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Abstract. In this paper, we prove the existence and uniqueness of solu-
tions for the following fractional boundary value problem

"D u(t) = M(tult), te[0,1]
u(0) =2 1.un) = [T

where 0 < o < 1,0 < n < 1and \,v,p € R. Our solutions are placed
in the space of functions satisfying the Holder condition. Our analysis
relies on a fixed point theorem in complete metric spaces. Moreover, we
present some examples illustrating our results.
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u(s)ds,

1. Introduction

Differential equations of fractional order occur more frequently on different
research areas such as physics, chemistry, engineering, and economics. Indeed,
we can find numerous applications in viscoelasticity, electrochemistry control,
porous media, electromagnetism, etc... [5,6,12-17,19,21,22].

For an extensive collection of results about this type of equations, we
refer the reader to the monographs [13,19,21].

On the other hand, some basic theory for the initial value problems of
fractional differential operators has been discussed in [14,15] and some other
boundary value problems of fractional type have been studied in [1,2,23]
(among others).

The main purpose of this paper is to study the existence and uniqueness
of solutions for the following boundary value problem of fractional type with
nonlocal integral boundary conditions

Y Birkhauser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00009-018-1142-8&domain=pdf
http://orcid.org/0000-0002-3154-6773

98 Page 2 of 15 I. Cabrera et al. MJOM
Dy u(t) = Af(t,u(t)), tel0,1],

w0 =1 1gatm = [T s W

where D, denotes the Caputo fractional derivative and 0 < a < 1,0 <7 <
1land A\,v,p e R.

For our knowledge, generally, the papers appearing in the literature
study the existence of solutions for the fractional boundary value problems
in the space of the continuous functions defined on the interval [0, 1].

In the paper [1], the author studied the problem

Dicu(t) = Xa(t)f(u(t)), 0<t<1,

where 0 < s < 1, D® denotes the the Riemann-Lioville fractional derivative,
and f: [0,00) — [0,00) is a continuous function with f(0) >0, a: [0,1] = R
and A > 0.

In [2], the author studied the problem

Dy u(t) + f(t,u(t)) =0, 0<t<1,
U(O) =0, 6“(7’) = u(l)a

where 1 < <2,0< 3n* 1 <1,0<n<1and f is a continuous function
defined on [0, 1] x [0, c0).
In [23], the authors researched the problem

Dy u(t) + Af(u(t)) =0, 0<t<l1,
{ u(0) = u(1) =/(0) =0,

where 2 <« <3, A >0 and f: (0,00) — (0,00) is continuous.

In these tree papers, the solutions of these problems are in the space
of the continuous functions on [0, 1] and the techniques used are the non-
linear alternative of Leray—Schauder type, the fixed point index theory and
Guo—Krasnosel’skii fixed point theorem on cones, respectively. However, in
our study, the solutions of Problem (1) are placed in the space of functions
satisfying the Holder condition, and the main tool used in the proofs is a
fixed point theorem in partially ordered sets which appears in [7].

We also refer the interested reader to [8-11] in which using variational
methods and critical point theory, the existence of multiple solutions for some
fractional boundary value problems has been discussed.

2. Preliminaries

For the convenience of the reader, we present some definitions, lemmas and
basic facts about fractional calculus [13-15,19].

Definition 1. For at least n times continuously differentiable function
g: [0,00) — R, the Caputo derivative of fractional order ¢ is defined as

DY glt) = gy [ (= 9"t (e)as,
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where n = [¢] + 1 and [¢] denotes the integer part of g. Here, I'(a) denotes
the classical gamma function.

Definition 2. The Riemann—Liouville fractional integral of order ¢ of a func-
tion g: (0,00) — R, defined by

PR S ()
Bo0) = 175, T s

provides that the right side is pointwise defined on (0, c0).

The following two lemmas give us some relations between the Riemann—
Liouville fractional integrals and the Caputo fractional derivatives and they
can be found in [13].

