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Abstract. In this paper, we establish explicit upper and lower bounds
for the ratio of the arithmetic and geometric means of the first n prime
numbers, which improve the current best estimates. Furthermore, we
prove several conjectures related to this ratio stated by Hassani. To do
this, we use explicit estimates for the prime counting function, Cheby-
shev’s ¥-function, and the sum of the first n primes.
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1. Introduction

Let a, be the arithmetic mean and g, be the geometric mean of the first
n positive integers, respectively. Stirling’s approximation for n! implies that
an/gn — €/2 as n — oo. In his paper [11], Hassani studied the arithmetic
and geometric means of the first n prime numbers, that is

1 n n 1/n
Anzfzplm Gn: <Hpk> .
n k=1 k=1

Here, as usual, py denotes the kth prime number. Chebyshev’s ¥-function is
defined by J(z) = 3_ -, log p, where p runs over primes not exceeding z. By
setting D(n) = log p, —¥(pn)/n and R(n) = >, -, px/n—pn/2, Hassani [11,
p. 1595] derived the identity: -

log % = D(n) + log (1 + 212(71)) —log2 (1.1)
for the ratio of A,, and G,,, which plays an important role in this paper. First,
we establish asymptotic formulae for the quantities D(n) and G,, which help
us to find the following asymptotic formula for the ratio of A,, and G,,. Here,
let r, = (t — 1)!(1 — 1/2%) and the positive integers ki, ..., ks, where s is a
positive integer, are defined by the recurrence formula kg + kg1 +- -+ (s —
Dky=s- sl
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Theorem 1.1. For each positive integer m, we have

m izl m
2”:@(5—#2 1 (—ri+1+ri+zr5ki—s>> - exp Z k;

i=1 IOgZ Pn s=1 j=1 IOg] Pn

1
+O0 | —— -
(logm“pn)
One of Hassani’s results [11, p. 1602] is that 4,,/G, = e/2+O(1/logn)
which implies that the ratio of A, and G, also tends to e¢/2 as n — oo.

Setting m = 2 in Theorem 1.1, we get the following more accurate asymptotic
formula:

A, e e e 1

G 2 Tlogp T logZpn O <log3pn) ' (2)
Let w(z) denote the prime counting function, which is defined by w(x) =
qu: 1, where p runs over primes not exceeding x. Using explicit estimates
for the prime counting function 7(x) and the nth prime number p,,, Hassani
[11, Theorem 1.1] found some explicit estimates for the ratio of A, and G,.
The proof of these estimates consists of three steps. First, he gave some
explicit estimates for the quantities D(n) and log(1 4+ 2R(n)/p,), and then,
he used (1.1). We follow this method to refine Hassani’s estimates by showing
the following both results in the direction of (1.2).

Theorem 1.2. For every integer n > 62, we have
A, S € . e n 0.61e .
G, 2 4dlogp,  log’pn

Theorem 1.3. For every integer n > 294635, we have
ﬁ e e n 1.52¢e
G, 2 4logp, log’p,’

Since the computation of p,, is difficult for large n, the estimates for the
ratio of A,, and G,, obtained in Theorems 1.2 and 1.3 are ineffective for large
n. Hence, we are interested in explicit estimates for A,, /G, in terms of n. For
this purpose, we find the following estimates.

Theorem 1.4. For every integer n > 139, we have
A, NS e(loglogr;— 2.8).
4logn 4log”n

G, 2
Theorem 1.5. For every integer n > 2, we have

A, log1 —6.44
P e(log 0gn2 )
4logn 4log”n

G, 2 '

In particular, we prove several conjectures concerning D(n), G,, and
the ratio of A, and G,, stated by Hassani [11]. For instance, we use Theorem
1.2 to show that the ratio of A, and G, is always greater than e/2 (see
Corollary 7.1).
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2. Several Asymptotic Formulae
Before we give a proof of Theorem 1.1, we derive asymptotic formulae for the

quantities D(n) and G,,.

2.1. Two Asymptotic Formulae for D(n)
To find the first asymptotic formula for

D(n) = logp, — 19(5")

in terms of p,, we introduce the following definition.

Definition. Let m be a positive integer. We define the positive integers k1, .. .,
k., by the recurrence formula:

In particular, we have k1 = 1, ko = 3, k3 = 13, and ky = 71.
Then, we obtain the following result.

