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Abstract. In this paper, we deal with complete spacelike submanifolds
M™ immersed in the de Sitter space S;H'p of index p with parallel normal-
ized mean curvature vector and constant scalar curvature R. Imposing
a suitable restriction on the values of R, we apply a maximum princi-
ple for the so-called Cheng—Yau operator L, which enables us to show
that either such a submanifold must be totally umbilical or it holds a
sharp estimate for the norm of its total umbilicity tensor, with equal-
ity if and only the submanifold is isometric to a hyperbolic cylinder
of the ambient space. In particular, when n = 2 this provides a nice
characterization of the totally umbilical spacelike surfaces of Sffp with
codimension p > 2. Furthermore, we also study the case in which these
spacelike submanifold are L-parabolic.
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1. Introduction

At the end of the 70s, Goddard conjectured in his seminal paper [15] that
the unique complete spacelike hypersurfaces of de Sitter space S?H with
constant mean curvature H were just the totally umbilical. Ten years have
passed until Ramanathan [20] proved that Goddard’s conjecture is true for
S? and 0 < H < 1. However, for H > 1 he showed that the conjecture is
false, as it can be seen from an example from Dajczer and Nomizu in [14].
Simultaneously and independently, Akutagawa [3] also proved that Goddard’s
conjecture is true when either n =2 and H2 <1 orn > 3 and H? < %.
Moreover, he also constructed complete spacelike rotation surfaces in S$ with
constant H satisfying H > 1 and which are not totally umbilical.
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In [17], Montiel proved that Goddard’s conjecture is true provided that
M™ is compact. Furthermore, he exhibited examples of complete spacelike
hypersurfaces in ST’H with constant H satisfying H? > % and being
non-totally umbilical, the so-called hyperbolic cylinders, which are isomet-
ric to a Riemannian product of the type H'(r) x S*~1(\/1 + r2), for some
r > 0. In [18], Montiel characterized these hyperbolic cylinders as the only
complete non-compact spacelike hypersurfaces in S?H with constant mean
curvature H? = 4(n — 1)/n? and having at least two ends. Later on, in [8],
Brasil, Colares and Palmas obtained a sort of extension of Montiel’s result,
showing that the hyperbolic cylinders are the only complete spacelike hyper-
surfaces in ST with constant mean curvature, nonnegative Ricci curvature
and having at least two ends. They also characterized all complete spacelike
hypersurfaces of constant mean curvature with two distinct principal cur-
vatures as been rotation hypersurfaces or generalized hyperbolic cylinders
HE(r) x S*=*(V/1 +72).

Regarding higher codimension, Cheng [11] extended Akutagawa’s result
for complete spacelike submanifolds with parallel mean curvature vector in
de Sitter space SZ“’ of index p. Afterwards, Aiyama [2] studied compact
spacelike submanifolds M™ in Sg“’ with parallel mean curvature vector and
proved that if the normal connection of M™ is flat, then M™ is totally umbil-
ical. In the same work [2], she proved that compact spacelike submanifolds
in S;H‘p with parallel mean curvature vector and nonnegative sectional cur-
vatures must also be totally umbilical. Next, Li [16] showed that Montiel’s
result still holds for higher codimensional spacelike submanifolds in Sg+p.
More recently, Camargo, Chaves and Sousa [9] studied complete spacelike
submanifolds with parallel normalized mean curvature vector and constant
scalar curvature immersed in a semi-Riemannian space form Q)7 (c) of con-
stant sectional curvature ¢ and index p. In particular, they obtained char-
acterization results concerning totaly umbilical spacelike submanifolds and
hyperbolic cylinders of Sg“’, under certain constraints on both the squared
norm of the second fundamental form and on the mean curvature.

In this paper, we deal with complete spacelike submanifolds M™ im-
mersed in the de Sitter space S;”‘p of index p, with parallel normalized mean
curvature vector and constant scalar curvature R. When 0 < R < 1, we ap-
ply a maximum principle for the so-called Cheng—Yau operator L (Lemma
2), which enables us to show that either such a submanifold must be totally
umbilical or it holds a sharp estimate for the norm of its total umbilicity
tensor |®|%, with equality if and only the submanifold is isometric to a hyper-
bolic cylinder of the ambient space (Theorem 1). In particular, when n = 2
this characterizes the totally umbilical spacelike surfaces of Sg“’ , with codi-
mension p > 2, as the only complete spacelike surfaces in Sg“’ with parallel
normalized mean curvature vector, constant Gaussian curvature 0 < K <1
and such that sup,, |®|* < %K (Corollary 3). Furthermore, we also study
the case in which these spacelike submanifold are L-parabolic (see Theorem
2 and its Corollary 3).
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The manuscript is organized as follows: initially, in Sect. 2 we develop a
suitable Simons type formula concerning spacelike submanifolds immersed in
Sg“’ and having positive mean curvature function. In Sect. 3 we quote some
auxiliary results which constitute our analytical and algebraic machineries. In
particular, as application of Theorem 6.13 of [7] (see also Lemma 4.2 of [6]),
we obtain a generalized maximum principle for the Cheng—Yau operator L
(see Lemma 2). In Sect. 4, we use our Simons type formula to obtain an
appropriated lower estimate to the operator L acting on the square of norm
of total umbilicity tensor of a spacelike submanifold with constant scalar
curvature (see Proposition 1) and, next, we establish our characterization
theorems related to submanifolds totally umbilical and hyperbolic cylinders
of Sp*? (see Theorems 1 and 2).