Lemma 1. Suppose that p,q > 0 and f € L'[0,1]. Then,
IG5 f(t) = I f(t) and °Dg 15, f(t) = f(D),
for any t € [0,1].
Lemma 2. Suppose that 3 > a > 0 and f € L*[0,1]. Then,
CD&I&f(t) = étaf(t), for any t € 0,1].

The next lemma appears in [18] and it is a very interesting result for
our study.

(p+1)

r
Lemma 3. Suppose that v # p
n
f €C([0,1]), the solution of the fractional differential equation

‘Doyx(t) = f(t), te[01]

and p > 0. Then, for a function

with 0 < a <1 and under the boundary condition

20) = 11l = [ BT

) () T

where 0 < n < 1, is given by

o) = [ (6= s
Mp+1)  [T(—s)Pret
T(p+1) —777”/0 Tora) J)ds teld]

In the sequel, we will introduce the space of functions satisfying the
Holder condition and some basic facts about these spaces. These results can
be found in [3].

Let [a,b] be a closed interval in R, by C[a, b] we denote the space of the
continuous functions on [a, b] with real values equipped with the norm of the
supremum, i.e.,

[|2]lcc = sup{|z(t)|: t € [a,b]} for x € Cla,b)].
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For 0 < a < 1 fixed, by Ha[a,b] we will denote the space of the real
functions x defined on [a, b] and satisfying the Holder condition, that is, those
functions x for which there exists a constant H¢ such that

2(t) — z(p)| < Hzlt —pl°, (2)
for any t,p € [a, b)].
Tt is easily seen that H,[a, b] is a linear subspace of C|a, b]. In the sequel,

for x € Hyla,b], by HY we will denote the least possible constant for which
inequality (2) is satisfied. More precisely, we put

a x(t) — x(p
Hw_sup{W:t,pe[a,b],t#p}. (3)
The spaces Hq[a,b] with 0 < a < 1 can be normed by
|z(t) — =(p)|
fella = o)l +sup { T2t p et 02
= [z(a)] + H,
for any x € Hgla,b]. In [3], the authors proved that (Hu[a,bd],]| -]|) with

0 < a <1 is a Banach space.
The following two lemmas appear in [3].

Lemma 4. For x € Hy[a,b] with 0 < o < 1, the following inequality,

[#]|oc < max(1,(b—a)®)|z(a (4)
holds.
Lemma 5. For0 <a <~y <1,
Hyla,b] C Hala,b] C Cla,b]. (5)
Moreover, for x € Hy[a,b] the following inequality,
Il < max (1, (6 — @)~ izl (©)

holds.

Next, we present the results about fixed points which we will use later.
The following result appears in [20].

Theorem 1. Let (X, d) be a complete metric space and T: X — X a mapping
satisfying

d(Tz,Ty) < d(z,y) — ¢(d(x,y)), for any z,y € X, (7)

where ¢: [0,00) — [0,00) is nondecreasing and ¢(t) = 0 if and only if t = 0.
Then, T has a unique fized point.

Remark 1. In [20], the author assumes the continuity of ¢, but it is easily
seen that such condition is superfluous [4].

In the sequel, we will denote by A the class of functions ¢: [0,00) —
[0, 00) which are nondecreasing and such that ¢(t) = 0 if and only if ¢t = 0.

The following result is the version of Theorem 1 in the context of ordered
metric spaces and it appears in [7].
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Theorem 2. Let (X, <) be a partially ordered set and suppose that there exists
a metric d in X such that (X,d) is a complete metric space. Let T: X — X
be a nondecreasing mapping such that

d(Tz,Ty) < d(z,y) = ¢(d(z,y)), forz >y, (8)

where ¢ € A.
Assume that T is continuous or that X satisfies the following condition:
if (xn,) is a nondecreasing sequence in X such that x, — x (©)

then x, < x for any n € N.