Proposition 2.1. Let r be a nonnegative integer. Then

k k k, 1
Dn)=14 ——+—2— 4. 4 +O<>.

logp,  log® pn log” pn, log" ™ p,,

Proof. Using a result of Panaitopol [14], we get

k k ky
1082 = —— 41+ —2 o +O<x,«+2). (2.2)
7(z) logz  log” log" = m(z)log" ™ x

The Prime Number Theorem states that 7(x) ~ x/logz as * — oco. There-
fore, we can simplify the error term in (2.2) as follows:

k k ky 1
log 7 = x +1+71+7§+...+ = +O< pr ) (2.3)
m(x) logz  log”x log" = log"™" x

A well-known asymptotic formula for Chebyshev’s ¢-function is given by
I(x) = z 4 O(zexp(—clog'/'? ), where ¢ is an absolute positive constant
(see Briidern [6, p. 41]). Now, the Prime Number Theorem and the fact that
exp(—clogl/10 x) = O(1/log® x) for every positive integer s indicate that

Ipn) _Pn <11pn) . (2.4)

n n log"*

Finally, we combine (2.4) with (2.3) to arrive at the end of the proof. O

Next, we establish another asymptotic formula for the quantity D(n).
To do this, we first note two useful results of Cipolla [8] concerning asymptotic
formulae for the nth prime number p,, and log p,,, respectively. In this paper
le(P) denotes the leading coefficient of a polynomial P.
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Lemma 2.2. (Cipolla [8]) Let m be a positive integer. Then, there exist uniquely
determined polynomials Q1,...,Qm € Z[zx] with deg(Qr) = k and lc(Qy) =
(k—1)!, so that

Dn =M (logn+1oglogn 1+Z
k=1

L0 (n(log logn)™+! )

log™ ™ n

—1)*1Qx(loglogn)
k! logk n

The polynomials Q. can be computed explicitly. In particular, Q1(x) = x — 2,
Q2(7) = 22 — 62 + 11 and Q3(z) = 223 — 2122 + 84z — 131.

Lemma 2.3. (Cipolla [8]) Let m be a positive integer. Then, there exist uniquely
determined polynomials Ry, ..., Ry, € Zlx] with deg(Ry) = k and lc(Ry) =
(k—1)!, so that

log p, = logn+loglogn+z

1)**1 Ry (loglogn) L0 ((loglog n)mH)
k=1

k!log® n log™ ™ n

The polynomials Ry, can be computed explicitly. In particular, Ry(x) =z —1,
Ro(x) = 22 — 42 + 5 and R3(z) = 223 — 1522 + 421 — 47.

Now, we give another asymptotic formula for the quantity D(n).

Proposition 2.4. Let r be a positive integer and let Ty (z) = Ri(z) — Qr(x)
for every k € {1,...,r}. Then, we have deg(Ty) = k — 1, le(Ty) = k!, and

1)*+1T} (log log n) <(10g log n)’“)
=1+ + 0 .
Z k!log® n log™ ™!

In particular, Th(z) = 1, Ta(z) = 2z — 6, and T3(x) = 62 — 42z + 84.

Proof. Let k be an integer with 1 < k < r. Since deg(Qx) = deg(Ry) = k
and le(Qr) = le(Ry) = (k—1)!, we have deg(T}) < k — 1. Following Cipolla’s
notation (see [8, p. 144]), we write

k
Qr(z) = (k—1)la* — ak,lxk_l + Z 1) ay J[L'
j=2
and
k .
Ri(x) = (k — Dla® — by 121 + Z 1)y, ok,
Jj=2

where a; ;,b; ; € Z. By Cipolla [8, p. 150], we have —(bgy1 — ax,1) = k! # 0.
Hence, deg(Ty) = k — 1 and le(Ty,) = k! Using (2.4), we get

Pn 1
D(n) = Ingn - ; + 0 (logr—’_lp) .
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Now, we substitute the asymptotic formulae given in Lemmata 2.2 and 2.3
to obtain

r+1 k41
-1 T (log 1 1
D(n) =1+ E ( ) k:(kog Ogn) + 9] ( T > )
st k!'log®n log"™" py,

To complete the proof, it suffices to note that deg(7},,1) = 7 and 1/log"* p,,
=0(1/log" ' n). O

Remark. Proposition 2.4 gives a refinement of Hassani’s [11] asymptotic for-
mula D(n) =1+ O(1/logn).
2.2. An Asymptotic Formula for G,,

Next, we derive an asymptotic formula for G,,, the geometric mean of the
first n prime numbers. By the defining formulas for G, and D(n), we see that

Pn

Proposition 2.1 implies that lim,, o, D(n) = 1. Hence

G ~ % (n — o), (2.6)

which was conjectured by Vrba [15] and proved by Séndor and Verroken [18,
Theorem 2.1]. In [17, Corollary 2.1], Sdndor gave another proof of (2.6). Using
(2.5) and Proposition 2.1, we get the following refinement of (2.6). Here, the
positive integers ki, ..., k, are defined by the recurrence formula (2.1).

Proposition 2.5. Let r be a positive integer. Then

Gy = Dn +o(—L ). (@7
I R log™"" py
exp logpn, ' log®pn log” pn

Proof. The claim follows from (2.5), Proposition 2.1, and the formula exp(c/z)
=1+ O(1/z) that holds for every ¢ € R. O

Remark. The asymptotic formula (2.7) was independently found by Kourba-
tov [12, Remark (ii)].

