(@' (u),v) = / ((—A)iu(—miv 1V (@)ww + 6t uv — f(u)v) dz, Vove H*(R3).
R3
Evidently, the critical points of ® are weak solutions of System (1.1).

Lemma 2.1. (see [23, Lemma 2.4]) Assume that {u,} is bounded in H*(RY)
and

lim sup / |, [2dx = 0,
Br(y)

N—00 RN

where R > 0. Then, u, — 0 in LY(RY) for2 < g < 27.
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Proposition 2.2. [17] Let X be a Banach space and A C RT be an interval.
Consider a family I of C* functionals on X with the form:

In(u) = A(u) — AB(u), VYV A€EA,
where B(u) > 0, Yu € X, and such that either A(u) — +oo or B(u) — 400

as ||ul| — oco. If there exist vy, vy € X, such that

x = inf max 15(7(1)) > max {I,\(vl),I,\(vg)}, YA € A,
where T' = {'y € C([0,1], X) : v(0) = vy,y(1) = vg}.

Then, for almost every A € A, there exists a sequence {v,} C X, such
that

(i) {vn} is bounded in X.
(i1) In(vn) — ca.
(iii) I (vy) — 0 in the dual X* of X.

Moreover, the map A — cy is non-increasing and left continuous.
Next, we introduce two families of functional defined by

1 1 1
Dy (u) = 3 /R [(—A)*/2u|?dz + 3 /R V(z)u?dz + 1 /IR b (z)udz — )\/RB F(u)dx

(2.8)
and

1 |4 1
O (u) = 5/}Ra \(—A)S/2u|2dx+%/ﬂw “de+Z/Rs ¢u(m)u2dx—A/RS F(u)dz,
(2.9)
for A € [1/2,1].

Lemma 2.3. Assume that (V1)—(Vs), (F1) and (F2) hold. Let u be a critical
point of ® in H*(R3), then we have the following Pohozaev-type identity:

Pa(u) : = 3—2s |( A 2udx + %/ [3V(z) + (VV(z),z)]u’da
R3
3 —Z% o bu(x)uPdz — 3X /R3 F(u)dz = 0.

(2.10)

With the virtue of Pohozaev-type identity, we set Jy(u) := (s+t)(® (u),
u) — Px(u), then

I (u) _ s + 2t - / [(—A)*/2u)?dz + = / [(2s + 2t = 3)V(z) — (VV(2),2)]u’dzx

4s + 2t — / bu(x)udz — /3 [(s + ) f(w)u — 3F(u)]dz,

(2.11)
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for A € [1/2,1]. Moreover, we also let

. 4s+2t—3 . 25 + 2t — 3)V (00
s = BEEEE [ ayrmpan ¢ BRIV
R3
4 2t —
%153 bu(z)uide — X (s +t)f(w)u — 3F(u)]dz,
R3 R3

(2.12)
for XA € [1/2,1].
To state our results, we define

M= {u e H¥(R¥\{0} : Jy(u) = o},
M = {u e HS(R3\{0} : J(u) = 0},
and
my = uemei" D (u).

Similar to Lemma 3.2 in [15], we have the following lemma.

Lemma 2.4. Assume that (F1), (F2) and (F4) hold. Then

_ 7_45-‘,—275—3 ) g
O3 (u) = X (ur) + mJ,{\x(u) + AR(T)[|ull3, ¥ u € H*(R?),
7>0 0<A<1, (2.13)
where oot
s+2t— 2 2t —3 5,
h(r) := i . ( et T2b>
ds+2t—3 2 4s+ 2t —3

In view of Theorem 1.1 and Remark 3.11 in [15], ®$° has a minimizer
ug® on M7°, that is to say:
u® € MP,  (93°) (us®) =0 and ms° = ®°(us®). (2.14)

Lemma 2.5. Suppose that (V1)—(V3) and (F1)—(F3) hold. Then

(i) There exists T > 0 independent of A, such that ®((ui®)z) < 0 for all
Ae[1/2,1].

(ii) There exists a positive constant ko independent of X\, such that for all
A€ [1/2,1]:

U > 00\ _
ex = inf max PA(v(0)) = Ko > max{®,(0), Px((us®)7)},

where
I = {y € C([0,1], H*(R?)) : 7(0) = 0,%(1) = (uf*)7}.
(iii) if (s +t)f(w)u > 3F(u) > 0 for u > 0, then cx and m$® are non-
increasing on X\ € [1/2,1].
The proof of Lemma 2.5 is standard, so we omit it.

