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Abstract. In this paper, we study a class of degenerate p-fractional Kirch-
hoff equations with critical Hardy—Sobolev nonlinearities. By means of
the Kajikiya’s new version of the symmetric mountain pass lemma, we
obtain the existence of infinitely many solutions which tend to zero un-
der a suitable value of A. The main feature and difficulty of our equations
is the fact that the Kirchhoff term M could be zero at zero, that is the
equation is degenerate. To our best knowledge, our results are new even
in the Laplacian and p-Laplacian cases.
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1. Introduction and Main Result

In this paper, we consider a class of degenerate fractional p-Laplacian equa-
tion of Schrodinger—Kirchhoff with critical Hardy—Sobolev nonlinearities:

w|Ps (O‘)_2u

M (ull) [(— A3+ V@)ulP 2] = Af () + . in RV,

(1.1)
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fall = (i + [ v@ras) _ Ju@) = u@l” g0 N
ST Jon o [y = o \xf |N+m v)oo

(1.2)
M : R{ — R{ is a Kirchhoff function, V : RN — R is a scalar potential,
N >ps,pe(l,0) and s € (0,1), p*(a) = p(N — ) /(N — ps) is the critical
exponent of the fractional Hardy—Sobolev exponent with o € [0,ps), A is
a positive parameter, and f : RN x R — R is a Carathéodory function.
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Here, (—A); is the fractional p-Laplace operator which, up to normalization
factors, may be defined by the Riesz potential as follows:

—A)Pu(x) =2 lim dy, xzeR",
( )p ( ) 0t N\B.(z) |I y|N+ps Yy

along any u € C$°(RY), where B.(r) = {y € RY : |z — y| < &}. For more
details about the fractional p-Laplacian, we refer to [15,34] and the references
therein.

The main framework for (1.1) is the space E, defined as the comple-
tion of C§°(RY) with respect to the norm || - ||, introduced in (1.2). Denote
by D*P(RY) the p-fractional Beppo-Levi space, that is the completion of
C§°(RN) with respect to Gagliardo semi-norm [u]s ,. From Theorem 6.5 in
[8] and condition (V') that E < D*P(R"). While Lemma 2.1 of [12] gives

5= [ e
]RN

for all u € D*P(R™N), where C is a positive constant depending only on N, p, s,
and «a. Thus, the fractional Sobolev embedding D*?(RY) — LP:(RM) and
the fractional Hardy-Sobolev embedding D*?(RY) < LPs(@)(RN | |z|~) are
continuous, but not compact. However, we can introduce the best fractional
critical Hardy—Sobolev constant H, = H(N,p, s, a), given by the following:

o dz

x|

P (

lullm, < Clulsp, lu

Ha - inf p ’ (13)
weD=r®\{(0} [ully.

Of course, the number H,, is strictly positive and it coincides with the best
fractional Sobolev constant when a = 0.
Throughout the paper, without explicit mention, we assume (V) and

(M).

(V) V : RN — RY is a continuous function and there exists Vo > 0, such that
infepnV > V5.

(M) M :Rf — R{ is assumed to be continuous and to verify

(M) there exists 0 € [1,p%(a)/p), such that tM(t) < 0.4 (t) for all t € R,
where A (t) = fot M(7)dr;

(My) for any T > 0 there exists m = m(7) > 0, such that M(t) > m for all
t>T1;

(M3) there exists mg > 0, such that M(t) > mot®~! for all t € [0,1].

A prototype for M, due to Kirchhoff, is given by
M(t)=a+b0t°"t, a, b>0, a+b>0, §>1. (1.4)

When M (t) > ¢ > 0 for all t € R, Kirchhoff equations like (1.1) are said to
be nondegenerate and this happens for example if ¢ > 0 in the model case
(1.4). While, if M(0) = 0 but M(t) > 0 for all ¢ € RT, Kirchhoff equations
as (1.1) are called degenerate. Of course, for (1.4), this occurs when mgy = 0.
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Concerning the function f : RY x R — R, we suppose that

(f1) There exist ¢ € (1,0p) and a nonnegative function w € LY(RY), such
that |f(z,t)] < w(z)t?™t for all (z,t) € RY x RT, where 9 = p(a)/
(pi(e) —q).