3. A Proof of Theorem 1.1

We use (2.5), Proposition 2.1, and an asymptotic formula for A,, given in [1,
Theorem 2] to give a proof of Theorem 1.1. Below, we use the notation:

riz(z—1)!(1—;>,

the positive integers k; are defined by (2.1).
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Theorem 3.1. For each positive integer m, we have
A 1 m 1 i—1 m
n
— =€ + . —Tip1+ 1+ Y rskio exp
Gn <2 ;logzpn ( i+ % Sz:; shi s)) ;log on

1
+O0(—F— ).
(logm+1 )
Proof. By [1, Theorem 2], we have
m—1

2 2
An:pn_z rlp'n +O< Pn )

i=1 log" pp, nlog™ pn

that

An o TiPn Pn
(1= o (—22 ) ) |exp |14
G” ( ; nlogl Pn <n10gm+2 pn> P Z
1
+O0|— | |-
<logm“p ))

The Prime Number Theorem implies that p,, ~ nlogp, asn — oo. It follows

A A riP 1 T ks

n iPn '
—“=c|l- E — 10 <> - ex E .
Gy ( — nlog’p, log™ ™ p,, P ;

i log’ pn

1
+0 (k)gmﬂp) . (3.1)

Applying (2.3) with x = p,, and r =

We combine this asymptotic formula with (2.5) and Proposition 2.1 to see

log Pn

m — 1 to (3.1), we get
A m—+1 r m—1 k m k
—F=el|l- : logp, — 1 — SS - ex J
R O Gt )l

1
+O0|( —m+—].
<logm“p )

Hence, we have

BN
3

m—+1 m—+1 m—+1

m—+1
i i k‘ﬂ“z km—17;
o1 A D D e

loog™m—1+1 ,
= logm l
m
k; 1
X €exp : + O <7> .
<]z—:1 log? pn) log™ ! pp

To complete the proof, we separate the terms in the first parentheses which
are O(1/log™ ™ p,). O

Q
3
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Now, we use Theorem 3.1 and the asymptotic formula

Nk 1 (s Ky 1
€Xp Z J :Zﬁ Z ’ +O(10g7n+1pn>

j:1 logj p’l’b i=1 j:1 logj pn

to implement the following MAPLE code:

> restart:

Computation of the values k;:

> for j from 1 to m do
K[j] := j*j!-sum(s!*K[j-s], s=1..j-1):

Computation of the values r;:

> for i from 1 to m+l do
R[1] := (i-1)1x(1-1/2°{i}):

end do:

> AsymptoticExpansion := proc(n) local S1,S2;
S1 := 1/2+ sum(b {w}x(-R[w+1]+R[w]+sum(R [v]*K [w-v],
v=1.. (w-1))), w=1..n);
S2 := sum(1/t'*(sum(K[z]«b " {z}, z = 1..n))"{t}, t = 0..n));
RETURN(subs(b = 1/log(p_n), convert(series(S1%S2, b,n+1),
polynom)));
end;

To give the explicit asymptotic expansion for the ratio of A, and G, up to
some positive integer m, it suffices to write

> expand (exp (1) *AsymptoticExpansion(m)) ;

For instance, we set m = 5 to obtain

Gn 2 + 4log pn + log? pn, + 121log?® pn, + 481og* pn, + 480 log® pp,

An e e e 6le 1463e 100367e 1
log®pn )

(3.2)
One of Hassani’s results [11, p. 1602] is that A,,/G,, = ¢/2+O(1/logn). The
asymptotic expansion given in (3.2) improves this result.

4. New Estimates for the Quantity D(n)

After giving two asymptotic formulae for the quantity D(n) in Sect. 2.1, we
are interested in finding some explicit estimates for D(n).

4.1. Explicit Estimates for D(n) in Terms of p,

In this subsection, we give some explicit estimates for D(n) in terms of p,
which correspond to the first three terms of the asymptotic expansion given
in Proposition 2.1. We start with the following lower bound.
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Proposition 4.1. For every integer n > 218, we have
1 2.7

D(n) > 1+ + . 4.1
(n) ozon | TogZpn (4.1)
Proof. Substituting z = p,, in [3, Corollary 3.9], we get
Pn 2.85
logp, > — +1+ — 4.2
8P > ozrn | Tog (4.2)

for every integer n > 2324692. In [3, Theorem 1.1], it is shown that ¥(z) <
x + 0.152/ log® z for every > 1. Applying the last inequality to (4.2), we
see that

1 2.85 0.15p,,

logp,  log”pn a nlog® p,

D(n)>1+ (4.3)

for every integer n > 2324 692. Setting z = py, in [16, Corollary 1], we get

pr. < klogpy (4.4)

for every integer k > 7. Now, it suffices to apply (4.4) to (4.3) to see that the
inequality (4.1) holds for every integer n > 2324692. For smaller values of
n, we use a computer. O

In the following proposition, we give two lower bounds for D(n) which
improve the inequality (4.1) for all sufficiently large values of n.

