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Abstract. By means of classical fixed point index, we prove new results
on the existence, non-existence, localization and multiplicity of non-
trivial solutions for systems of Hammerstein integral equations where
the nonlinearities are allowed to depend on the first derivative. As a
byproduct of our theory, we discuss the existence of positive solutions
of a system of third order ODEs subject to nonlocal boundary condi-
tions. Some examples are provided to illustrate the applicability of the
theoretical results.
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1. Introduction

Motivated by earlier work of do O et al. [2] on radial solutions of ellip-
tic systems, Infante and Pietramala [5] studied the existence, multiplicity
and non-existence of nontrivial solutions of systems of Hammerstein integral
equations of the type

{ ult) = Jy Fa(t $)a1(s) (s, u(s), v(s)) ds,
v(t) = Jy ka(t, 9)92(5) o5, u(s), (s)) ds.
The methodology of [5] is based on classical fixed point index theory and
the authors work in a suitable cone in (C|0, 1})2. Due to the choice of the

space involved, the setting of [5] does not allow derivative dependence in the
nonlinearities.
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On the other hand, Minhds and de Sousa [10] studied the system of third
order ordinary differential equations subject to nonlocal boundary conditions

—u"(t) = fi(t, v(t),v'(¢)),

=" (t) = fo(t,u(t),u'(t)), (11)
u(0) =/ (0) = 0,4/ (1) = o (n), '
v(0) =0'(0) = 0,v'(1) = av'(n),

where 0 < 7 < 1 and 1 < a < 1/n. The approach of [10] relies on the
celebrated Krasnosel’skii-Guo fixed point theorem and on the rewriting the
system (1.1) in the form

{ fo (t,8)f1(s,v(s),v'(s))ds,
fo (t,s) fa(s,u(s),u'(s))ds.

Minhos and de Sousa proved the existence of one positive solution of the
system (1.2), by assuming suitable superlinear/sublinear behaviours of the
nonlinearities. A key ingredient in [10] is the use of the cone

(1.2)

K= {w € C0, 1] : w(t) >0, rr[un ]w(t) > c||wlc, rr[171]n ]w’(t) > dw’||c},
te te

(1.3)
where ¢,d € (0,1] and [|w|c := max,¢g[p, 1] [w(t)|. The cone (1.3) is similar
to a cone of non-negative functions first used by Krasnosel’skii, see, e.g., [7],
and Guo, see, e.g., [4] in the space C|0, 1]. Note that the functions in (1.3)
are non-negative and their derivatives are non-negative on a subset of [0, 1].

Here we make use of a new cone of functions that are allowed to change
sign, similar to one introduced, in the space of continuous functions, by In-
fante and Webb [6]. With this ingredient we prove existence, multiplicity
and non-existence results for nontrivial solutions of the systems of integral
equations of the kind

{ u(t) = fol k1 (t’ S)gl (8)f1(57 u(s)7 u,(S)a U(S)7 UI(S)) ds,
t) = fol ka(t, 8)g2(8) fa(s,u(s),u'(s),v(s),v'(s))ds,

extending the results of [5] to this different setting.

We note that our approach can be also used to prove the existence of
non-negative solutions; we highlight this fact by considering a generalization
of the system (1.1), that is,

—u"'(t) = g1() fr (L, w(t), W' (), (), (1)),

—v"(t) = g2(t) f2(t, u(t), W' (t), v(t), v' (1)), (1.4)
u(0) = w/(0) = 0,4/ (1) = '
v(0) = 2'(0 ) 0,0'(1) = agv'(n2),

where 0 < 7; < 1, 1 < ay; < =. Note that the boundary conditions in (1.4)
can generate two different kernels and the nonlinearities are allowed to have
a stronger coupling with respect to the ones present in (1.1).