2. A Simons Type Formula in S} 7

We recall that a submanifold immersed into an indefinite ambient space is said
to be spacelike if its induced metric is positive definite. So, let M™ be an n-
dimensional connected spacelike submanifold immersed in the de Sitter space
Sg*p of index p. We choose a local field of semi-Riemannian orthonormal
frame {ey,...,enyp} in SpHP, with dual co-frame {wi, ..., wnqp}, such that,
at each point of M", eq,...,e, is tangent to M™. We will use the following
convention for the indices:

1<ABC,...<n+p, 1<4,jk,...<n and
n+1<ap,7...<n+p.

In this setting, the indefinite metric of Sg*p of index p is given by
ds® = ZeAwi = Zw? — Zwi,
A 7 a

where ¢; =l and e, = —1,1 <i<n,n+1<a<n+p. Denoting by {wap}
the connection forms of S;*?, we have the structure equations of S;*7 are
given by:

de:ZeBwAB ANwp, wap+wpa =0, (2.1)
B
1
dwap =Y €cwac Awop — 3 Y ecepKapepwo Awp, (2.2)
c C.D

where
Kapcp = €a€p(0acdpp —0apdpc).

Next, we restrict all the tensors to M™. First of all,

wa=0, n+l<a<n+p.
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Thus, the Riemannian metric of M™ is written as ds? = >, w?. Since Y, waiA
w; = dw, = 0 and by Cartan’s Lemma we can write

Wai = Z h%wj, h% = h?l (23)
J

This gives the second fundamental form of M", A = Zw‘,j hiwi @ wjeq.
Furthermore, we define the mean curvature vector h and the mean curvature
function H of M™, respectively, by

h:iZ(Zhi) eo and H =|h|=

From (2.1) and (2.2), the structure equations of M™ are divided into tangent
part

dw; = E wij Nwj, Wij +wj; = 0,
J

1
dw” = szk A ij — 5 ZRijklwk A wi,
k k,l

where R;;i; are the components of the curvature tensor of M".
Using the previous structure equations, we obtain the Gauss equation

Rijir = (Sindji — 0ubjx) — Y _ (hghS% — hGhsy,). (2.4)

[e3%

The Ricci curvature and the (normalized) scalar curvature of M™ are
given, respectively, by

Rij=(n—1)0; =Y (Z hgk> he 4+ > hghe; (2.5)
«@ k a,k
and )
e — 2.
R n(nfl)zi:R” (2.6)
From (2.5) and (2.6) we obtain
|A]> = n?H? + n(n —1)(R — 1), (2.7)

where |A]? = Z:a’i’j(h?j)2 is the square of the length of the second funda-
mental form A of M™.
We also quote the structure equations of the normal bundle of M™

dwy = _Zw“ﬁ ANwg, Wag+wge =0,
B

1
dwaﬂ = — Zwary AN w75 - 5 Z Raﬁklwk A w, (28)
~ k,l

where R,g;; satisfies the Ricci equation

Ry = (hiihf) = h5ini)) (2.9)
l
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The components h%k of the covariant derivative VA satisfy

> hSpwr =dh + > hGwri + Y hSwki + Y B iwap. (2.10)
k k k B8
In this setting, from (2.3) and (2.10) we get the Codazzi equation

The first and the second covariant derivatives of hg; denoted by A%,
and h;y,, respectively, satisfy

> hSwr = dhS + > hfwn + > hSwi + Y hwn + > i wag.
l l 1 l 3

Thus, taking the exterior derivative in (2.10), we obtain the Ricci iden-
tity
W — e = Y b Rkt + Y By R + Y b Rapjr (2.12)
m m k.
The Laplacian Ahg; of h¢; is defined by Ahg; = 37, h¢syy.- From equa-
tions (2.11) and (2.12), we obtain that
Ah% = Z hgkij + Z hiy Riijr + Z hi Rk + Z hiﬂkRaﬁjh (2.13)
k k,l k.l k.8
In what follows, we will consider the case that H > 0. So, we can choose a
local orthonormal frame {es,...,e,4p} such that e, 41 = % Thus,
1 1
H'" = —tr(h"™)=H and H® = —tr(h®)=0,a>n+2, (2.14)
n n

where h® = (h;) denotes the second fundamental form of M™ in direction
eq for every n 4+ 1 < o < n + p. Hence, from (2.4), (2.9), (2.13) and (2.14),
we obtain

AR = nHj +nhit = nHoy + > hptAD Bl —2 ) " bt

km ""mk km ""mj'Yik
B,k,m B,k,m
D DN Y BN Ay el S iy e o8
B,k,m m B,k,m
(2.15)
and
a « a « 8 B « B8 B8
AhS = nHS +nhs + > b, b b —2 > b, b b
B,k,m B,k,m
+ Z h?nih?nkhfj - "th%ih%l + Z h?mhikhfia
B,k,m m B,k,m
(2.16)
forevery n+2 < a <n+p.
Since
AJAP =2 > hGARS + > (he)* | (2.17)

,i,] .5,k
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inserting (2.15) and (2.16) into (2.17), we obtain the following Simons type
formula

1 (0% (6% (0% 2
§A|A|2 = Z a2 Hn > hSHE +n(|AP —nH?) + ) (tr(h*h7))
a,i,5,k a,t,) o,
—nHZtr (R (h*)?) + ) N(hhP = hPhe), (2.18)
o,
where N(B) = tr(BB?"), for all matrix B = (b;;).