Proposition 4.2. For every positive integer n, we have
L 3 187
logpn  log’p, log’p,

D(n)>1+ (4.5)

and
1 3 13 1160159

+ et
logp,  log”p, log’pn log™ pn

D(n) >1 (4.6)
Proof. We start with the proof of (4.5). By [3, Proposition 2.5], we have
|9(x) — | < 100z/log* x for every & > 70111 = pggss. Furthermore, in [3,
Proposition 3.10] it is found that the inequality

X
() 1 3 8T

logz = log2z log® x

>
logz —1—

holds for every = > 19423. With an argument similar to the one used in
the proof of Proposition 4.1, we get the inequality (4.5) for every integer
n > 6946. We conclude by direct computation.

Next, we give the proof of (4.6). In [4, Corollary 2.2], it is shown that the
inequality [9(z) — x| < 5801152/ log® = holds for every x > 2. Furthermore,
we see from the proof of [4, Theorem 1.1] that

X
m(z) > logw —1_ L _ 8 13 58004
g log x log? x log® x log? x

for every x > 10'. Again, with an argument similar to the one used in
the proof of Proposition 4.1, we get the inequality (4.6) for every integer
n > m(10*) + 1. For smaller values of n, we use (4.5). O



MJOM On the Arithmetic and Geometric Means Page 9 of 21 93

Since k; = 1 and ky; = 3, Proposition 2.1 implies that there is a smallest
positive integer Ny, so that

3
+

D(n)>1+
( ) Ingn 10g2 Pn

(4.7)

for every integer n > Nj. In the following corollary, we make the first step to
find this Ny.

Corollary 4.3. For every integer n satisfying 264 < n < 7(10'%) = 234057667
276 344607 and n > m(e'1691%%/13) 11 the inequality (4.7) holds.

Proof. The inequality (4.6) implies the correctness of (4.7) for every n >
7(e!160159/13) 1 1. So it suffices to prove that the inequality (4.7) holds for
every integer n with 264 < n < 7(10'?). By [4, Theorem 1.1], we have

< . (4.8)

logz log? x

m(z)

>
loge — 1 —

for every z satisfying 65405887 < = < 5.5-10%° and = > €580044/13  Bijthe
[7, Theorem 2] found that 9¥(x) < z for every z, such that 1 < z < 10'9.
With an argument similar to the one used in the proof of Proposition 4.1, we
use (4.8) and Biithe’s result to see that the inequality (4.7) holds for every
integer n with 7(65405887) < n < 7(10'%). Finally, we check the remaining
cases with a computer. O

The following conjecture is based on Corollary 4.3.
Conjecture 4.4. The inequality (4.7) holds for every integer n > 264.

Next, we establish some explicit upper bounds for D(n) in terms of p;,.
From Proposition 2.1, it follows that for each € > 0, there is a positive integer
N; = Ni(g), such that

3+e¢

D(n) <1+ +
( ) Ingn 10g2pn

for every integer n > Nj. We find the following upper bound for D(n).

Proposition 4.5. For every integer n > 74004 585, we have
1 3.84

D(n) <1+ — 4.9
(n) ogpn | logZp, (4.9)
and for every positive integer n, we have
3 213
D(n) <1 (4.10)

+ + .
IOg Pn 1Og2 DPn IOgS Pn

Proof. We start with the proof of (4.9) and first consider the case, where
n > 841508 302. From [3, Corollary 3.3], it follows that:

1 3.69
log pn 1og2 Pn '

logpn < 22 +1 4 (4.11)
n
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Furthermore, by [3, Theorem 1.1], we have ¥(z) > = — 0.15z/ log® = for every
x > 19035709 163 = pga1508302. We combine the last inequality involving
J(x) and (4.11) to get

1 3.69 0.15p,
logpn ~ log?p,  nlog’p,

D(n) <1+

Now, we use (4.4) to see that the inequality (4.9) holds for every integer
n > 841508 302. For smaller values of n, we check the required inequality
with a computer.

Next, we establish the inequality (4.10). In [3, Proposition 3.5], it is
shown that

for every z > 41. By [3, Proposition 2.5], we have |9(z) — x| < 100z/log* ©
for every x > 70111. Now, we argue as in the proof of Proposition 4.2. For
the remaining cases, we use a computer. O

4.2. Explicit Estimates for D(n) in Terms of n

Since computation of p,, is difficult for large n, the estimates for D(n) ob-
tained in Sect. 4.1 are ineffective for large n. Hence, we are interested in
estimates for D(n) in terms of n. First, we note that Proposition 2.4 implies
the asymptotic formula:

1 loglogn —3 40 ((loglogn)2> .

D(n) =1+
(n) logn log®n log® n

(4.12)

The goal of this subsection is to find upper and lower bounds for D(n) in the
direction of (4.12). We start with lower bounds. Hassani [11, Proposition 1.6]
showed that the inequality D(n) > 1 —17/(5logn) is valid for every integer
n > 2. Here, we give the following refinement.