Some examples are given to show that the constants that occur in our
theoretical results can be computed.
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2. The System of Integral Equations

We begin by stating some assumptions on the terms that occur in the system
of Hammerstein integral equations

{ u(t) = [y ki(t,)g1(5) fi(s, uls), ' (), 0(s), 0/ (s)) ds,

) 2.1
v(t) = [y k2(t, 5)g2(s) f2(s, u(s), u'(s), v(s),v'(s)) ds, 24

namely

(A1) Fori=1,2, f; : [0,1] x R* — [0, +00) is a L°*-Carathéodory function,
that is, f;(-,u1,us,v1,v2) is measurable for each fixed (uq,us, vy, v2),
fi(t,- -, -, ) is continuous for almost every (a.e.) t € [0, 1], and for each
r > 0 there exists ¢; , € L*°[0, 1] such that

filt,ur, ug,v1,v2) < @, (t) for wuy,us,vi,ve € [—r,r] and a.e. t € [0,1].

(A2) For every i = 1,2, k; : [0,1]?> — R is such that k; are measurable, and
for all 7 € [0, 1], we have

tlim |ki(t,s) — ki(,s)] =0, fora.e.se]|0,1]
and

Ok; (ts) — Ok;
ot "’ ot

(A3) For every i = 1,2, there exist subintervals [a;, b;], [vi, 0;] C [0, 1], func-
tions ¢;,1; € L°[0,1], and constants ¢;,d; € (0,1] such that

|ki(t,s)| < ¢i(s) for t € [0,1] and a.e.s € [0, 1],

lim

t—T1

(, s)’ =0, fora.e.s€l0,1].

aalz (t,s)| < i(s) for t € [0,1] and a.e.s € [0, 1],
ki(t,s) > c;ipi(s) for t € [a;,b;] and a.e.s € [0,1],
O (1,5) 2 duis(s) for 1 € 3,0 and ae.s € [0,1]
(A4) For every i = 1,2, we have g; € L'[0,1], g;(t) > 0 ae. t € [0,1],
f bi(s ds>Oandf i (s)gi(s)ds > 0.

Forward in the paper, we use the space (C1 [0, 1])2 equipped with the
norm
[(w, v) || := max{{[ul[c1, [[v]lc2 },

where ||w||c1 := max {||w]c, [|[w']|c}-

For the reader’s convenience, we recall that a cone K in a Banach space
X is a closed convex set such that Az € K for x € K and A > 0 and
Kn(-K)={0}.

Consider, in the space C1[0, 1], the cones

K; = {w € C'0,1]: min w(t) > ¢;|w|c, min w'(t) > di||wlc},
telai,b;] t€[v:,04]
(2.2)
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and their product in (C*[0, 1])2 defined by
K = {(u,v) € K; x Ky}. (2.3)

By a nontrivial solution of the system (2.1) we mean a solution (u,v) €
K of (2.1) such that ||(u,v)|| # 0. Note that the functions in K; are non-
negative on the sub-intervals [a;, b;] and non-decreasing on [v;, d;], but nev-
ertheless; they can change sign or have a different variation in [0, 1].

We define the integral operator

T (u, 0) (1) I h(as)gl(s)fl(&u(s),u’(s)m(s)w'(s))ds)
T(u,v)(t) := = 1
(0)(0) <T2(u,v)(t)> (fo Ea(t, $)g2(s) f2(s, u(s), v/ (s), v(s),v'(s)) d
2

and prove that T leaves the cone K invariant and is compact.
Lemma 2.1. The operator T given by (2.4) maps K into K and is compact.
Proof. Take (u,v) € K. Then, by (A3),

HTl(uvv)”CS/O (;Sl(s)gl(s)fl(s,u(s),u’(s),v(s),v'(s))ds,

and

1
min T3 (u,v)(t) = min ]/0 ki(t,8)g1(s)f1(s,u(s),u'(s),v(s),v'(s))ds

telai,b] t€lar,br

>0 / 61(5)91(3) 1 (5, u(s), ' (5), v(3), v/ (5)) ds
> ¢1||Ti (u,v) -

Moreover,

(T (u, v))’ IICS/O P1(5)g1(5) fr(s,u(s), ' (), v(s),v'(5)) ds,

and

min (Ti(w0)() = min 01 O 1, )91 (5) 1 (5,15), ' (5),v(s), v (5)) s

> dy / V1(s)g1(9)f1(s,uls), u'(s), v(s), ' (5)) ds
> dy|| (T (u,v)) ||c-

Therefore, WK, C K. By similar arguments it can be proved that TyKs C
K.