3. Auxiliary Lemmas

We devote this section to present some auxiliary lemmas which will be used
to prove our main results. For this, we define on M™ the symmetric tensor
U= sz:l Yijw; @ w;, where v;; = nHd;; — h?jﬂ. According to Cheng and
Yau [12], we consider an operator L associated with ¥ acting on any smooth
function f € C?(M) in the following way

Lf=Y tifiy =Y (nHoy; — i) fi; = nHAf — Zhn+1f,j, (3.1)
i,j=1 i,
where f;; stands for a component of the Hessian of f. Thus, from (3.1) we
have that
Lf =tr(PoV2f), (3.2)
where
P=nHI—h""!, (3.3)
I is the identity in the algebra of smooth vector fields on M™, h" 1 = (h?jﬂ)

denotes the second fundamental form of M™ in direction e,, 1 and V2 f stands
for the self-adjoint linear operator metrically equivalent to the Hessian of f.

The following lemma gives a sufficient criteria for the ellipticity of the
operator L.

Lemma 1. Let M™ be a spacelike submanifold in the de Sitter space S;‘“‘p with
H > 0. Let p— and py4 be, respectively, the minimum and the maximum of
the eigenvalues of the operator P at every point p € M™. If R < 1 (resp.,
R <1 on M™), then the operator L is elliptic (resp., semi-elliptic), with

p— >0 (resp.,pu_ >0).
and
ty < 2nH (resp.,py < 2nH).

Proof. Let us choose a local orthonormal frame {ey, ..., e,} on M"™ such that
h”Jrl )\"“(SU Thus, for all i =1,...,n, from (2.7) it is not difficult check
that

(A2 < A2 =n?H? +n(n — 1)(R—1) < n?H?,

where we have used our assumption that R < 1 to obtain the last inequality.
Consequently, for all e = 1, ..., n, we have

AP < nH].
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Since H > 0, we get
—nH < X' < nH,
consequently, for every i

0<nH—\'""' < 2nH.

However, ji; := nH — \!™' are precisely the eigenvalues of operator P. In
particular, we conclude that y— > 0 and gy < 2nH. The case R < 1 follows
in a similar way. O

Taking f = nH in (3.1), we get
L(nH) = nHA(nH) —nY " hi™ H;. (3.4)
2%
1
On the other hand, once QA(nH)2 =nHA(nH) +n?|VH|?, from (2.7) and
(3.4), we have

nn =Y AR~ p2vHp? - 0> REUHL (3.5)

1
L(nH) = 5A|A\2 )

j
Now, assume that R is constant; from (2.18) and (3.5), we get
L(nH) = Y (h$y)* + nz W HI — Z W Hy — n?|VH]?
a,i, g,k ]
+3  N(hhP - hﬁha) +n(|A]? - nH2 )+n Z h$:HE
a,f3

a2n+2

+ 37 ((hh?)* = nH Y tr(h™H (h%)?). (3.6)

Under the assumption of having H > 0, expression (3.6) can be rewrit-
ten in a simpler way. For this, choose {e1,...,entp} a local orthonormal
frame to M™ such that e, ; = %. Hence, H"*! = H and H* = 0 for every

a > n + 2, which implies that HZH H;j, H{; =0 and hence

LnH) = Y (h)* —=n®|VH> + > N(h*h? — 1°h®) + n(|A]* — nH?)
a,ig.k a,B

+ 3 (e h) —nH Y tr (0 (h%)?). (3.7)
a,3 «

Now, we consider the following symmetric tensor
P = Z(b%wi ® Wj€q,
i,
where ®f% = hi; — H*0;;, and H® is defined in (2.14).
Let [®]* = Za,i,j(
check that @ is traceless and, from (2.7), we get the following relation:

|®> = |A]? —nH? =n(n—1)H? +n(n —1)(R—1). (3.8)

@%)2 be the square of the length of ®. It is easy to
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Moreover, |®]? > 0, with equality at the umbilical points of M. For that
reason ® is usually called the total umbilicity tensor of M.

According to [7], we say that the Omori—Yau mazimum principle holds
on M™ for the operator L if, for any function v € C?(M) with u* = sup,,; u <
00, there exists a sequence {py}reny C M™ with the properties

1 1 1
u(pr) > u* — o [Vu(pr)| < Z and  Lu(py) < Z
for every k € N. As a consequence of Theorem 6.13 of [7] (see also Lemma 4.2
of [6]), we obtain the following.

Lemma 2. Let M™ be a complete non-compact spacelike submanifold in Sg“"’,
with constant scalar curvature satisfying R < 1. If sup,, |®|*> < +oo, then
the Omori—Yau mazimum principle holds on M™ for the operator L.