(f2) There exist & € (1,p), 0 > 0, ag > 0, and a nonempty open subset  of
RN, such that

F(xz,t) > aot®  for all (x,t) € Q x (0,6).

A simple example of f, verifying (f1)—(fa), is f(z,t) = (1 + |z[?)¢=2)/2
(t7)!=1 with 1 <1 < p, where ¢+ = max{t, 0}.

In the appendix of the recent paper [13], the authors provide a detailed
discussion about the physical meaning underlying the fractional Kirchhoff
problems and their applications. Indeed, they propose in [13] a stationary
Kirchhoff variational problem, which models, as a special significant case,
the nonlocal aspect of the tension arising from nonlocal measurements of the
fractional length of the string. In this case, M measures the change of the
tension on the string caused by the change of its length during the vibration.
For this, the fact that M (0) = 0 means that the base tension of the string is
zero, a very realistic model.

Several recent papers are focused both on theoretical aspects and ap-
plications related to nonlocal fractional models. Always in [13], the following
critical fractional problem on 2 bounded was studied, for the first time, in
the literature:

<//]R2N |z — &%ﬁfdxdy) (=A)u=Af(z,u)
el in RM\Q.

(1.5)

The authors prove the existence of a nontrivial nonnegative solution for (1.5)
on a nondegenerate setting, combining a truncation argument with a con-
centration compactness principle. The degenerate case of equation (1.5) is
studied in [4], by introducing a new technical approach based on the as-
ymptotic property of the critical mountain pass level. Furthermore, the ex-
istence of a solution for different critical fractional Kirchhoff problems set
on the whole space RY is given in [2,7,11,12,24,29] adapting the variational
technique developed in [4]. For multiplicity results, we refer to [27], where
they consider a nonhomogeneus fractional Schrodinger—Kirchhoff equation.
By combining the mountain pass theorem with Ekeland’s variational princi-
ple, [27] establish the existence of two solutions on a nondegenerate situation.
With a similar approach of [27,32] prove the existence of two solutions for
a degenerate Kirchhoff equation in RY with a concave-convex nonlinear-
ity. In [33], by the Fountain theorem and the dual Fountain theorem, the
authors get the existence of infinitely many solutions for a symmetric sub-
critical Kirchhoff problem on 2, with suitable nondegenerate assumptions for
M. The existence of infinitely many solutions is still proved in [26,28] using
Krasnoselskii’s genus theory, under degenerate frameworks. Moreover, to get
infinitely many solutions, Krasnoselskii’s genus theory is used in [10] for a

2724 in Q
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critical problem similar to (1.5) and Kajikiya’s new version of the symmetric
mountain pass lemma is applied in [31] for a critical problem similar to (1.1),
but just on the nondegenerate case. Finally, in [34], a subcritical degenerate
Kirchhoff system on €2 is studied using the symmetric mountain pass theorem
given by Ambrosetti and Rabinowitz in [30].

Motivated by the above works, in the present paper, we provide the
existence of infinitely many solutions for (1.1) on a degenerate setting. As
far as we know, our multiplicity result for degenerate Kirchhoff equations
similar to (1.1) is new even in the Laplacian and p-Laplacian cases. Indeed,
while there is a wide literature concerning the study of multiplicity results for
critical Kirchhoff problems under a nondegenerate setting; see, for example,
[9,14,17-20,23,35-37], very few attempts have been made to cover also the
degenerate case. We refer to [21,22], where the authors just consider M like
the prototype in (1.4) with a = 0. Furthermore, they are able to give mul-
tiplicity results either when N = 4 or by considering a small perturbation.
Here, using a different approach, we allow M to be more general in (1.1).

Denoting with Jy : E — E the Euler-Lagrange functional related to
variational equation (1.1), we are ready to state the main result of our paper
as follows.

Theorem 1.1. Let M(0) = 0, N € (ps,0), ¢ € (1,p), with s € (0,1) and

€ (1,00). Assume that M and V satisfy assumptions (My)—(Ms) and (V).
Then, there exists X > 0, such that for any X € (0,)), Eq. (1.1) admits a
sequence of solutions {un}n in E with J\(u,) <0, Ix(un) — 0 and {u,}n
converges to zero as n — oo.