The compactness of T' follows, in a routine way, by the Ascoli-Arzela
Theorem. O

To specify our notation, for € an open bounded subset with Q@ C K
(endowed with the relative topology), we denote by € and 99 the closure
and the boundary relative to K, respectively. If € is an open bounded subset
of X then we write Qx = Q2N K, an open subset of K.
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The next Lemma summarizes some classical results on fixed point index
(more details can be seen in the books [1,4]).

Lemma 2.2. Let ) be an open bounded set with 0 € Qk and Qi # K. Assume
that F : Qg — K is a compact map such that x # Fx for all x € 0Qk. Then
the fized point index ik (F,Qk) has the following properties:

(1) If there exists e € K \ {0} such that x # Fx + e for all x € 0k and
all X\ > 0, then ix(F,Qk) =0.

(2) If ux # Fx for all x € 00k and for every u > 1, then ix (F,Qk) = 1.

(3) If ix(F,Qk) # 0, then F has a fived point in Q.

(4) Let Q' be open in X with Q% C Qk. Ifix(F,Qk) =1 and igx (F, Q) =
0, then F has a fized point in Qi \ QL. The same result holds if
iK(F, QK) =0 and iK(F, Q}() =1.

Along the paper, we use the following (relative) open bounded sets in

K:
K, po ={(u,v) € K :|Jul|cr < p1 and [Jv|lcr < pa}, (2.5)
For our index calculations we make use of the following Lemma, similar

to Lemma 5 of [3]. The novelty here is that we take into account the derivative.
We omit the simple proof.

Lemma 2.3. For the set defined by (2.5) we have that (w1, w2) € 0K, 5, iff
(w1, ws) € K, and fori=1,2,

e wi(t) = p1, —p1 Swi(t) < p1, —pa < wa(t) < pa, —pa < wy(t) < pa,

or

—p1 <wi(t) < pr, Jnas wi(t) = p1, —p2 < wa(t) < p2, —p2 < wh(t) < po,

or

—p1 S wi(t) < p1, —p1 < wi(t) < pu, Jnax wa(t) = p2, — p2 < wy(t) < pa,

or

—p1 S wi(t) < pr, —p1 Swi(t) < pr, —p2 < wat) < po, ax wy(t) = pa.

3. Existence Results and Non-existence Results

The existence results are obtained via the fixed point index on the set K, ,,
given by (2.5). First, we obtain sufficient conditions for the fixed point index

on the set K, ,, to be 1.

Lemma 3.1. Assume that

(IL. ) there exist p1, p2 > 0 such that for every i =1,2,

P1,P2
fP0P? < min {m;, m}}, (3.1)
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where
frioe2
= SUP{M : (t7u17u27v17v2) € [07 1] X [_plapl]Q X [_p27p2]2},
(3.2)
— = ki(t, i 3.3
L [t 9t (33)
and
1 ok;
= t ds. 3.4
L e [ 2900 (3.4)

Then ig (T, K,, p,) = 1.

Proof. We claim that A(u,v) # T'(u,v) for every (u,v) € 0K,, ,, and for
every A > 1, which implies that the index is 1 on K, ,,, by Lemma 2.2 (3).
Assume this is not true. Then there exist A > 1 and (u,v) € 0K, ,,
such that A(u,v) = T(u,v).
Consider that
lulle = pu, [W'lle < pr, lvlle < p2and  [V'lle < pa (3:5)

holds. Then we have
Alu(?)] < /0 k1 (t, 5)| g1(s) f1(s,u(s), v/ (s),v(s),v(s)) ds,

and taking the maximum over [0, 1], by (3.2) and (3.3)

Ap1 < maX/ k1 (t, ) g1(s) fi(s,uls), v/ (s), v(s), 0 (s)) ds

te[0,1]

max/ |k1(t, )] g1(s)p1 f1F* ds
= tefo,1]

1
< plf{)hﬂz mil

By (3.1), Ap1 < p1, which contradicts the fact that A > 1.
If

lulle < p1, lW'lle = p1, vl < p2 and (V"o < po,

then we have

1
)\|u’(t)|§/ OF1y s
0

g (&9)| 91(8)f1(s, uls), u'(s), v(s), v'(s)) ds.