Proof. From equation (2.7) and with the hypothesis on scalar curvature, we
write

(hf‘])2 <|A? =n?*H?* +n(n —1)(R—1) < n’H?,
for every «, i, j and, hence
hshS; < |hg|RS;] < (nH)?. (3.9)

w'vj] —
On the other hand, since we are assuming sup,, |®|?> < +oo and that
R is constant, from (3.8) it follows that sup,; H < +oc. Thus, from (2.4)
and (3.9), we obtain

Rijij =1-=Y (hghs; — (h$)?) = 1= h&hs; > —oo, (3.10)
that is, the sectional curvatures of M"™ are bounded from below.
Moreover, from (3.3) and (2.14) we have

tr(P) =n(n—1)H

and, hence,

sup tr(P) < +oc. (3.11)
M

Furthermore, Lemma 1 guarantees us that the operator L is semi-
elliptic. Therefore, taking into account (3.2), (3.10), and (3.11), we can apply
Theorem 6.13 of [7] to conclude the desired result. O

From Lemma 2.2 of [9] we get the following

Lemma 3. Let M™ be a spacelike submanifold immersed in Sg+p with constant
scalar curvature R < 1. Then

VAP =) (hg5,)* = n?|VHP. (3.12)
a,i,j,k

Moreover, if R < 1 and the equality holds in (3.12) on M™, then H is constant

on M™.

We will also need the following algebraic lemma, whose proof can be
found in [21].
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Lemma 4. Let A, B : R™ — R™ be symmetric linear maps such that AB —
BA =0 and tr(A) = tr(B) = 0. Then

n—2 n—2

—————— __N(A)\/N(B) <tr(A’B) < ————N(A)\/N(B).
n(n—1) nin —1)

Moreover, the equality holds on the right-hand side (resp. left-hand side) if

and only if (n — 1) of the eigenvalues x; of A and corresponding eigenvalues

y; of B satisfy

N | N(B) N(B)
|| = m,xiszo and y; = n(n_l)<resp.— n(n—l))

4. Characterizations of Spacelike Submanifolds in Sg"'p

Remark 1. From now on, we will consider spacelike submanifolds M"™ of
S;H'p having parallel normalized mean curvature vector, which means that
H > 0 and the normalized mean curvature vector field h/H is parallel as a
section of the normal bundle. The assumption about parallel normalized mean
curvature vector was introduced by Chen in [10]. Submanifolds with nonzero
parallel mean curvature vector also have parallel normalized mean curvature
vector. But the condition of having parallel normalized mean curvature vector
is much weaker than the condition of having parallel mean curvature vector.
For instance, every hypersurface with non-vanishing mean curvature in a
semi-Riemannian manifold always has parallel normalized mean curvature
vector.

To establish our main results, a crucial point is to obtain a suitable lower
estimate for the operator L acting on the square of the norm of the total
umbilicity tensor of a spacelike submanifold. This is made in the following
proposition.

Proposition 1. Let M™ be a spacelike submanifold in SZ“’, with parallel nor-
malized mean curvature vector and constant scalar curvature R < 1. Then

SL(D) > — 8P Qu(|2])V[FP + nln — (1~ ),

nin —1)
where
Qr(x) = (n_ﬁ_nf—(n—mx\/x? +nn—1)(1—-R)+n(n—1)R. (4.1)
Proof. First of all, since R is constant it follows from (3.8) that
- L CL(B%) =2HL(nH) + 20(P(VH), VH) > 2HL(nH),  (4.2)

once (3.2) guarantees that L(u?) = 2uL(u) + 2(P(Vu), Vu) for every u €
C%(M) and Lemma 1 guarantees that the operator L is semi-elliptic.

Since the normalized mean curvature vector of M™ is parallel, we may
choose {e1,...,€,4p} alocal orthonormal frame to M™ such that e,41 = 2.
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In particular, H""! = H and H* = 0 for every a > n+2. e,, 1 being parallel
and denoting by V1 the normal connection of M"™ in SZ“’, it follows that

€ E
0=V €n+1 = Wan+1€a-
e

Thus,
Wan+1 =0, forall a>n+1.

Hence, from (2.8), it follows that R, 1145 = 0, for all @, ¢, j and, consequently,
from Ricci equation (2.9), we have that h"t1h® — h¥p"+1 = 0, for all a.
This implies that the matrix A"*! commutes with all the matrix A®. Thus,
being ®* = (@), we have that ®* = h* — H*I, where I stands for the
identity. Hence, @t = p»t! — HT and ®* = h®, for a > n + 2. Therefore,
Ot commutes with all the matrix ®®. Since the matrix & is traceless
and symmetric, once the matrix h® are symmetric, we can use Lemma 4, for
A= ®% and B = ®"!, to obtain

(@287 < — 2 N(@%) /N (@), (4.3)
n(n —1)
Summing (4.3) in «, we have

3 Jtr((@2)207 )| < \/i S N(@°) /N (@),

=~ n(n —1)

On the other hand, with a straightforward computation we guarantee that

—nHZtr (A" (h)?] +Z [te(hh?)]”