Lemma 2.6. Suppose that (V1)—(V3) and (F1)—(F4) hold. Then there eists
a X € [1/2,1), such that cx < m$ for X € [A1].
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Proof. We can easily check that ®((u$°),) is continuous with respect to
7 € [0,00). Then, for any A € [1/2,1), we can choose T € (0,7), such that

PA((u)r,) = max Or((ur)-)-

Since ®1/5((ui®);) — —o0 as T — o0, then there exists 7, such that
Py o((u®)7) < 1(u®) -1, V72>T7. (2.15)
By (2.8) and the definition of 7y, we obtain
Py (ur?) < @A(ur®) < Pa((Ui%)ry) < Prpa((ui®)ry), YV AE([1/2,1],

which, together with (2.15), implies 7, < 7 for A € [1/2,1]. Let Gy =
infyepi/2,1) 7. If Bo = 0, then there exists a sequence {)\,} C [1/2,1], such
that
An — Ao €[1/2,1] and 7\, — 0.
Then, we get
0<ecr <ecy, < @An((ufo)“n) =o(1),
which implies By > 0. Therefore

0<pBo<ma<T7, VAe€][l/2,1]. (2.16)
Set
Nommaxd L1 0" ming, <o<r g [‘Z(Of) — VO~ )] [upPde ,
2 2 flR3 F(Esttuge)de
(2.17)

then we have 1/2 < X < 1. By (2.8), (2.9), (2.13), (2.16), (2.17), and
Lemma 2.5 (iii), we have

m3e > me
= &7 (ul”) = <I>°°(( )
-2 [ e
T25+2t 3

T S /]R [V(oo) V()] ju 2da

1-A
>cy— —a | FETus)dr

85 Jrs
204213
+ Tﬂﬂrggr%?/ﬂ%g [V(o0) = V(¥ )] |us®*dz

> Cy, V)\E[X,].]
O

Lemma 2.7. Suppose that (V1)—(Vs) and (F1)—(F3) hold. Let {u,} be a
bounded (PS) sequence of ®y, for A € [1/2,1]. Then, there exists a subse-
quence of {uy}, still denoted by {uy} for convenience, an integer l € NU{0},
wk e H*(R?) for 1 <k <1, such that

(1) up — up with @ (ug) = 0.

(ii) w* # 0 and ((®°)w*, w*) =0 for 1 <k < 1.
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(iii) @x(un) — Pa(uo) + Tiy O3 (w'),

where we agree that in the case | = 0 the above holds without w".

Tt is clear that (3.13) and (3.14) of Lemma 3.8 in [15] hold. So we can
prove Lemma 2.7 in a standard way, and we omit it here.

Lemma 2.8. Suppose that (V1)—(V3) and (F1)—(F4) hold. Then, for almost
every A € [\, 1], there exists uy € H*(R?)\{0}, such that

<I>')\(u)\) = 07 (I))\(’U,,\) = C). (218)

Proof. From (F1), (F3) and Lemma 2.5, we get that ®(u) satisfies the as-
sumptions of Proposition 2.2 with X = H*(R3) and I, = ®,. So for almost
every A € [1/2,1], there exists a bounded sequence {u,(\)} C H*(R?), de-
noted by {u,} for simplicity, such that

Dp(un) = x>0, [[@)(un)ll — 0.

From Lemma 2.7, there exist [ € N U {0} and uy, € H*(R?), such that
@’ (uy) =0 and

Up — uy in H5(R?), @, (un) — Pa(uy) + S, &2 (w'),

where {w'}!_, are critical points of ®°. Since ®) (uy) = 0, we get Jy(uy) = 0.
Combining (2.8) and (2.11), one has

@A(UA) = @,\(U)\) — ﬁj)\("b\)
- m /R 2V (@) + (VV (@), 2)]uide
F;\t,g /Rg [(s 4 t) flur)ux — (4s + 2t) F(uy)]dz

¥
> 0.

If I # 0, then we have
ex = lim @x(un) = x(ux) + B O (w') 2 m3, ¥V Ae A 1],

which contradicts with Lemma 2.6. Thus, [ = 0, and then from Lemma 2.7,
we get that u, — uy in H*(R3) and ®y(uy) = c,. O

3. Existence of Ground State Solutions

In this section, we are going to show that System (1.1) possesses ground state
solutions.

Proof of Theorem 1.2. From Lemma 2.8, we know that for a.e. A € [1/2,1],
there has a nontrivial critical point uy € H*(R?) of @, with ® (u)) = 0 and
D) (uy) = cx. We can choose a sequence A\, € [1/2,1] satisfying A,, — 1, then
there exists a sequence of nontrivial critical points {uy, } for @, _, denoted
by {un} for convenience, such that ®\ (u,) =0 and @) (u,)=cy,.
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By (V3), (2.8) and (2.11), we obtain

ex, = O, (un) — ﬁ;t_g«]/\n (un)
! 2
— s L V@) + TV @)l »
An ]

T s ror—3 /W [(s 4 t)f (tn)un — (45 + 2t) F(uy,)] dz

> [ L+ 0 — (45 + 20 F ()]

Then, we need to prove the boundness of {u,,} in H*(R?). Arguing indirectly,
assume that ||u,| — co. Let v, = uy,/||un]|, then |jv,|| = 1. If

0 := limsup sup / |v,|?dz = 0,
Ba(y)

n— 00 y€R3

By the virtue of Lemma 2.1, we have u,, — 0 in LY(R3?) for all ¢ € (2,2%).
Set K = k/(k — 1) and

Q:{x€R3f( )<l}

e w2

On the other hand, from (F5), (3.1) and the Holder inequality, one has
[ B
RI\Q, Un R3\Q,,

o]
R\ Q,

< Czllvnll3,. = o(1).