The proof of Theorem 1.1 is mainly based on the application of the
symmetric mountain pass lemma, introduced by Kajikiya in [16]. For this, we
need a truncation argument which allow us to control from below functional
Jx. Furthermore, as usual in elliptic problems involving critical nonlinearities,
we must pay attention to the lack of compactness at critical level LPs () (RM).
To overcome this difficulty, we fix parameter A\ under a suitable threshold
strongly depending on assumptions (Msz) and (M3).

The paper is organized as follows. In Sect. 2, we discuss the varia-
tional formulation of the Eq. (1.1) and introduce some topological notions. In
Sect. 3, we prove the Palais—Smale condition for the functional 7. In Sect. 4,
we introduce a truncation argument for our functional. In Sect. 5, we prove
Theorem 1.1.

2. Preliminaries

In this section, we first give the variational formulation of Eq. (1.1) and then
provide some useful technical results, which will be used in the sequel.
Let L4(RY w) be the weighted Lebesgue space, endowed with the norm:

i = [ w@la@a
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By Proposition A.6 of [3], the Banach space LY(RY, w) = (LY(RN, w), || -
lg,w) is uniformly convex. Furthermore, by Lemma 2.1 of [7], the embedding
D$P(RN) — L4(RY w) is compact, with

lullgw < Cululs, forallue DS’Z’(RN)7 (2.1)

and C,, = H(;l/prHi/q > 0, where S = S(N,p,s) is the best fractional
critical Sobolev constant, given by the following:

inf WRP. (2.2)
we D (BN )\ {0} [[ullpe

S =

Of course, number S is positive, since Theorem 1 of [25].
We say that u € D*P(RY) is a (weak) solution of Eq. (1.1), if u satisfies

M) ) = A [ Fau)pde + (g,
for all ¢ € E, where

(u, ) = (ume
Yoy — // Iu z) — u(y) P [u(z) — u(y)] - [p(z) — p(y)] dedy,
RZN

|z — y| N

ey = [ V@) u@)s @

(b, = [ fule)lH O ula)ola)

x|
Equation (1.1) has a variational structure and Jy : E — R, defined by the
following:

J(u)—l///(uunp)—A/ P, u)dz — — / [ul=) o,
S Ry pi(@) Jux Jale

is the underlying functional associated with (1.1). Essentially, as shown in
Lemma 4.2 of [7], the functional 7} is of class C'(E,R).

To handle the degenerate Kirchhoff coefficient, we need appropriate
lower and upper bounds for M, given by (M;) and (Ms). Indeed, condi-
tion (Msz) implies that M (¢) > 0 for any ¢ > 0, and consequently, by (M)
for all t € (0,1], we have M (t)/.#(t) < 6/t. Thus, integrating on [t, 1], with
0<t<1, we get

M) > () (2.3)
and (2.3) holds for all ¢ € [0,1] by continuity. Hence, (M3) is a stronger
request. Furthermore (2.3) is compatible with (M3), since integrating (M3),
we have . (t) > mgt? /0 for any ¢ € [0, 1], from which . (1) > mg/6.

Similarly, for any ¢ > 0, there exists d. = .#(c)/? > 0, such that

M (t) < 6.7 for any t > €. (2.4)

We conclude this section recalling the symmetric mountain pass lemma
introduced by Kajikiya in [16]. The proof of Theorem 1.1 is based on the
application of the following result.



17 Page 6 of 18 Y. Song and S. Shi MJOM

Lemma 2.1. Let E be an infinite-dimensional space and J € CY(E,R) and

suppose the following conditions hold.

(J1) J(u) is even, bounded from below, J(0) = 0 and J(u) satisfies the lo-
cal Palais—Smale condition, i.e., for some ¢ > 0, in the case when
every sequence {up}t, in E satisfying lim, . J(u,) = ¢ < ¢ and
limy, o0 ||J' (un) || &7 = 0 has a convergent subsequence;

(J2) For each n € N, there exists an A, € ¥, such that sup,c, J(u) <O0.

Then, either (i) or (ii) below holds.

(i) There exists a sequence {uy}n, such that J'(u,) = 0, J(u,) < 0, and
{u,} converges to zero.

(13) There exist two sequences {un}n and {v,}n, such that J'(u,) = 0,
J(upn) <0, up # 0, limy, o0 up, = 0, J'(vy,) = 0, J(vy,) < 0, limy,— 00 J(vy,) =
0, and {v,}n converges to a nonzero limit.