Proposition 4.6. For every integer n > 591, we have

1 loglogn — 2.5

D(n)>1+
( ) logn logzn

(4.13)

Proof. We denote the right-hand side of (4.13) by f(n). First, let n be an
integer satisfying n > 7(10'%) = 234057 667 276 344 607. By [5, Corollary 3.3],

we have

2 _
1 < 1 _loglogn+(loglogn) 1oglogn+1’

4.14
logp, ~ logn  log’n log? nlog p,, (4.14)
which implies that the weaker inequality
1 1 log 1
> _eoen (4.15)

logp, ~ logn  log’n
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also holds. We combine (4.14) and (4.15) to get
1 1 loglogn
= B 2
logp, — logn log” n
N (loglogn)? —loglogn + 1

log®n
1 log1
‘ ( - gg) | (4.16)
logn  log"n

Applying the last inequality and (4.15) to (4.1), we see that
0.2 N (loglogn)? — 5.6loglogn + 1

D > +
() > f(n) loan loggn

~ (loglogn)* — 3.3(loglog n)* + loglog n
log4 n ’
which completes the proof for every integer n > 7(1019).

With an argument similar to the one used in the case n > 7(10'9), we
combine (4.15), (4.16), and Corollary 4.3 to get

0.5 N (loglogn)? — 7loglogn + 1

log®n log®n

D(n) > f(n) +

(loglogn)?® — 4(loglogn)? + log log n

log* n
for every integer n with 264 < n < 7(10'°), which implies that the required

inequality holds for every integer n, such that 2426927728 < n < 7(10'9).
We verify the remaining cases with a computer. 0

We immediately get the following corollary.

Corollary 4.7. For every a < 1, there exists a positive integer ng = no(a), so
that D(n) > 1+ «/logn for every integer n > ny.

Remark. Hassani [11, Conjecture 1.7] conjectured that there exist a real num-
ber § with 0 < 8 < 5.25 and a positive integer ng, so that D(n) > 1+/3/logn
for every integer n > ng. This conjecture is proved in Corollary 4.7. The in-
equality (4.13) implies that D(n) > 1 for every integer n > 591. A computer
check shows that the last inequality for D(n) also holds for every integer n
with 10 < n < 591. Thus, we have

D(n) >1 (n > 10), (4.17)
which was also conjectured by Hassani [11, Conjecture 1.7].

Finally, we establish some new upper bounds for D(n) in terms of n.
Using estimates for the nth prime number and Chebyshev’s J-function, Has-
sani [11, Proposition 1.6] found that D(n) < 1+21/(4logn) for every integer
n > 2. We give the following improvement of Hassani’s upper bound.
Proposition 4.8. For every integer n > 2, we have
1 loglogn — 4.2

log n ]0g2 n

D(n) <1+
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In particular, for every 8 > 1, there exists a positive integer ny = nq(f3), so
that D(n) < 1+ B/logn for every integer n > ny.
Proof. By [5, Corollary 3.6], we have
1 < o loglogn n (loglogn)? —loglogn + 1
logp, ~ logn  log’n log” nlog p,,
Ps(loglogn) Py(loglogn)

2log® nlogp,  2log* nlogp,
for every integer n > 2, where Pg(z) = 322 — 62 +5.2 and Py(x) = 23 — 622 +
11.42 — 4.2. Since Py(z) > 0 for every x > 0.5, we get
1 _ 1 loglogn N (loglogn)? — loglogn + 1 N Ps(loglogn)
logp, ~ logn  log’n log®n 2log* n

(4.18)

for every n > 6. Now, we use Proposition 4.5 and the fact that 3.84/ log2 Pn <
3.84/log? n to obtain

1 loglogn —3.84 (loglogn)? —loglogn + 1 n Ps(loglogn)

D(n) < 1+
(n) logn log®n log®n 2 log4 n
(4.19)
for every integer n > 74004 585. Notice that the inequality
(loglog z)? — loglogz + 1 N Ps(loglog ) 0.36 (4.20)

log® x 21og z log? z
holds for every x > 1499820545. Applying (4.20) to (4.19), we get the re-
quired inequality for every n > 1499 820 545. Finally, we use a computer to
check the required inequality for smaller values of n. O

5. New Estimates for the Geometric Mean of the First n
Prime Numbers

In the following, we use the identity (2.5) and the explicit estimates for D(n)
obtained in the previous section to find new bounds for G,, the geomet-
ric mean of the first n prime numbers. First, we see that (2.5) and (4.17)
imply G,, < pp/e for every integer n > 10, which was already proved by
Panaitopol [13] and Séndor [17, Theorem 2.1]. In the direction of Propo-
sition 2.5, Kourbatov [12, Theorem 2] used explicit estimates for m(x) and
Chebyshev’s ¥-function to find that

" 1 1.62
eXp (1 T Togpn T Tog? pn)

for every prime number p,, > 32059, i.e., for every integer n > 3439. Actually,
this inequality holds for every integer n with 92 < n < 3438, as well. In the
next proposition, we give sharper estimates for G,,.

Proposition 5.1. For every integer n > 218, we have

G, < Pn )
exp(1+ L4 2‘7)

logp, ' log?pn
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For every positive integer n, we have

Gn < Pn
eXp (1 + loglpn + loggpn o 10;?;71)
and
G, < Pn .
exp (1 + loglpn + 10g§pn + 10g133pn - 113)2929)

Proof. The first inequality is a direct consequence of (2.5) and Proposition
4.1. Furthermore, we apply the inequalities obtained in Proposition 4.2 to
the identity (2.5) and get the remaining inequalities. O

Next, we use Corollary 4.3 to get the following upper bound.