By (3.2) and (3.4), and taking the maximum in [0, 1],

wor < s [ 05)| 916150600 (), 0(5) ' (5) s

/ ‘81@»
< max —(t, )
te[0,1] Jo | Ot

1

S plffhﬁz _

)

1

g1(s)prf{"* ds
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we obtain a similar contradiction as above.
The other cases follow the same arguments. O

Second, we provide a condition to have a null fixed point index on K, ,,.

Lemma 3.2. Assume that

(Ig1 p,) there exist p1, p2 > 0 such that for every i =1,2,

Fip1.p2) > M, fl*,(pl,pz) > M7, f2,p1,p0) > Moa, f2*,(p1,p2) > M3, (3.6)

where

Ji(t,ur, ug,v1,v2)

P1
(t,u1,u2,v1,v2) € [a1,b1] X [c1p1, p1] X [—p1, p1] X [—p2, p2]?

fQ(t,Ul,UQ,’Ul,’UQ) .

J2,(p1,p2) := Inf P2 9
(t,u1, u2,v1,v2) € [az, ba] X [=p1, p1]” X [c2p2, p2] X [—p2, p2]
Ja(t,ur, ug,v1,v2) |

p2

fi(ﬂlwﬂ?) := inf P1
(t,u1, u2,v1,02) € [y1,61] X [=p1, p1] X [dip1, p1] X [=p2, pa]”

(t7u17u2>vl7v2) € [V2752] X [_p17p1} [ ,02,p2] X [dng,pz
and
1 bi
i D= ter[%i,gi] /a Eki(t, s)gi(s)ds, (3.7)
1 % Ok,
= mi t,s)g;(s)ds 3.8
i = [ ) (38)

Then ix (T, K,, 5,) =0.

Proof. Consider e(t) =1 for t € [0, 1], and note that (e,e) € K.
We claim that

(u,v) # T(u,v) + A(e,e) for (u,v) € 0K,, ,, and A > 0.
Assume, by contradiction, that there exist (u,v) € 0K, ,, and A > 0 such
that (u,v) = T(u,v) + A(e, e).

Consider that (3.5) holds. Then we can assume that for all t € [a1, 1]
we have

c1p1 < u(t) < pr,—p1 </ (t) < p1,—p2 <w(t) < pp and — po < V'(t) < po.
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Then, for ¢ € [a1,b1], we obtain, by (3.6),

u(t) = /0 ki(t,s)g1(s)f1(s,u(s),u'(s),v(s),v'(s)) ds + Ne(t)

b1
> ki(t,8)g1(s) f1(s,u(s),u'(s),v(s),v'(s))ds + A

a1
b1

> k1(t,8)g1(8)p1f1,(p1,p0) ds + A

ai

Taking the maximum over [a1,b;] gives

1
S 1) > — 4+ A\
1z max u(t) = prfpn e 3 T

By (3.6), we obtain the following contradiction: p; > p; + .
Suppose that

—p1 S u(t) < p1, max W'(t) = p1, —p2 < v(t) < pa, —p2 < V(1) < p2,

te[0,1]
holds. Then, that for all ¢ € [y, 1], we have
i ! Ok / ’
w(t)= | -7 t8)g1(s)fi(s,uls), u'(s),v(s),v'(s)) ds + Ae(t)
0

1

01
> [ Ol )00 ) 43

0 Pk .
> W(tS)gl(s)plfL(PlvPZ)dS+ A
¥

1

Taking the maximum over [y, 1] gives

1
> ") > pify — + A
prz max w(t) 2 Pl oo 3z TA

and by (3.7), a similar contradiction is achieved.
For the other cases, the procedure is analogous. O

In the following Theorem, we provide a result valid for up to three
nontrivial solutions, but it is possible to prove the existence of four or more
nontrivial solutions; see for example [8] for the kind of results that may be
stated. We omit the proof that follows, in a routine manner, by means of the
properties of fixed point index.

Theorem 3.3. The system (2.1) has at least one nontrivial solution in K if
one of the following conditions holds:

(81) Fori=1,2 there exist p;,r; € (0,00) with p;/c; < r; such that (I3 ),

(I}, ) hold.
(S2) Fori = 1,2 there exist p;,r; € (0,00) with p; < r; such that (I, ),
(19, ,.,) hold.