3. The Palais—Smale Condition

Throughout this paper, we consider N > ps with s € (0,1) and p € (1, 00),
M (0) = 0 and we assume that M and V satisfy (M;)—(Ms3) and (V), without
further mentioning.

To apply Lemma 2.1, we discuss now the compactness property for the
functional Jy, given by the Palais—-Smale condition. We recall that {u, }, C E
is a Palais—Smale sequence for 7, at level ¢ € R if

In(up) — ¢ and J{(u,) — 0 in E' as n — oo. (3.1)

We say that J) satisfies the Palais—Smale condition at level c if any Palais—
Smale sequence {u,}, at level ¢ admits a convergent subsequence in E.
Before going to prove Theorem 1.1, we first give some auxiliary lemmas.

Lemma 3.1. If (f3) holds, then there exist p € (0,1] and Ag = Ao(p) > O,
0= L(p), such that Tx(u) > £ >0 for any u € E, with ||ul]| = p, and for all
A < .

Proof. For all u € E, with ||ul]| <1, by (f3), (2.1), and (2.3), there exists a
positive constant K,,, such that

VA I 1 2(@)
jkuziup—)\/wxuqu— ul|%:
(u) ) [l A () ul p;(a)H H,
A (1)
>l Al ll gy
p LP:—4(RN)
1 . (3.2)
———|u pi(a)
HgS(a)/pp:(a)
A (1) 1 -
> LD | — ARl — [P,
p He? pi(a)

By the Young inequality, for any € > 0, we have
A ||ul|? < el|ul|?? + e~/ 0r=0) (A, PP/ 0P~
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since ¢ < Op. Thus, for e = .#(1)/2p,

—q/(0p—q)
T (u) > @ ||UH9P _ <2p) ()\Kw)ep/wp—q)

2p A (1)
- %Hu P,
He ' pi(a)
Since 0p < p*(«a), the function
1 1 *
n(t) = ) o ———— =@ e 0,1)
2p Hgs (a)/sz (a)

admits a maximum at some p € (0, 1] small enough, that is n(p) = max;c[o 1
n(t) > 0. Thus, let

1 ~ (1)
Ap = —— (0p—q)/(0p) [ 2\~ )
0= 5P )
Then, for all u € E, with ||u|| = p <1, and for all A < \g, we get

q/(qa—0p)
Ta(u) > (p) — 277 (///p(l)> (Kuwho) /=0 = 1> 0,

being g < Op. The lemma is so proved. O
Set
ex = inf{J\(u) :u € E},

where B, = {u € E : |lul]| < p} and p € (0,1] is the number determined in
Lemma 3.1.

Lemma 3.2. If (f1) and (f2) hold, then cx < 0 for each X € (0, Ag].

Proof. Let xp € Q and R € (0,1) be so small that B(xg,2R) C ), where Q
is given in (f2). Choose a function ¢ € C5°(B(xg,2R)), such that 0 < ¢ <1,
0 < ¢l <pand o= fB(xo,2R) lo|¢dz > 0. Fix A € (0, \o]. Then, by (f2)
and continuity of M, for all ¢, with 0 < ¢ < min{1, §}, we have

1 1 .
Talto) = (|t p—)\/Fx,t dz — || P ()
A(tp) , (Iltell”) A (z,tp) p:(a)H H,
1
<= < sup M(€)> ||30||ptp—/\/ F(x,te)dx
P \o<e<pr 0
_P

P
— | sup M |)tP-A ao/ lp|Sda | t¢
P \o<e<pr B(z0,2R)

P
= P MytP — daop .
p
Since 1 < & < p, fixing t > 0 even smaller, so that
t < min{l, 0, ()\paogﬁp_p/Ml)l/(P—f)}’

we have that t¢ € B, and J\(t¢) < 0. This proves that ¢y < 0 for all
A € (0, Aol as stated. O
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Lemma 3.3. If (f3) and (f4) hold, then there exists Ay > 0, such that, up to
a subsequence, (u,)n strongly converges to some uy in E for all X € (0, A1].