= —nH > tr[e" 1 (9%)? ] 2o+ Y [tr(@°9”)]*  (4.4)

a,B
and
N(h®h? — hPh®) = N(®*®P — o ) > 0. (4.5)
Moreover, N(®"1) = tr(®"*1)? < |®|? and Y. N(®*) = |®|?. Hence,
—nH Y (@ (@0)2)] > — 22 g 4.6
D@ @)z - el (1)

Using Cauchy—Schwarz inequality,

pZtr P pP))? >p2tr (D)2 —pz
a,f
> <Z N(@“)) =|9/%, (4.7)

Hence, from (3.7), (3.8), (3.12), (4.4), (4.5), (4.6) and (4.7) we obtain
n(n —2)

L(nH) > |®|? <(I;|2 (4.8)

m@u{ —n (H? - 1)) :
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Thus, from (4.2) and (4.8) we get

1 |2 -2
L rgep) s mep (20 - 222 gz o)L ()
2(n—1) D n(n —1)
Besides, from (3.8) we have
1
H?= ———|®” + (1 - R). 4.10
Tl ) (410)
Consequently, taking into account that H > 0, we can write
1
H=———=\/|22+n(n—1)(1-R). (4.11)

Vn(n—1)

Therefore, inserting (4.10) and (4.11) in (4.9) we conclude that desired result.
O

Now, we are in a position to present our first theorem.

Theorem 1. Let M™ be a complete spacelike submanifold immersed in SZ“’
with parallel normalized mean curvature vector and constant scalar curvature
0< R<1. Then

(i) either sup,, |®|?> = 0 and M™ is a totally umbilical submanifold,
(ii) or

sup |®[* > a(n, p, R) > 0,
M

where a(n,p, R) is a positive constant depending only on n,p, R (see
Remark 3).

Moreover, the equality sup,, |®|> = a(n,p, R) holds and this supremum is
attained at some point of M™ if and only if p =1, n > 3 and M™ is isometric
to a hyperbolic cylinder H'(r) x S*~*(v/1 +72) of radius v > 0.

Remark 2. Geometrically, Theorem 1 can be seen as a gap theorem for the
total umbilicity tensor of M, close in spirit to other similar gap theorems
either for the second fundamental form, as in the classical papers on minimal
submanifolds by Simons [22] and Chern, do Carmo and Kobayashi [13], or
for the total umbilicity tensor itself, as in [4].

Proof of Theorem 1. If sup,, |®|?> = 0, then M" is totally umbilical and,
hence, item (i) holds. If sup,, |®|?> = +oo, then (i) is trivially satisfied. So,
let us suppose that 0 < sup,, |®|*> < 4+occ and let us take u = |®|?. Then,
from Proposition 1 we get
L(u) > f(u), (4.12)
where
F(w) = ————uQn(va)y/ut nln~ D1~ )
vn(n—1)

and Qgr(x) is given by (4.1).

If M™ is compact, there exists a point pg € M™ such that u(py) = u*.
Consequently, Vu(py) = 0 and Lu(pg) < 0. Therefore, from (4.12) we get
fu*) < 0. Now, assume that M™ is complete and non-compact. Since u* <
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+00, Lemma 2 guarantees that there exists a sequence of points {px}ren C
M™ satisfying

1 1
u(pr) > u* — z and Lu(py) < z (4.13)
for every k € N. Therefore, from (4.12) and (4.13), we get
1
7> Lu(pi) > f(u(pk)). (4.14)

Taking into (4.14) the limit when k& — +o00, by continuity, we have

2
—uw'Qr(WVu*)\/u* + n(n —1)(1 — R).
Vn(n—1)
Hence, in any case we obtain that, when 0 < u < +oo, it must be
fu*) <0. Since u* > 0 and R < 1, this implies

Qr(Var) <0. (4.15)
Note that the hypothesis R > 0 guarantees us that
Qr(0) =n(n—1)R > 0.

At this point, we observe from (4.1) that if p =1 and (n —2)/n < R < 1,
Qr(x) > 0 for every x > 0. Therefore, (4.15) cannot hold and we conclude
in this case that M™ must be a totally umbilical hypersurface. In particular,
this happens when p = 1 and n = 2. On the other hand, if p =1, n > 3 and
0 < R < (n—2)/n it is easy to see that Qgr(z) has a unique positive root z
determined by

0= f(u") =

n(n —1)R?
(n—2)(n—2-nR)’
The same happens when p > 2, n > 2 and 0 < R < 1, but in this case the
unique positive root z¢ of Qr(x) = 0 does not have a so simple expression,
unless n = 2 (see Remark 3 for the details).

Therefore, either if p =1, n >3 and 0 < R < (n—2)/n or if p > 2,
n>2and 0 < R <1, inequality (4.15) implies

2 =a(n,1,R) =

U* Z 33(2) = a(n,p, R)y
that is,

sup |®|* > a(n, p, R).

M

This proves the inequality in (i4).
Moreover, equality sup,, |®|?> = a(n,p, R) holds if, and only if, Vu* =
xo. Thus Qr(v/u) > 0 on M™, which jointly with (4.12) implies that
L(u) >0 on M"
Now, suppose that R < 1. Hence, Lemma 1 assures that the oper-
ator L is elliptic. Therefore, if there exists a point pg € M™ such that

|®(po)| = sup,, |®|, from the maximum principle the function u = |®|? must
be constant and, consequently, |®| = xy. Thus,

(:L 5 2?Qr(1®) VI +n(n —1)(1 - R). (4.16)