The system (2.1) has at least two nontrivial solutions in K if one of the
following conditions holds:
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(S3) Fori=1,2 there exist p;,r;,8; € (0,00) with p;/c; <r; < s; such that
(Ig1 p2) (I},1 ry) and (I(S)1 s,) hold.

(S4) Fori = 1,2 there exist p;,ri,s; € (0,00) with p; < r; and r;fc; < 8;
such that (I1 ), (1% ) and (1L ) hold.

P1,P2 1,72 51,52
The system (2.1) has at least three nontrivial solutions in K if one of
the following conditions holds:
(S5) For i = 1,2 there exist p;,Ti, 8;,0; € (0,00) with p;/c; < r; < 8; and
sifci < oi such that (19 ), (IL ), (13, ,,) and (I}, ,,) hold.
(S6) Fori = 1,2 there exist p;, 14, 8:,0; € (0, oo) with p; < 1y and r;/¢; <
s; < 0; such that (L ), (19, ), (IL. . ) and (12, ) hold.

01,02 r1,ra 51,82 01,02
In the next example, we illustrate the applicability of Theorem 3.3.
Ezample 3.4. Consider the system
= Jo st =) () + W/(0))?) 2+ cos (o(2) /(1) s,
= Jo s(ht =2 = ) (®) + @(©)) 2 = sin (u(t) w' (1)) ds.

(3.9)
In this case, we have
7 11 1
ki(t,s)=s | <t —t*) kot —t—t? - —
1) = (1= ) hattos) = (10 5)
0k 7 11
t - —2t — — 2t
a0 b9 (8 ) (10 )
gi(t) =1, g2(t) = 1,
fl(t U17U2,U17U2 ( ) (2+COS (’Ul Ug))
fa(t,ur, ug, v1,v2) ( ) (2 — sin (ug u2)).
8k1 akQ . 2 .
Note that ki, ko, = and e change sign on [0, 1]%. The assumption (A3)

is satisfied with the choices

49 81
P1(s) = ﬁs,@(s) = 100%
r,.m s a3, s 3
a1_327 1—32701—47042—40, 2 40762 4
9 11
Pi(s) = gsﬂ/&(s) = 10%
7 7 11 13
71_0761_3727d1_E772_07§2_Ead2 M7

Furthermore, (A4) is satisfied since

/?.5 ﬁsds = 72401 /% gsds = 78019 /d72 gsds
7 256 655367 Jis 4007 7 1600007 Jo 8

1

441 w11 1331
/40 d 33

= —, —sds = .
16384 10 32000
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By direct calculation, we have

G. Infante, F. Minhds

MJOM

1 /1 T, 49
— = max s|<t—t ds = —,
my  tef0.1] Jo 8 512
1 ! 11 1 81
— = —t—t'— — ||ds=—
ma fé}%ﬁﬁ/o ° <10 10)‘ "7 8000
1 1
:max/ 5<7—2t>’
my  te[0,1] Jg 8
1
ds:g,i:max/ S E7215 ds:l—l,
16" m5  t€f0.1] 10 20
L /2é T ds= 2o L
My te(g.21)z T\8 T 262144 M,
, /33 1, 5 1Y) _ 24057
= min —t—t"—— | ds= ——
etz a1/ \10 10 640000’
7
1 (7 343
= mi S 2t) ds= —
M} té{éiz]/o (8 ) ® 7 32168”
1 o /11 1331
- — 2t ) ds = —.
My /0 ° (10 > * = 54000
Now we need
. .. 16 1
o < 6py <m1n{m1,m1}:§ <true if p1 < 27)
and
20 10
5P < 6py < min{mo,mi} = — |trueif po < —
11 33
Furthermore, we need
5 I -3 C S A 4194304
Liprp2) = 7P = 1= 03 e, > Tesor
e A9 e B2M68 (L 10616832
Lip1p2) = 39471 343 PL= 6807 )
5 9 g o 840000 (L 10240000
2(p1p2) = 762 = 24057 P2= 6513 )’
5 169 ,_ 64000 (L 1024000
2e12) = 193672 7 2 T 331 P2~ 859 )
Thus, if we fix
1 10
0<p1<270<p2<33
o e J 4194304 10616832 _ 10616832
! 64827 ° 16807 | 16807 '
10240000 1024000 1024000
9 > max , =
216513 1859 1859
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the conditions (I}, ), (I}, ,,) hold and we obtain, by Theorem 3.3, the ex-

istence of one nontrivial solution of the system (3.9).