Proposition 5.2. For every integer n with 264 < n < w(10'9) = 234057 667 276
344607 and n > (e!100159/13) 4 1 we have

G, < Prn )
exp (1 + oo —logi’pn)
Proof. We combine (2.5) with Corollary 4.3. O

Proposition 2.5 and the Prime Number Theorem imply that
G, = % +0(n), (5.1)

which was already obtained by Hassani [11, p. 1602]. To find new upper
bounds for G,, in the direction of (5.1), we first state the following result.

Proposition 5.3. For every integer n > 47, we have

" 1
G, < P (1 — ) .
e log p,

Proof. Using Proposition 5.1 and the inequality e > 1 4+ = which holds for
every real x, we get

n log p,, + 2.7
G < Pn (1 S og pn + >
e log” pp, + logp, + 2.7

for every integer n > 218. Since log p,, > 2.7/1.7 for every integer m > 3, we
obtain the required inequality for every integer n > 218. For the remaining
cases of n, we use a computer. O

In the direction of (5.1), we find the following upper bound for G,,.

Corollary 5.4. For every integer n > 31, we have
n 1 1 3.69
Gt n(io L L am)
€ € logpn  log”p, log®p,
In particular, for every real v with 0 < v < 1/e, there is a positive integer
ny = na(7y), so that Gy, < p,/e —yn for every integer n > ns.

Proof. We use (4.11) and Proposition 5.3 to get the required inequality for
every integer n > 456 441 574. We conclude by direct computation. O
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Remark. The second part of Corollary 5.4 proves a conjecture stated by
Hassani [11, Conjecture 4.3].

Next, we find new lower bounds for G,,. In view of Proposition 2.5,
Kourbatov [12, Theorem 2] used explicit estimates for the prime counting
function m(x) and Chebyshev’s d-function to find that

G > Pn
n
1 4.83
exXp (1 + log pn, + log? pn)

for every integer n > 3439. In the next proposition, we give two sharper
lower bounds.

Proposition 5.5. For every integer n > 74004 585, we have

G, > Dn (5-2)

b)
1 3.84
eXp (1 T Togpn T Tog? pn)

and for every positive integer n, we have

G > Pn
n .
exp (1 + loglpn 43 4 213 )

logZp, ' log®py

Proof. We use (2.5) and Proposition 4.5 to obtain the required inequalities.
O

To derive a lower bound for G,, in the direction of (5.1), we first establish
the following result.

Proposition 5.6. For every positive integer n, we have
1 4.74
G > P (1 N ) |
e logpn log” pn,

Proof. First, we consider the case where n > 883051281 = m(e?3™%) + 1. It
is easy to see that

2

2t
et<1+t+? (5.3)

for every t satisfying 0 < t < log(4/3). Hence, we obtain

1 n 3.84 14 l n 13.52 5.12  9.8304
SxP T 22 3z2 3 x4
for every x > 6. For x > 23.72, we have 5.12/x + 9.8304/22 < 0.23333 and
get
1 3.84 1 4.74
exp<+2><1++2 (54)
T T T T

for every x > 23.72. Since logp, > 23.72; it follows from (5.2) and the
inequality (5.4) that

G, >
e

(1 _ logp, +4.74 )
log® py, +logp, +4.74/)

Since the right-hand side of the last inequality is greater than the right-
hand side of the required inequality, the corollary is proved for every integer
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n > 883051281. A computer check shows that the desired inequality holds
for every integer n with 1 <n < 883051280, as well. 0
In view of (5.1), Hassani [11, Corollary 4.2] found that

G, > o3,
e

for every positive integer n. The following corollary improves this inequality.

Corollary 5.7. For every integer n > 3, we have
n 3.74 5.74 7.59
FREAETAN S T 0
€ € logpn  log”p, log’pn
In particular, for every § > 1/e, there is a positive integer ng = nz(d), so
that G, > py /e — on for every integer n > ns.

Proof. First, we consider the case where n > 2324692. We use (4.2) and the
inequality obtained in Proposition 5.6 to get

n 1 1 2.85 4.74p,
R (e e B -
e e logpn  log®p, log”pn/ elog”p,

We apply the inequality (4.2) to (5.5) and obtain the required inequality. For

every integer n satisfying 3 < n < 2324692 we check the required inequality
with a computer. O

(5.5)

Remark. Compared with (5.1), Corollaries 5.4 and 5.7 yield the more accurate

asymptotic formula:
e e log py,

6. New Estimates for the Quantity log(1 + 2R(n)/p.)

First, we derive an asymptotic formula for log(1l 4+ 2R(n)/p,) as n — oo,
where

1 Dn

k<n

Proposition 6.1. We have

log <1+2R(”)> .~ (n — o).