If there exists xo € X such that xo < Txg, then T has a fized point.
Moreover, if (X, <) satisfies the condition:

for each x,y € X there exists z € X which is comparable to x and y,
(10)

then the fized point is unique.

3. Main Results
To study Problem (1), we start this section with the following proposition.

Proposition 1. Assume that 0 < aa < 1,0 <n <1, \,p >0, v € R and
v # %, Suppose that f:[0,1] x R — R is a continuous function and
x € Hq[0,1].

Let Tx be the function defined by

A t a=1f(s,x(s))ds
To0) = gy [ =9 Fsatea
MP(p+1) [ (n—s)rte!
L(p+1) —’W’/o Tt a) J&ls)ds,

for any t € [0,1]. Then, Tx € H4[0,1].
Proof. Notice that, for any ¢ € [0, 1],

(Tx)(t) = A [Fl) [t ptssatonas

(c
Tlp+1) [ (g st
Llp+1) = e /0 Mooy & e)ds)
To prove that Tz € H,[0, 1], we take ¢,t' € [0, 1] with ¢ # ¢'. Without loss of

generality, we can suppose that ¢ > t'.
Then, we have the following estimate:

|(T)(t) — (Tz)(t')]
[t—t/]*

[ = isatonas — [ =92 s, w6
0 0
v

A
(o)
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) ﬁ /Ot [(tf S)a—l o (t, . S)a_l} f(&z(s))der./: (t 75)a—1f(s,x(s))ds

= t—t]o

e [ Ie= 92 =@ = 9 Irsaias + [ =92 a(e)as
= t—t/]e '

As f is a continuous function and = € H,[0,1] C C[0,1], there exists M =

sup{|f(s,z)|: s € [0,1],z € [~z o, [|x]lo0]}-
From the last inequality and, since 0 < o < 1 and ¢t > ¢/, it follows that

2L N (=)' —(t—s)*""]ds+ t(t - s)alds}
|(T2)(t) — (Tz)(t) _ [/ [ } /

|t —t|* - it — ']
t*tl& tla ta t*t/a
% |:< ) I !]
« (07 (0% (0%
<
= it — ']
22M  (t—t)“
~ I'(a) alt—t)>
M
T al(a)’
1fe% «
where we have used the fact that — — — < 0 (because t > ¢’ and 0 < o < 1).
a o«
This proves that Tz € Hy[0, 1]. O

Proposition 2. Under assumptions of Proposition 1, suppose that f: [0,1] x
R — R satisfies that

for any t € [0,1] and z,y € R, where ¢: Ry — Ry is a nondecreasing
function.
Then, we have the following estimate:

L(p+1) 1 pta
1Tz = Tylla <A Hr(p+1) e ral(pta) )
2
by | 60 = vl

Proof. Firstly, we estimate:
sup [(Tz)(t) — (Ty) ()] — [(Tx) (') — (Ty) ()]
[t — /|~
To do this, we take ¢,¢' € [0,1] with ¢ # t'.
Without loss of generality, suppose that ¢ > t'.
Then, we have:

(it € [0,1],t7ét/}.

[[(Tz)(t) — (Ty) ()] — [(T=)(t") — (Ty)(E")]|

= v

[ =" ) = lssuNlds = [ = ) (s 2()) — s, u(s))lds
0 0

[t — e

D
(o)
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o | [ [= 97t = = 9" (o) - s u()las
B |t —t']o
[ =9 o) - Fsuelas
+ [t ¢/]a
5 {/ (6= 9 = = )2 175, 2() — £5, ()]s
= [t ]
[ =9 (o) — fsuenlas]
+ t
[t —t]a
e {/ (=9 = (¢ = 9°7) @lla(s) — y(s) )ds + /tf(t—s)“’%(lw(s)—y(s)l)ds}
= = t]a
t/ t
F(Aa) “o(llz = ylloo) [/0 ((t —5)“ T (t—s)" 1) d8+/t/ (t—s)” 1ds:|
: =
(t—tH)> > > (t—t)*
_ i ollle =yl [LE 4 L2 B 20T
= [t ¢/]a
- #llle — vlla) [2 2
<
= I
2\
< oty Alle = vlla), (11)