Then we get

1
Ji2dr < 20 o llonll3 < 5 (3.2)

flun)|®

Un

1/k
dx:| ||'Un||§,4

[(s + ) f(un)un — (4s + 2t)F(un)}dx) K||vn|\§n,

(3.3)
For (2.16), (2.17) and @) (u,) = 0, we obtain

1
1< 5 [/ (\( A)S/Qu I+ V(z) d:zc—f—/ & undx]
[unll? [Jrs "

=\, f('LLn) 2d

R3 Un
o [ )2 +)\n/ ) 24,

Qn n R3\Q,, Un
< - +o(1)

The contradiction implies that ¢ := limsup,, ., Sup,cps fBz(y) |vp|2dx > 0.

Passing to a subsequence, we may assume the existence of y, € R?, such
that fBz(yn) |vp|2dz > g. Set wy,(z) = vu(z + yn), then |wy] = ||va|| = 1,
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and

)
/ lw,|?de > ~. (3.4)
B1(0) 2

Going if necessary to a subsequence, we obtain w,, — w in H*(R?), w, — w
in L] (R3),2<¢< 2!, w, — w ae. on R Clearly, (3.4) shows that w # 0.

Next we set @i, () = un(z + yn), then @, /|u,|| = w, — w a.e. on R?,
w# 0. For x € {y € R3 : w(y) # 0}, we have lim,, . |, (x)| = co. It follows
from (2.8), (2.10) and (P} (uy),u,) = 0 that

n

S /2. 12 1 2
/RS () 2Pl = s /R (VV(2), 2)udz — By (un)
t

3—2t
A /}R3 [f(un)un - 2F(un)} da.

T3
(3.5)
For (4.21) in [15], together with (F3) and (3.5), we have that

/ (VV(z), x)uidz — @y, (un)
R3

1 s
1)> —— | —— —A)/ 24, 2dz —
o= [lunl? {3—27? R3|( )" un[de

2(3 - 2t)
tAn
= B=20)unl? /RS [f(un)un - 2F(un)]dx
tAn

/RS [f(an)an - 2F(ﬂn)]dx

(3 - 2t)”ﬂn”3
25t / Flin) 5.
= B -20) Jus Jan T
(3.6)
This implies that {u,} is bounded in H?®(R?). The rest proof is standard,
and we omit it. O

Proof of Theorem 1.5. Owing to Lemma 2.8, there exist two sequences of
{A\n} C [M1] and {uy,} € H*(R3), denoted by {u,} for convenience, such
that

A =1, @)\ (un) =0, @y, (uy) =cn,- (3.7)
By (V4), (2.8), (2.11) and (3.7), we get

1

7(, n
To g2t 3 (un)

C1/2 2 Cx, = ©>\n (un) -

! . 2
= m /RS [2sV(z) + (VV (), z)]|uldz

An
Y st _3 /R (s + ) F (un)un — (45 + 20) F(un)]dz
2o 2 >\'n,
Z mHuMb + s+ 263 /R3 [(s 4+ t) f(un)un — (4s + 2t) F(uyn)]da.

Which, together with (4.21) in [15], implies the boundedness of {||uy,]2}.
Next, we need to show { [ps [(—A)*/?u,|?dz} is also bounded. Arguing indi-
rectly, assume that [o, |(—A)*/?u,|*dz — co. Choose My > 1, such that

e + /R [(25 + 2t — 3)(V(00) — V(@) + [(VV(2)2) ]ulde < M. (3.8)
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We set

r —mind 1 ( 6M0 ) 4s+§t73
t N g (=) Pun [z '
Then, from (2.8), (2.9), (2.11), (2.12) and (3.8), we have

1— T4S+2t73

DL ((un)r ) <O (up) — —2——— I (un
2 (n)r,) < B (un) = T ()

= B, (un) /R [V(00) — V(@) uda
_ pAs+2t-3
_ 145—:7—3 [an(un) + % /R3 [(2s + 2t — 3)(V(c0) — V(2))
£ (VV(2), z)]uidx:|

<ex, + /}R3 [(23 + 2t —3)(V(o0) — V(z)) + |(VV(x),x)|]uidm

< Mp.
(3.9
It is similar to the proof of (3.26) in [15], we can provide a contradiction by
(3.9). Hence { g5 [(—A)*/?u,|?dz} is also bounded, so {u,} is also bounded
in H*(R3). The rest proof is standard, and we omit it. a
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