Pn _210gn

Proof. We have p, ~ nlogn and, by [2], R(n) ~ —n/4 as n — oo. Hence,
log(1+2R(n)/pn) ~log(l —1/(2logn)) as n — oo. Since log(1 — 1/(2x)) ~
—1/(2z) as © — oo, the proposition is proved. O

Hassani [11, Corollary 1.5] found that
2R(n) 5
1 1 — 1
< ©8 ( * Pn ) < 36 logn’ (6 )

where the left-hand side inequality holds for every integer n > 2, and the
right-hand side inequality holds for every integer n > 10. In Proposition 6.1,

Bl 2logn
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we gave a more suitable approximation for the quantity log(1 + 2R(n)/pn)
as n — oo. In this direction, we improve the inequalities found in (6.1). The
following proposition is about a lower bound for log(1 + 2R(n)/px).

Proposition 6.2. For every integer n > 26 220, we have

2 1 logl —2.2
log (1 + R(n)> > — + 8 ogn2 >
n 2logn 2log"n
(loglogn)? — 4.5loglogn + 22.51/3

- 3 . (6.2)

2log” n

Proof. By Dusart [10], we have

Pn > 1(n) (6.3)

for every integer n > 2, where r(z) = z(logx + loglogz — 1). We set

o x z(loglogx — 4.42)
Sl(I) =73 tlog + 410g2 - .

Now, we use [2, Theorem 1.8] and [11, Corollary 1.5] to obtain
s1(n) < R(n) <0 (6.4)

for every integer n > 256376. We define h(xz) = log(1 + 2s1(z)/r(z)). By
(6.3) and (6.4), it suffices to show that h(x) is greater than the right-hand
side of (6.2). For this purpose, we set

f(y) = (2log®y — 13log® y + 33.09log y — 29.1575)3>
+ (1.51log*y — 11.51og® y + 34.63log® y — 41.1575log y + 9.9075)y>
+ (—0.510g® y + 1.5210g? y + 3.59log y — 17.01605)y
+0.75log? y — 7.9410g® y + 31.07log? y — 53.72605 log y + 29.84605
and
g(y) =y® + 3 logy — 1.55% — 0.5y + 0.5logy — 2.21.
It is easy to see that f(y) and g(y) are positive for every y > e?*. Hence

+
2logw 21og? 2log®
f(logz)
g(log z)r(z) log* z
for every x > exp(exp(2.4)). In addition, we have

(h( ) 1 loglog z — 2.25 N (loglog x)? — 4.5loglog = + 22.51/3)’

1 loglogz — 2.25 n (loglog )2 — 4.5loglog x + 22.51/3) —0

li h
oo ( (@) + 2logx 2log? x 2log3 x

Thus, we get

h(z) > 1 loglogz —2.25 (loglog z)? — 4.51oglog x + 22.51/3

2 log x 21og® x 2log® x
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for every z > exp(exp(2.4)). Hence, the desired inequality holds for every
integer n > exp(exp(2.4)). The remaining cases are checked with a computer.
O

Next, we give an upper bound for log(1 4+ 2R(n)/p,).

Proposition 6.3. For every integer n > 6077, we have
2R 1 1 2.9
log (1 ¥ W) <

2 log pn, a log2 Pn ) log2 nlogpn
Proof. First, we consider the case where n > 78 150372 > exp(exp(2.9)). We
define

n

. (ac)——f— x z(loglogz — 2.9)
2Ty 4logx 4log? '

By [2, Theorem 1.7] and the definition of R(n), we obtain R(n) < s2(n) < 0.

Hence
2 2
log(l—l—]%(n)) <log<1+s2(n)>.
p

Since 2s2(n)/p, > —1, we apply the inequality log(1 + x) < x, which holds
for every z > —1, to get
log <1 n 2R(n)> o n n(log log n; 2.9)'
2D, 2pnlogn 2py log”n

Now, we use a lower bound for the prime counting function given by Dusart
9], namely that 7(z) > z/logx + z/log® z for every x > 599. Substituting
T = pp, we obtain
2R(n)> 1 1 1 1
log [ 1+ < - — — —
& < 2logp,  2log?p, 2lognlogp,  2lognlog? p,
n(loglogn — 2.9)

n

6.5
2p,, log® n (6.5)

Again by Dusart [9], we have 7(x) < z/logz + 2z/log? z for every z > 1.
Applying this and the fact that loglogn > 2.9 to (6.5) we get

1 (1 . 2R(n)> - 1 1 1 1

o — — — —

8 2logp, 2log’p, 2lognlogp, 2lognlog? p,
loglogn —2.9 loglogn — 2.9

n

21og” nlog pn log® nlog® p,,
Finally, we use (4.18) to get

2R(n) 1 1
log |1+ < - - —
Dn 2logp,  log” p,
(loglogn)? +loglogn — 4.8~ Pg(loglogn)
+ 2 2 + 3 2
2log” nlog” py, 4log” nlog” p,
1 2.9

- 2log nlog? pn B 2log? nlogp’
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which implies the required inequality. For smaller values for n, we use a
computer. O

In the direction of Proposition 6.1, we find the following upper bound
for log(1 + 2R(n)/px) in terms of n, which leads to an improvement in the
right-hand side inequality of (6.1).