character of ¢ and the fact that %Y — % <0.
Therefore, we have the following estimate:

where we have used ||z — y[|oc < ||z — y[lo (Lemma 4), the nondecreasing

[Tz = Tylla = |(T2)(0) — (Ty)(0)]

sup { LT = VLT = TN g 1)

t— /]
We+1) (7 (n—s)rtet
N | R U a(e) — Sy ds

2A
+ m‘i’(”x = ylla)

<Al et ] [ O (o) - f(s () as
+ e llle —ul)

<A D ol = o)t st
+ e olle = ula)

[T | o ) ¢l vl

This completes the proof. O
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Next, we introduce the following class of functions B which we will use
later. By B we will denote the class of those functions ¢: [0,00) — [0, 00)
which are nondecreasing and such that if p(z) =  — ¢(x) then ¢ € A, where
A is the class of functions appearing in Theorem 1.

Examples of functions belonging to the class B are ¢(t) = arctant,
¢(t) = 155 and ¢(t) = In(1 + 1).

Now, we are ready to present one of the main results of the paper.
Previously, we put

‘ AT(p+1) 1 pra, 2

T(p+1) — | (p+a)l(p+a) al'(er)

Theorem 3. Suppose that 0 < a < 1,0 <n <1, \,p >0, v € R and
v # w Let f:[0,1] x R — R be a continuous function such that

[f(tx) = (& y)] < o(lz —yl),

for any t € [0,1] and x,y € R, where ¢ € B.
Under assumption that A < %, Problem (1) has a unique solution in the
space Hq[0,1].

Proof. Consider the operator T defined on H,[0, 1] as

(Tx)(t) = A [Fl) [ €= s ntonas

(a
(o +1) /” (n—s)rtet
Flp+1) = Jo  Tlp+a)
for any x € H,[0,1] and ¢t € [0, 1].
In virtue of Lemma 3, a solution for Problem (1) is a fixed point of 7'
By Proposition 1, T applies H[0, 1] into itself.
By Proposition 2, we have, for any z,y € H,[0, 1],

d(Tz,Ty) = [Tz — Ty«

f(s,2(s))ds| ,

Mo +1) 1 pia 2 .
|| ;2| Cratora T g Al - vle)
_ (p+1) 1 bt 9 i
-4 H To+1) —2| (p+a)T(p+a) + ar(a)] ¢(d(z,y))
< ¢(d(z,y)),

where we have used the assumption A < %
From the last inequality and, since ¢ € B, we get

d(Tz, Ty) < ¢(d(z,y))
= d(z,y) — [d(z,y) — o(d(z,y))]
= d(z,y) — e(d(z,y)),

where ¢: [0,00) — [0,00) is nondecreasing and ¢(t) = 0 if and only if ¢ = 0.
By Theorem 1, the operator T" has a unique fixed point and this fixed
point is the unique solution of Problem (1).
This finishes the proof. 0
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To illustrate our result, we present the following numerical example.

Ezample 1. Consider the following fractional boundary value problem:

u(®)]

cp? [ _
Gru(t) )\( t+1+\u(t)|

), 0<t<l1

, 1 (12)

u(0) =215, u <;> =T (21) / 1u(s) —ds.
2) 70 (5-9)°

Notice that Problem (12) is a particular case of Problem (1) with a = 3,
n=1%,p=14% and vy = 2. Moreover, in Problem (12), f(t,z) = —t + 1f‘|x|. It
is clear that f: [0,1] x R — R is a continuous function and, for any ¢ € [0, 1]
and z,y € R, we have

() - F(ty)] = \

|| |yl
T+z] 1+ |yl
‘ 2| — |y ‘
(L + [z[)(X + [y])
|lz] — lyl|
(1 + [z[)(1 + [y])
|z =y
T 14z —y
o(lz — yl),

where ¢: [0,00) — [0,00) is defined by ¢(t) = 1%, and where we have used
the inequalities ||| — |y|| < |z —y| and (1 + |z])(1 + |y|) > 1+ |z —y|.

