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Smoothness and Shape Preserving
Properties of Bernstein Semigroup
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Abstract. This paper is concerned with the strongly continuous semi-
group (T'(t))¢>0 of operators on C[0,1] which can be represented as
a limit of suitable iterates of the Bernstein operators B,. We present
some new smoothness and shape preserving properties of the operators
T'(t) and Bj. The asymptotic behavior and simultaneous approximation
results are also presented.
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1. Introduction

Let (C[0,1],]] - ||) be the Banach space of all real-valued, continuous functions
on [0,1], endowed with the supremum norm. For 0 < j < n, we consider the
functions

buj(x) = (M2l (1 —2)"7, x€]0,1].

The classical Bernstein operators B, : C[0, 1] — C[0, 1] are defined by
n .
B f(z) := anj(m)f(%), n>1, fecol], zelo1l.
7=0
Let ¢t > 0 and (k(n))n>1 be an arbitrary sequence of positive integers such
that lim @ = t. A remarkable feature of the Bernstein operators is the

n—oo

existence of the limit:
T()f := lim B*™f  feCo,1].

BF denotes the iterate of order k of B,,.

Moreover, T'(¢t) : C[0,1] — C]0, 1] is a Markov operator (i.e., a positive
linear operator transforming the constant function 1 into itself) and (T'(¢))¢>0
is a Markov semigroup of operators on C|0, 1].
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This semigroup and the sequence of Bernstein operators are deeply in-
vestigated in the literature: see [1,2,5-7,11,12] and the references therein.

In this paper, we present some new smoothness and shape preserving
properties of the operators B,, and T'(t).

In Sect. 2, we start using some known properties of Bernestein operators
to prove that T'(¢) preserves the smoothness of f. This result enables us to
obtain a Lipschitz-type property of the family (7'(¢))>0 : see Theorem 2.3
and Remark 2.4 (7).

Let T : C[0,1] — C]0, 1] be the operator By, that is

Tf@) = (1—2)f(0)+2f(1), feClo,1],x€0,1]
It is well known (see, e.g., [3, Rem. 3.11.1], [18, Th. 3.1]) that
Jim T()f =Tf. feCl0.1]

Theorems 2.5 and 2.6 are simultaneous approximation type results for T'(¢);
they show that if f € C™[0,1], then T'(t)f € C™[0,1] for every t > 0 and
(T)f)D — £ ast — 0, respectively (T(t)f)?) — (Tf)) as t — oo for all
1=0,1,...,m.

Section 2 ends with a result concerning the rate of convergence of T'(t) f
towards T'f.

Section 3 is devoted to shape preserving properties. We consider the
family of strongly m-convex functions with modulus ¢ (see [9]) and the family
of approximately m-concave functions with modulus ¢ (see [14]).

The behavior of B,, and T'(t) with respect to these families is investi-
gated.

Throughout this paper, we use the notation e;(t) = t/, t € [0,1],7 =
0,1,.... We need also a well-known result (see, e.g., [1, Cor. 6.3.8]):

If f € C[0,1] is convex, then B, f and T'(t)f are convex; moreover,
B.,f>fand T(t)f > f,n>1,t > 0.

2. Smoothness Preservation Properties

Let (T'(t))i>0 be the semigroup on C[0, 1] represented in terms of iterates of
the Bernstein operators.

Theorem 2.1. If f € C™[0,1], then T(t)f € C™[0,1],t > 0, and
. ) 0 — 1)z
HUWHWWSH%WWm(—“2)%),tz&izaanm-@M

Proof. (a) The assertion is true if f is a polynomial. In this case, T'(¢)f is a
polynomial of the same degree, and (2.1) is satisfied; see [10].
(b) Let f € C™]0,1] be given, and set p,, := B, f,n > 1.
Then (see [5, Sect. 4.6]),
lim p = @ i=01,...,m. (2.2)

n—oo
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Let k,j > 1. According to (a), we have
T @pe) D = (T ()Pl = 1T P = 2) DN < (o —2) ]

oo (~650, o0

Combined with (2.2), this shows that for fixed ¢ > 0 and i € {0,1,...,m},
(T (t)pn)(i))nzl is a Cauchy sequence in C0,1] ; consequently, there exists
¢i,i € C[0,1], such that

lim (T(t)pn)(i) = Y1 (2.3)

In particular, we have lim T(t)p, = T(t)f and lim (T(t)p,)" = @;1; it
follows that T(¢)f € C'[0,1] and (T(t)f)™) = 1.