1
0= 5L(oP) >
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Hence, the inequality (4.2) become equality. In particular, since L is elliptic
if and only if P is positive definite, from (4.2) we obtain that H is constant.
Since |®| > 0 and R < 1, from (4.16) we must have Qg(|®|) = 0. Thus, all
inequalities obtained along the proof of Proposition 1 are, in fact, equalities.
In particular, from inequality (4.6) we conclude that

tr(®" )% = |@|2.
So, from (3.8) we get
tr(®" )% = |®)? = |A]? — nH?. (4.17)
On the other hand, we also have that
tr(@" )2 = AP = > Y (h)? — nH>. (4.18)
a>n+1 4,7
Thus, from (4.17) and (4.18) we conclude that > ., Z”(h%)Q = 0. But,
from inequality (4.7) we also have that
@' =p Y [N(@) =pN(@"")? = p|o|. (4.19)
a>n+1

Since |®| > 0, we must have that p = 1.
In this setting, from (3.12) and (4.19) we get

D (WY =n?|VH? =0,

i3,k
that is, h;‘;l = 0 for all 4, j. Hence, we obtain that M™ is an isoparametric
hypersurface of ST,

Hence, since the equality occurs in (4.3), we have that also occurs the
equality in Lemma 4. Consequently, M"™ has at most two distinct constant
principal curvatures. Therefore, we can apply classical congruence theorem
due to Abe, Koike and Yamaguchi (see Theorem 5.1 of [1]) we conclude that
M™ must be one of the two following standard product embeddings into S’f“:
(a) H(r) x S*~1(v/1 +r2), or (b) H*1(r) x SY(v/1 + 72), of positive radius
r > 0. In case (a), for a given radius 7 > 0 the standard product embedding
H'(r) x S 1(v/1 +72) = S}*! has constant principal curvatures given by

/1 2
Alzi, Ny = o= Ay = ——t

r VItr?

Therefore,
1+ nr? 14272 + nrt n—1
H=—n—, |Af=—+"—+ d [|9Pf=———
n r 1+’f‘2, | | 7"2(].-'—7"2) ’ an | | m“2(1—|—7"2)’
and its constant scalar curvature is given
n—2
R = ——
n(l+r2)’

which satisfies our hypothesis, since

-2
0<R< 221
n
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for every r > 0. On the other hand, in case (b) and for a given radius r > 0 the
standard product embedding H"!(r) x S'(v/1 4 r2) — S7*! has constant
principal curvatures given by

VAR ) T

/\1:"':/\n—1: 3 n =

r VIFr2

Therefore,
WH — (n—l)—i—nrQ7 AP = n—1+2(n—1)7"2+nr4’ and
rv1+4r? r2(1+1r2)
B = s
Conr2(1+r2)’
and its constant scalar curvature is given
-2
R= _n > <0,
nr
which does not satisfy our hypothesis. O

Remark 3. A direct computation from (4.1) shows that when p > 2 and
0 < R <1 the unique positive root z¢ of Qr(z) = 0 is determined by

x5 = a(n,p, R)

where a(n,p, R) is the unique positive root of the following quadratic equa-
tion:

aY? +bY +¢=0, (4.20)
with
. (n—p—1>_ n_2p— =D =D =)
p p? )
=" (o —p - R (n - 21 - ),
and

c=n*(n—1)2R?>0.

Actually, since a < 0 and ¢ > 0 it then follows that the discriminant of (4.20)
is D = b®> — dac > b%. Hence, —b — /D < 0 and the unique positive root of
(4.20) is given by

—b—VD
2a
n(n—1)p

“2((n—p-1)2—(n— 2)2p2)5(n,p, R),

a(n,p, R) =

where
Bn,p,R) = (n—2)’p(1 = R) —=2(n—p—1R
—(n—2)y/p(1-R)((n—2)2p(1 — R)—4(n — p — 1)R) + 4p>R>.
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In particular, when n = 2 the expression for a(n, p, R) reduces to
2pR
a(2,p,R) = o1

We recall that, in the context of spacelike surfaces, the Gaussian cur-
vature of M? satisfies the relation K = R. Hence, as a consequence of the
proof of Theorem 1, we also obtain the following.

Corollary 1. The only complete spacelike surfaces immersed in Sffp ,p>2,
with parallel normalized mean curvature vector, constant Gaussian curvature
0 < K <1 and such that sup,, |®|*> < %K, are the totally umbilical ones.

5. Some Remarks and Applications to L-Parabolic Manifolds

We recall that a Riemannian manifold M™ is said to be parabolic (with
respect to the Laplacian operator) if the constant functions are the only
subharmonic functions on M™ which are bounded from above; that is, for a
function u € C*(M)

Au>0 and u<u" <+oo implies u = constant.

More generally, let M™ be a Riemannian manifold and consider a general
class of second-order differential operators on M given by
L(u) = tr(P o Vu) (5.1)

for every u € C?(M), where P : TM — TM is a symmetric operator on M™.
In this setting, M™ is said to be L-parabolic (or parabolic with respect to
the operator £) if the constant functions are the only functions u € C*(M)
which are bounded from above and satisfying Lu > 0. That is, for a function
u € C?*(M)

Lu>0 and u<u* < +oo implies wu = constant.