It is easily seen that ¢ € B.

Moreover, in our case,

=

I— (p+1) 1 ot 2
= U
Llp+1) =] (p+a)l(p+ ) ol'(a)
HEENON R

r(2) -2/t TO 3 30()

14

vr 2| 3 ™

2 VB
~ 4'458.

Therefore, for A < 4z5, Problem (12) has a unique solution in the space
H [0, 1], in virtue of Theorem 3.

From a practical point of view, an interesting question is when the
solution u(t) of Problem (1) is positive, i.e., u(t) > 0 for ¢ € (0, 1).
In the sequel, we will treat this question.

Theorem 4. Suppose that 0 < o < 1,0 < n < 1, v,A\,p > 0 and v <
%, Let f:0,1] x [0,00) — [0,00) be a function satisfying the following

P
assumptions:
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(i) f is continuous.
(ii) f(t,x) is nondecreasing with respect to the second argument for any
te€0,1].
(ii) There exists ¢ € B such that
f(t7y) - f(t,l‘) < ¢(y - J?),
for any x,y € [0,00) with y >z and t € [0,1].
If A< %7 then Problem (1) has a unique nonnegative solution in the space
H[0,1].
Proof. Consider the cone

P ={u€ Hy0,1]: u>0}.

It is easily seen that P is a closed subset of H,[0, 1], since the convergence
in Hq[0, 1] implies the convergence in the supremum norm (see, Lemma 4).
Moreover, P can be equipped with a partial order given by

r,y€ P, z<y<uz(t) <y(t) foranytec]l01].

By Lemma 4, it is easily seen that P with this partial order < satisfies
assumption (9) of Theorem 2.
Now, we consider the operator T" defined on P as

(T)(t) = A [F(la) [t ssatonas
Wpt1) (7 sprre?
+F(p+1)—w”/o L(p+a) fs,2(s)ds|

for z € P and t € [0, 1].

In virtue of our assumptions and Proposition 1, it is clear that T" applies
P into itself.

Next, we will prove that T' is a nondecreasing operator.

In fact, for £ > y and taking into account (ii), we have

o)) =2 g | (=97 fGs.a(s)s
We+1) (" (n=s)rre! ]
+F(p+1)—7np/o L(p+ ) f(s7m(s))ds_
e
> e [ e= 7 s ptas
W(p+1)  [7 (= s)ere! '
F(p+1)—wi”/o L(p+ ) f(s’y(s))ds_
—(Ty)(@).

Besides, for z > y, and by using a similar argument that in the proof of
Theorem 3, we can obtain

d(Tz,Ty) = [Tz — Tylo < ¢(llz — ylla) = (d(z,y))
=d(z,y) — (d(z,y) — o(d(x,y)).
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Since ¢ € B, this proves that assumption (8) of Theorem 2 is satisfied.
Notice that the zero function satisfies 0 < T0.
Moreover, notice that for z,y € P, the function z4+y € Pand z < x+y
and y < z + y, this proves that (P, <) satisfies condition (10) of Theorem 2.
Finally, by Theorem 2, Problem (1) has a unique nonnegative solution
in H[0,1]. O

The following result gives us a sufficient condition for the existence and
uniqueness of a positive solution for Problem (1) in the space H,[0, 1].

Theorem 5. Under assumptions of Theorem J and adding the condition
f(to,0) # 0 for certain to € [0,1] with to <,

we obtain the existence and uniqueness of a positive solution for Problem (1)
in the space Ha[0,1].