Proof. Due to the degenerate nature of (1.1), two situations must be consid-
ered: either inf,en ||un| = dx > 0 or inf,, ey ||u, || = 0. For this, we divide the
proof in two cases.

o Case infen[un]sp, = drn > 0. By Lemmas 3.1 and 3.2 and the Ekeland
variational principle, applied in Ep, there exists a sequence {u,}, C B,,
such that

ox < Ta(up) <ex+1/n and  Ja(v) = Ta(un) = [|un — vl /n (3.3)

for all n € N and for any v € B,. Fixed n € N, for all v € Sg, where
Sk ={u € E: ||lu|| =1}, and for all & > 0 so small that u,, + ov € B,, we
have

o
In(up +ov) — Tn(ug) > -
by (3.3). Since J) is Gateaux differentiable in E, we get

n - n 1
(T4 10), ) p = lim P H TN Z )

for all v € Sg. Hence

)

3=

[(Ta(un), v) 5 5| <

since v € Sg is arbitrary. Consequently, J{(u,) — 0 in E’ as n — oo, and
clearly, up to a subsequence, the bounded sequence {u, }, weakly converges
to some uy € B, and has the following properties:

Up — Uy in E,* ”un” — KX,
Uy — uy in PSRN |z]| =), [Ju, — uxl g, — K, (3.4)
Up — uy in LYRN w), U, — uy a.e. in RN

as n — oo, by Lemma 2.1 of [7]. Clearly, uy > 0, since we are in the case in
which dy > 0. Therefore, M (||u,||?) — M (%) > 0 as n — oo, by continuity
of M and the fact that 0 is the unique zero of M.

For any subset U C RY, by (f3), we have

pile)—a ()

/ £ ) (tn )|z < o]l sz Jtin — ]y o) Clwll sz
U L L

pila)=a (1)

ph ()
It follows from w € L75(™~ (RN) that sequence {f(z, u,)(u, — uy)}n is equi-
integrable in L(RY). Clearly, f(z,u,)(u, —uy) — 0 a.e. in RY as n — oo.
Hence, the Vitali convergence theorem implies that
lim f(zyun) (uy — uy)dz = 0. (3.5)
n—oo [pN
A similar argument shows that

lim flzyun)(up —uy)dz =0 (3.6)

n—oo [pN
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and

lim f(z,up)uprdz = lim f(z,up)urde. (3.7)

n—oo [pN n—oo pN

Furthermore, by (f2) for equi-integrability, we get

lim F(z,up)dz = lim F(z,uy)dx. (3.8)

n—oo JpN n—oo JpN

As shown in the proof of Lemma 2.4 of [7], the sequence {U, },, defined in
R2N\Diag RV by

Un(T) — Up p72unm_un
) e - B ) )

is bounded in L? (R2N) as well as U,, — Uy a.e. in RN where

e - )t

Thus, up to a subsequence, we get U,, — U in L (R2N), and so as n — oc.
Furthermore, |y, |P~2u, — |ux[P~2uy in LP' (RN, V) by Proposition A.8 of
[3]. Hence

(Un, p) — (u, ) (3.9)

for any ¢ € E, since |o(x) — p(y)| - |v — y|~NFP)/P ¢ LP(R2V) and ¢ €
LP(RN, V). Similarly, (3.4) and Proposition A.8 of [3] imply that |u,, [Ps(®) 2
Ps(@)=2¢y in LP:(@) (RN |z|~%), from which as n — oo

Un — |ux
(tn, ) r, = (U, ) i, (3.10)
for any ¢ € E, Then, (3.4), (3.9), and (3.10) give
M (p3){ux, ) = A - f(@,un)p(e)de + (u, o), ,
for any p € E. Hence, u, is a critical point of the C'(E) functional

1
pi(a)

~ 1 *(a
In(u) = }—QM(M’)’\)Hqu — )\/RN F(z,u)dz — Z(f ), (3.11)

[u

By the Holder inequality, we have
|(u, v)| < |lul|P~Hv|| for all u,v € E

and so, for any u € E, the functional (u,-) is linear and continuous on F.
Furthermore, using again (3.4) and the celebrated Brézis and Lieb lemma
of [6]

lunl? = [[un — ul” + Jull” + o(1), o1
et 15 = ot — a5+ % + (1)
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as n — oo. Consequently, we deduce from (2.1), (3.4), (3.10), (3.11), and
(3.12) that as n — oo

o(1) = (JX(un) = A (ur), un — us)
= M ([lun [P [un " + M p)uxll” = M ([[un]”) (wn, ux) — M () {ux, un)

= [ @ @) = fur () s )

. (3.13)
(un (&) — ux (x»'j?