The differential operator L is elliptic (resp. semi-elliptic) if and only if P is
positive definite (resp. positive semi-definite).
By a standard tensor computation, it is not difficult to see that
L(u) = div(P(Vu)) — (divP, Vu) (5.2)

for every function u € C*(M), where

divP = tr(VP) = Y VP(ei,e;)
i=1
with
VP(X,Y)=(VyP)X =Vy(PX) - P(VyX)
for every X,Y € TM. In particular, when divP = 0
L(u) = tr(P o Vu) = div(P(Vu)) (5.3)

and the operator £ can be seen as a divergence type operator. This happens,
for instance, for the Cheng—Yau operator L given in (3.1) in the case of
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spacelike submanifolds M™ of Sg*p with parallel normalized mean curvature
vector, as shown below.

Lemma 5. Let M™ be a spacelike submanifold in S;,H‘p with parallel normal-
ized mean curvature vector and let L be the Cheng—Yau operator on M™
given in (3.1). Then divP = 0. Equivalently, Lu = div(P(Vu) for every
u € C?(M).

Proof. In our case, we have P = nHI —h"*t!, where I denotes the identity on
TM and h"*! stands for the second fundamental form on M™ in the direction
of e,41 = h/H. Thus, for every tangent vector fields X,Y € TM, we have

VP(X,Y)=nY(H)X — VA" (X,Y). (5.4)
Since e,, 11 is parallel, it follows from the Codazzi equation (2.11) that VA" +!
is symmetric, that is
VA" N X, Y) = VA" LY, X)
for every X,Y € T'M. Therefore, for every X € T'M and for every e;, 1 <
i < n, we have
(VA" (ei, €0), X) = ((Ve, " Vs, X) = ((Ve, i) X ei) = (Vxh" e, eq),

which implies
n n

(tr(VA"T), X) = (VA" (e,e:), X) =D ((Vxh")es ;)

i=1 i=1

= tr(Vxh"th) = Vx (tr k")

=n(VH, X)
for every X € TM. In other words,

tr(VR" ) = nVH.
Using this in (5.4) we easily conclude
divP = tr(VP) =nVH —nVH =0

as desired. O

Our objective in Theorem 2 below is to characterize the hyperbolic
cylinders of the form H'(r) x S*~1(v/1 4 72) as the only L-parabolic com-
plete spacelike submanifolds in Sg*p with parallel normalized mean curva-
ture vector and constant scalar curvature 0 < R < 1 satisfying sup,, |®|* =
a(n,p, R). To this aim, we first need to prove the L-parabolicity of the hy-
perbolic cylinders. Observe that, for every positive radius r, H(r) x S*~!
(V1 + 72) is canonically embedded in Sg*p as a spacelike hypersurface of the
totally geodesic submanifold S?H - Sg‘”’ , so that

1 n—1 / n—+1 n-+
H (T) xS ( 1+ 7,.2) ‘_>Spacelike hypersurface S1 ‘_’totally geodesic Sp P,

Therefore, h"*t! = S, where S stands for the shape operator of H!(r) x
S (/1 + 72) as a spacelike hypersurface of S, and nH = tr S.
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Recall that S has constant principal curvatures given by

V1472 r
M=——, ==\ = )
r V1412
with
1+ nr?
nH = ——,
rv1 4 r2

and it splits as

S(U,V) = (”HTQU ! V)

r V1412

for every U € THY(r) and V € TS"1(v/1+ r2). Thus, the operator P =
nHI — S also splits as

PU,V) = (

(n—l)TU 1—|—(n—1)r2v>
VIitrZ T /1412

for every U € TH'(r) and V € TS"'(v/1+r2). Then, the L-parabolicity
of H'(r) x S"71(v/1+r2) is a consequence of the following general result,
inspired by Proposition 4.2 in [5].

Proposition 2. Let M = M; x My be a Riemannian (connected) product man-
ifold, where My is parabolic (with respect to the Laplacian operator) and Ms
is compact. Let P : TM — TM be a positive definite symmetric operator on
M which splits as

PU,V) = (AU, uV)

for every U € TMy and V € TMs, with positive constants \,u € R. Then
M™ is L-parabolic.

Corollary 2. The hyperbolic cylinders H(r) x S"~Y(\/1+r2), as spacelike
submanifolds of S;”rp, are parabolic with respect to the Cheng—Yau operator

L.

For the proof of Proposition 2 we will need the following lemma, which
extends Lemma 4.1 in [5] to the case of semi-elliptic operators.

Lemma 6. Assume that L is semi-elliptic on a connected Riemannian mani-
fold M™. M™ is L-parabolic if and only if every positive, bounded function u
satisfying L(u) > 0 is constant.

Proof. The “if” part follows directly from the definition, without the posi-
tivity of the function. Therefore, it suffices to prove the “only if” part.

Let u € C?(M) be a function which is bounded from above and satisfying
L(u) > 0. Consider the positive function v = €*, which is also bounded from
above with v* = sup,, v = €%, u* = sup,,; u < +00. Moreover, from (5.1) an
easy computation gives

L(v) =e“L(u) + e (P(Vu), Vu) > 0, (5.5)
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since P is positive semi-definite. Then, our assumptions show that v is con-
stant and, since Vv = e"Vu, it follows that Vu = 0. Therefore, u is also
constant, and M™ is L-parabolic. g

Proof of Proposition 2. First of all, since A and u are both constants, it easily
follows that divP = 0, so that (5.3) holds. Let u € C%(M) be a positive,
bounded function satisfying £(u) > 0. According to Lemma 6, it suffices to
prove that u is constant.