Proof. Consider the nonnegative solution z(t) for Problem (1), guaranteed
by Theorem 4.
Notice that, as x(t) is a fixed point of the operator T', we have

0= [ [ (6= o)

(a
T(p+1) /” (n—s)Ptet
Llp+1)=rJo  Tlp+a)
Next, we will prove that z(t) > 0 for ¢ € (0,1).

In fact, in the contrary case we can find 0 < ¢t* < 1 such that z(¢t*) =0
and, therefore,

f(s,z(s))ds| .

1

0=z(t")=A [IW-/O (t* — 5)*" 1 f(s,2(s))ds

'(p+1) /’7 (n — s)Pta-l
Llp+1)=mr )y Tlp+a)

Since the summands in the right part are nonnegative, we have

M (p+1) /’7 (n—s)r+et F(s,2())ds = 0
0

f(Sax(S))dS] :

T(p+1)—nyr T(p+a)
I 1
or, equivalently, since ML+l ’
L(p+1) =

/onm — )PP f(s,(s))ds = 0.

By (ii) of Theorem 4 and the fact that f: [0,1] x [0,00) — [0, 00), it follows
that

0= /0 (n —s)PT L f(s,2(s))ds > /0 (n —s)PT "1 f(s,0)ds > 0.
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Thus,
n
| st 0s =0,
0

Since the integrand is nonnegative, we have
(n—s)PT 1 f(5,0) =0 a.e.(s) in [0,7)].
Since (n — s)PT~1 £ 0 a.e.(s) in [0, 7], we have that
f(s,0) =0 a.e.(s)in [0,7]. (13)

Taking into account that f(¢g,0) > 0 with ¢y < n and the fact that f is
continuous, we can find a set Q C [0,7] with tg € Q and u(Q2) > 0, where p is
the Lebesgue measure, such that f(¢,0) > 0 for any ¢ € Q. This contradicts
(13).

Therefore, x(t) > 0 for ¢t € (0, 1).

O

Remark 2. Under assumptions of Theorem 4 if the nonnegative solution z(t)
for Problem (1) (whose existence is guaranteed by Theorem 4) satisfies (0) =
0, then since
" (n—s)!
z(0) =~I§ x(n :7/ =
( ) 0+ ( ) o F(P)

by a similar argument to the one used in the proof of Theorem 5, we get

z(s) =0 a.e.(s) in [0,7),

(s)ds,

and, therefore, the solution x(¢) is identically equal to zero.

In the sequel, we present an example illustrating the result obtained in
Theorem 5.

Ezample 2. Consider the following fractional boundary value problem

“Di,a(t) = A(t + arctanz(t), 0 <t <1

2(0) = I¢ @ (;) - (1§) /Oé (;_(SS));dS' (14)

%, p= % and v = 1, and, moreover, it is

Notice that in this case, @ = 5, 1
(

satisfied v # F(pt since 1 7é

)
The function f(¢,x) is given by f(t,x) = t+arctanz and it is clear that

f£:10,1] x [0,00) — [0, 00) and satisfies (i) and (ii) of Theorem 4.
Moreover, for any z,y € [0,00) with y > 2 and ¢ € [0, 1], we have

flt,y) — f(t,x) = arctany — arctanx < arctan(y — z) = ¢(y — ),

where we have used the fact that the inverse tangent is subadditive (because
it is concave and its value in zero is zero) and where ¢(t) = arctant. It is
easily seen that ¢ € B.
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Moreover, in this case, the inequality v < % is satisfied, since
(3
1
3
The constant L is given by
I = ’71—‘(/0 + 1) 1 np+a 2
Llp+1) =mr| (p+a)l(p+a) ol (@)
| r® L1 2
- 3 1p(l
r@) - /5w s sri)
|avE |, e
==z 5t—=
5 T 3 f
~ 1'15643.

Since f(t,0) =t and f(3,0) = 7 > 0 and ; =ty < n = %, by Theorem 5,
Problem (14) has a unique positive solution in the space H[0,1].
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