Now, lim (T(t)p,)" = @1 = (T(t)f)M) and lim (T()p,)® = @i,
imply (T(t) )V € C*0,1] and (T(t)f)? = ¢4 .2; moreover, lim (T(t)p,)?

= (T ).

Repeating these arguments, we find that (T(¢)f)™) = ¢, € C[0,1],
ie, T(t)f € C™[0,1] and
lim (T'(t)p,)" = (T(t) )Y, t>0,i=0,1,...,m. (2.4)

n—

According to (a), (2.1) is true for the polynomials p,. Consequently, (2.4)
and (2.2) yield

IT@NOl = tim IO < im0 exp (- C52)

~ 17w (- E55)

and this concludes the proof. O

Remark 2.2. Results of this type, in a more general context, can be found in

[8].
Theorem 2.3. Let z € [0,1],t,s >0, f € C?[0,1]. Then

T f@) - T @) < LZDpems ey (25)

Proof. Let u > 0 and g € C?[0,1]. Then 1||g”||e2 & g are convex functions,
and so

1 1
() (51lg"lle2 £ 9) = 51l9"llez % 9.

We know (see, e.g., [4,6,9]) that T(u)es = e “ea + (1 — e %)e;.
Therefore, 1[|g"||(e “e2 + (1 — e “)e1) £ T(u)g > %||g”||e2 £ g, which
implies

S0 — a1 —2) > [Tg() —g(@), 20,1, (26)
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Now, let f € C?[0,1] and g := T(t)f. According to Theorem 2.1, g € C?[0, 1];
consequently, from (2.6), we derive

T (u)(T(#)f)(x) = T(t)f(x)] < %fﬂ(l — )1 = e T F)"]I-
However, (2.1) shows that |[(T(¢)f)"|| < e~ || f"]|, so that

T+ ) (@) - T ()] < 2a(l - x)(1 =) |f"]]

DO |

Setting s := u + ¢, we get (2.5).

Remark 2.4. (i) (2.5) can be extended to functions from C|0, 1] by passing
to K-functionals and moduli of smoothness, in the spirit of [10].
(ii) With s = 0, respectively s — oo, we get from (2.5)

() f(x) = f(z)| < %x(l —z)(L—e DI, (2.7)

1
IT(0)f (@) = Tf(@)] < S2(1 = z)e || "] (2.8)
for all t >0, z € [0,1], f € C?[0,1].

(2.7) and (2.8) were proved in [16]; see also [17].
The next two theorems contain simultaneous approximation results.

Theorem 2.5. Let f € C™[0,1]. Then
tlin(l)(T(t)f)(i) =f9 i=0,1,...,m. (2.9)
Proof. It is known (see, e.g., [12, (3.12)], [13, Th. 2.1]) that

T(t)e; = ejexp (—(j;njt) +ej_1aj-1(t) + -+ +epap(t), (2.10)

for j > 0,t > 0 and certain continuous functions ag,...,a;_;.
Since lim T(t)e; = e, it follows that

}i_rz%ak(t):o, k=0,...,5—1 (2.11)
Now, (2.10) and (2.11) imply
lim (T(t)e;)" = ()", 5 20,
and therefore
}%(T(t)p)(i) =p, >0, (2.12)

for each polynomial function p.
Let f € C™[0,1] and p,, := B, f,n > 1. Then

TN = U < INT@ N — (T (@)pa) ] + 1)
— SO+ T Opa)? = a) -
Using (2.1), we get

HT@) N = FOU < 20D = ) DN+ T Epa)? =]
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Let i be fixed and € > 0. According to (2.2), there exists n > 1, such that
1@ — (p)@]] < - (2.12) shows that there exists § > 0, such that
i i €
IT@p)? = @)Vl < 55 € (0,3,
We conclude that
THNHD = fOl <, teo,0],