= MR8 — unll?) = % + fux ] + o(1)
P pi(a)
A

= M(p)llun = wll” = llun = urllz, " + o(1).

Therefore, we have proved the crucial formula

Ba@), (3.14)

M(pR) lim |ju, —ul|P = lim |ju, — ux
n—0o0 n—oo
Hence, using the notation in (3.4), we have

pi() _ pi(e)

M) T [ —ull? = M) (15~ [urI7) = Tien [l — s

Hy = P
(3.15)
By (1.3), for all A > 0, we have
W5 > Ho M (RS, (3.16)

By sending n — oo in (3.4), and by (M;) and (3.12), we have

1 1 N
ey = —M unp—)\/ F(x,uy)dr — Up, pS(a)—l—ol
st (ualP?) = A [ FGoun)dn = — a5+ of1)

1 1 *
> — M([|un|P unp—)\/ F(x,uy)dx — Up, (o) 4 (1

M el =3 [ Pavun)de = —s a5 + o)

1 1
= —M(p5)||un — up||? + — M (ub P\ F d

M) = P+ MG = [ P un)da

1 P (@) p:(a)
— ——|lup —ux||y. T — ux||z  +o(l
patay I el = gyl o)

1 1 1 * 1 *
> = M(uP p - _ pi(a) _ ps(a)
> MR + (5 = )l = sl = s sl

—)\/ F(z,uy)dx + o(1).
RN
(3.17)

By (f2), clearly, |f(z,ux)] < w(z)|ux|? and |F(x,uy)| < w(x)uxy|? for all
r € RN and for all A € (0,Ao]. In view of the choice of p in Lemma 3.1, we
know that p is independent of X. Thus, {ux}re(0,),] is uniformly bounded in
FE. Furthermore, there exists C' > 0, which does not depend on A, such that

/ F(z,uy)dx <C and |/ flz,un)undz| < C. (3.18)
RN RN
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Hence, by (3.15), we deduce

1 1 ps(a)
—— Uy —uN||7 7 < ex 4+ 20N+ o(1).

This, together with Lemma 3.1, implies that
lim kx = lim lim {lun —usllm, = 0. (3.19)

Here, we claim there exists a A, € (0, Ao], such that ky = 0 for all A € (0, A1].
Otherwise, there exists a sequence A, — 0, such that x,, > 0. By (3.16), we
have

R > HaM ().

from which, sending n — oo, considering (3.17), the continuity of M and the
fact that 0 is the unique zero of M, we deduce uy, — 0 as n — oo. Using
(3.16), it follows that:

ps—a

AR = ()N = Mg )R (8, ua, I7) N 2 H M

An An

).
(3.20)
Hence, we obtain for all n sufficiently large by (M3) and (3.19)

p(ps—o) N—ps N—ps p(6—1)(N—ps)

ps—a
pa, " 2 (R, =l I17) T = Ha M (S )N = mg T Ho oy N

n

The restriction ps@ 4+ N > a+ N6 follows directly from the fact that 1 < 6 <
pi(a)/p= (N —«a)/(N — ps). It follows that:

N—«
N—ps PsOFN—a—NO
P N—a
Ky, = | mg H, .

This is impossible, since py, — 0 as n — oco.
Hence, for any A € (0, A1)

) =,

lm ||w, — uy
n—oo

This, together with (3.14), gives that u,, — uy strongly in E as n — oo.
o Caseinf, ey ||u, | = 0. If 0 is an isolated point for the real sequence {||uy || }n,
then there is a subsequence {uy, }x, such that

inf || =d >0,

and we can proceed as before. Otherwise, 0 is an accumulation point of the
sequence {||un||}» and so there exists a subsequence {uy, }x of {uy}n, such
that wu,, — 0 strongly in E as n — oo.