Remark 3.5. Note that in the case of non-negative kernels, the same reason-
ing as above provides the existence of positive solutions. In this case, one may
use the smaller cones (with abuse of notation)

K; = {w € C'0, 1] :w >0, min w(t) > ¢llwl|c, min w'(t) > di||w'|c}.
t€la;,b;) t€[vi,04)
If, additionally, the derivative with respect to ¢ of the kernels is non-
negative, one may seek solutions in the even smaller cone (again with abuse
of notation) given by

K; = {w € Cl0,1]:w > 0,w >0, min w(t)> ¢lw|c, min w (t) > di||w'|\c}.
tefa;,by] t€[i,04]

For brevity we do not re-state all the results within these frameworks,
but we illustrate the latter situation in Sect. 4, when discussing the sys-
tem (1.4).

We now give sufficient conditions for the non-existence of nontrivial
solutions for the system (2.1).

Theorem 3.6. Let m; be given by (3.3), M; be given by (3.7) and a;, b;, ¢; as in
(A3) and suppose that the following conditions (N1) and (N2) are satisfied:

(N1) Either
fi(t, ur, ug, v1,02) < mylug| for every t € [0,1],u1 # 0 and wus,vy,v2 € R;

(3.10)

or

M
fi(t, ug, ug, vy, 09) > —1u1 for every t € [a1,b1], u1 > 0 and ug, vy, v € R,

C1
(3.11)
holds.
(N2) Either

fa(t,ur, ug, vi,v2) < malvi| for every t € [0,1],v1 # 0 and uy, ug,v2 € R;

or

M.
fot,ur, uz, v1,v2) > —2vy for every t € [ag, bo], vi > 0 and uy,uz, vy € R,
C2

holds.

Then there is no nontrivial solution of the system (2.1) in the cone K given
by (2.3).

Proof. Suppose, by contradiction, that there exists a nontrivial solution of
(2.1) in K, that is, (u,v) € K such that (u,v) = T(u,v) and (u,v) # (0,0).
Assume, without loss of generality, that ||u|c # 0. If (3.10) holds, then, for
t € [0, 1], we have
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fu(8)] < / (2. 5)] g1 (5) Fu (5, u(s), o (5), o(5), v/ (s)) s
0
1 1
<my / k(£ 9))g2 () |u(s)] ds < ma ullc / Ik (£, )|g1 () ds.

Taking the maximum for ¢ € [0, 1], we have, by (3.3), the following contra-
diction:

1
[ullc <mallullc sup / k1 (t,5)]g1(s) ds = [Jullc.
t€(0,1] JO

If (3.11) holds, then, for ¢ € [a, b1], we have
1
ut) = [ Fa(t. )90 (515 u(s). 0 (9. 0030,/ () dis
b1
>/ kl(t,s)gl(s)%u(s) ds.
ai C1

Taking the minimum for ¢ € [ay, b1], we obtain, for some & > 0, the following
contradiction, by (3.7) and (2.2),

b1
&1 = min u(t)>% inf / k1(t,s)g1(s) min wu(s)ds

t€la,b1] €1 t€lai,b1] Jq, s€lai,b1]

by
>Millulc ,_inf / ka(t, $)91(s) ds = lullc > 1.

la1,01] J o,

The proof in the case of ||v||c # 0 follows as above, using the condition (N2).
O

4. Positive Solutions of Some Third Order Systems

We turn back our attention to the system of third order ODEs with three
point boundary conditions

—u"(t) = g1(t) fr(t, u(t), u'(t),v(t), v'(2)),
="' (t) = go(¥) fa(t, u)(t , u’(t/)(,v()t), v (1)), (4.1)
=aiu ),

where for i = 1,2, f; : [0, 1] x [0, +00)* — [0, +00) is a L°-Carathéodory
function, g; € L[0,1] with g;(t) > 0 for a.e. t € [0,1], 0 < m; < 1 and
1<a;< -

By routine calculation, we can associate to the system (4.1) the system
of Hammerstein integral equations