Corollary 6.4. For every integer n > 92, we have
2R 1 logl —2 4logl —2.9 29logl
log (1 n (n)) - og ogrgz | 4log og3n og4ogn.
2logn 2log”n log® n 2log™ n

Pn

Proof. First, we consider the case where n > 6077. From (4.16), it follows

that
1 < 1 loglogn

logp, — logn log®n
Applying this to Proposition 6.3, we get

(6.6)

loe (14 2R(n) - 1 loglogn 1
& n 2logn  2log*n  lognlogp,
loglogn 2.9 2.9loglogn

- +
log?nlogp, 2log®n 2log* n

Again, we use (6.6) to obtain the required inequality for every integer n >
6077. We conclude by direct computation. O

We now establish the following more precise result compared with Propo-
sition 6.1.

Corollary 6.5. We have

log(1+2R(n))=— 1 +log10gn+0( 1 )
Dn 2logn  2log*n log®n

Proof. The claim follows directly from Proposition 6.2 and Corollary 6.4. [

7. The Proofs of Theorems 1.2-1.5

Now, we use the identity (1.1) and explicit estimates for D(n) and log(1 +
2R(n)/pn) obtained in Section 3 and Section 5 to prove Theorems 1.2-1.5.

Proof of Theorem 1.4. We first consider the case where n > 465944 315. By
(1.1), Proposition 4.6, and Proposition 6.2, we get

Gn” -
Notice that 0.15logz > (loglogz)? — 4.5loglogx + 22.51/3 for every x >

465944 315. Hence

A e < 1 loglognQ.G)

n
—_— > — e —
G, 2 P logn 2log® n

A e 1 loglogn —2.75  (loglogn)? — 4.5loglogn + 22.51/3
— - ex — .
2 P 2logn 2log?n 2log3n
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Now, we use the inequality e* > 1+ x + 2%/2, which holds for every nonneg-
ative x, to get

An _ e <1 N 1 loglogn —2.85 loglogn  0.65 >

G, 2
Since the function 2-0.05 — (loglogt — 4 -0.65)/(4logt) is positive for every
t > 2, the required lower bound for the ratio of A,, and G,, holds. A direct

computation for every integer n, such that 139 < n < 465944 314 completes
the proof. O

2logn 21log®n 4log®n  log®n

Remark. Hassani [11] conjectured that there exist a real number o with
0 < @ < 9.514 and a positive integer ng, such that A4,,/G, > e¢/2 + a/logn
for every integer n > ng. Theorem 1.4 proves this conjecture.

Now, we give a proof of Theorem 1.2. To do this, we use (4.18) and
Theorem 1.4.

Proof of Theorem 1.2. Let n be an integer with n > 1499820 545. Using
(4.18) and Theorem 1.4, we get

Gn = §+ 4log pn, +1
where Ps(r) = 322 — 62 + 5.2. Now, we apply (4.20) to see that the required

inequality holds. We complete the proof by verifying the remaining cases with
a computer. O

A, e e e 2.8 (loglogn)? —loglogn +1  Pgs(loglogn)
logZn log®n 2log*n ’

The following corollary confirms that the ratio of the arithmetic and
geometric means of the prime numbers is always greater than e/2, as conjec-
tured by Hassani [11].

Corollary 7.1. For every positive integer n, we have

An e

G, 2
Proof. From Theorem 1.2, it follows that the required inequality holds for
every integer n > 62. We verify the remaining cases with a computer. O

Next, we use Propositions 4.5 and 6.3 to give the following proof of
Theorem 1.3.

Proof of Theorem 1.3. First, let n be an integer with n > 74004 585. By
(1.1), (5.3), and Propositions 4.5 and 6.3, we obtain the inequality:

A, e 1 9.02 1.33 13.2312
ez (14 + — .
2 2logpn  3log“p, 3log”p,  3log” p,

Gn
Since log p,, > 19.937, we have 9.02/3+1.33/(3log p,)+13.2312/(3log® p,,) <

3.04, which completes the proof for every integer n > 74 004 585. We conclude
by direct computation. O

Finally, we use Theorem 1.3 and the inequality (4.18) to prove Theorem
1.5.
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Proof of Theorem 1.5. Using Theorem 1.3 and the inequality (4.18), we get
A, e e e(loglogn — 6.08) n e((loglogn)? — loglogn + 1)

G, 2 4logn 41og?®n 41og® n
ePs(loglogn)

7.1

810g4 n (7.1)
for every integer n > 294 635. Applying (4.20) to (7.1), we see that the claim
is true for every integer n > 1499820545. A computer check shows the
correctness of the required inequality for every integer n satisfying 2 < n <
1499 820 544. O

Remark. One of the conjectures concerning the ratio of A,, and G, stated by
Hassani [11] is still open, namely that the sequence (A,,/Gp)nen is strictly
decreasing for every integer n > 226.
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