In conclusion, Jy satisfies the (PS) condition in E at the level ¢y in all
the possible cases. 0
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4. A Truncation Argument

We note that our functional 7 is not bounded from below in E. Indeed, by
fixing € > 0 in (2.4), we see that for any u € E

) . 1 *(a)
Ia(tu) < P2 =ullP? — \a / ulfdx — 75 (@) — ||u|B:
(tu) pll | 0 Q| | (@) l[ull,

— —00 ast — oo,

since ¢ < p < pb < p*(«).

For this, in the sequel, we introduce a truncation like in [3], to get a
special lower bound which will be worth to construct critical values for 7.
Let us denote

(1 1
Ga(t) = AW oo _ ACH T =~
p ps (Oé) HOt
where C,, comes from (2.1), while H, is defined in (1.3). Denoting m = m(1)
the constant given by (Ms) with 7 = 1, we can take R; € (0, 1) sufficiently
small, such that

1P5 (@)

1

m A1) o 2(a)
—RY > RY > Ry, 4.1
po "t p T pi(e) ST 1)
since p < pf < p*(a), and we define
1 .///(1) 0 1 *(a)>
A= L o - gri@) ) 4.2
2C% Ry ( p ' pila)Hy ! (42)

so that Ga~(Ry) > 0. From this, we consider
Ry = max {t S (O,Rl) : G- (t) < O}

Since, by ¢ < p, we have G, (t) < 0 for ¢ near to 0 and since also Gy~ (R1) > 0,
it easily follows that G« (Rg) = 0.

We can choose ¢ € C§°([0,0), [0, 1]), such that ¢ (¢t) = 1 if ¢ € [0, Ro]
and ¢(t) = 0 if t € [Ry,00). Thus, we consider the truncated functional

1 1
Ix(u) = - up—)\/ F(z,u)dz — ¥(||u U
(u) ’ (llull) - (z,u) (Il II)p:(a)ll
It immediately follows that Z)(u) — oo as ||u|| — oo, by (M;) and (Ma).
Hence, 7, is coercive and bounded from below.
Now, we prove a local Palais-Smale and a topological result for the
truncated functional 7.

ps (@)
H,

Lemma 4.1. There exists A\ > 0, such that, for any X € (0, \)

(1) if In(u) < 0, then ||ul] < Ro and also Jx(v) = Ix(v) for any v in a
sufficiently small neighborhood of u;
(i1) Iy satisfies the (PS)., condition on E.

Proof. Considering Ag and A; given, respectively, by Lemma 3.1 and 3.3, we
choose A sufficiently small, such that A < min {Ag, A1}. Let A < A.
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For proving (i), we assume that Zy(u) < 0. When |[Ju|| > 1, using (M)
and (Mz) with 7 =1 and A < A1, we see that

Taw) = TgllalP = =-Callult > o
where the last inequality follows by ¢ < p, and because by Gy« (R1) > 0 and
(4.1), we have
m
pd

Thus, we get the contradiction 0 > Zy (u) > 0. Similarly, when Ry < |lu|| < 1,
using (2.3), (4.1), and A < A*, we obtain

(1)
p

A*
R} — ;C;{JR‘{ > 0.

)\*

Ii(u) = [P — ?CZJIIUH(I >0,

where the last inequality follows by ¢ < p < p#, and because by Gy« (R1) > 0,
we have

A (1 A*
) oo X 0 pr s,
p q
We get again the contradiction 0 > 7y (u) > 0. When ||u|| < Ry, since ¢(t) < 1
for any ¢t € [0,00) and A < A*, we have

0> Zx(u) = Galllull) = Ga=(llull),
and this yields |lu|]| < Ry, by definition of Ry. Furthermore, for any u €
B(0, Ry/2), we have Ty (u) = Jx(u).
Arguing exactly as Lemma 3.3, we know that Z, satisfies the (P.S).,
condition on F for A < A;. This completes the proof of Lemma 3.1. 0

Here, to get the next technical result, we need a finite-dimensional sub-
space of E. For this, since F is a separable and reflexive Banach space, see,
for example, [1], there exists {¢,}, C E. Then, for any n € N, we can set
X, = span{p,} and Y, = &7 1 X;.