{u<t> = Jy Ba(t,9)g1(s) fi (s, u(s), u
v(t) = fol ka(t, 8)g2(s) f2(s, u(s), u'(s),v(s), v'(s))ds,
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where k;(t, s) are the Green’s function given by

(2ts — s2)(1 — aym;) + t2s(o; — 1), s < min{n;, t},

kit ) = 1 t2(1 — aym;) +t2s(a; — 1), t<s<m;,
E 2(1 —am;) | (2ts — %) (1 — cumy) + 2 (cuims — s),  m < s <t,
t2(1 — s), max{n;, t} <s.
(4.3)

The derivatives of the Green’s functions (4.3) are given by

s(1—a;m;) +ts(a; — 1), s < min{n,,t},
Ok; 1 t(l — O‘ini) + tS(CYZ‘ -1 t<s<m
i oy L , tsssm 4.4
ot (*) (1 —aym) | s(L —aimi) +t(oms —s),  ni <s<Ht, 4
t(1—s), max{n;,t} < s,

The following Lemmas provide some useful properties of the Green’s
functions and their derivatives.

Lemma 4.1. [9] Take 0 <1m; < 1,1 < o < ni and k; as in (4.3). Then we

have
0 < k;(t,s) < ¢i(s), (t,8) €0, 1] x [0, 1],
where
14 o
di(s) = 1_7%3(1 - s).

Furthermore, we have

ki(tvs) > Ci¢i(5)a (t,S) € {sz ni] X [07 1]v

%

where
n?
Lemma 4.2. [10] Take 0 < n; < 1,1 < a3 < %, %kti as in (4.4). Then we
have
Ok;
0< B (t,s) < i(s), (t,8) €10, 1] x [0, 1],
where

(6) = (1—13s)
vils) (L—ain;)

Furthermore, we have

Ok
ot

(t5) > dets(s), (t.5) € [” ni] < [0, 1],

Q;
with
0 < d; = min{a;n;, n;} < 1. (4.6)
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From Lemmas 4.1 and 4.2 we obtain that k; satisfies a stronger positivity
requirement than (A3). This setting enables us to work in the cone

K = {(u,v) € K; x Ky}, (4.7)

where

M M
a; a;

K; = {w eClo,1]:w >0,w >0, Il’]liIl w(t) > ¢llwlc, rr]lin w'(t) > di||w'||c} .
telni te[ 1L )

The condition (I', ) in this case reads as follows:

(1,1)1 p,) there exist p1,p2 > 0 such that for every i = 1,2, fPoP? < min
{m;, m}}, where

i(t,u1,u2,v1,v
frre? = sup{w s (t,ur, ug,v1,v2) €[0,1] % [0, p1]? x [0,p2]2}7
K2
1

1
- = kz t7 I3 d: ’L d
L= max [honds = ma [0

m;

On the other hand, the condition (I), ) reads as follows:

(Ig1 pz) there exist p1, p2 > 0 such that for every i = 1,2,

fl»(phpz) > Ml’ fi(p1,p2) > Ml*’ f27(pl7p2) > MQ? f;,(pl,pg) > M;’ (48)

where

Ji(t, vy, ug,v1,v2)

J1,(p1,p5) = inf p1 (0
(t,u1,u2,v1,v2) € a1, b1] X [c1p1, p1] x [0, p1] x [0, p2]
Ji(t, vy, ug,v1,v2)

fi(ﬁhﬂz) = inf P1 ' 2 [’
(t,u1,u2,v1,v2) € [y1,01] x [0, p1] X [d1p1, p1] X [0, p2]
Ja(t,ur, ug,v1,v2)

f2,(p1.p2) 7= inf P2 , ;
(t,u1,u2,v1,v2) € [az, ba] x [0, p1]* X [c2p2, pa] X [0, pa]

f2(t7U1,U2,’U1,U2) .

f;(ﬂhm) = inf P2 9

(t7u17u27vl7v2) S [72) 62] X [O»PI] X [07;02] X [d2p27p2]
We can now state an existence result for one nontrivial solution for

the System (4.1). Note that it is possible to state a result for two or more

nontrivial solutions, in the spirit of Theorem 3.3.

Theorem 4.3. For i = 1,2, let fi : [0, 1] x [0, +00)* — [0, +00) be a L>-
Carathéodory function and let g; € L'[0,1] be such that g;(t) > 0 for a.e.
t€10,1] and

(A74)

b . i —
/ ﬂs(l —5)gi(s)ds >0, / (178)%(8) ds > 0.