and so (2.9) is proved. O
Theorem 2.6. Let f € C™[0,1]. Then

Jim (Tt) )P =(THD, i=0,1,...,m. (2.13)
Proof. For i =0, (2.13) is trivially true; for i = 2,...,m, it is a consequence

of (2.1), because T'f is a polynomial function of degree < 1.
Therefore, let f € C1[0,1]; we have to prove that

lim (T(t)f) = (Tf)
Let j > 2. Then, tlim T(t)e; = Tej = ey, so that from (2.10), we get

’

(2.14)

tlim ar(t) =1, tlim ar(t) =0, ke{0,2,3,...,5—1}

Combined with (2.10), this yields

/

lim (T(t)ej)/ —e =ey = (Tej) , i.e.,
t—oo
lim (T(t)e;) = (Te;)', j>2.
t—oo :
This is true also for j € {0,1}, and so
lim (T(t)p) = (Tp) (2.15)

for each polynomial function p.
Now, let p,, := B, f, n > 1. Then

IT@H = (@H <T@ = (TEpa) ||+ (T E)pn) = (Tpa)]
HI(Tpn) = (T |
= KT@ = pa)) | + (T ()pa) = (Tpa) |
< I(f = pa) [+ 1T (B)pa) = (Tpa) I
Let ¢ > 0. According to (2.2) and (2.15), there exists n, such that ||(f —
p) || < g and there exists A, such that |[(T(£)pn) — (Tpn) || < g for all

t> A.
Therefore

IT@H — (Tl <e t= A4,
and this proves (2.14). O

Concerning the rate of convergence T'(t)f — Tf (t — 00), we have the
following result.
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Theorem 2.7. Let f € C|[0,1] be differentiable at 0 and 1. Then
Jim & (T(1)f () — Tf()) = Ga(1 — ( ([ seas - 1OEIC ’>,

(2.16)
uniformly for x € [0,1].
Proof. Define the function g € C[0, 1] by

9(0) = £(0) + £(0) — £(1),

g(1) = = (1) = f(0) + f(1),

oo 1@ = (A= 2)f(0) —zf(1) .
g(z) = 1) , O<z<l

Let & > 0; take a polynomial function g, such that ||g — ¢|| <
Setting p(x) := (1 —z)f(0) + 2 f(1) + (1 — 2)q(z), we get
€
f(#) ~pl)] < ot —2), wefo.1] (2.17)
For h € C[0,1], t > 0 and « € [0, 1] denote
V(t)h(zx) = e"(T(t)h(z) — Th(x)), Lh(x)

= 6x(1 — 3:)(/0 h(s)ds — M)
Using (2.17) and [16, Th. 3.1] (see also [4, (11)]), we get

V(O)(f —p)()] <ex(l—x), x €[0,1]. (2.18)

3
5

Let (Jr(,;M)(s)) - be the Jacobi monic polynomials on [0,1], orthogonal
with respect to the weight s(1 — s). Let ug(s) = 1, ui(s) = s, uj(s) =
s(1=8)5)(5), j > 2
Then (see, e.g., [13])
Y
T(t)u; = ujexp( - %
From (2.19), it follows easily that

. o _JO . g#2,
tllrgoV(t)uj—Luj—{u% j=2,

t), £>0,j>0. (2.19)

and so tlim V(t)p = Lp. Consequently, there exists A, such that ||V (¢)p —
Lpl| < 3% for all t > A.
Now, for ¢ > A, we have (see (2.17) and (2.18)):
V() f(z) = Lf(x)] < [V@)(f = p)(@)| + [V(E)p(e) — Lp(z)|
+[Lp(x) — Lf(x)]
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Thus, tlim V(t)f(xz) = Lf(x), uniformly on [0, 1], which proves (2.16). O

Remark 2.8. Concerning Theorem 2.7, see also [15, Th. 3].