Lemma 4.2. For any A > 0 and n € N, there exists ¢ = e(\,n) > 0, such
that

W(I;E) >n,
where I, * ={u € E: I)(u) < —¢}.
Proof. Fix A > 0, n € N. Let Y}, be a n-dimensional subsEace of E. For any
u € Yy, u#0 write u = r,¢ with ¢ € Yy, ||¢]] = 1 and ¢ = [, |¢|°dz > 0.
Then, by (f2) and continuity of M, for all r,,, with 0 < r,, < min{l, §}, we
have

1 Py — z,u)dr — 1
Tau) = o A (Jull?) = A /Q F(z,u)d

pi(a)

1 “
< ( swp M) ) lolprnn (a0 [ felide | o0t
P \o<s<r® B(z0,2R) pi(a)

1 - c *
= I - Aaodrt - S e,
p

pi(a)

] )
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where M* = max,¢(o,r,) M(7) < 00; here, we use all the norms are equivalent
for finite-dimensional Y;,. Hence, we can choose r,, so small that Z)(u) < &, <
0. Let

S, ={u € E;lul| = ra}.

Then, S,, NY, C Zy™. Then, we have y(Z;™) > ~(S,, NY;) > n. Therefore,
we can denote I'), = {A € &;v(A) > n} and let

Cm 1= Aienlf"L itelgf;(u), (4.3)

then
—o00<c,<e, <0, neN, (4.4)
because f;en eI, and f; is bounded from below. O

5. Main Results

Here, we define for any n € N the sets
Y, ={ACE: Aisclosed,A=—A and v(A) > n},
K.={u€e E: I\(u) = 0 and Z)(u) = ¢},

and the number

¢ Alenznilelg A(u) (5.1)

Before proving our main results, we state some crucial properties of the family

of numbers {c,}, cn-

Lemma 5.1. For any A > 0 and n € N, the number ¢, is negative.

Proof. Let A > 0 and n € N. By Lemma 4.2, there exists € > 0, such that
Y(Z, ©) = n. Since also Zy is continuous and even, Z, © € 3,,. From 7 (0) = 0,
we have 0 ¢ Z, ©. Furthermore, SUD, 7 Zx(u) < —e. In conclusion, remem-
bering also that Z is bounded from below, we get

—00 < ¢, = Inf supZy(u) < sup Zy(u) < —e<0.
A€Tn yeA uEZ;E

O

Lemma 5.2. Let A € (0,)), with X given in Lemma 4.1. Then, all c, given
by (3.3) are critical values for Iy and ¢, — 0 as n — oo.

Proof. 1t is clear that ¢, < ¢,41. By Lemma 5.1, we have ¢, < 0. Hence,
¢n — ¢ < 0. Moreover, by Lemma 4.1, the functional 7 satisfies the Palais—
Smale condition at ¢,. Thus, it follows from standard arguments as in [30]
that all ¢, are critical values of Z). We claim that ¢ = 0. If ¢ < 0, then still
by Lemma 4.1, we have Kz is compact. It follows that v(Kz) = ng < oo and
there exists 0 > 0, such that v(Kz) = v(Ns(Kz)) = no.

By Theorem 3.4 of [5], there exist ¢ € (0,¢) and an odd homeomorphism
n: E — E, such that

n (I \Ns(Ke)) C I °. (5.2)
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Since ¢, is increasing and converges to ¢, there exists n € N, such that ¢,, >
¢—e¢ and ¢4, <€ There exists A € Iy, 4y, such that sup,c 4 Zx(u) < +-e¢.
Therefore, we have

V(A\Ns(Kz)) = v(A) — v(Ns(Ke)), v(n(A\Ns(Ke))) 2n.  (5.3)
Therefore, we have

n(A\N;s(Kz)) € T'y.

Consequently
sup In(u) > ¢y, >C—e. (5.4)
wen(@\N; (Kz)
On the other hand, by (5.2) and (5.3), we have
n(A\Ns(Kz)) € n(Z57\Ns(Ke)) € I3, (5.5)

which contradicts (5.4). Hence, ¢, — 0 as n — oc.
Now, we are ready to give the proof of Theorem 1.1, as follows.

Proof of Theorem 1.1. By Lemma 4.1, Z)(u) = Jx(u) if Zx(u) < 0. Then, by
Lemmas 4.1, 4.2, 5.1, and 5.2, one can see that all the assumptions of the
new version of symmetric mountain pass lemma due to Kajikiya in [16] are
satisfied. Hence, the proof is finished. O
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