20 1—aymn; Ti (1 - CW?@)

g
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The system (4.1) admits a nontrivial solution with non-negative,
non-decreasing components if one of the following conditions hold.

(51) For i = 1,2 there exist p;,r; € (0,00) with p;/c; < r; such that
). (@) hold
(S2) Fori=1,2 there exist p;,r; € (0,00) with p; < r; such that (I} ),
( T1, 7‘2) hOZd

Example 4.4. Consider the following third order nonlinear system:

~
~
~
—~
£
—~
~
~—
~—
[
—~
£
~
—~
~
~—
\/
v
N)
(@)
@}
w0
/\
/\
~
~—
<
~
—
~+
~—
N
~—

2) — sin (u(t) w'(1))), (4.9)
(

2
fl(t Uy, U2, 1}1,’1}2) =t ((U1)2 + (u2)2) (2 + cos (7)1 ’Ug)),
Folt,ur, uz, o1, v9) =t ((m)2 + (1)2)2) (2 — sin (uq ug)) ,
EERUNUEE R SO
771—2;041—27772—3,042—~

Note that fi; and fy are continuous and non-negative.
Furthermore, we may take

1(s) =105 (1 — 8),¢2(s) =9s(1 — s),
P1(s) =4 (1 —s),9¢a2(s) =3(1 —s),

1 1 1 1
— —.d —, doy = =
ATy 2T 216 1=y 273
1
a1 =7 3, 1 1 9
1 1
= —_ b :5 = —_,
a2 = 72 6’ 2 2 3

assumption (A*4) holds.
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We have

1 1
— = max / ki(t,s)ds
mi t€[0,1] Jo

V2
0% (t28 +ts — 52) ds + f%l 2 (—2t28 +ts+ %tQ — 52) ds

< ma;
t€[0,1] + [y, (F2%s+ 27 — s%) ds
2
1 2
_1,v2
24 3
1 ! 9k H !
— = max / —(t,8)g1(s)ds < ma / 2ts—|—sds+/ —4ts + 3t + sds
mj  tefo,1] ), Ot tel0,1] \ Jo 1
=7
1

1
— = max/ ka(t,s)ds
ma  tel0,1] J,

1

§32 82 1 32 82 2 43
< 254 ts— 2 d 2% ts— S 4 3%ds | =
tgl[f%‘,’f](/o gl stis— S+/1 gl shis — 5 #8tds | =900

1 ok
— = max 2 (t,5)ds
mj  tefo,1] ), Ot

1 1
1
< max </33t5+5ds+/ —3ts+s+6tds> z—o,
te0,1] 0 1 3

1

1
1 (2 N =
=y e = i [ (7 g) 0=

1
2°Y3 3
1 : Ok : 11
. 1 .
= min ——(t,s)ds = min 2ts +t)ds = —,
My et )y 3t( ) te[;,;]/; ( ) 108

-

1 1
1 ) 3 i 5 (3, 32) 17
—— = min ka(t,s)ds = min —t°s+ts— — |ds= ——,
Mo te[g,;]/é 2(t:9) te[%,%]/ (2 2 5184

6

1
1 . 3 ko . 3 7
—_— = —(t ds = 3t t)yds = —
g~y e GO té?ffi]/l (8t 1) ds = 75

and therefore, we obtain

1 . 4 324 . 3
e Ty T g T g
24 3
648 108 5184 144
My =—, M{ = —, My = My = —.
1 11 ) 1 11 ) 2 17 ) 2 7
Moreover, for
< 2 d < L
2 an il
P1 9 P2 20’
we obtain
4

P2 < 6py < min{mqy,mj} =3
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3
80P < 6py < min{mq, m5} =10

Taking
3936 600 279936
p1>Tandp2>T,
we obtain

p1 _ 648
fl,(pl,pz) > 6075 M, = 11 °

fi(Pth) > % > My = %’
Jo(orpa) > B3 > Mo = %7
f;,(m,pz) > £ > M; = #7
that is, assumption (Sg) holds.
Therefore, all the assumptions of Theorem 4.3 are satisfied.
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