We observe that if v = 42, then v : M — R is also positive and bounded.
Using again (5.3), we have

L(v) = 2uLl(u) + 2(P(Vu), Vu) > 0. (5.6)

For every x € M; and every y € Ms, let us denote by v* : My — R and by
vy : My — R the functions given by

v (y) = vy(@) = v(z,y).
An easy computation gives
Vo(z,y) = (Vi (z), V20®(y)), for every (z,y) € My x My

where V! and V? denote the gradient operators on M; and M, respectively.
Therefore,

P(Vo(z,y)) = AV vy (2), pV?0"(y)),  for every (z,y) € My x My,
and from (5.3) we obtain
Lo(x,y) = A vy (x) + pdov®(y),  for every (z,y) € My x Ma,  (5.7)

where A7 and A, denote the Laplacian operators on M7 and Ms, respectively.
Since Ms is compact, integrating this expression (5.7) over My we have,
from the divergence theorem,

/Ev(x, y)dy = )\/ Aqvy(z)dy+p | Agv®(y)dy = /\/ Aqvy(z)dy. (5.8)
M> M, M> Mo
Therefore, from Lv > 0 and A > 0 we have
Aqvy(z)dy > 0. (5.9)
Mo

Now, the compactness of M, allows us to compute derivatives under the
integral sign to get

k
Apy()dy = [ ) (ee; — V1 ei)vy(x)dy
M3 Mz =1
k
= Z(eiei — V;ei) (/ vy(x)dy>
i=1 M,
where {e; ..., ex} is a local orthonormal frame on M; with k = dimM;, and

h(z) = /M2 vy (2)dy.
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Hence, it follows from (5.9) that A : M; — R is a subharmonic function.
Moreover, for every x € My

h(z) = / vy (z)dy < supv (/ dy) = sup v vol(Ms) < 400.
Mo M M2 M

As a consequence, h is a subharmonic function on M; which is bounded
from above. Since M is parabolic, we conclude that h is constant and, in
particular, A;h = 0.

Returning to (5.8), we obtain that

/ Lo(x,y)dy = AA1h(z) =0 for every z € M. (5.10)
M,

Since L(v) > 0, this implies £(v) = 0. Thus, from (5.6) we obtain that
(P(Vu),Vu) = 0 and, since P is positive definite, we conclude Vu = 0, as
desired.

We are now ready to prove the following result.

Theorem 2. Let M™, n > 3, be a complete spacelike submanifold immersed
n Sgﬂ’, with parallel normalized mean curvature vector and constant scalar
curvature 0 < R < 1. Suppose that M™ is not totally umbilical. If M"™ is
L-parabolic, then
sup |®2 > a(n, p, R) > 0, (5.11)
M

with equality if and only if p =1 and M™ is isometric to a hyperbolic cylinder
H(r) x S*~1(v/1+ 12) of radius r > 0.

Proof. If sup,, |®|> = +oo, then there is nothing to prove. Suppose then
that 0 < sup,, |®|* < +o0. In this case, we can proceed as in the first part of
the proof of Theorem 1, to guarantee that sup,, |®|?> > a(n,p, R). Moreover,
if equality holds in (5.11), then we have Qr(|®|) > 0 and, consequently,
L(|®[*) > 0 on M™. Therefore, from the L-parabolicity of M™ we conclude
that the function u = |®|? must be constant and equal to a(n,p, R). At this
point, we can reason as in the proof of the Theorem 1 to conclude the result.

O

Observe that from the proof of Theorem 2 we also obtain the following
rigidity result
Corollary 3. The only L-parabolic complete spacelike surfaces M? immersed
mn SI%‘”’, p > 2, with parallel normalized mean curvature vector, constant

Gaussian curvature 0 < K < 1 and such that sup,, |®[* < pQ_—le, are the
totally umbilical ones.

We closed our paper establishing the following L-parabolicity criterium.

Proposition 3. Let M™ be a complete spacelike submanifold immersed in SZ“’
with parallel normalized mean curvature vector and constant scalar curvature
0 < R<1. Ifsupy, |®|> < 400 and, for some reference point o € M™,

T dr
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then M™ is L-parabolic. Here B, denotes the geodesic ball of radius r in M™
centered at the origin o.

Proof. From Lemma 5 we know that
L(u) = div(P(Vu)), (5.13)

for any u € C?(M), where P is defined in (3.3).

Now, we consider on M™ the symmetric (0,2) tensor field & given by
£(X,Y) = (PX,Y), or, equivalently, £(Vu, ) = P(Vu), where * : T*M —
TM denotes the musical isomorphism. Thus, from (5.13) we get

L(u) = div (§(Vu,)") .

On the other hand, as sup,, |®|?> < +o0o and M™ has constant scalar
curvature, from equation (3.8), we have that sup,;, H < +oco. So, we can
define a positive continuous function & on [0, 4+00), by

&+(r) =2nsup H. (5.14)
OB,
Thus, from (5.14) we have
Er(r)=2nsup H < 2nsup H < +o0. (5.15)
dB, M

Hence, from (5.12) and (5.15) we get

+oo dr B
/o € (vol(@B,)

Therefore, we can apply Theorem 2.6 of [19] to conclude the proof. O
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