3. Shape Preserving Properties
Let f € C[0,1] and 0 < i < n. We shall use the notation:

n!
)\ni =
nt(n —1i)!
The divided difference of f on the distinct nodes ag, a1, ...,a; € [0,1]
will be denoted by [ag, a1, ..., a; f]-
Then (see e.g., [1, p. 460]), for each = € [0, 1],

(Buf)® (2) = il [ﬁ, htl ”;f} booin(z).  (3.1)

n n n
h=0

Now, let us denote
I(f;4) .= inf{[ag,a1,...,a;f] : 0<ap <a; <---<a; <1},
u(f;i) :==sup{lag, a1,...,a;; f] : 0<ap <a; <--- <a; <1}

Theorem 3.1. Let f € C[0,1],0 <i<mn, andt > 0. Then

Mil(f31) < UBnfii) < u(Bnf;i) < Apsu(f;i), (3.2)

I(f;7) exp (—(‘2”t) <UT@)f33) < u(T(0)f:1) < u(fsi)
exp ( G 1)it> . (3.3)

2
Proof. Using (3.1), we see that
iMnil(f31) < (B f) D (z) < iniulf;i), z€[0,1]. (3.4)

Let 0 <ap <ap <---<a; <1. Then, according to the mean value theorem
for divided differences, there exists ¢ € [0, 1], such that

[ag, a1, ..., a:; By f] = %(an)@(t).
Now, (3.4) shows that

Mil(f34) < [ao, a1, ..., ai; Buf] < Ansu(f;4),
which implies (3.2).
From (3.2), we deduce

A2,0(f34) < Anil(Bufs;i) < U(B2f3i) < lao, ay, . . ., as; B2f]
< (B2 ;) < Apgu(Bn f39) < A2;u(f;4).
Briefly
MN2A(f30) < [ag, ar, ... a3 B2 f] < X2 u(f;4).
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By induction
Anil(f31) < lao, an,.. a5 By f] < Aju(fd), k > 1. (3.5)
Let ¢ > 0. Choose a sequence (k(n)),>1, such that lim @ = t. In (3.5),

n—oo

replace k by k(n) and let n — oo; it follows that

I(f; i) exp (- (i _21)%) <lao,a1,...,a;T(t)f] < u(f;i)exp <—(" _21)%) ,

forall 0 <ag <ay <---<a; <1. This proves (3.3). O

Definition 3.2. ([9]) Let ¢ > 0. The function f € C([0,1]) is called strongly
m-conver with modulus ¢ if
[ag, ay, ..., am41; f] = ¢, (3.6)

forall0<a, <a; < -+ < ame1 < 1. Equivalently, l(f;m+1) > c.
Now, we are in a position to prove

Corollary 3.3. Let f € C[0,1] be strongly m-convex with modulus c. Then

(a) By f is strongly m-convexr with modulus cAp m+1;
(m

b) T(t)f is strongly m-convex with modulus cex —mlmtl) gy
( gly p 5

Proof. If f is strongly m-convex with modulus ¢, then (3.6) shows that
I(fym+1) > c. From (3.2) and (3.3), we get
UBnfim+1) 2 Ayl (fym + 1) > eApma1;

1 1
T f;m+1) > 1(f;m+ 1) exp (—m(m2+)t) > cexp (—m(mﬂt> ,
and the proof is finished. O

The following is an extension of a definition from [14].

Definition 3.4. Let ¢ > 0. The function f € C[0,1] is called approzimately
m-concave with modulus c if

[ao, a1, ..., am+1; fl < ¢, (3.7)
forall0<ag<ay < - <apsr < 1.
Equivalently, u(f;m+1) <ec.

Corollary 3.5. Let f € C[0,1] be approzimately m-concave with modulus c.
Then
(a) By f is approzimately m-concave with modulus ch, m+1;

. . . m(m+41
(b) T(t)f is approzimately m-concave with modulus cexp(f%t).

Proof. According to (3.7), u(f;m + 1) < ¢. To conclude the proof, it suffices
to combine this inequality with (3.2) and (3.3). O

Remark 3.6. The limiting case ¢ = 0 in Corollaries 3.3 and 3.5 is also inves-
tigated in [2, Prop. A.2.5].
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